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Abstract

In this article, we define a new finite element method for numerically approximating solutions
of elliptic partial differential equations defined on “arbitrary” smooth surfaces S in RV¥+!. By
“arbitrary” smooth surfaces, we mean surfaces that can be implicitly represented as level sets of
smooth functions. The key idea is to first approximate the surface S by a polyhedral surface Sy,
which is a union of planar triangles whose vertices lie on S; then to project S; onto S. With
this method, we can also approximate the eigenvalues and eigenfunctions of th Laplace-Beltrami
operator on these “arbitrary” surfaces.

Keywords: Laplace-Beltrami operator; finite element method on surfaces; eigenvalue problem
MSC 2010 No.: 65N30; 65N50; 65N25; 35P15; 58J99

1. Introduction

Numerical methods to solve partial differential equations defined on surfaces have been studied
by many authors (Apel and Pester, 2005; Demlow and Dziuk, 2007; Dziuk, 1988; Dziuk and
Elliott, 2007; Holst, 2001; Meir and Tuncer, 2009). In order to focus on the basic issues arising
in analysis of the numerical methods used to approximate the solutions of such partial differential
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equations, we consider the following classical elliptic partial differential equation

—Agu+u=f. (D

Here Ag is the Laplace-Beltrami operator, and S € R¥*! is a smooth, compact surface with
no boundary. The Laplace-Beltrami operator on the surface S is defined to be the tangential
divergence of the tangential gradient:

Asu = Vs . Vsu,
where the tangential gradient and divergence are defined as follows,
Vsu=Vu— (Vu-n)n,

N+1

Vs u=V-u—>Y ((Vu)-n)n.

i=1

The existence and uniqueness of (1) is classical; there exists a unique solution u to (1) (Aubin,
1980). The weak formulation of (1) is: Find u € H'(S) s.t.

/Vsu-st+/uv:/fv Yo € H'(S). (2)
s s s

Galerkin method for approximating (2) is simply defining a similar problem within a finite
dimensional subspace x; of H 1(S). So, the discrete weak formulation of (2) is:

Find u" € yy s.t.
/Vsuh -V + / utoh = / fvh Vol e Xh - 3)
5 5 5

Mesh generation is an important part of the whole approximation process of the the partial
differential equations, since the accuracy of numerical solutions depend on the quality of the
mesh. There are several approaches to generate meshes on surfaces, some of these approaches
have been studied in (Apel and Pester, 2005; Du and Ju, 2005; Dziuk, 1988; Holst, 2001). The
two main approaches are i) to generate the mesh on a linear approximation of the surface, see
(Dziuk, 1988), ii) to generate the mesh directly on the surface, see (Du and Ju, 2005). In this
paper we will follow the second approach and thus, construct the mesh directly on the surface.
The first approach is discussed in detail in (Dziuk, 1988). The main idea for the finite element
method for the Laplace-Beltrami equation on arbitrary surfaces introduced in (Dziuk, 1988) is
to approximate the surface S with a polyhedral (polygon if N = 1) surface S;,. Following the
method introduced in (Dziuk, 1988), the discrete weak formulation of (2) is as follows: Find
ul € X, s.t.

Vshuh-Vshvh+/ uloh :/ fhvh Vol e X, 4)
Sh

Sh Sh
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where X, is the finite dimensional subspace of H'(S)) and f" is projection of f onto Sj.
Clearly X;, C H'(S}y), but not a subset of H'(S). The error estimate in the theory of finite
element method is based on Cea’s Lemma which uses the fact that (Brenner and Scott, 1994)

xn C HY(S). (5)

Clearly, the family of finite element spaces X} constructed in (4) violates (5). This violation is
almost inevitable in finite element methods on surfaces, since the surface, S, is approximated by
Sh. In this paper we develop a finite element method for arbitrary surfaces such that (5) is not
violated, thus we develop a conforming finite element method.

We define a new method which would yield a family of finite element spaces xp, s.t. xn, C H*(5).
With our method we approximate the solutions of elliptic partial differential equations on the
surface S, not on its any approximation. In the theory of finite element method there are two
sources of error in the error analysis; the first source comes from replacing the infinite dimensional
space with a finite dimensional one, and the second source comes from approximating the domain
S by S},. We propose a new method that would eliminate the error source caused by approximating
the surface S. With our method, the discrete weak formulation of (2) is as follows: Find v € y},
S.t.

/Vsuh-sth+/uhvh :/fvh Vol e Xh - (6)
5 5 5

The main idea behind our new method is as follows: Let .S;, be a an approximation of .S which
consists of planar triangles 7}, whose vertices lie on S. We construct a finite element space
on S, by first constructing it on S, and then projecting onto S. A finite element space is
defined by taking the set of all continuous functions on S, which are linear affine on each
planar triangle 7Tj. Thus, we use S; as a tool in our computations. This method is proposed
in (Demlow, 2009). This method highly depends on the transformation projecting S; onto S,
and inverse transformation projecting .S, onto S. These transformations are crucial in analyzing
and implementing the method. In this paper, we focus on this important detail by demonstrating
the transformations and their jacobians in numerical experiments. In addition to analyzing the
method, we also give explicitly what these transformations are for arbitrary surfaces. Furthermore
we add how to use this method to approximate the eigenvalues of arbitrary surfaces. Our method
requires a very little computational effort since all computations are done in logically planar
domains which easily allows for adaptive mesh refinement and multigrid methods.

1.1. Preliminaries and basic notation

We assume that S is a compact, smooth, connected and oriented n-dimensional surface embedded
in RV+! For simplicity, we assume that S has a representation defined by a distance function
d(x), x € RNV*! 5o that,

S={zeU, d(x)=0},

where U is an open subset of RY*! containing S, in which Vd # 0. Thus, we define U C RV *!
to be an open neighborhood such that for every = € U d(z) = dist(x,S) < J, where ¢ is bounded
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by the principle curvatures of S (Gilbarg and Trudinger, 1977). That is, let {x;}Y, denote the
principal curvatures of S, then (Gilbarg and Trudinger, 1977)

o —. @)

Distance function d(z) is a signed distance function in the sense that d < 0 inside S and d > 0
outside S. The normal to .S in the direction of increasing d is given by

Vvd
n=-—-.
Vd]

Without loss of generality throughout this paper, we assume that |V d| = 1. Note that the distance
function d(x) is Lipschitz continuous (Gilbarg and Trudinger, 1977). This can be easily shown:
Let 2,y € RN¥*! and let b € S, such that d(y) = ||y—b||, then d(x) < ||z —0b|| < [|[z—y]||+||y—b|.
Thus, [d(x) — d(y)| < ||z — y]|.

We then define the following projection onto S, for each x € U,
P(z) = x —d(z)n,

where P(x) € S and n is the unit normal to S at the point P(x). For any function u which is
differentiable in U, we define the tangential gradient on S by,

Vsu=Vu— (Vu-n)n,

where for any z,y € RV*!, x - y denotes the regular inner product and V denotes the regular
gradient. We denote the components of the regular gradient as V = (Dy,...Dy41,) and the
components of tangential derivative as Vg = (Dg,,...Dg,,). Note that unlike the regular
gradient, the higher order tangential derivatives do not commute. The tangential gradient is the
projection of the regular gradient onto the tangent plane, thus Vgu -n = 0.

2. Finite Element Approximation

We are interested in the following elliptic partial differential equation
—Agu+u=f on S. (8)

We adopt the standard notation for Lebesgue and Sobolev spaces defined on manifolds, see

(Hebey, 1991).
17(8) = {u [l < oo} ; ©)
S

HY(S) ={u e L*(S) : Vsu € L*(S)N}.

If 9S # 0, then Hy(S) is also defined in the obvious way, thus it is the closure of C}(S) with
respect to the H'(S)-norm. Similarly, assuming S is smooth enough, we define the Sobolev
Spaces H™(S) for m € N.

and define
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Given f € L?(S), there exists a (unique) solution u € H?(S) to (8) furthermore there exists a
constant ¢ such that

[ullmzes) < el fllzecs) s
see, e.g., (Aubin, 1980).

A weak formulation of (8) is, given f € H'(S)" (the dual of H'(S)) find a function v € H*(S)
such that

/Vsu-st+uv:/fv Vo e HY(S), (10)
S s

where the right hand side is understood as duality pairing. Let a(-,-) : H'(S) x H'(S) — R be
the bilinear form defined by

a(u,v) ::/Vsu-st—l—uv. (11)
S
is continuous and elliptic, since ||u||g1(s) = v/a(u,u). Given

(f,v) :=/va,

by the Lax-Milgram Lemma there exists a unique solution to (10), see, e.g., (Brenner and Scott,
1994).

Obviously the bilinear form af(-, )
a linear functional f: H'(S) — R

Let 5, be a finite dimensional subspace of H'(S), then a discrete weak formulation of (10) is,
given f € L*(S) find @ € x;, such that

a(@,7) = (£,8) V7€ X (12)

n
Let {¢;}, be a basis for yy, then any @ € x;, can be written as & = Z U;p;. Substituting @ in

i=1
(12) by and setting v = ;, ¢ = 1,...,n leads to a linear system of algebraic equation Mx = f
that is uniquely solvable. Here M is the sparse, symmetric, positive definite matrix with entries
(M);; = a(pj, ;) and the vectors f; = (f, ¢;) and x; = ;.

Let S, be a polyhedral approximation of the the surface S, that is .S}, consists of union of planar
triangles, T}, such that the nodes of such triangles are on the surface S. Let X}, denote the finite
element space on the polyhedral surface S, that consists of piecewise linear functions, i.e.,

Xy, = {up : up is a piecewise linear continuous polynomial on S} .

Let {n;}"_, be the nodes of the triangulation, and let {¢y, }i-, be a basis for X}, such that
on,(n;) = 0ij, where d;; is the Kronecker-delta. Setting ¢; = 5, 0 P71 i = 1,...,n we get
a basis {y;}i-; for x,. We call {y;}; as projected surface finite element basis functions. We
then define the finite dimensional space Y as:

xn={t: @=muyoP " u, is a piecewise linear, continuous polynomial on S} . (13)
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Fig. 1: A surface triangle 7', and a planar triangle 7},

3. Error Analysis

Let 7 = {T,Ts,...,T,} and 7, = {T},, Th,, ..., Th,} denote the triangulation of the surfaces
S and S}, respectively. That is,

S=U,T; and S, =U"Th;.

Also, let 7" and T}, denote the triangles on the surfaces S, and Sj, respectively such that 7" =
P(Ty). Thus, T is the projection of 7} onto S. Surface triangle 7', and the planar triangle 77,
share the same vertices. Figure shows the planar triangle 7}, and the triangle 7'. If {n;}", are
the nodes of the triangulation 7 covering the surface, S, then S, NS = {n; }:";.

Let 0 > 0 be sufficiently small to ensure that the decomposition
x = P(x)+d(z)n
is uniquely determined. Let @ be a smooth extension of u by
u(x) =u(P(x)) forevery z € U. (14)

Clearly 4(y) = u(y) for every y € S and note that @ is constant along the normal direction to
the surface S, that is Vi - n = 0, where n is the unit outward normal vector to the surface S at
the point P(x).

The tangential gradient of the function w is the orthogonal projection of the gradient of w onto
the tangent plane.

With n = (ny,...,ny+1), the tangential gradient, Vsu = Vi — (V1 - n) n, can be expressed as:
Vsu = AV, (15)

1-n2 i=j

W —nn; 1#j

where A is the (N + 1) x (N + 1) matrix with (A),. = {

https://digitalcommons.pvamu.edu/aam/vol8/iss1/2
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The following lemma is proved in (Dziuk, 1988) (Lemma 1):

Lemma 0.1: Let u and @ be functions such that & = u(P(x)) for z € U, and let ' = P(z), then
there exists some constants 0 < ¢;,72 = 1...,5 such that

alldl 2,y < ullzery < colldlflzzm,),
cslltl| prr,) < \ullmery < callfm,),
(implying the equivalence of norms) and
0| 21,y < csl|ul|m2ery) -
We define the piecewise interpolant /u € xj, of a function u € C'(S) by;
Tu(n) =u(np) i=1,2,...,n,
where {n;}!" , are the nodes of the surface triangulation 7.

Proposition 0.1: For any continuous function u defined on a surface triangle 7" in which 7' =
P(T},) and the smooth extension @ of u we have;

,&’|Th:uOP|Th'

We then denote the restriction of interpolation to the planar triangle 7}, as I7, and is given by
Ir,0 = (Tuo P)|r,,

where I, is the piecewise linear interpolation of continuous functions defined on the planar
triangle 7}, .

Proof: Let {¢;}7_, be the projected surface finite element basis functions of the surface
triangle 7'. Let {m}f:l be the vertices of the surface triangle 7" and 7}, since 7' and planar
triangle 7}, share the same vertices (see Figure ). Let {(, };_, be the linear finite lament basis
functions for the planar triangle 73, and by definition we have

@i:@hiop_1> 2217273

3
Let u € C(S), then [u = Zu(m)gpi, composing booths sides with P we get,

i=1

M«

TuoP =Y wu(n)pioP since p; = @, 0 P!
i=1
3
= ulm)en,
i=1
= I,
We set I1, 4= (Iuo P)|r, . O
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The following estimate is a well known consequence of the Bramble-Hilbert Lemma (see (Braess,
2001; Brenner and Scott, 1994; Ciarlet, 2002) for details)

||ITh'lAL - ﬁHLQ(Th) S Cth'&HHQ(Th)- (16)
Theorem 0.1: Let u € H(S) and let [u € x;, be the interplant of u, then
||IU—U||L2(S) S Ch2||U||H2(S) (17)

and
Vs (Tu —u)[[z2(s) < chllullg2s).- (18)

Proof: We only prove inequality (17), since the proof of inequality (18) is similar. For any
u defined on the surface triangle 7', we have that 4|, = uo P|p,

[ u— U||%2(s) < CZ | Tu — u||%2(T) by Lemma 0.1
T
< e |Una — a2, and by (16)

< ch? Z |]|72(7,) by Lemma 0.1
7

h
< Ch4z [l 72y
T

Hence, ||IU—U||L2(5) < ch2||u||H2(5) . []

Remark 0.1: Clearly, the interplant [« is well defined for continuous functions, since it uses the
nodal values of the function u. Since u € H?(S), u is continuous on S by Sobolev embedding
theorem (Hebey, 1991). Note also that u o P|g, is in H?(T},) whever v € H?(S) ( by Lemma
0.1) and thus uw o P|p, is also continuous on 77}, .

We are now ready to prove the convergence rates:

Theorem 0.2: Assume the solution of (10) is u € H?(S), and let @ be the solution of (12) (for
a shape regular triangulation of the planar surface S}), then

Ju — @l 125y < ch?||ul g2gs)

and
||u — 2~L||H1(5) S ch||u||H2(5).

https://digitalcommons.pvamu.edu/aam/vol8/iss1/2
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Proof: Using Cea’s Lemma, the fact that for any function u defined on 7" we have that
U|7, = uo Py, we obtain that

_ 7 < ¢ inf _
| — | sy < cvlerth | — v gs)

< ¢ inf U —v
<t Tho- ol

< CZHIU—UHHl(Th) by (18)

Ty,
< Chz lull 2z
T

S Ch||u||H2(S)

Using a duality argument, see (Brenner and Scott, 1994), we get

||u — 'l~L||L2(s) S ch||u — ﬂHHl(S)

S ch2||u||H2(5) .

4. Eigenvalue Problem

We consider the following eigenvalue problem
—Agu = Au, (19)

where —Ag is the Laplace-Beltrami operator on the unit sphere S. The Laplace-Beltrami operator
is a positive self adjoint operator, it has a sequence of nonnegative real eigenvalues {\};° . The
(exact) eigenvalues are A\, = k(k+1), k=0,1,...,00, and the k** eigenvalue )\, has algebraic
multiplicity 2k + 1. The corresponding eigenfunctions are the spherical harmonics .5, ,,, of degree
n and order m, where |m| < n (see (Pinchover and Rubinstein, 2005)).

The weak formulation of (19) is, find A € R, and u € H*(S), u # 0 such that
a(u,v) = AMu,v) Vove HY(S). (20)
Here a(-,-) : H'(S) x H'(S) — R is a bilinear, continuous, elliptic form given by
a(u,v) = /SVsu -Vgv.
Problem (20) has a sequence of eigenvalues (counting multiplicity) which we denote
MSAi= Mpg=M3Z . < 1= o= N1 <.y,
and we denote the corresponding eigenfunctions, which are spherical harmonics, by

Ug, Upy - .- -
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These eigenfunctions are orthogonal in the energy inner product
alui, i) = Ni(ui, uj) = Nidij -

We are interested in approximating the eigenvalues and eigenfunctions of (20) using the finite
element method. Let x;, be finite dimensional subspace x, C H 1(S) as defined in Section .
Consider the following discrete eigenvalue problem, find A € R and @ € x, @ # 0 such that

ah(ﬂa 'Z}) = )\h(ﬂa 'Z}) Vo€ xn, (21
where ap,(1,0) = / Vst - Vgv. Problem (21) has a sequence of eigenvalues,
s

S\OSS\ISSS\n n = dlmxh

and corresponding eigenvectors,

Ugy ULy - - -y U,
which are also orthogonal in the energy inner product,
ah(ﬂi,ﬂj) = )\Z(ﬂz,ﬂj) = )\1613 ’L,] = 1, R 2

The eigenpairs (), %) of (21) are the approximations to the eigenpairs (\,u) of (20). The
eigenvalues )\, and their approximates )\ satisfy the following well-known minmax principles:

A, = min max a(u, ) and )\, = min max ———Z.
UpCH'(S) ueUr (u,u) SeCxn w€Se (U, U)

a(u, )

The minimum is taken over all k-dimensional subspaces Uy, and Si, of H'(S), and y;, respec-
tively. It follows immediately from the minmax principles that every eigenvalue is approximated
from above by 2k + 1 of the approximate eigenvalues, see (Strang and Fix, 1973). Hence

M <At < Ak <o ARkl A A1y Ak2, e Ak 2kt -
It is also well known that,

Mg — M < C sup inf flu—wp|?2 ¢=1...2k+1,
u€M (Ag) VhEXR

where || - ||, denotes the energy norm and M (\) is the space of eigenfunctions corresponding
to eigenvalue )\, (Babuska and Osborn, 1987), (Babuska and Osborn, 1989).

5. Numerical Experiments

5.1. Example 1

To illustrate our method, we present numerical experiments for the following model problem

—Asgut+u=f on S. (22)

https://digitalcommons.pvamu.edu/aam/vol8/iss1/2
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Fig. 2: Shape regular mesh on the sphere and approximate solution @ at refinement step j = 4.

where S is the unit sphere in R3, and d(x) = /22 + y2 + 22 — 1 is the signed distance function
for the unit sphere. We choose a right hand side f such that the exact solution of the above
problem is u(z,y, z) = cosz. Let’s remark that the right hand side function f is derived by;

3
f=-Vgs-v+u where v = Vgu and Vs-v:V-v—Z(Vvi-n)ni.

i=1

We denote by @ the approximate solution, and by 1’ the largest diameter of the spherical triangles
at the j*® refinement step which is measured by the following geodesic distance formula;

g(x,y) = arccos(z - y), (23)
where x and y are two points on S. The discrete weak formulation of (22) is: Find @ € x, s.t.
/SVSQIVSU + uvds = /vads, for all v € xy, (24)
where x;, is the finite dimensional subspace of H'(S), as defined in (13), thus
Xn={t: t=wupo P‘l, uy, is a piecewise linear, continuous polynomial in Sy} .
Let w =) "  U;p; then (24) becomes the following linear system of algebraic equation
Mx =f,
where M = A + B with components

Ay = /VSQOj'VSQOZ'dS
s

B = /%"%’d&
s

The components of right hand side vector f is

= /S Fpuds,
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TABLE I: Observed convergence rates for Example 1, j denotes the refinement step, 4/ denotes
the largest diameter of the spherical triangles, n denotes the number of spherical triangles, p

denotes the experimental convergence rate in the L?-norm, and ¢ denotes the experimental
convergence rate in the H'-norm .

i n h lu—unllz2s) P lu—unllmis) g

1 48 0.9553 0.082200 - 0.4872 -

2 192 0.6155 0.027100 2.5242 0.2933 1.1544
3 768 0.3398 0.007500 2.1624 0.1523 1.1031
4 3072 0.1750 0.002000 1.9919 0.0775 1.0181
5 12288 0.0882 0.000499 2.0260 0.0390 1.0022.
6 49152 0.0441 0.000125 2.0001 0.0196 0.9959
7 196,608 0.0221 0.000031 1.9987 0.0098 1.0000

where ds is the surface measure on S. Note that in our approach, the linear approximation Sy,
of the surface S is used as a tool and all calculations are done on S}, .

Aij = /VSQOJ' . ngpids
S

- Z/T (V%’ — (Ve - n)n) : (VQOZ' — (V- n)n) ds

= Z/ (J7'Ven; — (J7'Ven; -n)n) - (J 7 'Veni — (J 7' Veoni - n)n) | J |dsn,
7y, YTh

Note that he projection from the planar triangle 7}, onto surface triangle 7" is:

T

Y

z

P(x,y,z) =

\/x2+y2+227\/x2+y2+227\/x2+y2+22

The inverse projection from the surface triangle 7" onto planar triangle 7}, is

—dz

—dz

P (a,y,2) = (

ar + by +cz’ ar + by +cz’ ar + by + cz

)

where ax 4 by + cz + d = 0 is the equation of the plane that the surface triangle 7" is projected

into.

The transpose of the Jacobian of the inverse projection P! is denoted by J~!, and J is the

https://digitalcommons.pvamu.edu/aam/vol8/iss1/2
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Fig. 3: Shape regular mesh generated on surface, S in Example 2 and the approximate solution
at refinement step j = 4.

determinant of the Jacobian matrix of the projection P. Similarly,

By = / @ - pids
S

= Z/%'%’ds
T T

= Z/ ©nj - pnilJ|dsn
T, 7 7Th

= / ©nj * il J|dsn
Sh

and

£ = /S Fuds

- ;/Tf%’ds

= Y | fenlJldsy
Th

Th

= fSOhi | J |d$h.
Sh
Here ds), is the surface measure for Sy, and {¢y;}, are the the basis for x;,. The mesh used
is a shape regular mesh (see Fig 2 for the resulting mesh on the sphere). These integrals are

computed using Gauss quadrature and the linear system is solved using a direct solver in Matlab.

The experimentally observed convergence rates in the L?-norm, and H'- norm , p and ¢ are

ej ej
In (ﬁ) In (ﬁ)
p _ 2 1

= . and ¢ = —=,
In (57%r) In (77%r)

(25)
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TABLE II: Observed convergence rates for Example 2, j denotes the refinement step, h’
denotes the mesh size, n denotes the number of surface triangles, p denotes the experimental
convergence rate in the L2-norm, and ¢ denotes the experimental convergence rate in the

H'-norm.
i n h lu —unllp2sy P lu —unllgisy 4
1 80 1.2593 0.3452 - 1.5668 -
2 320 0.6791 0.0917 2.1466 0.7657 1.1594
3 1280 0.3496 0.0238 2.0314 0.3886 1.0215
4 5120 0.1763 0.0060 2.0127 0.1954 1.0042
5 20480 0.0883 0.0015 2.0049 0.0979 0.9995
6 81920 0.0442 3.7979-4 1.9851 0.0490 1.0002
7 327680 0.0221 9.4983-5 1.9993 0.0245 1.0000

TABLE III: Observed errors and convergence rates for Example 3. Here j denotes the
refinement step, 4’ denotes the diameter of the largest triangle measured using the geodesic
distance formula (23), n deontes the number of spherical triangles e,,;, and e,,,, denote the

error, and P, and pp... denote the convergence rate computed using (25) using €,,,;, and €4,

respectively.
2 6 12 20
n I eminl€maz Pmin!Pmaz Eminl€max Pmin! Pmaz emin/€maz Pmin/Pmax eminl€maz Pmin/Pmax
48 0.9553 | 0.065307/0.065307 - 0.917904/1.627359 - 2.65811/9.90629 - 5.65335/33.47223 -
192 0.6155 | 0.018207/0.018207 291291 0.267567/0.438625 2.80/2.98 1.20605/2.29539 1.80/3.33 3.41964/5.85049 1.14/3.97
768 0.3398 0.00501/0.00501 2.1712.17 0.072137/0.113837 221227 0.32043/0.55944 2.23/2.38 1.01191/1.43773 2.05/2.37

3072 0.1750 | 0.001312/0.001312 | 2.02/2.02 | 0.018873/0.028854 2.02/2.07 0.08306/0.13996 | 2.03/2.09 0.26713/0.36505 2.01/2.07
12288 0.0882 | 0.000333/0.000333 | 2.00/2.00 | 0.004803/0.007245 1.99/2.02 0.02108/0.03504 | 2.00/2.02 0.06843/0.09168 1.99/2.02
49152 0.0442 | 0.000084/0.000084 1.99/1.99 | 0.001208/0.001813 1.99/2.01 0.0053/0.00877 1.99/2.00 0.01725/0.02295 1.99/2.00

1966608 | 0.0221 | 0.000021/0.000021 2.00/2.00 | 0.000303/0.000454 1.99/1.99 0.00133/0.00219 1.99/2.00 0.00432/0.00574 1.99/1.99

NN R W s,

where e), and e]denotes the error measured in the L?-norm, and H'- norm, respectively, at 4th

refinement step. We present the results in Table I.

5.2. Example 2

For the second experiment we use an arbitrary surface S given by

1 if 1<2z2<2

2+ yP+ (2 —1)°

S = 2% 492 =1 if -1<z<1
2?4+ +(z+1)? = 1 if —1<z< -2
A shape regular mesh generated for the surface S is shown in Figure 3. We solve the following
PD.E
—Agu+u=f on S, (26)
for given f — Try if 1<z<2and —2<z< -1
& | baxy if —1<2<1

https://digitalcommons.pvamu.edu/aam/vol8/iss1/2 14
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TABLE IV: The exact eigenvalues 2, 6,12, and 20 and their approximates. Here j denotes the
refinement step, 7’ denotes the diameter of the largest spherical triangle measured using the
geodesic distance formula (23), n deontes the number of spherical triangles.

jiln h 2 6 12 20

2.065307 | 6.917904 | 14.65811 | 25.65335
2.065307 | 6.917904 | 16.31414 | 28.57216
2.065307 | 7.627359 | 16.31414 | 28.57216
7.627359 | 16.31414 | 37.4226
1] 48 0.9553 7.627359 | 21.90629 | 37.4226
21.90629 | 37.4226
21.90629 | 53.47223
53.47223
53.47223
2.018207 | 6.267567 | 13.20605 | 23.41964
2.018207 | 6.267567 | 13.20605 | 23.8761
2.018207 | 6.438625 | 13.20605 | 23.8761
6.438625 | 13.54976 | 25.46191
21192 0.6155 6.438625 | 14.29539 | 25.46191
14.29539 | 25.46191
14.29539 | 25.85049
25.85049
25.85049
2.00501 6.072137 | 12.32043 | 21.01191
2.00501 6.072137 | 12.32043 | 21.1005
2.00501 6.113837 | 12.32043 | 21.1005
6.113837 | 12.45896 | 21.35449
3] 768 0.3398 6.113837 | 12.55944 | 21.35449
12.55944 | 21.35449
12.55944 | 21.43773
21.43773
21.43773
2.001312 | 6.018873 | 12.08306 | 20.26713
2.001312 | 6.018873 | 12.08306 | 20.28555
2.001312 | 6.028854 | 12.08306 | 20.28555
6.028854 | 12.11908 | 20.33697
41 3072 0.1750 6.028854 | 12.13996 | 20.33697
12.13996 | 20.33697
12.13996 | 20.36505
20.36505
20.36505
2.000333 | 6.004803 | 12.02108 | 20.06843
2.000333 | 6.004803 | 12.02108 | 20.07245
2.000333 | 6.007245 | 12.02108 | 20.07245
6.007245 | 12.03005 | 20.08426
5| 12288 0.0882 6.007245 | 12.03504 | 20.08426
12.03504 | 20.08426
12.03504 | 20.09168
20.09168
20.09168
2.000084 | 6.001208 | 12.0053 20.01725
2.000084 | 6.001208 | 12.0053 20.0182
2.000084 | 6.001813 | 12.0053 20.0182
6.001813 | 12.00753 | 20.02107
6 | 49152 0.0441 6.001813 | 12.00877 | 20.02107
12.00877 | 20.02107
12.00877 | 20.02295
20.02295
20.02295
2.000021 | 6.000303 | 12.00133 | 20.00432
2.000021 | 6.000303 | 12.00133 | 20.00456
2.000021 | 6.000454 | 12.00133 | 20.00456
6.000454 | 12.00188 | 20.00527
7 | 196608 | 0.0221 6.000454 | 12.00219 | 20.00527
12.00219 | 20.00527
12.00219 | 20.00574
20.00574
20.00574
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With this choice of right hand side function. f, the exact solution is © = xy. We approximate the
solution of (26) by using the finite element method described in Section 2. Since, S'is a piecewise
defined surface, the projections are as well piecewise defined. For —1 < z < 1, projection from
Sp to S and its inverse are given by,

P(z,y,2) = < J z
) ) \/:L’2 + y27 \/:L’2 + y27 )

Py, 2) = (—x(cz +d) —y(cz+d) 7 Z) 7

ar +by = ax+ by
where ax + by + cz + d = 0 is the equation of the plane where the planar triangle lies onto. For
1 < z <2, projection from Sy, to S and its inverse are given by

P ) x Y z
x? ) Z = ) ) )
y \/x2_|_y2_|_22 \/x2_|_y2_|_22 x2_|_y2_|_22

. —z(c+d) —y(c+d) ar+by —zd+d

P (z,y,2) = , , .
ar+by+c(z—1) ar+by+c(z—1) ar+ by + c(z — 1)

Similar transformations when —2 < z < —1. We estimate the convergence using the formula
(25), and present the results in Table II.

5.3. Example 3

For the third example, we approximate the eigenvalues of the following problem by using the
finite element method described in this paper.

—Agu = Au, (27)

where S is the unit sphere. With @ = > | @;p; and U = ¢;, the discrete eigenvalue problem,
(21), becomes the following generalized eigenvalue problem

Ax = \'Bx,

where A;; = / Vsp; - Vspi, Bij = / wjpi, and x; = u;. The eigenvalues of this generalized,

algebraic eigenproblem were approximated in Matlab. Recall the exact eigenvalues of (27) are
M. = k(k+1) for £k = 0,1,2,...., with multiplicity 2k + 1. The approximates of the first 5
eigenvalues (which are 0, 2,6, 12, and 20) which were obtained with the finite element method
described in this paper are presented in Table IV.

The observed errors and convergence rates for the approximate eigenvalues are presented in Table
III, where e,,;, is the error between the exact eigenvalue and its smallest approximate value and
emaz 18 the error between the exact eigenvalue and its largest approximate value. Similarly, p,qn,
and p,,q. are the observed convergence rates using €,,;, and e,,,., respectively.
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6. Conclusion

Developing new algorithms to approximate solutions of partial differential equations defined on
surfaces is a challenging problem. In this paper, we propose and analyze the projected surface
finite element method to solve such problems. We obtain the convergence rates for the projected
surface finite elements and show that the approximate solutions converge accurately to the exact
solution as the mesh size is refined. We also compute the convergence rates in the experiments
and show that it approaches, asymptotically, the proven values.

Projected surface finite elements depend on the transformations projecting planar triangle to the
surface triangle and its inverse. These transformations vary for each surface. In this paper, we
demonstrate explicitly what these transformations are for a sphere and a cylinder with spherical
caps.

The method developed in this paper can also be applied to the eigenvalue problem defined
on surfaces. Since the eigenvalues of the Laplace-Beltrami operator on the unit sphere is well
known, we illustrate that the projected surface finite elements approximates the eigenvalues of
the Laplace-Beltrami on the unit sphere well.

REFERENCES

Apel, T. and Pester, C. (2005). Clement-type interpolation on spherical domains-interpolation
error estimates and application to a posteriori error estimation. IMA J. Numer. Anal., 25:310-
336.

Aubin, T. (1980). Nonlinear analysis on manifolds, Monge-Ampére Equations. Springer-Verlag.

Babuska, 1. and Osborn, J. E. (1987). Estimates for the errors in eigenvalue and eigenvector
approximation by galerkin methods, with particular attention to the case of multiple
eigenvalues. SIAM Journal on Numerical Analysis, 24:1249-1276.
Babuska, 1. and Osborn, J. E. (1989). Finite element-galerkin approximation of the eigenvalues
and eigenvectors of selfadjoint problems. Mathematics of Computation, 52:275-297.
Braess, D. (2001). Finite Elements. Theory, fast solvers, and applications in solid mechanics.
Cambridge.

Brenner, S. and Scott, L. R. (1994). The methamatical theory of finite element methods. Springer,
Verlag.

Ciarlet, P. (2002). The Finite Element Method for Elliptic Problems. SIAM.

Demlow, A. (2009). Higher-order finite element methods and pointwise error estimates for elliptic
problems on surfaces. SIAM J. Numer. Anal., 47(2):805-827.

Demlow, A. and Dziuk, G. (2007). An adaptive finite element method for the Laplace-Beltrami
operator on implicitly defined surfaces. SIAM J. Numer. Anal., 45(1):421-442 (electronic).

Du, Q. and Ju, L. (2005). Finite volume methods on spheres and spherical centroidal voronoi
meshes. SIAM Journal on Numerical Analysis, 43:1673—-1692.

Dziuk, G. (1988). Finite elements for the beltrami operator on arbitrary surfaces. Partial

differential equations and calculus of variations, Lecture notes in Mathematics, 1357:142-
155.

Published by Digital Commons @PVAMU, 2013

17



Applications and Applied Mathematics: An International Journal (AAM), Vol. 8 [2013], Iss. 1, Art. 2
AAM: Intern. J., Vol. 8, Issue 1 (June 2013) 33

Dziuk, G. and Elliott, C. M. (2007). Finite elements on evolving surfaces. Journal of Numerical
Analysis, 27:262-292.

Gilbarg, D. and Trudinger, N. S. (1977). Elliptic Partial differential Equation of second order.
Springer.

Hebey, E. (1991). Sobolev Spaces on Riemannian Manifolds. Springer.

Holst, M. (2001). Adaptive numerical treatment of elliptic systems on manifolds. Advances in
Computational Mathematics, 15:139-191.

Meir, A. and Tuncer, N. (2009). Radially projected finite elements. SIAM Journal of Scientific
Computing, 31:2368-2385.

Pinchover, Y. and Rubinstein, J. (2005). An introduction to Partial differential equations.
Cambridge.

Strang, G. and Fix, G. (1973). An analysis of the Finite Element Method. Prentice Hall.

https://digitalcommons.pvamu.edu/aam/vol8/iss1/2

18



	Projected Surface Finite Elements for Elliptic Equations
	Recommended Citation

	R538L.DVI

