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Abstract

The flow of blood through stenosed catheterized artery with the effect of external body
acceleration has been considered. The pulsatile flow behaviour of blood in an artery subjected to
the pulsatile pressure gradient and slip velocity has been studied considering blood as a
Newtonian fluid. The non-linear differential equations governing the fluid flow are solved using
the perturbation method. The analytic expressions are derived for the velocity profile, flow rate,
wall shear stress and effective viscosity. The computer codes are developed for the analysis of
physiological parameters. The effects of various parameters on blood flow are discussed through
graphs. It is observed that insertion of catheter increases the wall shear stress enormously
depending upon the size of the catheter. Body acceleration enhances the axial velocity and flow
rate. However it is found that with the application of slip velocity, the wall shear stress is
significantly decreases.

Keywords: Pulsatile flow; Body acceleration; Slip velocity; Newtonian fluid; Stenosis
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1. Introduction

In recent years, the interest in hemodynamical studies has grown appreciably due to the fact that
many cardiovascular diseases are closely related to the flow conditions in the blood vessels
Liepsich (2002). The development of various fatal disorders such as Atherosclerosis, Diabetes,
Thrombosis and other cardiovascular disorders, which continue to be leading cause of deaths, is
increasing public concern about their treatments. Stenosis is one of them.
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Externally imposed body acceleration also has major influence on the flow through stenosed
artery. Activities such as driving, cycling and jogging cause the human body to be exposed to
accelerations. Body acceleration changes the blood velocity significantly. So the velocity of
blood under the pumping action of heart is increased to the high amplitude of body acceleration.

When the human body experiences a sudden velocity change, the blood flow is disturbed. The
human body has a remarkable adaptability to changes and a prolonged exposure of the body to
such vibrations leads to many health problems like headache, abdominal pain, venous pooling of
blood in the extremities and increased pulse rate on account of disturbances in blood flow. If the
response of the human system to such acceleration is understood properly, the controlled
accelerations can be used for therapeutic treatments, development of new diagnostic tools and for
better designing of protective pads.

A model for abnormal growth in the lumen of the artery is called stenosis, which is developed
due to the accumulation of cholesterol on the vessel wall is represented by Rodbard (1966),
Shukla (1980), Sankar (2009). May (1963), Bugliarellow and Sevilla (1970), Young (1979),
Chaturani (1986), Sapna (2009), Ponnalagasamy (2012) have studied the flow characteristic of
blood in an artery with stenosis by introducing various non-Newtonian fluid models to represent
the blood. Although blood is a suspension of cells it behaves like a non-Newtonian fluid at low
shear rates in smaller arteries. Yeleswarupu (1996) has presented a generalized Newtonian model
used mainly for blood, at a high rate of shear when blood behaves like a Newtonian fluid. Many
researchers assumed stenosis to be symmetric and human blood to be Newtonian, to simplify the
problem an assumption that remains largely valid for a large vessel as well [Ookawara (2000),
Biswas (2010)].

Under normal physiological conditions transport of blood in the human circulatory system
depends entirely on the pumping action of the heart producing a pressure gradient throughout the
arterial system. Ishikawa (2000) has analysed periodic blood flow through stenosed and locally
expanded tubes. They found that the vortex downstream of stenosis or expansion becomes
strongest at a certain frequency of pulsation. Kumar (2010), Haghighi (2012) have studied the
pulsatile flow of blood under the influence of externally imposed periodic body acceleration
through a time dependent stenosed artery. The flow characteristic of blood through a multi
stenosed artery when it is subjected to whole body acceleration has been studied by Chakravarty
(1999), where they considered a flexible cylindrical tube containing a homogeneous Newtonian
fluid with variable viscosity depicting blood. Nagarani (2008), Verma (2011) have considered
the pulsatile flow of Casson fluid through a stenosed artery with the effect of body acceleration.
It is observed that the yield stress of the fluid and body acceleration highly influenced the
velocity of the fluid, shear stress, flow rate in a stenosed artery.

An arterial catheter is a thin, hollow, tube which is placed into the artery to measure blood
pressure more accurately than is possible with a blood pressure cuff. The catheter can also be
used to get repeated blood samples when it is necessary to frequently measure the levels of
oxygen and/or carbon dioxide in the bloodstream. Many researchers discussed the flow of blood
in an artery, in presence of a catheter by modelling the catheter and artery as rigid co-axial
cylinders and blood as either Newtonian or non-Newtonian fluid. During catheterization, small
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tubes (catheters) are inserted into the circulatory system under x-ray guidance in order to obtain
information about blood flow and pressures within the heart and to determine if there are
obstructions within the blood vessels feeding the heart muscle (coronary arteries). Sarkar and
Jayaraman (1998) studied the pulsatile flow in a catheterized stenosed artery and estimated the
correction in mean pressure drop along the stenosis due to catheterization. The effect of
catheterization on various flow characteristics in a curved artery with or without stenosis was
studied by Jayaraman (1995) and Dash (1999). Sankar (2009) has studied a two-fluid model for
the pulsatile flow of blood in a catheterized artery, by considering the core layer as a Casson
fluid and the peripheral layer as a Newtonian fluid.

To understand the existence of slip at the tube wall Nubar (1967), Brunn (1975) have reviewed
the several treatments of slip at the walls of the capillary tubes. In view of theoretical and
experimental observations implying the existence of slip at the wall, it is improper to ignore the
slip in blood flow. It is also noted that in the literature, there is no direct formula to calculate the
slip velocity. It is therefore worthwhile to find a formula to calculate the slip velocity at the wall.
Pulsatile flow of blood through a catheterized artery in presence of different geometry of stenosis
with a velocity slip at a stenotic wall has been investigated by Biswas and Chakraborty (2010),
Verma (2011). It is found that the wall shear stress and effective viscosity decreases while axial
velocity increases with velocity slip at wall.

The aim of present analysis to study the characteristic of blood flow through a artery with axially
symmetric stenosis considering blood as a Newtonian fluid. Effect of slip velocity, body
acceleration and presence of catheter on the flow variables such as velocity profile wall shear
stress flow rate has been studied for pulsatile blood flow in constricted artery.

2. Mathematical Formulation

Consider a pulsatile flow of blood in the presence of an external body acceleration along with the
effect of slip velocity at the stenotic wall. We consider the axially symmetric, laminar, one
dimensional and fully developed flow of blood through a catheterized artery with mild stenosis.
It is assumed that the wall of the tube is rigid and the body fluid blood is represented by a
Newtonian fluid. The geometry of the stenosis is shown in the (Figure 1) and is given by
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Figure 1. Geometry of stenosed artery
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=03 R_O—(ES/Z)(1+COS(7Z'E/Z_O)) , for‘z‘sz_o,
(Z)_ R, , for‘E‘>Z,

(1)

where ﬁ(g) is the radius of the artery in the stenotic region, R, is the constant radius of the

artery in the non-stenotic region,z is the half length of the stenosis and E is the maximum

height of the stenosis such that 5, /R, <1.

It is found that the radial velocity being very small can be neglected for low Reynolds number in
case of mild stenosis. The Navier-Stokes equations governing the fluid flow is given by
Schlichting and Gersten (2004).

;(a%f)=_(aﬁ/azj_(1/r)%(;;)+f(f), 2)
a%: 0, 3)

where U represent the axial velocity along z-direction,a is the pressure, ; is the density, t the

time, 7 the shear stress and E(E) the body acceleration. Mathematically, F (t) is described in
equation (8). Newtonian fluid (blood) can be given by the equation

Pl ) @

where ; is the shear viscosity of blood.

Boundary conditions

The boundary conditions are

() u=u, atF:R(E), (5)
(i) u=0atr=R, (6)
where u, is the slip velocity at the stenotic wall, R, is the radius of the catheter.

Since the pressure gradient is a function of z andt, we take
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+ A coscos|w,t),t >0, (7)
—-(21)= A+ A coscos(a,1),

where A, is the steady state pressure gradient, A is the amplitude of the fluctuating

component, co_p = 27rf_p, where f_p is the pulse rate frequency.

The periodic body acceleration E(f) in the axial direction is given by

E(E) =a, cos COS(EE + Q)) , (8)

where @, is the amplitude of body acceleration, a=27r fb;f_bis it’s frequency in Hz. The

frequency of the body acceleration f_b is assumed to be small so that wave effect can be
neglected.

By introducing the following non-dimensional variables

i AR IR R@=R@/R.r=1/Rt=to, 0=, /o,

4u
5, =6, /R,u, = U, /A° r—r/AO 2o =Rla,plme=A/A, ~
4u 2 ©)
B:aO/Ab,Rlle/Ro, _

where A, is steady component of pressure gradient, R_Ois the radius of the normal artery, a)_pis

the frequency of oscillation of the pulsatile flow and then A R, /4y, represents the central line
velocity in a poiseuille flow.

The non-dimensional momentum equation (2) can be written as
2 (0u 0
o’ 7/5) =4(1+eCos t)+4Bcos(a)t+¢)—(2/r)a—(rr), (10)
r

wherea® = @, R: / (u/ p), is called Womersley frequency parameter.

Equation (4) can be written as

1au
=———, 11
’ 2 0r (i
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On substituting the value of 7 in Equation (10) we have
ot (U £p) = 4(1+eCos t)+4Bcos (wt +¢)+(1/r) ( a/r)

The boundary conditions (5) and (6) reduces to

(Yu=u, at r=R(z),
(iu=0atr=R,.
The geometry of an arterial stenosis in dimensionless form is given by
0,
1—(/ 1+cos(”7j , for|z|<z,,
A (), forlel<,
1 for |z > z,.

The non-dimensional volumetric flow rate is defined by

R(z)
Q(z,t)=4 _[ ru(zr,t)dr,
0

where

Q(z,t) Q( /8y

Effective viscosity s, defined as

i =o[ 22 @(a)r foled),

can be expressed in the dimension less form as

Z t 1s the volumetric flow rate.

. =R*(1+ecos t)/Q(z,t).

3. Method of solution:

Let the velocity U can be expressed in the following form

https://digitalcommons.pvamu.edu/aam/vol8/iss2/9
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u(z,r.t)=u,(zr,t)+a’u (z,r,t)+... (18)

Substituting Equation (18) in Equation (12) & (13) respectively and equating constant term and
o’ term we get

%(rau%rj:—4r[(l+ecost)+ Bcos(at+¢)], (19)
ou,/ _10( oy

Cror (r( Ar)j (20)
(i) u, =u, and u, =0 at r =R(z), (21)
(iHu,=0 and u =0 atr=R. (22)

To determine U, and U,, we integrate equation (19) and (20) twice with respect to r, using the
boundary conditions (21) & (22)

u, = f(t)(Rlz—rz)+%(us+f(t)(Rz—Rf)), (23)

where f (t)=(I1+ecost)+Bcos(awt+g).

((R12r2/4)—(r4/l6)—3(Rf/l6))+%(rzln(r/Rl)—rZ+R12)
u =D () ((Rfsz/4)2—(R4/l6)—3(Rl“/l6)) : (24)
n(R/R)|, (R =R’

4 (R/R))

(In(R/R)R*-R*+R})

where D = f'(t).

Neglecting terms of O(a4) and other power of a, the expression for the axial velocity u(r, z, t) is

obtained from equations (18), (23) and (24) as

u(z,r,t)zf(t)(Rf—rz)Jr%(uerf(t)(Rz—Rf))+a2D(Cl+C2+C3+C4), (25)
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where C, =(Rr*/4-(r'/16)-3(R!/16)),

R? —R? i .
sziln(—R/Rl))(r Inin(r/R)-r*+R}),

c - ln(Rl/R)((R12R2/4)—(R4/16)—3(R14/16)),

> In(R/R)

_ (Rz_Rlz) 2 2 2
C4—m(ln(R/Rl)R ~R*+R?).

The wall shear stress 7, can be obtained by substituting the velocity expression from equation
(23) and (24).

1 2
=5 {(oufor) e @ fon) -

Ri (t)_m(us L (O)(R-R?))-

2 3 (Rz_Rlz)
. ((R'R/2)-(R /4))+W(2R In(R/R)-R) | -

il ((R'R?/4)-R*/16-(3R} /16))

“RIn(R/R) +£1F:(;/R;))

(InIn(R/R)R* - R*+R?)

From equations (15) and (25) the volumetric flow rate Q(z ,t) can be obtained as

Q(z 0= f(t)(2R’R*~R'-R)+

1 2 p2
ln(R/Rl)(us+f(t)(R -R))
(R*-R?) (28)
x(2In(R/R)R*-R* + R12)+a2D[Bl +—BngB4],
n

in(R/R)

where B, =((R7R*/4)—(R°/24)- 3R'R*/8) - (SR} /24) + (3R’ [8)),

B, =(In(R/R,)(R*/4) - (5R*/16) +(R?R* /2) - (3R} /16) ).
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_ 1 2p2 4 4 (RZ_Rlz) 2 p2 ., p2
BS—(M(RIR ~(R*/4)-(3R; /4)J+W(ln(R/Rl)R ~R>+R?)),

B, =In(R,/R)(R?*/2)+(R?/4)-(R’/4).
The expression for the effective viscosity 1, can be obtained from equation (17) and (28).

4. Results and Discussions

In the present model our objective is to study the combined effect of body acceleration and the
slip velocity in a catheterized stenosed artery assuming blood is a Newtonian fluid. The
expressions for velocity, flow rate, wall shear stress and effective viscosity are obtained by
solving the governing equation of flow using perturbation method with a very small Womersley
frequency parameter. Computer codes are developed for numerical evaluation of the analytical
results obtained in equations (25)-(29). The various parameter values are selected from Young
(1979), Biswas (2009) and Srivastava (2010).

It is very important to study the pattern of velocity profile since the detailed description of the
flow field is given by the velocity profile. The variation of axial velocity u with radial distance r
for  different values of body acceleration B and for fixed values
ofe=Lw=1,2=0,§=0.2,a =0.5,u, =0.05 at the peak of the stenosis (z = 0) is presented in
figure 2. From the graph it is predicted that the velocity is more in the presence of body
acceleration and increases rapidly with the increase of body acceleration. As the body
acceleration increases the plug flow region shrivel therefore more flow takes place.

o7

¢.5 1 1=18,=02

e=lLaw=1r=0,=02,a=0.1
0.5 1
G4

0.3

Axial velociyu

0.2

ol 4 #

0.1 0.2 03 0.4 0.5 08 e.7 o8 o9

Radlal distance r

Figure 2.Variation of axial velocity with radial distance
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Figure 3 shows the effects of various parameters on the axial velocity u for the different values
of stenosis height 5, =0,0.2 slip velocity U, and for fixed values of R =0.,a =0.5,2=0,t =1. It

is observed that the magnitude of the axial velocity is more in the non-stenosed artery than that
in stenosed artery. It is clearly indicated that the velocity profile is almost plugged profile

foro, > 0. Slip velocity shows a significant change in velocity profile. Axial velocity increases
in normal as well as stenosed vessel with the increase in slip velocity.

Figure 4 depicts the variation of volumetric flow rate with pressure gradient e for different
values of body acceleration parameter B and stenosis height 6, and for fixed values

of R =0.2,a =0.1,t =1,u, =0.1. It is found that as the height of the stenosis increases flow rate
decreases i.e. flow rate is more in normal artery than in stenosed artery.

The lowest value of flow rate Q is obtained at € = 0.Graph shows that the highest and lowest
trends in the flow rate Q are obtained with B=Lu,=0.1,6,=0 and

B=0,u; =0.1,0, =0.1respectively. Further it is observed that the body acceleration as well as
the slip velocity enhances the flow rate.

Figure 5 reveals the variation of the blood flow characteristic 7, with catheter radius for

different values of slip velocity U, in a stenosed artery. It can be easily seen that the increase of

catheter radius, increases the wall shear stress. On the other hand, as the slip velocity increases
the wall shear stress reduces in an artery.

A =0_?. '-._--.----‘ _____ -
0.8 : *
=4 =01

0.2
0.7
0.6
0.6
04
0.3
0.2
04

0.1 0.2 0.3 0.4 0.6 0.6 0.7 0.8 0.8

Axial velocity u

Radial distance r
Figure 3. Variation of axial velocity with radial distance
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Figure 6 shows the variation of wall shear stress with catheter radius R, for different values of
the body acceleration parameter B and for fixed values of 5, =0.2,a =0.Lu, =0.5. It is found
that the wall shear stress increases with the increase of body acceleration in an artery with
inserted catheter.

£
g
1
0 T
0 1 2 3 4 b ]
Pressure gradient(e)
Figure 4. Varlatlon of flow rate Q(t) with pressure gradlent e
14

Wall ehear stress -,"*

0.1 ll.:l 1] 0.2 IJ..ZE 0:3 U..Sﬁ 04
Catheterradius £

Figure 5. Variation of wall shear stress with cathster radius
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1.6

Wall shearstress =

0.1 02 0.3 0.4 0.5
Catheter radlusRl

Figure 8. Variation of wall shear stress with Catheter radius

5. Conclusion

In the present mathematical model, pulsatile blood flow through stenosed catheterized artery
with periodic body acceleration and axial slip velocity at the constricted wall has been
considered. The variation of the flow variables with different flow parameters are presented
graphically. It is seen that axial velocity and flow rate increase with the wall slip. Further it has
been observed that the wall shear stress decreases with slip velocity. It can be seen that there is a
great impact of both slip velocity and body acceleration on the flow variables. On the basis of the
above analysis slip at the stenosed artery could play a very important role in blood-flow
modeling by reducing the wall shear stress. Further this model can be used to estimate the
influence of the various parameters mentioned above on different flow characteristic under
severe stenosis.

REFERENCES

Back, L. H. (1994). Estimated mean flow resistance increases during coronary artery
catheterization, J. Biomech., Vol. 27, pp. 169-175.

Biswas, D. and Chakraborty, U. S. (2009). Pulsatile flow of blood in a constricted artery with
body acceleration, Int. J. of Application and Applied Mathematics, Vol. 4, No. 2, pp. 329-
342.

Biswas, D. and Chakraborty, U. S. (2010). A brief review on blood flow modelling in arteries,
Journal of Science and Technology: Physical Sciences and Technology, Vol. 6, No. II, pp.

10-15.

https://digitalcommons.pvamu.edu/aam/vol8/iss2/9

12



Siddiqui and Geeta: Blood Flow through Catheterized Artery with Slip Velocity
AAM: Intern. J., Vol. 8, Issue 2 (December 2013) 493

Biswas, D. and Chakraborty, U. S. (2010). Pulsatile flow through a catheterized artery with an
axially non symmetrical stenosis, Applied Mathematical Sciences, Vol. 4, No. 58, pp. 2865-
2880.

Brunn, P. (1975). The velocity slip of polar fluids, Rheo. Acta., Vol. 14, pp. 1039-1054.

Bugliarello, G. and Sevilla, J. (1970). Velocity distribution and other characteristics of steady
and pulsatile blood flow, Biorheol., Vol. 7, pp. 85-107.

Chakravarty, S. and Sannigrahi, A. K. (1999). A non-linear mathematical model of blood flow in
a constricted artery experiencing body acceleration, Math Comput Model., Vol. 29, pp. 9-25.

Chaturani, P. and Sumy, R. P. (1986). Pulsatile flow of Casson’s fluid through stenosed arteries
with application to blood flow, Biorheology, Vol. 23, pp. 499-511.

Dash, R. K., Jayaraman, G. and Mehta K. N. (1999). Flow in catheterized curved artery with
stenosis, J. Biomech., Vol. 32, pp. 49-61.

Haghighi, A. R. and Asghari, N. (2012). A mathematical model for the effect of magnetic, body
acceleration and time dependence on blood flow in stenosed artery, Australian Journal of
Basic and Applied Sciences, Vol. 6 pp. 359-372.

Haldar, K. (1987). Oscillatory flow of blood in a stenosed artery, Bull. Math. Bio., Vol. 49(3),
pp. 279-287.

Ishikawa, T., Oshima, S. and Yamane, R. (2000). Vortex enhancement in blood flow through
stenosed and locally expanded tubes, Fluid Dynamic Res. Vol. 26, No. 1, pp. 35-52.

Jayaraman, G. and Tiwari, K. (1995). Flow in catheterized curved artery, Med. & Bio. Engg. &
Compt. Vol. 33, pp. 1-6.

Kumar, S. and Dixit, A. (2010). Mathematical model for the effect of body acceleration on blood
flow in time dependent stenosed artery, I. J. of Stability and Fluid Mechanics, Vol. 1, No. 1
pp. 103-115.

Liepsich, D. (2002). An introduction to biofluid mechanics: Basic models and application, J.
Biomech., Vol. 35, pp. 415-435.

May, A. G., Deweese, J. A. and Rob, C. B. (1963). Hemodynamic effects of arterial stenosis,
Surgery, Vol. 53, pp. 513-524.

Mishra, J. C. and Chakravarty, S. (1986). Flow in arteries in the presence of stenosis, J.
Biomech., Vol. 19, pp. 907-918.

Nagarani, P. and Sarojamma, G. (2008). Effect of body acceleration on pulsatile flow of Casson
fluid through a mild stenosed artery, Korea-Australia Rheology J., Vol. 20, pp. 189-196.
Nubar, Y. (1967). Effects of slip on the rheology of a composite fluid: Application to blood flow,

Rheology, Vol. 4, pp. 133-150.

Ookawara, S. and Ogowa, K. (2000). Flow properties of Newtonian and non-Newtonian fluid
downstream of stenosis, J. Chem. Eng. Japan, Vol. 33, pp. 582-590.

Ponnalagasamy, R. (2012). Mathematical model of pulsatile flow of non-Newtonian fluid in
tubes of varying cross-sections and its implications to blood flow, JFI, Vol. 349, No.5, pp.
1681-1698.

Rodbard, S. (1966). Dynamics of blood flow in stenotic vascular lesions, Am. Heart J., Vol. 72,
pp. 698-704.

Sankar, D. S. (2009). A two fluid model for pulsatile flow in catheterized blood vessels, Int. J. of
Non-Linear Mechanics Vol. 44, pp. 337-351.

Sankar, D. S. and Lee, U. (2009). Mathematical modelling of pulsatile flow of non-Newtonian
fluid in stenosed arteries, Commun Nonlinear Sci Numer Simulat., Vol. 14, pp. 2971-2981.

Published by Digital Commons @PVAMU, 2013

13



Applications and Applied Mathematics: An International Journal (AAM), Vol. 8 [2013], Iss. 2, Art. 9
494 S. U. Siddiqui and Sapna Geeta

Sapna, S. (2009). Analysis of non-Newtonian fluid flow in a stenosed artery, 1. J. of Physical
Sciences, Vol. 4(11), pp. 663-671.

Sarkar, A. and Jayaraman, G. (1998). Correction to flow rate pressure drop relation in coronary
angioplasty: steady streaming effect, J. Biomech., Vol. 31, pp 781-791.

Sarojamma, G. and Ramana, B. (2012). Pulsatile flow of blood in a catheterized artery under
external acceleration, International Journal of Advanced Engineering Technology (IJAET),
Vol. IIT Issue IV, pp. 55-59

Schlichting, H. and Gersten, K. (2004). Boundary layer theory, Springer-Verlag.

Shukla, J. B., Parihar, R. S. and Rao, B. R. P. (1980). Effects of stenosis on non-Newtonian flow
of blood in an artery, Bull. Math. Bio., Vol. 42, pp. 283-294.

Srivastava, V. P., Vishnoi, R., Mishra, S. and Sinha, P. (2010). Blood flow through a composite
stenosis in catheterized arteries, e-Journal of Science and Technology, Vol. 4, Issue 5, pp.
55-64

Verma, N. K., Siddiqui, S. U. and Gupta, R. S. (2011). Pulsatile flow of blood in mild stenosis:
Effect of body acceleration, e-Journal of Science and Technology, Vol. 6, Issue 3, pp. 61-76.

Yeleswarapu, K. K. (1996). Evaluation of continuum models for characterizing the constitutive
Behaviour of blood, Ph.D. thesis, Dept. of Mech. Engg., University of Pittsburgh.

Young, D. F. (1979). Fluid mechanics of arterial stenosis, J. Biomech. Eng., Trans. ASME, Vol.
101, pp. 157-175.

Young, D. F. (1968). Effects of a time dependent stenosis on flow through a tube, J. Eng.
Ind., Vol. 90, pp. 248-254.

https://digitalcommons.pvamu.edu/aam/vol8/iss2/9

14



	Mathematical Modelling of Blood Flow through Catheterized Artery under the Influence of Body Acceleration with Slip Velocity
	Recommended Citation

	Microsoft Word - 09_Geeta AAM-R594-GS-031313 Ready to Post 12-19-13

