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Abstract

In this paper, we show the applicability of the first integral method for obtaining exact solutions
of some nonlinear partial differential equations. By using this method, we found some exact
solutions of the Landau-Ginburg-Higgs equation and generalized form of the nonlinear
Schrédinger equation and approximate long water wave equations. The first integral method is a
direct algebraic method for obtaining exact solutions of nonlinear partial differential equations.
This method can be applied to nonintegrable equations as well as to integrable ones. This method
is based on the theory of commutative algebra.

Keywords: First integral method; Landau-Ginburg-Higgs equation; Generalized form of the
nonlinear Schrodinger equation; Approximate long water wave equations
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1. Introduction

Many phenomena in physics and engineering are described by nonlinear partial differential
equations (NPDEs). When we want to understand the physical mechanism of phenomena in
nature, described by nonlinear PDEs, exact solution for the nonlinear PDEs have to be explored.
Thus the methods for deriving exact solutions for the governing equations are important and
have to be developed. To study exact solutions of nonlinear PDEs has become one of the most
important topics in mathematical physics. For instances, the nonlinear wave phenomena
observed in fluid dynamics, plasma, and optical fiber are often modeled by the bell-shaped sech
solutions and the kink-shaped tanh solutions. The availability of these exact solutions for those
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nonlinear equations can greatly facilitate the verification of numerical solvers on the stability
analysis of their solutions. Nonlinear differential equations have a wide array of applications in
many fields. They could describe the motion of isolated waves, localized in a small part of space.
Their applications could extend to magnetofluid dynamics, water surface gravity waves,
electromagnetic radiation reactions, and ion acoustic waves in plasmas. Looking for exact
solitary wave solutions to nonlinear evolution equations has long been a major concern for both
mathematicians and physicists. These solutions may well describe various phenomena in physics
and other fields, such as solitons and propagation with a finite speed, and thus they may give
more insight into the physical aspects of the problems. In order to obtain the periodic wave and
soliton solutions of nonlinear evolution equations, a number of methods have been proposed,
such as tanh-sech function method, extended tanh function method , hyperbolic function method,
sine-cosine method, Jacobi elliptic function expansion method, F-expansion method, transformed
rational function method and the first integral method.

The first integral method is a powerful solution method for the computation of exact traveling
wave solutions. This method is one of the most direct and effective algebraic methods for finding
exact solutions of nonlinear partial differential equations. Different from other traditional
methods, the first integral method has many advantages, which is the avoidance of a great deal of
complicated and tedious calculations resulting in more exact and explicit traveling solitary
solutions with high accuracy.

In the pioneer work, Feng (2002) introduced the first integral method for a reliable treatment of
the nonlinear PDEs. The first integral method is widely used by many such as in [Taghizadeh et
al. (2011), Taghizadeh and Mirzazadeh (2011), Taghizadeh et al. (2012), Moosaei et al. (2011)
and by the reference therein]. Taghizadeh et al. (2011) proposed the first integral method to solve
the modified KdV-KP equation and the Burgers—KP equation. The method was utilized to
construct exact solutions of the nonlinear Schrodinger equation. Taghizadeh and Mirzazadeh
(2011) used the first integral method to obtain the exact solutions of some complex nonlinear
partial differential equations and Konopelchenko-Dubrovsky equation. Moosaei et al. (2011)
solved the perturbed nonlinear Schrodinger’s equation with Kerr law nonlinearity by using the
first integral method. Recently, it was successfully used for constructing the exact solutions of
the Eckhaus equation [Taghizadeh et al. (2012)].

The paper is arranged as follows. In section 2, we describe briefly the first integral method. In

section 3, we apply this method to the Landau-Ginburg-Higgs equation and generalized form of
the nonlinear Schrodinger equation and approximate long water wave equation.

2. The First Integral Method
Step 1. Consider a general nonlinear PDE in the form
E(w,u u,u_,u_,..)=0. (1)

To find the travelling wave solutions to Equation (1), we introduce the wave variable

E=x—ct, 2
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so that
u(x,t)=u(é). 3)
Based on this we use the following changes
—( )= %( )
—( )=-— —( )
0¢
82 0’
( )= 4
g
82
—( )= ;
Otox ‘o8
and so on for the other derivatives.
Using (4) changes the PDE (1) to an ODE
ou o
H(u,==,2=,.)=0, )
¢ 0¢

where # =u(¢&) is an unknown function, /4 is a polynomial in the variable u and its
derivatives.

Step 2. Suppose the solution of ODE (5) can be written as follows:

u(x,t) = f(s), (6)
and furthermore, we introduce a new independent variable
0
x@=1@. 1=-2L). 0

g

Step 3. Under the conditions of Step 2, Equation (5) can be converted to a system of nonlinear
ODE:s as follows

X'(§)=Y(),

: (8)
Y'(&) = F(X (), Y ()
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If we can find the integrals to Equation (8), then the general solutions to Equation (8) can be
solved directly. However, in general, it is really difficult for us to realize this even for one first
integral, because for a given plane autonomous system, there is neither a systematic theory that
can tell us how to find its first integrals, nor a logical way for telling us what these first integrals
are. We will apply the so-called Division Theorem to obtain one first integral to Equation (8)
which reduces Equation (5) to a first order integrable ODE. An exact solution to Equation (1) is
then obtained by solving this equation.

Division Theorem. Suppose that pw z)and Q@w,z) are polynomials in C[w,z ], and
P ,z) is irreducible in Clw,z]. If Q@w ,z)vanishes at all zero points of P ,z), then
there exists a polynomial G(w,z) in C[w,z] such that

Qw,z)=PWw,z)GWw,z).
The Divisor Theorem follows immediately from the Hilbert—Nullstellensatz Theorem.
Hilbert—Nullstellensatz Theorem. Let K be a field and L be an algebraic closure of K . Then:

(i) Everyidealy of K[ X, X,,..., X, | not containing 1 admits at least one zero in L" .

(i) Let x=(x,,x,,...,x,) and ¥y =(¥,,,,...,»,) be two elements of L . For the set of polynomials of
K[X,,X,,...,X ]zero at x to be identical with the set of polynomials of K[X, X,,..., X ]zero at
¥, it is necessary and sufficient that there exists a K —automorphism S of L such that y, = S(x;)
for 1<i<n.

(iii) For an ideal o of K[ X, X,,..., X ]to be maximal, it is necessary and sufficient that there exists an

x in L' such that o is the set of polynomials of K[ X, X,,..., X, ]zero atx.

(iv) For a polynomial Q of K[ X, X,,...,X,]to be zero on the set of zeros in L' of an ideal
yofK[X,,X,,...,X,], it is necessary and sufficient that there exists an integerm > 0such
that Q" € y.

3. Application of the First Integral Method to Npdes
3.1. The first integral method for obtaining exact solutions of NPDEs

3.1. A. Landau-Ginburg-Higgs equations

Consider the Landau-Ginburg-Higgs equations [Khuri (2008)]:

2 2.3
u,—u_ —mu+nu =0, )
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where m and n are real constants. By make the transformation u(x,?)= (&)= f(k(x— At)),
where A is the wave speed and & = k(x — At), Equation (9) becomes

R —n%f)—mmf) L (f (&) =0, (10

d
Ifwelet X = f(&),Y = CZ(;) ,the Equation (10) is equivalent to the two dimensional

autonomous system

X'=Y,

,oom B n’ 3 (11)
_kz(/lz—l)X(g) kz(/lz—l)X(g)

According to the first integral method, we suppose the X(&) and Y (&), are the nontrivial
solutions of (11) also

9(X.Y)=> a(X)Y' =
i=0
is an irreducible polynomial in the complex domain C[X .Y ], such that
9(X(5).Y(E) =2 a,(X(E))Y'(§)=0, (12)
i=0

where a, (X )(i =0,1,...,m), are polynomials of X and a, (X )#0. Equation (12) is
d

called the first integral to (11). Suppose that m =1 in (12). Note that d—g is a polynomial in

=0. According to the Division Theorem,

(11
there exists a polynomial g(X)+ /2(X)Y in C[X,Y] such that

Xand Y, and g[X(&),Y(&)]=0 implies Z—q

dq (dq dX dq dY

dél,, dX dé Ty d§)

(11)

2 2
n

X —
PO -1)" KA -1

—(Za(X)Y’)(YH(Zla (XY x( X%
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1
=(g(X) +h(X)Y)D a(X)Y', (13)
i=0
where prime denotes differentiation with respect to the variable X. By comparing with the

coefficients of ¥ ' (i =2,1,0)o0f both sides of (13), we have

a;(X)=h(X)a(X), (14)
ay(X) = g(X)a,(X) + h(X)ag(X), (15)
a,(X)[—5—— C X*]= g(X)ay(X). (16)

2,72 X_#
A=) KA -1

Since a, (X )(i =0,1) are polynomials, then from (14) we deduce that a,(X ) is constant and
h(X)=0. For simplicity, take a;(X )=1. Balancing the degrees of g(X ) and
a,(X ), we conclude that deg(g(X))=1 only. Suppose that g(X)=B,+A4X, then we
finda,(X).

aO(X)zéAIXZ + B, X + 4, (17)

where A, is the arbitrary integration constant. Substituting a,(X ),a,;(X ) and g(X ) in the

last equation in (16) and setting all the coefficients of powers X to be zero, then we obtain a
system of nonlinear algebraic equations and by solving it, we obtain

M gy s
2022 k2=
where A is an arbitrary constant.

Using the conditions (18) in (12), we obtain

_ 1 mz_ 2 _

Combining (19) with (11), we obtain the exact solution to equation (10) and then the exact
solution to Landau-Ginburg-Higgs equation can be written as

https://digitalcommons.pvamu.edu/aam/vol7/iss1/7
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m
u(x,t) =t—tanh

— B (k(x-A0)+&) |,
» k\/ﬁ( (x—A)+¢)) (20)

for 1% <1.

im
u(x,t)=+—rtan

— P (k(x-A)+E) |,
" km( (x—A)+&)) (21)

for A% > 1.
3.1. B. The Non-integrable Equation
The nonintegrable equation
M(D,,D)v(t,x)=3v*+v', M(D,,D,)=D*-D?-2, (22)

is given by Baikov and Khusnutdinova (1996). We are interested in the exact solution to
Equation (22).

Substituting v(z,x) = (&) = f(x—ct), into Equation (22), we obtain

€ =D f"(&)-21()-3/ (-1 (&)=0. (23)

d
If we let X =f(&),Y= ]:l(;':), the Equation (23) is equivalent to the two dimensional

autonomous system

X'=Y,

2

: (24)
Y'=——X()+
c’—1

X&)+ X&)

3 1
¢’ -1 |

According to the first integral method, we suppose the X(&) and Y (&), are the nontrivial
solutions of (24) also

(X 1) =Y a,(X)Y' =0,

i=0

is an irreducible polynomial in the complex domain C[X ,Y ], such that

Published by Digital Commons @PVAMU, 2012
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q(X@),Y(é))=ﬁa,.(X<§>>Y"<§)=0, @25)

where a, (X )(i =0,1,...,m), are polynomials of X and a, (X )#0. Equation (25) is
called the first integral to (10). Due to the Division Theorem, there exists a polynomial

g(X)+h(X )Y , inthe complex domain C[X .Y ], such that

d dg dX dgq dY 2 .
95 2 L 5 2 (g(X)+h(X)V)D a(X)Y. 26)
dé dX dé dY dé& Py
Assuming that m =1,by comparing with the coefficients of Y (i = 2,1,0) of both sides of (26),
we have
a (X) = h(X)a,(X), 27)
a, (X) = g(X)a,(X) + h(X)a,(X), (28)
3 ) 1 3
(X)) 5F—X+5—X" +5—X"]=g(X)a,(X). (29)
c’ -1 c -1 c -1

Since a, (X )(i =0,1) are polynomials, then from (27) we deduce that a,(X ) is constant
and h(X )=0. For simplicity, take @,(X ) =1. Balancing the degrees of g(X ) and
a,(X ), we conclude that deg(g (X )) =1, only. Suppose that g(X )=4,X + B, then we
find a,(X ).

a,(X)=A4,+BX +%A1X2, (30)

where A, is arbitrary integration constant. Substituting a,(X ),a,(X ) and g(X ) in the last

equation in (29) and setting all the coefficients of powers X to be zero, then we obtain a system
of nonlinear algebraic equations and by solving it, we obtain

2 2

=0, B=F———, A =t—80©" 31
& N Y J2 =) Gl

where c is arbitrary constant.

Using the conditions (31) in (25), we obtain

1 2
Y(§)¢W(X (£)+2X(8))=0. (32)

https://digitalcommons.pvamu.edu/aam/vol7/iss1/7
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Combining (32) with (24), we obtain the exact solution to Equation (23) and then the exact
solution to the nonintegrable equation (22) can be written as

where ¢ >1.

Comparing our results with Baikov’s results [Baikov and Khusnutdinova (1996)], it can be seen
that the results are same.

3.2. The first integral method for obtaining exact solutions of complex NPDEs
In this section we study the GNLS equation [Moghaddam et al. (2009)]:

i, +au +bu|ul’ +icu_ +id(u|ul’), =ke'*' <", (33)

where & = a(x —vt) areal is function and 4, b,c,d,®,a,Vv are non-zero constants and
u=u(x,t) is a complex-valued function of two real variables x,z.

We use the wave transformation

u(x,t) =" 1), x(&)=PE+x, &=alx-w), (34)
where a,w,v, ,x, are constants.

By replacing Equation (34) into Equation (33) and separating the real and imaginary parts of the
result, we obtain the two following ordinary differential equations:

ca’ f"(§)+(2afa’ —av-3ca’ B) f'(§) +3da f*(5) () =0, (35)

(aa” =3ca’ ) f"(E) +(afv+w—aa’ B +ca’ ) f(£)
+(b-dap)f*(&)—k=0.

Integrating Equation (35) once, with respect to £, yields:

(36)

ca’ ["(§)+(2afa—v=3ca’ ) f (&) +df (&) -R =0, (37)

Published by Digital Commons @PVAMU, 2012
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where R is an integration constant.

Since the same function f(&)satisfies two Equations (35) and (37), we obtain the following
constraint condition:

ca’  2afa-v-3ca’f’ _ d R
ac’ -3ca’f afv+o—ad’f+ca’ b-daf k-

d
If we let X = f(&),Y 2%5), the Equation (37) is equivalent to the two dimensional
autonomous system

X'=Y,
Y,_[3ca2,b’2 +v—2a,8a}

(38)

(6)+

2
ca

Equation (12) is called the first integral to (38). According to the Division Theorem, there exists
a polynomial g(X)+ A(X)Y in C[X,Y] such that

dg dX dq dY
dX dé dY d&

dq

dé )

=(

(38)

(38)
= (O + (i (X)F)
y ((3ca2ﬂ2 +v— 2a,8a]

(39)

(6)+

)

co

— (g(X)+ h(ONY a,(X)Y',

i=0

where prime denotes differentiation with respect to the variable X.Assuming that m =2, by

comparing with the coefficients of Y’ (i =3,2,1,0) of both sides of (39), we have
dy(X ) =h(X )a,(X), (40)

(X )=g(X)a,(X )+ h(X )a,(X), (41)

https://digitalcommons.pvamu.edu/aam/vol7/iss1/7
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. 3ca’ S +v—2aBa d R
aO(X):—Zaz(X)K p 5 P JX— ~ X+ 2}
ca ca co (42)
+g(X)a,(X) +h(X)a,(X),
3ca’ B’ +v—2aBa d R
a, (X)H P 5 P ]X -— X+ —2} = g(X)a,(X). (43)
ca ca ca

Since a,(X)(i=0,1,2) are polynomials, then from (40) we deduce that a,(X ), is constant
and h(X )=0. For simplicity, take a,(X )=1. Balancing the degrees g(X ),a;(X ) and
a,(X ), we conclude that deg(g (X )) =1, only. Suppose that g(X )=4,X + B, then we
find a,(X) and q,(X ) as

a(X)=4,+B,X +%A1X23 (44)
2 2 92
ao(X)=p+(BOAO— 2szX+ By , Ad 3ca’p bl 2afa ) -
ca 2 2 ca
1 A? d (45)
+_AlBOX3+ —l-l'—2 X4,
2 8 2ca

where p is arbitrary integration constant. Substituting a,(X),a,(X),a,(X) and g(X ), in

the last equation in (43) and setting all the coefficients of powers X to be zero, then we obtain a
system of nonlinear algebraic equations and by solving it with aid Maple, we obtain

V=2cd (2afa —3ca’ 7 —v) 2\-2cd

B, =0, 4,=% A =t———, R=0,
cad ca 46
_ 4d’pa’ —12afa’c—4afav+9cia’ B+ bca’ fv+v’ (16)
P co’d ’
where a, f and Vv are arbitrary constants.
Using the conditions (46) into (12), we get
J=2cd 2afoa —3ca’ B —v+dX*(E))
Y(g)=+ : (47)

2cda

Published by Digital Commons @PVAMU, 2012
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Combining (47) with (38), we obtain the exact solution to (37) and then the exact solutions to the
GNLS equations can be written as

) & J 2aﬂad+3ca B (putreoton) tanh[ \/2aﬂa 23cozc |
ca

3.3. The first integral method for obtaining exact solutions of systems of NPDEs

Consider the following systems of partial differential equations:

Y (u,v,u,,v,,u_ v ,u,,v,,u

t>7td X277 Tt U xx

1%

rees)
48
Y, (u,v,u,,v,u_,v_u,,v,,u ) (48)

X277 Tt TUxx

1%

xxo°er

We use the transformations

u(x,0)=f(5), v(x,0)=g(s), ¢=x—ct. (49)

Using Equation (4) to transfer the systems of NPDEs (48) to the systems of ODEs

r(fegf.g,.)=0,

L,(f.g.f.g,.)= 0

Using some mathematical operations, the systems of ODEs (50) is converted into a second-order
ODE as

Qf [ ") =0. (51

If we let X(&)=f(), Y(&)=f'(&), the Equation (51) is equivalent to the two dimensional
autonomous system

X'=Y,
Y' = ACX,Y). (52)

New, we will apply Division Theorem to obtain one first integral to Equation (52) which reduces
Equation (51) to a first order integrable ODE. An exact solution to systems of NPDEs (48) is
then obtained by solving this equation.

3.3. A. Now, we will consider the approximate long water wave equations [Wang et al. (2008)]:

https://digitalcommons.pvamu.edu/aam/vol7/iss1/7
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u,—uu, —v +au =0,
(53)

v, —(uv) —av_ =0.

Making the transformation u(x,t)=u(&), v(x,t)=v(&), &=kx+1t, we change the ALWW
system (53) to the following system of ODEs

{Zu'—kuu' — kv +ak*u" =0,

' ' 2.m (54)
WV —k(uv) —akVv"=0.
By integrating the first equation we have
k 2 2.1
lu——u —kv+ak'u' =R, (55)
2
where R, is integration constant. Rewrite this equation as follows
[ u’ R
wWE)=—u——+aku' ——. (56)
k 2 k

Inserting Equation (56) into the second system (54) and integrating the resulting equation, we
obtain

2
(%+R1)u—35lu2+§u3—0(2k3 "=R,, (57)

where R, is integration constant.

d
If we let X =f(&),Y= fd(;),the Equation (57) is equivalent to the two dimensional

autonomous system

X' =7,

1

Y'=[—jX3(cf)— 3

20k’

I’ R,
24+ 213
a’k’ ok

R, (58)
a’k’®’

20{2k2 X (§)+( ]X(é)_

Equation (12) is called the first integral to (58). According to the Division Theorem, there exists
a polynomial g(X)+ A(X)Y in C[X,Y] such that

Published by Digital Commons @PVAMU, 2012
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dq
dg

dg dX dq dY
dX dé dY d&

=(

(58)

)

(58)

= a0+ (Yia,(X)r)

3] I’ R R
X(( 2k2jX3_2a2k3X2+(a2k4+0(2/1€3JX_0(2/2€3)

1
= (g(X)+ (XYY a(X)Y',
i=0
where prime denotes differentiation with respect to the variable X. By comparing with the

coefficients of ¥ ' (i =2,1,0)of both sides of (59), we have

(59)

a(X) = h(X)a,(X), (60)

ay(X) = g(X)a,(X) + h(X)a,(X), (61)
1 s 3 o, (P R R,

a, (X)K 2a2k2jX X +[a2k4 +WJX sz g(X)ay(X). (62)

Since a, (X )(i =0,1) are polynomials, then from (60) we deduce that @ (X ) is constant and
h(X)=0. For simplicity, take @,(X ) =1. Balancing the degrees of g(X ) and a,(X ),
we conclude that deg(g(X)) =1 only. Suppose that g(X)= B, + 4.X, then we finda,(X).

a,(X) = %Ale + B, X + 4,, (63)

where A4, is arbitrary integration constant. Substituting a,(X ),a,(X ) and g(X ) in the

last equation in (62) and setting all the coefficients of powers X to be zero, then we obtain a
system of nonlinear algebraic equations and by solving it, we obtain

B, :_%o A :L: R =kad,, R,=lak4, (64)
k'a ka

where &,/ and A, are arbitrary constant.

Using the conditions (64), we obtain

Y(o) =

(65)
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Combining (65) with (58), we obtain the exact solution to equation (57) and then the exact
solution to the ALWW system (53) can be written as

u(x,t)=

| 2k 4, -1 | J2ak’4, I
—= tan
k k 2’

(kx+lt+cfo)},

2 3 72 3 72 2 k3A _12
v(x,t)=(l 2ak 4, l—akAO]—zakAo ltanzlv i (kx+lt+§0)],

2% 2K 2 2k

for 2ak’4,>1".

JP =20k P 20k’
) A o K evirre) |,
k k 26
2 3 72 2 _ 3 12_2 k3
vty =| Lo 2R AL g | EE2 A e | N2 g |,
2k 2k k 2%

for 2ak’4,<I>.

4. Conclusion

In this paper, the first integral method has been used to construct exact traveling wave solutions
of nonlinear partial differential equations, the Landau-Ginburg-Higgs equation and generalized
form of the nonlinear Schrodinger equation and approximate long water wave equations. The
performance of this method is found to be reliable and effective and it gives more solutions. The
method has the advantages of being direct and concise. The method proposed in this paper can
also be extended to solve some nonlinear evolution equations in mathematical physics.
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