SR
{dd?ﬁ% Applications and Applied Mathematics: An International
l\mmj

- Journal (AAM)
Volume 6 | Issue 1 Article 14
6-2011

Solitary, Explosive, Rational and Elliptic Doubly Periodic Solutions
for Nonlinear Electron-Acoustic Waves in the Earth’'s Magnetotail
Region with Cold Electron Fluid and Isothermal lons

S. A. EI-Wakil
Mansoura University

E. M. Abulwafa
Mansoura University

M. A. Abdou
Mansoura University

E. K. EI-Shewy
Mansoura University

H. M. Abd-El-Hamid
Mansoura University

Follow this and additional works at: https://digitalcommons.pvamu.edu/aam

Cf Part of the Analysis Commons, Ordinary Differential Equations and Applied Dynamics Commons, and
the Statistical, Nonlinear, and Soft Matter Physics Commons

Recommended Citation

El-Wakil, S. A.; Abulwafa, E. M.; Abdou, M. A,; EI-Shewy, E. K.; and Abd-El-Hamid, H. M. (2011). Solitary,
Explosive, Rational and Elliptic Doubly Periodic Solutions for Nonlinear Electron-Acoustic Waves in the
Earth’s Magnetotail Region with Cold Electron Fluid and Isothermal lons, Applications and Applied
Mathematics: An International Journal (AAM), Vol. 6, Iss. 1, Article 14.

Available at: https://digitalcommons.pvamu.edu/aam/vol6/iss1/14

This Article is brought to you for free and open access by Digital Commons @PVAMU. It has been accepted for
inclusion in Applications and Applied Mathematics: An International Journal (AAM) by an authorized editor of
Digital Commons @PVAMU. For more information, please contact hvkoshy@pvamu.edu.


https://digitalcommons.pvamu.edu/aam
https://digitalcommons.pvamu.edu/aam
https://digitalcommons.pvamu.edu/aam/vol6
https://digitalcommons.pvamu.edu/aam/vol6/iss1
https://digitalcommons.pvamu.edu/aam/vol6/iss1/14
https://digitalcommons.pvamu.edu/aam?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol6%2Fiss1%2F14&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/177?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol6%2Fiss1%2F14&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/121?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol6%2Fiss1%2F14&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/1266?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol6%2Fiss1%2F14&utm_medium=PDF&utm_campaign=PDFCoverPages
https://digitalcommons.pvamu.edu/aam/vol6/iss1/14?utm_source=digitalcommons.pvamu.edu%2Faam%2Fvol6%2Fiss1%2F14&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:hvkoshy@pvamu.edu

El-Wakil et al.: Earth’s Magnetotail Region with Cold Electron Fluid and Isothermal lons

Available at Applications and Applied
{f"oM"’\ http://pvamu edu/aam " MathematicspIO
1 Appl. Appl. Math. ; ’
‘8"5‘:@; ISSN: 1932-9466 An International Journal

Vol. 6, Issue 1 (June 2011) pp. 171 - 186
(Previously, Vol. 6, Issue 11, pp. 1911 — 1926)

Solitary, Explosive, Rational and Elliptic Doubly Periodic Solutions
for Nonlinear Electron-Acoustic Waves in the Earth’s Magnetotail
Region with Cold Electron Fluid and Isothermal lons

S. A. EI-Wakil, E. M. Abulwafa, M. A. Abdou,
E. K. EI-Shewy and H. M. Abd-El-Hamid

Theoretical Physics Group, Physics Department, Faculty of Science
Mansoura University
Mansoura, Egypt
elwakil@mans.edu.eg

Received: July 23, 2010; Accepted: February 3, 2011

Abstract:

A theoretical investigation has been made of electron acoustic wave propagating in
unmagnetized collisionless plasma consisting of a cold electron fluid and isothermal ions with
two different temperatures obeying Boltzmann type distributions. Based on the pseudo-potential
approach, large amplitude potential structures and the existence of Solitary waves are discussed.
The reductive perturbation method has been employed to derive the Korteweg-de Vries equation
for small but finite amplitude electrostatic waves. An algebraic method with computerized
symbolic computation, which greatly exceeds the applicability of the existing tanh, extended
tanh methods in obtaining a series of exact solutions of the KdV equation, is used here.
Numerical studies have been made using plasma parameters close to those values corresponding
to Earth’s plasma sheet boundary layer region reveals different solutions i.e., bell-shaped solitary
pulses and singularity solutions at a finite point which called “blowup” solutions, Jacobi elliptic
doubly periodic wave, a Weierstrass elliptic doubly periodic type solutions, in addition to the
propagation of an explosive pulses. The result of the present investigation may be applicable to
some plasma environments, such as earth’s magnetotail region and terrestrial magnetosphere.

Keywords: Electron acoustic waves; pseudo-potential; reductive perturbation; Symbolic
computations; explosive solutions.
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1. Introduction

The nonlinear evolution of electrostatic waves in plasmas is an important topic in plasma
physics. Electron acoustic waves (EAWSs) have been observed in the laboratory when the plasma
consisted of two species of electrons with different temperatures, referred to as hot and cold
electrons [Derfler and Simonen (1969) and Ikezawa, Nakamura (1981)], or in an electron ion
plasma with ions hotter than electrons [Fried and Gould (1961)]. Also its propagation plays an
important role not only in laboratory but also in space plasma.

For example, bursts of broadband electrostatic noise (BEN) emissions have been observed in
auroral and other regions of the magnetosphere, e.g. polar cusp, plasma sheet boundary layer
(PSBL), see for instances [Mozer et al (1997), Ergun et al (1998), Pottelette et al (1999)]. There
have been numerous observations of small temporal and spatial scale, large amplitude electric
fields in the Earth’s magnetotail region. These structures have been commonly called solitary
waves or weak doubles layers and appear to be prevalent throughout many parts of the Earth’s
magnetosphere [Cattell et al (1999), Matsumoto et al (1994)].

Investigations of small-amplitude electron acoustic waves (EAWSs) in collisionless plasma
usually describe the evolution of the wave by nonlinear equations such as the Korteweg-de Vries
(KdV), KdV-type, Zakharov-Kuznetsov (ZK), and ZK-type equations [Tagare et al (2004), El-
Shewy (2007), Elwakil et al (2007)].

In the past several decades, new exact solutions may help to find new phenomena. A variety of
powerful methods, such as inverse scattering method [Ablowitz and Clarkson (1991)], bilinear
transformation [Hirota and Satsuma (1981)], asymptotic perturbation method, based on Fourier
expansion and spatio-temporal rescaling [Maccari (1998, 1999, 2003)], the tanh-sech method
[Malfliet (1992)], extended tanh method [Fan (2001), Elwakil et al (2003)], homogeneous
balance method [Wang et al (1996)], exp-function method [He and Abdou (2007)] and
variational iteration method [He (2000)]. Fan (2003) developed a new algebraic method with
computerized symbolic computation, which greatly exceeds the applicability of the existing tanh,
extended tanh methods and Jacobi function expansion method in obtaining a series of exact
solutions of nonlinear equations.

The major topic of this work is to study the existence of the electrostatic arbitrary and small
amplitude solitary and other type waves in unmagnetized collisionless plasma consists of a cold
electron fluid and isothermal ions with two different temperatures obeying Boltzmann type
distributions.

This paper is organized as follows: in section 2, we present the basic set of fluid equations
governing our plasma model. In section 3, the pseudo-potential was discussed. In section 4, the
nonlinear Small-Amplitude EAWSs are investigated through the derivation of a Korteweg-de
Vries (KdV) equation. In Section 5, an algorithm describing the computerized symbolic
computation method is presented. In Section 6, the proposed method is applied to the KdV
equation. Section 7 contains the results and discussions. Some conclusions are given in section 8.
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2. Basic Equations

We consider a homogeneous system of unmagnetized collisionless plasma consists of a cold
electron fluid and isothermal ions with two different temperatures (low-temperature T, and high-

temperature T, ) obeying Boltzmann type distributions. Such system is governed, in one
dimension, by the following normalized equations [Kakad et al (2009)]:

0 0

2N+ [, (x ) U, (x,]=0, (1a)
%u (x,t)+u,(x, t) u o (X, t)——¢(x t)=0, (1b)
;;;¢(x,t)—ne(x,t)+n“(x,t)+nih(x,t):0 . (1c)

In the above equations, n,(x,t) is the cold electron density normalized by initial equilibrium
electrons density Ny, Ug (X,t) is the electron fluid velocity normalized by the effective electron

acoustic speed C,=,/T,; /m, where T =TT, /(n,,T,+nyT,), Nyo and n;,o are the initial

normalized equilibrium densities of the low- and high-temperature ions, respectively with
Nio + Ning =1, #(X,t) is the electrostatic potential normalized by the effective electrostatic

potential T, /e, where m, and e are the mass and charge of the electron, X is the space

coordinate normalized by the effective Debye length A =/ Tog / (4m,,e?) and t is the time
variable normalized by the inverse of the cold electron plasma frequency

N (a)ce = \l4ﬂne0e2/me )

Equations (1a) and (1b) represent the inertia of the electron fluid and (1c) is the Poisson’s
equation needed to make the self-consistent. The two types of ions are described with
distributions given by:

N, (X,1)=nyo exp[=a(x,t) /(N + N )], (29)
N (X, 1) =N0 eXp[= B (X, 1) /(N + N0 )], (2b)

where B=T, /T, isthe ions temperature ratio.
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3. Nonlinear Arbitrary Amplitude

To investigate the nonlinear properties of the electrostatic waves described in section 2, we must
consider the nonlinear terms in (1) and (2). Therefore, in order to study the fully nonlinear
(arbitrary amplitude solitary) waves, we employ here the pseudo-potential approach [Sagdeev
(1966)] by assuming that all dependent variables depend on a single variable £ =Xx—M t, where

M is the Mach number (solitary wave speed normalized by the effective electron acoustic speed
C.). Using this transformation along with the steady state condition (6/dt=0) and appropriate

boundary conditions for localized distributions (as |§|—>oo, n.=1, u, =0 and ¢=0), (1) and
(2) can be reduced to

STAg/dCT +V ()=, 32

where the potential V (@) is given by

V(@) =MEM2 = M2 +2¢) +n,0 (N0 + Mo SL—EXPL-$(%,1)/(Nyo + Mo S)I}
+”i—,;°(ni.o + Mo BYL— XD B,/ (Mo + Ny A1 (3b)

The nonlinear equation (3a) can be regarded as “energy integral” of an oscillating particle of unit
mass with velocity d¢/d{ and positiong. This equation is valid for arbitrary amplitude
electron-acoustic waves in the steady state. A necessary conditions for the existence of the
solitary waves is that V (¢ = 0)=0, aV/a¢|¢:O=o, and 0%V /64> <0 and V (¢)<0 for ¢ lying

between 0 and @, .

4. Nonlinear Small-Amplitude

According to the general method of reductive perturbation theory, slow stretched coordinates are
introduced as [Washimi and Taniuti (1966)]:

r=&"2t,and  E=&"?(x-Wt), (4)
where ¢ is a small dimensionless expansion parameter and Vv is the wave speed normalized by

C.. All physical quantities appearing in (1) are expanded as power series in & about their
equilibrium values as:

Ne (&, 1) =1+en (&, 1) +€2 N, (&, 1) +£° Ny (€, 7) +..., (5a)

Uy (&,7)=cu; (&, 1) +€% U,y (&, T) +€° Us (§,7) +..., (5b)

https://digitalcommons.pvamu.edu/aam/vol6/iss1/14
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P& D) =eh(E,1)+8° 6o (E,1)+8° dy(E,7)+.... (5¢)
We impose the boundary conditions as || -0, n, =1, u, =0and ¢=0.

Substituting (4) and (5) into (1) and equating coefficients of like powers of ¢ lead, from the two
lowest-order equations in &, to the following KdV equation for the first-order perturbed

potential:

¢1(§ )+ A4S 7) ég(151(5 T)+B o ¢1(§ 7)=0, (6a)
where

I s vt )

This KdV equation can be solved using a computerized symbolic computational technique [Fan
(2003)].

5. Computerized Symbolic Computation Method

Fan developed a computerized symbolic computation method to solve nonlinear partial
differential equation. This technique can be represented as follows [Fan (2003)]:

Step 1:

For a given partial differential equation in ¢, (x,t) of the form

o o 0
H(cf’%,6 ,65,852,---)

)

In a traveling frame of reference ¢ (&,7)=®(n), n=&— At , the partial differential equation
may be transformed into an ordinary differential equation of the form

H (®,dd/dn,d’®/dn",...)=0. )
Step 2:

Expand the solution of (8) in the form

Published by Digital Commons @PVAMU, 2011
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o) = Ya 00) ©

where a;, (i=0,1,...,n) are coefficients to be determined and the new variable ¢(77) is a
solution of the following ordinary differential equation

d—(”: OITOE (10)

where ¢;, (j=0,1,...,k) are coefficients will be determined.

Step 3:

Substituting (9) and (10) into (8) and balancing the highest derivative term with the nonlinear
term lead to a relation between n and k, from which the different possible values of n and
k can be obtained. These values lead to the different series expansions of the exact solutions of
the nonlinear differential equation (8).

Step 4:

Substituting (9) and (10) into (8) and setting the coefficients of all powers of ¢(;)' and
¢(n7) dp/dn equal to zero will give a system of algebraic equations. From this set of algebraic
equations, the parameters A, &, (i=0,1..,n)and c;, (j=0,1,...,k) can be found explicitly.

Step 5:

Substituting the parameters ¢; (j=0,1...,k) obtained in step 4 into (10), we can then obtain all

the possible solutions of ¢(77). We remark here that the solutions of (8) depend on the explicit

solvability of (10). The solution of the system of algebraic equations will give a series of
fundamental solutions such as polynomial, exponential, soliton, rational and triangular periodic
solutions.

6. Explicit Solutions for the KdV Equation
For KdV equation (6a), the traveling wave transformation ¢,(&,7)=®(n), n=~&— Ar, gives an

ordinary differential equation of the form

3

d d d
- A—O(n)+AdD(n)—>(n)+B
an (m) (n)dn (n) i

(17)=0, (11)

https://digitalcommons.pvamu.edu/aam/vol6/iss1/14
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where the coefficients A and B are given by (6b) and A is an arbitrary parameter similar to the
Mach number (M ).

Substituting the solution given by (9) and (10) and balancing the highest nonlinear term with the
highest derivative term in resultant equation give relation between n and k as k=n+2. If we

take n=2, then k=4, the solution of (11) can be represented as

D(n)=a,+a, ¢(17)+a, ¢(1)°, (12)

and

dg/dn==4/c, +¢, () +C,0(1)7 +Csp(n)’ +C,00(n)" . (13)

Using the symbolic software package Maple, we obtain the following solutions for the KdV
equation (11):

®(n)=a, +3%Y sech(%\/vn)z, (14)
D(7)=a+3 Y secN-Yi)" (15)
D()=a0+5 Y tanh (| En)?, (16)
D()=a,-—Y tan(égn)z, (17)
D()=a,-3 1Y eschCY )’ (18)
D(7)=a0+32 Y cseC V-V )2, (19)
SOk 20)

B, m? 1 [ -y )
D(n)=ay +3—Y cnE [———n)?, (21)
TTA om2-17 2\ @—2m?)
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B, 1 1[ -y
O(n7)=ap-3—-Y dn(= [———n)", (22)
O TA m2o2 2 (m?-2)
2
D7) =30+3°Y g —sn( |- )7, 23)
A m?2+1 2\ (m?+))

(24)

where Y=(A-ayA)/B, a,, Cq, C; and C5 are arbitrary constants, m is a modulus and
#(Cn;9,,9,) is Weierstrass function with invariants g, and 9.

7. Results and Discussion

To make our result physically relevant, numerical studies have been made using plasma
parameters close to those values corresponding to earth’s plasma sheet boundary layer region
[Matsumoto et al (1994), Singh and Lakhina (2001)].

However, since one of our motivations was to study the effects of Mach number (M ), the initial
normalized low temperature ions density (n;;,) and the ions temperature ratio (£) on the
existence of electrostatic solitary waves by analyzing the Sagdeev’s pseudo-potential V (¢) for
arbitrary amplitude electron-acoustic waves. For example, Figures 1, 2 and 3 concern the effects
of M, n,, and 3, respectively on the existence of the electrostatic solitary waves.

In Figure (1), the behavior of V (¢) shows the critical Mach number (M ) for which a potential

well in the negative-axis (corresponding to a solitary wave with a negative potential) develops.
Increasing the value of M increases the negative depth and the width of the potential well.

The variation of V(@) with n;, is represented in Figure (2). This figure shows that initial

normalized low temperature ions density has nearly the same effect on the Sagdeev’s potential as
the Mach number.

Figure (3) shows the effect of changing the parameter £ on the potential V (¢) . Increasing the
/3 -value decreases both the negative depth and the width of Sagdeev’s potential V (¢).

For small-amplitude electron-acoustic waves, the KdV equation has been derived using the
reductive perturbation method. A symbolic computational traveling wave method is used to
obtain a series of exact solutions of KdV equation [Fan (2003)].

https://digitalcommons.pvamu.edu/aam/vol6/iss1/14
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The solutions given by (14) and (15) tend, as a, =0, to the stationary solution of this problem

given by Kakad et al (2009). In Figures (4) and (5), a profile of the bell-shaped compressive and
rarefactive solitary waves for the electrostatic potentials and the associated bipolar electric field
structures are obtained for solutions (14) and (15).

Figure (4) shows the variation of the electrostatic solitary waves from compressive to rarefactive
forms due to the variation of the initial normalized low-temperature ions density (n;). The
change from compressive to rarefactive solitary waves occurs at about n;, =0.25594 for
S =0.05, A=0.001, v=1 and a,=0. The increasing of the parameter n;, increases both the

amplitude and width of the compressive solitary wave while it decreases the values of the
amplitude and width of the rarefactive waves.

The effect of the ions temperature ratio ( £) on the electrostatic solitary waves is represented in
Figure (5). The parameter (/) has similar effect as the parameter n;, on the variation of the
solitary waves from compressive to rarefactive solitons and also on the variation of the waves
amplitude and width. The value of £, which the electrostatic solitary waves change from
compressive to rarefactive, is about 0.063296 for n;;;=0.23, A4=0.001, v =1 and a,=0.

Figure (6) shows the dependence of the compressive and rarefactive soliton amplitude and width
on the coefficient a,. For compressive solitary waves, the increasing of the coefficient a,

decreases the amplitude and increases the width of the wave and vice versa for the rarefactive
solitary waves. For compressive solitons, the coefficient a, has negative values while for

rarefactive solitons it has positive values.

Solutions (16) and (17) develop solitons with singularity at a finite point which called “blowup”
of solutions. The profile of doubly rarefactive and compressive solitary pulses of blowup points
are depicted in Figure (7) for solutions (16) and (17).

On the other hand, solutions (18), (19) and the rational solution (20) lead to the propagation of
explosive solitary pulse. The explosive rarefactive and compressive electrostatic solitary waves
due to the solutions (18)-(20) are represented in Fig. (8).

Solutions (21)-(23) are three Jacobi elliptic functions for wave solutions. When m — 1, the
Jacobi elliptic functions (21)-(23) degenerate to the hyperbolic functions (14), (16) and (18)
while as m — 0 they degenerate to the triangular functions (15), (17) and (19).

Finally, solution (24) gives a Weierstrass elliptic doubly periodic type solution. The profile of the
Weierstrass elliptic doubly periodic type solution and the associated bipolar electric field
structures are shown in Figure (9).

In summary, it has been found that the presence of two isothermal ions with different

temperatures modifies the properties of the electron acoustic solitary waves significantly and
new solutions have been obtained. To our knowledge, these solutions have not been reported. It
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may be important to explain some physical phenomena in some plasma environments, such as
earth’s plasma sheet boundary layer region.

8. Conclusion

We have devoted quite some efforts to discuss the proper description of new solutions in
unmagnetized collisionless plasma consisting of a cold electron fluid and isothermal ions with
two different temperatures obeying Boltzmann type distributions. The application of the pseudo-
potential approach leads to Sagdeev’s pseudo-potential form for arbitrary amplitude electron-
acoustic waves. It emphasizes the amplitude of the electron-acoustic waves as well as parametric
regime where the solitons can exist are sensitive to the Mach number (M ), the low temperature
ion density (N;;o) and the ions temperature ratio ().

For small amplitude electron-acoustic waves, the study of the reductive perturbation theory gives
the KdV equation. It is emphasized that the amplitude of the electron-acoustic soliton as well as
the parametric regime where the solitons can exist are sensitive to the zero order coefficient of
the solution expansion (@), the value of the initial normalized low temperature ions density

(o) and the ions temperature ratio (/). It is interesting to point out that the increasing of both
Ny and A increases the amplitude and width of the compressive soliton and decreases them for
rarefactive soliton. While increasing of a, decreases the amplitude and increases the width of

the compressive soliton and vice versa for rarefactive soliton. On the other hand, it is found that
for ay =0, the solution (14) reduces to that obtained by Kakad et al (2009). The founding of the

compressive solitons needs negative values of a, and rarefactive soliton needs positive values of
ag.

Moreover, new exact solutions to the KdV equation provide guidelines to classify the types of
solutions according to the plasma parameters and can admit the following types of solutions: (a)
hyperbolic solitary wave solutions, (b) triangular periodic wave solutions, (c) rational solutions,
(d) Jacobi elliptic doubly periodic wave solutions and (e) Weierstrass elliptic periodic-type
solution.

The new solutions of the KdV equation in this paper give solitary solutions due to (14) and (15)
and blowup solutions given by (16) and (17). Also, it gives explosive compressive and
rarefactive solitary waves due to (18), (19) and (20). The method gives, also, periodic solutions
due to the existence of the Weierstrass elliptic function by (24).

The application of our model might be particularly interesting in the new observations for the
earth’s plasma sheet boundary layer region.
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Figure 1. The behavior of Sagdeev’s

potential Vv (¢) vs ¢ with n;,=0.25
and p=0.07 for different values of
M.

Figure 2. The behavior of Sagdeev’s

potential V() vs ¢ with M=1.10
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Figure 3. The behavior of Sagdeev’s potential Vv (¢) vs ¢ with n;,=0.25 and M =1.10 for different

values of z.
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Figure 4. A bell-shaped solitary pulse represented by the solution (14) shows the variation of the
amplitude and width with n,, for $=0.05, A=0.001, v=1 and a,=0: (a) electrostatic

potential and (b) the associated bipolar electric field structures.

(&) )
Figure 5. A bell-shaped solitary pulse represented by the solution (14) shows the variation of the
amplitude and width with g for n;,=0.23, A=0.001, v=1 and a,=0: (&) electrostatic

potential and (b) the associated bipolar electric field structures.
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@ ®
Figure 6. A bell-shaped solitary pulse represented by the solution (14) shows the variation of the
amplitude and width of the electrostatic potential wave with a, for 5=0.05, A=0.001
and v=1: (a) compressive with n;,=0.23 and (b) rarefactive with n;,=0.26.

D(n)
()

)

Figure 7. A periodic pulse represented by solution (16) shows the variation of the amplitude of
the electrostatic potential wave with g for n,,=0.23, A=0.001, v=1 and a,=0: ()

rarefactive and (b) compressive

(&)
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Figure 8. An explosive pulse represented by solution (18) shows the variation of the amplitude
of the electrostatic potential wave with g for n,,=0.23, A=0.001, v=1 and a,=0: (a)

rarefactive and (b) compressive.

&)

Figure 9. The profile of Weierstrass elliptic doubly periodic type solution (24) for p=0.05,
A=0.001, v=1, ¢,=-0.1, ¢;=1, ¢;=0.01 and a,=0.5: (a) electrostatic potential and (b)
associated bipolar electric field structures.
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