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Abstract 
 
The equations of two dimensional incompressible steady micro-polar fluid flows through a 
porous medium are studied. Lie group analysis is employed and the solutions corresponding to 
the translational symmetry are developed. A boundary value problem is investigated and the 
results are sketched graphically. The effect on the flow of the porosity coefficient of the porous 
medium and the micro-polar parameters are observed. 
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1.   Introduction  
 
Micro-polar fluids are fluids with microstructure belonging to a class of fluids with non-
symmetrical stress tensor referred to as polar fluids. Physically they represent fluids consisting 
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of randomly oriented particles suspended in a viscous medium. The classical theories of 
continuum mechanics are inadequate to explicate the microscopic manifestations of 
microscopic events. A new stage in the evolution of fluid dynamic theory is in progress. 
Eringen (1964) presented the earliest formulation of a general theory of fluid micro-continua 
taking into account the inertial characteristics of the substructure particles which are allowed to 
undergo rotation. Lukaszewicz (1999) gave the mathematical theory of equations of micro-
polar fluids and applications of these fluids in the theory of lubrication and in the porous space. 
Several workers in the field have made useful investigations that involve a micro-polar fluid. 
Seddeek (2003) studied the effect of a magnetic field on the flow of a micro-polar fluid past a 
continuously moving plate. Youn and Lee (2003) investigated the problem of the oscillatory 
two-dimensional laminar flow of a viscous incompressible electrically conducting micro-polar 
fluid over a semi-infinite vertical moving porous plate in the presence of a transverse magnetic 
field.  
 
The influence of a transverse magnetic field on the motion of an electrically conducting micro-
polar fluid through a porous medium in one-dimensional has been studied by Zakaria (2004). 
Seddeek and Abdelmeguid (2004) studied the hall and ion-slip currents effects on a magneto-
micro-polar fluid with combined forced and free convection in boundary layer flow over a 
horizontal plate. El-Mistikawy (2009) studied the boundary layer flow of a micro-polar fluid 
due to a linearly stretching sheet in the limit of a vanishing coupling parameter. Mekheimer and 
Abdelmaboud (2008) studied the influence of a micro-polar fluid on peristaltic transport in an 
annulus. Also Seddeek et al. (2009) studied the analytical solution for the effect of radiation on 
flow of a magneto-micro-polar fluid past a continuously moving plate with suction and 
blowing.  
 
The investigation of exact solutions of nonlinear partial differential equations plays an 
important role in the study of nonlinear physical phenomena [El-Sabbagh and Ali (2005), 
(2008)]. The symmetry group transformations method is an important method for finding exact 
solutions of both ordinary and partial differential equations by using the transformations groups 
(similarity transformations). This was introduced for the first time by Sophus Lie. Lie’s theory 
allows one to find the symmetries (infinitesimal generators of Lie group) of the differential 
equations, which leave a given family of equations invariant. Lie himself introduced the 
procedure to find such symmetries. With the symmetries of the differential equations, a solution 
can be obtained. The symmetry transformation method transforms the given family of equations 
of ݊ independent variables, say, to another family of equations of ݊ ൅ 1 independent variables, 
which can further be solved Attallah et al. (2007) and Ali (2009). The fundamental concepts of 
this approach can be found in [Bluman and Kumei (1998) and Olver (1995)]. 
 
Yurusoy and Pakdemirli (1999) investigated the boundary layer equations of a non-Newtonian 
fluid model in which the shear stress is an arbitrary function of the velocity gradient. Yurusoy 
et al. (2001) have obtained the solution for the creeping flow of a second grade fluid by using 
Lie group analysis method. The two-dimensional equation of motion for the slowly flowing and 
heat transfer in a second grade fluid in cartesian coordinates neglecting the inertial terms are 
considered by Yurusoy (2004). Recently, Shahzad et al. (2007) found the analytical solution of 
a micro-polar fluid by using the similarity transformation method and discussed their results on 
a problem occurring in geology. 
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In the Earth there are a large number of problems that can be described by the interaction of a 
low viscosity fluid (water, oil, gas, magma) in a permeable (and possibly deformable) matrix. 
Darcy’s law is the classic, empirically derived equation for the flux of a low viscosity fluid in a 
permeable matrix. This equation assumes that flow in the pores or cracks of the medium is 
essentially laminar and provides the average flux through a representative area that is larger 
than the pore scale and smaller than the scale of significant permeability variation (if such a 
scale exists). Various approaches have been used to justify this rule from first principles [e.g. 
see Dagan (1989)], but it generally seems to work.  
     
With the above discussion in mind, the goal of this paper is to provide an analytical solution for 
flow of a micro-polar fluid through a porous medium. The translation parameter type symmetry 
has been taken in to account, and graphics are plotted and discussed. The motivation of this 
problem is to understand the magma flow in earth through a porous medium. 
 
 
2.   Equations of Motion 
 
The two dimensional equations for an incompressible micro-polar fluid through a porous 
medium are 
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where ݑො  and ݒො are the components of the velocity field in the ݔො and ݕො direction, σොሺݔො,  ොሻ is theݕ
micro-rotation component and ̂݌ሺݔො,  ଵ, ݇, Gଵ and ଔ̂ are݇ ,ߤ ,ߩ ොሻ is the pressure distribution. Hereݕ
mass density, coefficient of viscosity, coupling constant, porosity coefficient, micro-rotation 
constant and local micro inertia respectively. 
 
By using the following dimensionless parameters 
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equations (1)-(4) reduce to 
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3.   Symmetry Analysis  
 
In order to obtain the analytical solution, we apply Lie group theory to equations (6)- (9).  For 
this we write 
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as the infinitesimal Lie point transformations. We have assumed that equations (6)-(9) are 
invariant under the transformations given in equation (10). The corresponding infinitesimal 
generator of Lie groups (symmetries) is given by 
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where ߦଵ, ߦଶ, ߟଵ, ߟଶ,  ߟଷ and ߟସ are functions of all the independent and dependent variables 
and are the components of infinitesimals symmetries corresponding to ݌ ,ݒ ,ݑ ,ݕ ,ݔ and ߪ, 
respectively, to be determined from the invariance conditions: 
 

௔ሻ|ாೌୀ଴ܧଶܺሺݎܲ  ൌ 0,       ܽ ൌ 1, 2, 3, 4,                                                                             (12) 
 
where ܧ௔ ൌ 0, ܽ ൌ 1, 2, 3, 4 are the equations (6)-(9) under study and ܲݎଶ is the second 
prolongation of the symmetries ܺ. Since our equations are at most of order two, we need 
second order prolongation of the infinitesimal generator in equation (11). Expanding the system 
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(12) with the aid of Mathematica and using the original equations (6)-(9) to eliminate ݑ௫, ݌௫, 
 ,௬௬ݒ ,௫௬ݒ ,௫௫ݒ ,௬ݒ ,௫ݒ ,௬௬ݑ ,௬ݑ ௫௫and setting the coefficients of the system (12) involvingߪ ,௬݌
 ௬௬ and various products to zero gives rise to a set of over-determined equations ofߪ ,௫௬ߪ ,௬ߪ ,௫ߪ
the components of the symmetries of equations (6)-(9). Solving this set of equations with the 
aid of Mathematica, we obtain the components of symmetries as the following: 
 

ଵߦ ൌ ܽଵ, ଶߦ ൌ ܽଶ, ଵߟ  ൌ 0, ଶߟ ൌ 0, ଷߟ ൌ ܽଷ, ସߟ ൌ 0.                                                          (13) 
 
Therefore the equations admit a three parameter Lie group of transformations corresponding to 
the arbitrary constants ܽଵ, ܽଶ and ܽଷ, that correspond to translations in the ݕ ,ݔ and ݌ 
coordinates, respectively. By considering the translations in the ݕ ,ݔ directions, the similarity 
variable ߦ and similarity transformation functions ݒ ,ݑ,  are given as  ߪ and ݌
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equation (14), equations (6)-(9) become the following ordinary differential equations: 
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Integrating equation (15) yields 
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where ܥଵ  is an arbitrary constant. Eliminating ݄ሺߦሻ from equations (16) and (17) and using  
equation (19) we obtain 
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Eliminating ݂ሺߦሻ from equations (20) and (21) we have 
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The solution of equation (22) is given by 
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where ܥଶ, ܥଷ, ܥସ and ܥହ are arbitrary constants and ߙ௜ሺ݅ ൌ 1,2,3,4ሻ are the roots of the 
following equation: 
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where ܥ଺ is an arbitrary constant and ߚ௜ሺ݅ ൌ 1,2,3,4ሻ are given by the following expression: 
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where ܥ଻  is an arbitrary constant. In the form of the original variables we have 
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,ݔሺݒ ሻݕ ൌ ݉൫ߚଵ ݁ఈభ

ሺ௬ି௠௫ሻ ൅ ଶ ݁ఈమߚ
ሺ௬ି௠௫ሻ ൅ ଷߚ ݁ఈయ

ሺ௬ି௠௫ሻ ൅ ସߚ ݁ఈరሺ௬ି௠௫ሻ ൅ ଺൯ܥ ൅                              ,ଵܥ  (32)
 
,ݔሺߪ ሻݕ ൌ ଶ ݁ఈభሺ௬ି௠௫ሻܥ ൅ ଷ ݁ఈమሺ௬ି௠௫ሻܥ ൅ ସ ݁ఈయሺ௬ି௠௫ሻܥ ൅  ହ ݁ఈరሺ௬ି௠௫ሻ,                      (33)ܥ
 

,ݔሺ݌ ሻݕ ൌ
 5߳ 1ܥ െܯ ݉ 4߳ 
߳4൫1൅݉2൯

ሺݕ െ ሻݔ݉ ൅ ݔܯ ൅ ܥ଻.                                                               (34) 

 
In the limit as ߳ହ ื 0 our results in Eqs. (31)-(34) are the same as those obtained by Shahzad 
(2007), where ݉ is the translation parameter. Equations (31)-(34) give the solution of equations 
(6)-(9) that involve seven unknown constants. For determining the values of these constants we 
consider a problem that occurs in geology. Consider a magmatic micro-polar fluid in a porous 
medium and a plate over it. The plate occupies the position ݕ ൌ 0. The positive ݕ goes deep 
into the fluid beneath the plate. The relevant boundary conditions are of the form: 
 

,ݔሺݑ  0ሻ ൌ ܷ଴,   ݑሺݔ,∞ሻ ൌ ,ݔሺݒ   ,0 0ሻ ൌ െ ଴ܸ,   ݌ሺݔ,∞ሻ ൌ ଴ܲ,  

 
డ௨

డ௫
 ሺ0, ,ሻݕ ,ݔሺߪ 0ሻ ൌ ሻ∞,ݔሺߪ     ,0 ൌ 0,                                                                            (35) 

 
where ܷ଴ is the velocity of the plate, ଴ܸ is the magmatic fluid penetrating into the plate and ଴ܲ 
is the pressure deep in the magmatic fluid. From the first boundary condition in equation (35) 

we have obtain the following conditions, ܥଵ ൌ ܯ ൌ 0, ݉ ൌ െ
௏బ
௎బ

, , ଺ܥ ൌ 0 and  ܥ଻ ൌ ଴ܲ. The 

second condition in  equation (35) gives the following solutions: 
 

ሻݕሺݑ ൌ  െ
௎బ

ఋమିఋభ
  ൫ߜଵ݁ିఈ௬ െ  ଶ݁ିఉ௬൯,                                                                 (36)ߜ

 
ሻݕሺݒ ൌ  

௏బ
ఋమିఋభ

  ൫ߜଵ݁ିఈ௬ െ ଶ݁ିఉ௬൯  ,                                                                    (37)ߜ

 
ሻݕሺߪ ൌ  െ

௎బ
ఋమିఋభ

  ൫݁ିఈ௬ െ ݁ିఉ௬൯,                                                                          (38) 

 
ሻݕሺ݌ ൌ ܲ0,                                                                                                      (39)  

 
where 
 

ଵߜ ൌ
ఢళ௎బ

మିఢల൫௎బ
మା௏బ

మ൯ఈమ

ఈఢఴ ൫௎బ
మା௏బ

మ൯
ଶߜ         , ൌ

ఢళ௎బ
మିఢల൫௎బ

మା௏బ
మ൯ఉమ

ఉఢఴ ൫௎బ
మା௏బ

మ൯
,                                          (40) 

 
and 
 

ߙ ൌ ට஻෨ାඥ஻෨మିସ஽෩

ଶ
  ,                  ߚ ൌ ට஻෨ିඥ஻෨మିସ஽෩

ଶ
,                                           (41) 
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෨ܤ ൌ
ሾఢళሺఢభାఢమሻିఢయఢఴ ାఢఱఢలሿ௎బ

మ

 ఢల ሺఢభାఢమሻ൫௎బ
మା௏బ

మ൯
, D෩ ൌ

ఢఱఢళ௎బ
మ

ఢల ሺఢభାఢమሻ൫௎బ
మା௏బ

మ൯
.                                         (42) 

 
 
4.   Results and Discussion  
 
To study the behavior of the components of the velocity and angular velocity profiles, curves 
are drawn for various values of the parameters that describe the flow.  Equations (1-12) display 
the variation of the velocity profiles ݑ and  ݒ (the ݔ and ݕ components of the velocity) and 
the angular velocity profile  ߪ for different values of the porosity parameter ߳ହ, magmatic fluid 
penetrating parameter ଴ܸ and velocity of the plate ܷ଴. First we consider how varying the 
porosity parameter ߳ହ influences, ݒ  and it is found from Figures 1 and 2 that the velocity 
components ݑ and ݒ decrease as ߳ହ increases. It is evident from Figure 3 that increasing the 
values of the permeability parameter ߳ହ increases the maximum value of the angular velocity ߪ 
and moves the location of this maximum value near to the surface of magma. Figures (4-12) 
show the variations of  ݒ ,ݑ and ߪ for different values of ଴ܸ where ( ଴ܸ ൏ 0,  ଴ܸ ൐ 0) and  ܷ଴. It 
is observed that the ݔ component of the velocity decreases by increasing the value of ଴ܸ for 
either ଴ܸ ൏ 0,  or ଴ܸ ൐ 0 but increases by increasing the value of ܷ଴, while the ݕ component of 
the velocity increases by increasing the value of ܷ଴ and ଴ܸ for either ଴ܸ ൏ 0,  or ଴ܸ ൐ 0, 
Figures 6 and 12 show that the angular velocity ߪ increases with increasing values of ܷ଴ and ଴ܸ 
for either ଴ܸ ൏ 0, or ଴ܸ ൐ 0. Figures (13-15) show the effect of different values of the micro-
rotation parameter  ߳଺, on ݒ  ,ݑ and ߪ. Figures 13 and 14 show that, with increasing the value of 
  ߳଺ the component velocity ݑ increases whenever the component velocity ݒ decreases. Finally, 
Fig.15 shows the angular velocity ߪ decreases by increasing   ߳଺ until the half of ݕ, its value 
increases with increasing ߳଺ .   
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Fig. 1 Variation of the dimensionless velocity u(y) with the 
values of Є5 (Є1 – Є4; Є7; Є8 = 0.5; Є6 = 2; U0 = V0 = 2 

Fig. 2 Variation of the dimensionless velocity v(y) with 
the values of Є5 (Є1 – Є4; Є7; Є8 = 0.5; Є6 = 2; U0 = V0 = 
2) 

 
  

 
Fig. 3 Variation of the dimensionless angular velocity σ(y) 
with the values of Є5 (Є1 – Є4; Є7; Є8 = 0.5; Є6 = 2; U0 = 
V0 = 2) 
 
 

Fig. 4 Variation of the dimensionless velocity u(y) with 
the values of V0 (Є1 – Є4; Є7; Є8 = 0.5; Є5=0.02; Є6 = 
0.6; U0 = 1) 

 

 
Fig. 5 Variation of the dimensionless velocity v(y) with the 
values of V0 (Є1 – Є4; Є7; Є8 = 0.5; Є5=0.02; Є6 = 0.6; U0 = 
1) 

 

Fig. 6 Variation of the dimensionless angular velocity 
σ(y) with the values of V0 (Є1 – Є4; Є7; Є8 = 0.5; 
Є5=0.02; Є6 = 0.6; U0 = 1) 
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Fig. 7 Variation of the dimensionless velocity u(y) with 
the values of  U0 (Є1 – Є4; Є7; Є8 = 0.5; Є6 = 2;  Є5 
=0.05; V0 = 1) 

Fig. 8 Variation of the dimensionless velocity v(y) with 
the values of  U0 (Є1 – Є4; Є7; Є8 = 0.5; Є6 = 2;  Є5 
=0.05; V0 = 1) 

 
  

 

 
Fig. 9 Variation of the dimensionless angular velocity 
σ(y) with the values of  U0 (Є1 – Є4; Є7; Є8 = 0.5; Є6 = 2;  
Є5 =0.05; V0 = 1) 
 
 

Fig. 10 Variation of the dimensionless velocity u(y) with 
the values of V0 (Є1 – Є4; Є7; Є8 = 0.5; Є5=0.05; Є6 = 2; 
U0 = 10) 

 

 
Fig. 11 Variation of the dimensionless velocity v(y) with 
the values of  V0 (Є1 – Є4; Є7; Є8 = 0.5; Є5=0.05; Є6 = 2; 
U0 = 10) 

 

Fig. 12 Variation of the dimensionless angular velocity 
σ(y) with the values of  V0 (Є1 – Є4; Є7; Є8 = 0.5; 
Є5=0.05; Є6 = 2; U0 = 10) 
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Fig. 13 Variation of the dimensionless velocity u(y)                                Fig. 14 Variation of the dimensionless velocity v(y) 
with the values of  Є6 (Є1 – Є4; Є7; Є8 = 0.5; Є5 =0.2;                              with the values of  Є6 (Є1 – Є4; Є7; Є8 = 0.5; Є5 =0.2;   
U0  = V0 = 2)                                                                                             U0  = V0 = 2) 
 

                       
 

 
 

 
Fig. 15 Variation of the dimensionless angular velocity σ(y)  
with the values of  Є6 (Є1 – Є4; Є7; Є8 = 0.5; Є5 =0.2;   
U0  = V0 = 2) 
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