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Abstract
This paper investigates the instability of the zero solution of a certain vector differential equation

of the sixth order with delay. Using the Lyapunov- Krasovskii functional approach, we obtain a
new result on the topic and give an example for the related illustrations
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1. Introduction

To the best of our knowledge, the instability of the solutions to the sixth order nonlinear scalar
differential equations was investigated by Ezeilo (1982). Ezeilo (1982) proved a theorem on the
instability of the zero solution of the sixth order nonlinear scalar differential equation without
delay:
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X® (t) +a,x® (1) + a,x“ (t) + e(X(t), X(t),..., x® )% () + f (XO)K(L)
+g(x(t), X(t),..., x® ©)X(1) + h(x(t)) = 0.

Later, Tiryaki (1990) discussed the instability of the zero solution of the following sixth order
nonlinear scalar differential equation without delay:

X () +a,x® () + f,(X(), X(),.... X (O)X@ (t) + T, (XD)X (1)
+ £, (X(), X(1),.. XD ©)K() + F, (X(O)) + Fo (X(t)) =O.

After that Tejumola (2000) studied the same topic for the following sixth order nonlinear scalar
differential equations without delay:

X© (1) +a,x® (1) + a,X® (t) + g, (XA)X () + g, (X)) X(t)
+ g5 (X(t), X(O)X(t) + g (x(1)) =0

and

X (t) +a,x® (t) + a,x? (t) + a,X (t) + ¢, (X(t),..., x® () X(t)
+ 05 (XEDX(E) + @5 (X(1), X(0),-., X (1)) = 0.
It should be noted that using the Lyapunov’s direct method and based on the Krasovskii’s (1963)
properties, Ezeilo (1982), Tiryaki (1990) and Tejumola (2000) proved their results. Later, Tunc

(2011, 2012b) studied the instability of the solutions of the sixth order nonlinear scalar delay
differential equations given by

x@ () +a,x® ) + f,(x(t —r), %t —r),... x . —1))xV(t)
+ £, (XA)X() + f,(X(E—=1), X(t = r),..., XD (t = ))X(t)
+ fo(X(t—r))+ f(x(t—r))=0

and

X (t) +a,x (t) + a,x“ (t) + g, (XA)X () + g, (X(R)X(t)
+gs (Xt —1),X(t = 1),.., XD (t = r))X(t) + g (X(t—T) =0,

respectively.

On the other hand, Tunc (2004a) discussed the same subject for the sixth order nonlinear vector
differential equations of the form:

X © () + AX O (£) + DX (1), X (1).... X O )X @ (©) + P(X ©) X (1)
FEOXUD. XD XOOXO+EX @)+ HX@) =0 ()
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We also refer the readers to the papers of Tunc (2004b, 2007, 2008a, 2008b, and 2012a) and
Tunc and Tunc (2008) for some other related papers on the instability of the solutions of the
various sixth order nonlinear differential equations.

In this paper, instead of equation (1), we consider its delay form given by

X © (t) + AX (5) (t) + D(X (¢), X(t),..., X © )X (4) )+ \P(X(t))X(t)
FFXR), X (1), XO @)X (1) + G(X (t—7) + H(X(t-17)) =0, ®)

where X e R", >0 is the constant retarded argument, A is a constant nxn -symmetric
matrix, ®, ¥ and F are continuous nxn-symmetric matrix functions for the arguments
displayed explicitly, G: R" ->R" and H:R" ->R" with G(0)=H(0)=0, and G and H
are continuous functions for the arguments displayed explicitly. The existence and uniqueness of
the solutions of equation (2) [El’sgol’ts (1966)] are assumed.

Equation (2) is the vector version for systems of real nonlinear differential equations of the sixth
order:

n n n
(6) 5 5 5 4
i A D A X+ B (Ko X X XX D Ty (X e XX
k=1 k=1 k=1

E e (o X s X o KON 40, (X (= ), X, (= 7))
- +h (X, (t—-7),..X,{t—7)) =0, (i=12,...,n).

The sequel, equation (1), is stated in system form as follows

X=Y,Y=2, Z=W, W=U, U-=T,

T=—AT —-®(X,Y,Z,W,UTHU -¥(ZW —F(X,Y,Z,W,U,T)Z-G(Y)-H(X)

+ jJG(Y(s))Z(s)ds+ jJH (X(s))Y (s)ds, 3)
tr tor

which was obtained by setting X =Y, X =2, X =W, X® =U and X® =U from equation
).

Let J,(X) and J,(Y) denote the linear operators from H(X) and G(Y) to

JH(X>{2—'X“1]
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and

‘]G(Y):(%} (I! J :1121'-"n)’

J

where (X;,.., X,), (Yyr0 ¥y),  (Oy,...,h,) and (g,,...,9,) are the components of X, Y, H and
G, respectively. Throughout what follows, it is assumed that J,, (X) and J(Y) exist and are

symmetric and continuous. However, a review to date of the literature indicates that the
instability of solutions of vector differential equations of the sixth order with delay has not been
investigated till now. This paper is the first known work regarding the instability of solutions for
the nonlinear vector differential equations of the sixth order with delay. The motivation of this
paper comes from the above papers done on scalar nonlinear differential equations of the sixth
order without and with delay and the vector differential equations of the sixth order without
delay. By this work, we improve the result in Tunc (2004a) to a vector differential equation of
the sixth order with delay. Based on Krasovskii’s (1963) criterions, we prove our main result,
and an example is also provided to illustrate the feasibility of the proposed result. The result to
be obtained is new and makes a contribution to the topic.

The symbol (X,Y) corresponding to any pair X, Y in " stands for the usual scalar product

Zn:xiyi, that is,

<X’Y>:iZ::Xiyi;

Thus, (X, X) =||X||2, and A, (Q), (i=12,...,n), are the eigenvalues of the real symmetric nxn-
matrix Q. The matrix Q is said to be negative-definite, when <QX,X> <0, for all nonzero X
in R".

2. Main Result

In order to achieve our main result, we introduce the following well known algebraic results.

Lemma.

Let D be areal symmetric nxn-matrix. Then forany X € R"
S, |X[* < (DX, X) < A X,

where 6, and A, are the least and greatest eigenvalues of D, respectively [Bellman (1997)].

https://digitalcommons.pvamu.edu/aam/vol9/iss1/21
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Let r >0 be given, and let C = C([-r,0], R") with
l¢ll= max lg(s)), ¢ <C.

For H >0 define C, —C by
C, ={¢<C:|¢| < H}.

If x:[-r,A) = R" iscontinuous, 0< A<oo, then, for each t in [0, A), X, in C is defined by

X (S) =x(t+s),-r<s<0, t=0.

Let G be an open subset of C and consider the general autonomous delay differential system
with finite delay

x=F(x), F(0)=0, x, =x(t+6), —-r<6<0, t=>0,

where F:G — R" is continuous and maps closed and bounded sets into bounded sets. It
follows from these conditions on F that each initial value problem

x=F(x), X,=¢€G

has a unique solution defined on some interval [0, A), 0 < A<oco. This solution will be denoted

by X(¢#)(.) so that x,(¢) = ¢.
Definition.

The zero solution, x =0, of X = F(x,) is stable if for each & >0 there exists § = §(¢) >0 such

that [[¢| < & implies that [x(¢)(t)]| < & for all t> 0. The zero solution is said to be unstable if it is
not stable.

The main result of this paper is the following theorem.
Theorem.

We suppose that there exists a constant a, and positive constants ¢, ¢, a,, a,, a; and ag such
that the following conditions hold:

A, @©(), F(), (), Is(Y) and J,(X) are symmetric, 4 (A) > a,,

H()=0, H(X) =0, (X #0), 4, (J, (X)) <-a,,

Published by Digital Commons @PVAMU, 2014
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G(0)=0, G(Y) =0, (Y #0),[4 s (Y))<as,
A(FO)) =a, +¢& A(®()<a,, (i=12..,n),

and

1.

7<min 2 _2Aexd)
I’ 2na ++na, |

then the zero solution of equation (2) is unstable.

Remark.

It should be noted that there is no sign restriction on eigenvalues of ¥, and it is clear that our
assumptions have a very simple form and the applicability can be easily verified.

Proof:

We define a Lyapunov-Krasovskii functional V =V (X,,Y,,Z,,\W,,U,,T,):

V()= =(T,2) ~(Z,AU) +W,U) +~ W, AW) ~(H(X).Y)

(G(oY),Y)do - [(¥(02)Z,Z)do -zf j||v(9)||2deds —ﬂi j||z<9)||2d6us,

0 —7 t+s —7 t+s

O ey

where A and u are certain positive constants; that will be determined later in the proof.

It is clear that V (0,0,0,0,0,0) =0 and
1 2 1 2
V(0,0,0,¢,£0)=(¢,&) + §<g’ Ag)=|e|” + 5 ae|” >0,

for all arbitrary ¢ #0, ¢ e R", which verifies the property (P,) of Krasovskii (1963).

Using a basic calculation, the time derivative of V in the solutions of system (3) results in

https://digitalcommons.pvamu.edu/aam/vol9/iss1/21
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%v ()=(U,U)+ (@)U, Z)+(F()Z,Z) = (3, (X)Y,Y) +(G(Y), Z) +(¥(Z)W,Z)

+ < jJH (X(9))Y(s)ds,Z > +< _t[JG(Y(s))Z(s)ds,Z >

t-r t—r

d } d ¢
_ERG(OA{),WJ _aj<dp(02)z,z>da

0 0

~ A~ H||Y(9)|| deds - - H||Z(9)|| deéds.

—r t+s -7 t+s

We can calculate that

ij<e(o¥),v>da - (6(1),2),

j (o¥(0Z)Z,Z)do =(Y(Z)W,Z),

d 0 t
o) JIv@) dads =[v [

-7 t+s

t t

<1 JIz@)des |z r—f

—7 t+s -7

|Z(9)|| de,

jJG (Y(s))Z(s)ds

t—7

< j Jo(Y(5))Z(s)ds, Z >> -z

t-r

> e,z

ffZ(s) ds

> —/nay|

t
1 » 1 ‘
z——Jﬁasr||z|| ~=Jna,
2 2 J

Z(s)| ds,

.t[J n (X(S))Y (s)ds

t—7

< [3, XV ()5, 2 5> 2]

t-7

> —Jna, 2]

jY (s)ds

1 _ 2 1 :
> L radz)f - L na,
2 2 o
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so that

V()2 (UU)+(00U,2) + (@, - AV

1 1 2 1 ‘
+{a, —(,u+5\/ﬁa5 +E\/ﬁas)r}||Z|| +(4 —E\/ﬁae)t.[

T

\d (s)||2ds

1 t 2
+(,u—§\/ﬁa5) [Iz(s) ds.
t—7r
Let
A= %\/ﬁae
and
1
u==+/na,.
2
Hence,

%v ()2 (UU)+{@0U,Z) + 8~ Vnag Y[+ a,[2]” +z - (g + Va2
=[u+2r0()z| - %(cp(.)z,cp(.)z> + (8, —%\/ﬁaﬁf)"\(”2 +a,)z|*
+{z - (na, + Jnag ) 2Hz
>[u+20)z| —%(@(.)z,qa(.)z>
> (3~ Jnag)lY|* + (2, - D2 +Go - (na + - Vnag) 2z
> (a, —%\/ﬁasr)”Y”z +{(e +6) - (Vna, +%\/ﬁa6)r}||2||2.

. 2(e+9) .
If z<min{—=,—=——=—/, then we have for some positive constants r, and r, that
Jn’ 2Jna, +na,

d
aV O =Y +r)Z]" >0,

which verifies the property (P,) of Krasovskii (1963). On the other hand, it follows that

https://digitalcommons.pvamu.edu/aam/vol9/iss1/21
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%V(.):OQY:X,Z:Y':O, W=Z7=0,U=W=0,T=U=0 forall t>0.

Hence,
X=£ Y=2=W=U=T=0.

Substituting these estimates in the system (3), we get that H (&) =0, which necessarily implies
that & =0 since H(0) =0. Thus, we have

X=Y=Z=W=U=T=0forall t>0.
Hence, the property (P,) of Krasovskii (1963) holds. The proof of the theorem is complete.

Example.

For case n =2 inequation (2), in particular, we choose

l+1 21 5 0
®() = + X, . ’
| 1+X5 +...+1
64+ X% +...+12 0
F()= ' ' ) ) |
i 0 6+X; +...+1,
6y, (t—
G(Y(t—r)){ il 7)}
6y2(t_7)
and
-9, (t—
HX () =| =7
—9x, (t—7)

Hence, an easy calculation results in

4(A)=3, 2,(A) =5,

Published by Digital Commons @PVAMU, 2014
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-
1+ X2 4.+t

A (®()) =1+

1
2,(®(.)) —1+m,
L(F()=6+X% +...+t7,

A, (F()=6+X2 +...+1t2,

6 0
JG(Y)={0 6}

and

3.(X)= [_09 _09}

so that
A(A)23=a, >0,
L@ <2-a,
A(F()=6=5+1=a, +&,
40 () <6=a,

43, (X)) =-9=-a, <0, (i=12),

r<min{%,ﬁ},

then all the assumptions of the theorem hold.

https://digitalcommons.pvamu.edu/aam/vol9/iss1/21
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3. Conclusion

A kind of functional vector differential equation of the sixth order with constant delay has been
considered. The instability of zero solution of this equation has been discussed by using the
Lyapunov- Krasovskii functional approach. The obtained result improves a well-known result in
the literature and makes a contribution to the subject.
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