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Abstract

In the present paper an analytic solution of non-linear parabolic-hyperbolic equations is deduced
with the help of the powerful differential transform method (DTM). To illustrate the capability
and efficiency of the method four examples for different cases of the equation are solved. The

method can easily be applied to many problems and is capable of reducing the size of
computational work.
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1. Introduction

Since the beginning of 1986, Zhou and Pukhov have developed a so-called differential
transformation method (DTM) for electrical circuits problems. The DTM is a technique that uses
Taylor series for the solution of differential equations in the form of a polynomial. It is different
from the high-order Taylor series method, which requires symbolic computation of the necessary
derivatives of the data functions. The Taylor series method is computationally tedious for high
order equations. The Differential transform method leads to an iterative procedure for obtaining
an analytic series solutions of functional equations. In recent years researchers have applied the
method to various linear and nonlinear problems such as two point boundary value problems by
Chen and Liu(1998), partial differential equations by Jang et al. (2001), differential-algebraic
equations by Ayaz (2004), integro-differential equations by Arikoglu and Ozkol (2005),
fractional differential equations by Arikoglu and Ozkol (2007), the KdV and mKdV equations by
Kangalgil and Ayaz (2009), the Schrodinger equations by Ravi Kanth and Aruna (2009),
Analytic solution for Telegraph equation by Biazar and Eslami (2010), Systems of Volterra
Integral Equations of the First Kind by Biazar and Eslami (2010), and Approximate analytical
solution for the fractional modified KdV by Kurulay and Bayram (2010).

In recent years, special equations of the composite type have received attention in many papers.
In this paper, we consider the Cauchy problem for the nonlinear parabolic-hyperbolic equation of
the following type

0 o’
(E—AJ[E—AJU == F(U),

with initial conditions

ak
at—E(O,X):(pk(X), X = (X, X0 %), k=012,

where the nonlinear term is represented by F(u),and A is the Laplace operator in R".

2. Basic Idea of Differential Transform Method

The basic definitions and fundamental operations of the two-dimensional differential transform
are defined as follows; see Chen and Ho (1999). The differential transform function of a function
say u(x,y)is in the following form

Uk hy = | 22u0Y)
( 1 )_klhl axkayh (X y)a

1)
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whereu(x, y)is the original function and U (k,h)is the transformed function.

The differential inverse transform of U (k,h) is defined as

u(x y) = 3 UK BX =) (Y = Y o

in a real application, and when (x,,y,) are taken as (0,0), then the function u(x, y) is expressed by

a finite series and Eq. (2) can be written as

ak+hu(x’ y) o
u(x,y) = kZ;,hZ(;k,h,{ oy }X y "
Equation (3) implies that the concept of two-dimensional differential transform is derived from
two-dimensional Taylor series expansion. In this study we use the lower case letters to represent
the original functions and upper case letters to stand for the transformed functions (T-functions).
From the definitions of Equations (1) and (2), it is readily proved that the transformed functions
comply with the following basic mathematical operations.

Similarity an m-dimensional differential transform of u(x,, x,,...,x,) is defined

~ 1 ak1+k2+.4.+kmu(x1 X21 ,Xm)
Tk Ik, L k! axtoxte . oxkn

(4)

(0,0,...,0)

where u(x,X,,...,X,) is the original and U(k,k,,....k,) is the transformed function. The
differential inverse transform of u(x;,x,,...,x,,) is defined as follows

UK Xy X ) = iz ZU(kk ..... K )X )

k,=0k,=0
and from Equations (4) and (5) can be concluded

) 0 1 6k1+kz+,..+kmu(xl,XZ,...,X) K <k K
U(Xgs Xy - X,)= = X L XM 6
(%, =22, ka::okl!kZ!...km! OXAOXE2 ... OXE R (®)

(0,0,....0)

From Equations (2) — (6), one can easily prove that the transformed functions comply with the
following basic mathematical operations.
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LOIF u(x, Xy, X ) = FL(%, %o, X0 ) £ £, (X, Xy, %, ), then
UK, Ky, k) = Fo(K Ky, k) £ Fy (K Ky k).

2. 1F u(x, Xy,... X)) = 29(X, %y,... X, ), then
Uk, k,,...k,)=AG(k,k,,...k, ), where, 1is a constant.

:ag(xl,xz,...xm)
OX;

U(k,h)=(k +DG(k,...k +1...k ), 1<i<m.

3.1 u(x, Xy,... X,,) , then

0™ g (X X e Xy)
ox;"ox;°
U (ke Ky o ki) = ( + 1)K +2) 4+ (K + 1)K, + DK, +2) +. (K, +8)G (K, K 1k +5,0 k).

4.1f u(x,y)= , 1<i= j<m then

5.1 u(x, Xy,... X, ) = X152 ... x™" then
1 k=h,

Uk K, k) = 8k )8 (K, —hy)...8(k,, —h,), where &(k —h)= {o otherwise

6. If U(Xl’xz): fl(xl'xz)fZ(Xl'X2)1 then
U(k,h):zk:ZhZFl(r,h—s)Fz(k—r,s).

r=0 s=0

7.1f u(xl’XZ’X3): fl(xl'XZ'XS) fz(Xsz'Xs)a then

Kk ks
Uk ky k) =D D D F(r.k, —s,ky — p)F,(k, 1., p).
r=0 s=0 p=0

3. Examples

To illustrate the capability, reliability and simplicity of the method, four examples for different
cases of the equation will be discussed here.

Example 1. Consider the following equation

o o \o* o° oud’u o%u,
— || =5~ =5 |u=2—"5 — (—)* —144u, 7
[Gt asz(atz axzj ot ot? (axz) ()

subject to the following initial conditions
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u(0,x) =—x*,
X 0,%)=0 (8)
a‘t 1 1
o%u
?(O, X) . 0,

with the exact solution
u(t,x) = —x* + 4t°,
Taking the differential transform of (7), leads to
(K +1)(k +2)(k +3)U (k +3,h) = (k +D)(h +1)(h + 2)U (k +1,h +2)

(K +D)(k +2)(h+1)(h+ 2)U (k +2,h+2) — (h + 1) (h + 2)(h + 3)(h + 4)U (k,h + 4)

kK h

+ZZ (r+D)k-r+)(k-r+2UJ(r+Lh-s)U(k-r+2,s) 9)
- k Zh:(h—s+1)(h—s+2)(s+1)(s+2)U(r,h—s+2)U(k—r,s+2)—144U(k,h).

From the initial conditions given by Equations (8), we have

U(O,h):{_l’ h=4,
0, h=01235,..
ULh)=0, h=012,... (10)

U(2,h)=0, h=012,....

Substituting Equation (10) into Equation (9) and by recursive method, the results are listed as
follows

-1, fork=0and h=4,

U(k,h) =14, fork =3and h=0,
0, otherwise.

We obtained the series solution as
u(t, x)=>" > U (kh)t“x" =—x* +4t°,

k=0 h=0

which is an exact solution of the problem given in Equations (7)-(8).
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Example 2. Consider the following equation

o 0%\ o* & o%u o%u
[a‘yl?‘yj":?f‘(Wz‘z“z’ 4y

subject to the initial conditions
u(0,x) =e*,

%”(0, X)=e", (12)

d%u .
F(O, X) =e",

with the exact solution
u(t,x) =e*.

One can readily find the differential transform of (11), as follows.

(K +D)(K +2)(k +3)U (k +3,h) = (k +1)(h +1)(h+ 2)U (k +1,h + 2)
K+ D)k +2)(h +)(h+2)U (k + 2,h +2) — (h +1)(h + 2)(h + 3)(h + 4)U (k, h + 4)

+Zklzh:(r +D)(r+2)(k-r+)(k—r+2J(r+2,h—s)U(k-r+2,s)

+Zzh:(h—s+1)(h—s+2)(s+1)(s+2)U (r,h—s+2)U(k—r,s+2)—sz:ZhZU(r,h—s)U(k—r,s).

r=0 s=0 r=0 s=0
(13)
The transformed version of Equation (12) is
1
u@O,h)==, h=012,...
h!
U(l,h):%, h=012,... (14)

U(2,h)=%, h=012,...

Substituting (14) in (13), all spectra can be found as

1
U (k,h) ZW.

Substituting U (k,h) into Equation (3), we obtain

https://digitalcommons.pvamu.edu/aam/vol5/iss2/11
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2 3 2 3

N ot X° X
u(t,x) = — X =0+t —=+—+.. )AL+ X+ —+—+..)),
Zéhz::;k!h! 21 3! 21 3!

which is the expansion of the functione**and is an exact solution of the problem given in
Equations (11)-(12).

Example 3. Consider the following equation

o 0° )\ o* & ou  d%udu 15
pviver dl | Iewr ity sl Ul bt oy sl (15)
ot ox ot oX ot ot° ox

with initial conditions,

u(0, x) = cos x,

ou .

—(0,x)=— , 16
at( X) = —sin x (16)
2

gt—g(o, X) = —COS X.

Taking the differential transform leads to

(k+D)(k+2)(k +3)U(k+3,h)=
(k+Dh+D(h+2QU(k+L,h+2)+ (k +D(k +2)(h+D(h+2U (k + 2,h + 2)

—(h+D(h+2)(h+3)(h+4)U (k,h+4) +izh:(k —-r+UJ(r,h—s)U(k—r+1s) (17)
+Zk“zh:(k—r+1)(k —r+2)(h—-s+DU(k-r+2,5)U(r,h—s+1).

From the initial conditions (17) we can write

h
2

U(0,h) = (_hll) : for hiseven,
0, forhisodd,
0, for hiseven,
Uam=1 y* (18)
- , forhisodd,
h!
(12"
U@h)y=1"p for hiseven,
0, forhisodd.
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Substituting (18) in (17), all spectra can be found as

k+h
_1\ 2
(1) , for k is even and h is even,
kih!
k+h-2
_ 2
U(k,h)= —L, for k is odd and his odd,
kih!
0, otherwise.

Substituting U (k,h)into Equation (3), we have series solution for uand follow closed form

solution
_ww kh_m m(—l)zkh_gO w(—l)z kh
ut,x)=> DUk ht'x"= > > tx"— > > ———t'x
k=0 h=0 k=0,2,...h=0,2,... k!h! k=13,...h=13,... k!h!
1 ke & 1 h © 1 k=1 h-1
=k Z — (=12t z —(-1)2x" - z — (-1 2t Z —(-p2t"
k=0,2,... kl h=0,2,... hl k=L13,... kl h=13,... h'

=Ccostcosx —sintsinx,

which is an exact solution.

Example 4. Consider the following equation

2 2 2 2 2
ﬁ_a_z_ﬁ_z 6_2_8_2_8_2 uz(a_u)2_4u2, (29)
ot ox; Ox; )\ ot OX;  OX; ot
with initial conditions,
u(0,x;,X,) =sinh(x, +x,),
%U(O, X,,X,) = 2sinh(x, +X,), (20)

o%u )
ﬁ(o, X,, X,) =4sinh(x, + X, ).

and exact solution
u(t, x,, X,) =sinh(x, + x,)e".

Taking the differential transform of (19), leads to

https://digitalcommons.pvamu.edu/aam/vol5/iss2/11
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(k+D)(k+2)(k+3)U(k+3,h,m)=(k+D)(h+1)(h+2)U(k+1,h+2,m)
+(k+D)(M+)(m+2)U (k+1,h,m+2)+(k+1D)(k +2)(h+1)(h+2)U (k + 2,h + 2,m)
—(h+2)(h+2)(h+3)(h+4)U (k,h+4,m)-2(h+1)(h+2)(m+1)(m+2)U (k,h+2,m+2)
+(k +D)(k +2)(m+D(Mm+2U (k +2,h,m+2) —(m+D)(m+ 2)(m + 3)(m+ AU (k,h,m + 4)

(21)
k h m
- Z (m=p+D(Mm-p+2)(p+D(p+2U(r,n—s,m—p+2U(k—r,s,p+2)
r=0 s=0 p=0
k h m
—4% > > U(r,h—s,m-pU(k-r,s,p).
r=0 s=0 p=0
From the initial conditions given by Equation (20)
1 . .
— forhis odd and mis even,
h!'m
U(0,h,m)= i, forhisevenand mis odd,
h!'m!
0 otherwise,
2 . .
R for his odd and m is even,
h!'m!
U@h,m)= i forhisevenand mis odd,
h!'m!
0, otherwise,
4 . .
_ forhisodd and mis even,
him!
U(2,h,m)= % forhis even and mis odd, (22)
Im!
0, otherwise.

Substituting (22) in (21), all spectra can be found as follows

k
2 , fork =0,1,2,..., hisodd and mis even,
kihim!
k
U (k,h,m)= 2 , fork =0,1,2,..., hisevenand mis odd,
klhim!
0, otherwise.

We obtain a series solution for u and rearranging this solution yield the closed form solution as
follows

Published by Digital Commons @PVAMU, 2010
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u(t, %, X,) = iiiu(k,h)tk&hx?: i i i klﬁl

k=0 h=0 m=0 k=01,...h=13,...m=0,2,... " ={1lx

e el e sl s L,
RN AT T R O T T

=sinh(x, +X,)e?,
which is an exact solution.

4. Conclusion

Application of the DTM to parabolic-hyperbolic partial differential equations has been presented
successfully. The results show that the differential transform method is a powerful and efficient
technique for finding analytic solutions for parabolic-hyperbolic partial differential equations.
The results obtained reinforce the claim of high efficiency of the DTM. The Maple Package was
used to calculate the series obtained by differential transform method.
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