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Abstract

In this paper, an analytic technique, namely the New Homotopy Perturbation Method (NHPM) is
applied for solving the nonlinear differential equations arising in the field of heat transfer. In this
method, the solution is considered as an infinite series expansion where converges rapidly to the
exact solution. The nonlinear convective-radioactive cooling equation and nonlinear equation of
conduction heat transfer with the variable physical properties are chosen as illustrative examples and
the exact solutions have been found for each case.
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1. Introduction

Since most of the phenomena in our world are essentially nonlinear and hence described by
nonlinear equations, there has developed an ever-increasing interest of scientists and engineers in
the analytical asymptotic techniques for solving nonlinear problems. Recently, many new
numerical techniques have been widely applied to the nonlinear problems. One of these methods
the Homotopy Pertubation Method (HPM) attracted great attention due to its versatility and
straightforwardness. HPM was introduced by He (2004, 2005, 2006, 2005, 1999, 2000, 2004,
2003) and has since been used by many mathematicians and engineers to solve various
functional equations. This simple method has also been applied to solve linear and nonlinear
equations of heat transfer [Rajabi and Ganji (2007), Ganji and Sadighi (2007), Ganji (2006)],
fluid mechanics [Abbasbandy (2007)], nonlinear Schrddinger equations [Biazar and Ghazvini
(2007)], some boundary value problems and many other topics from a variety of disciplines
[Yildirrm and Kocak (2009), Berberler and Yildirnm (2009), Kocak and Yildirim (2009),
Abbasbandy (2006)]. The new homotopy perturbation method (NHPM) was applied to linear and
nonlinear ODEs [Aminikhah and Biazar (2009)] and integral equations [Aminikhah and Salahi
(2009)]. In this article, the basic idea of the NHPM is introduced and its application in two heat
transfer equations is studied. This numerical scheme is based upon the Taylor series expansion
and, as we shall soon see, is capable of finding the exact solution of many nonlinear differential
equations.

2. Basic ideas of the NHPM

To illustrate the basic ideas of this method, let us consider the following nonlinear differential
equation

Au)- fr(x)) =10 r(x)T W 1)
with the following boundary conditions

Tu(x)
in

B(u(x), )=0 rx)1T G ()

where A is a general differential operator, B is a boundary operator, f(r(x)) is a known

analytical function and Gis the boundary of the domainW. The operator A can be divided into
two parts, L andN , where L is a linear and N is a nonlinear operator. Therefore Eq. (1) can be
rewritten as

L(u(x)) + N(u(x)) - f(r(x))= 0 ©)

By the homotopy technique, we construct a homotopy U (r(x),p) : W [0,1]® j , which satisfies
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HU(X),p) = 1- pLUX)) - u()]+ pAUX)) - F(r(x)1=0,pT 01, r(x)T W (4)
or equivalently,
HU(X),p) = LU(X)) - L(ug(x)) + pL(uo(x)) + pINU(x)) - f(r(x))I= 0, ()

where p T [0,1] is an embedding parameter, u,(x) is an initial approximation of solution of
Equation (1). Clearly, we have from Equations (4) and (5)

HU(x),0) = LU(KX)) - L(uy(x)) = 0, (6)
HU(x),1) = AU(x)) - f(r(x)) = 0. (7)

According to the HPM, we can first use the embedding parameter p as a small parameter, and
assume that the solutions of Equations (4) and (5) can be represented as a power series inp as

Ux)= § p'u, . 8

Now let us write the Eqg. (5) in the following form

LUX)) = us(x) + pIf(r(x)) - uo(x) - NU(X))]. (9)
By applying the inverse operator,L * to both sides of Eq. (9), we have

U) = LT o))+ p[L (F(r(x)))- L7 (Uo(x))- L 'NU(X))]. (10)

Suppose that the initial approximation of Eq. (1) has the form

UO(X) = g. anpn(x)i (11)

n=0

where a,,a;,a,, K are unknown coefficients and P,(x),P,(x),P,(x),K are specific functions
depending on the problem. Now by substituting (8) and (11) into the Equation (10), we get

o n — -15 Q ,-1 -15 Q -1 o n QU
8 pU,00 = LHER aPy (g pA (000~ LPFA a0z UNEA pUL0Z (12)

0

Comparing coefficients of terms with identical powers of p, leads to
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¥ .
o 0

O :Up(x) = L? P
P U0 = L EA aP 003

UL = LA00)- L a0 LN Us0),

p* 1U,y(x) = - L' IN(Uo(x),Us(x)),

P 1U,(x) = - L' IN(Uy(x),U,(x),U,(x)), (13)
M

P! iU (x) = - L INUo(x),U4(x),U,(x), K U 1(x))

M

Now if we solve these equations in such a way thatU,(x) = 0, then Equation (13) results
inU,(x) = U,y(x) = L = 0. Therefore the exact solution may be obtained as follows:

w0 = Ug) = L*FA a P03

It is worthwhile to mention that if f(r(x)) and u,(x) are analytic atx = x,, then their Taylor
series defined as

¥ ¥
U() = @ a,0¢- X", Fr(x)) = @ an(x - xo)",
n=0 n=0
can be used in Equation (12), where agy,a;,a,,K are known coefficients and a,,a,,a,, K are

unknown ones, which must be computed. To show the capability of the method, we apply the
NHPM to some examples in the next section.

3. Applications

3.1. Cooling of a lumped system by combined convection and radiation

Consider the following problem of the combined convective-radioactive cooling of a lumped
system [Aziz and Na (1984)]. Let the system have volumeV , surface areaA , density r , specific
heatc, emissivity E , and the initial temperatureT;. At t = 0, the system is exposed to an
environment with convective heat transfer with the coefficient of h and the temperatureT, . The
system also loses heat through radiation and the effective sink temperature isT,. The
corresponding governing equation of this cooling problem is as follows

rch—T+ hA(T - T,)+ ESAT*- T =0

dt 2 : ’ (14)
TO)=T,.
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3
Under the transformationsq = I— q = E i t = hAt and e = EsT,

i T_i’OS:T_i’ rcV h

, Equation (14)

can be written as

d
£+(q- @)+ e@ - a*)=0

(15)
q(0) = 1.
For the sake of simplicity, we takeq, = g = 0. Therefore, we have
dq ‘
g Farear =0 (16)
q(0) = 1.
The exact solution of above equation was found to be of the form
lln—1+ L
31+ eg
Expanding q«t >, using Taylor expansion, about t = 0 gives
— 5 1 2\t 2
git) =1+ (-1- e}t + (§e+ §+ 2e)t
e L g Maae, 85, B T, 1,35,
+(2e 5 8e 3e)t+(24e+3e+3e+24+2e)t a7
ML M5, 9 1 455, B2,
C 0% 3 R I R
3.1.1. New Homotopy Perturbation Method
To solve Equation (16), by means of NHPM, we construct the following homotopy
(1- p)[Q%t) - a(t)]+ p[Q%t) + Q(t) + eQ*(t)]= 0,
or
Q&t) = qo(t) - plao(t) + Q(t) + eQ'(t)] (18)

Applying the inverse operator, L'* = c‘)ot(x)dx to the both sides of the above equation, we
obtain

Published by Digital Commons @PVAMU, 2010
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t Lot N
Qt) = QO+ ¢ &w()dx- pgy [h(x) + QM) + eQ* COx (19)

Suppose the solution of Equation (19) to have the following form
Q(t) = Qoft) + pQy(t) + p?Qu(t) + L, (20)

where Q;(t) are unknown functions which should be determined. Substituting Equation (20) into
Equation (19), collecting the same powers of p, and equating each coefficient of p to zero,
results in

P Qult) = QO+ ¢ ()X,

P Qi) = - g (9 + Qy GO+ eQqt COHX, 1)
P Qult) = - @), [Q: (O + 4eQs° (OQ, COPX
M

¥
Assumingg,(t) = & a,P,(t),P.(t) = t*,Q0)= q(0), and solving the above equation for

n=0

Q,(t) leads to the result

Qut) = (L~ ;- et + (- 268, - sa,- Zag)t’
1 1 2 1 3 1 1
+ (- 3% g g8 2ea, )t 3 + (- 382 53R - 158 ea,’ - Zag)t4
4 1 6 1 3 1 1
+ (- —eag, - geao“ - gealao2 - 5 Eeal2 " 58 - %a3)t5 + L

Vanishing Q,(t) lets the coefficients a,(n = 1,2, 3,...) to take the following values

a,=-1- ¢
a, = 4e* + 5e + 1,
21 1

a, = - 24¢* - >e- 5" 14e?,

140 , 308 , , 85 1

= et + —e¥+ 7 + —e+ =
a, 3e 3e Oe 6e 5
oo 341, 1225 , 455 . 1 2275 ; 410,
24 3 3 24 6 3
M

Therefore, we gain the solution of Equation (16) as
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qt) = Qu(t) =1+ (-1- e)t + %(4e2 + 5e + Dt ?

1 21 1 1140 , 308 85 1
+ Z(-24e% - Ze- Z- et + S(—et+ ——eP+ 702+ —e+ It + L
g 2487 5e- 5- e+ g(5-et+ e e gety

and this in the limit of infinitely many terms, yields the exact solution of (17).
3.2. Cooling of a Lumped System with Variable Specific Heat

Consider the cooling of a lumped system [Y’aziz and Hamad (1977)] exposed to a convective
environment at temperature T, with convective heat transfer coefficienth at time t = 0. Let the

system have volumeV , surface areaA, densityr , specific heat ¢ and initial temperatureT;.
Assume that the specific heat c is a linear function temperature of the form

c=cl+ b - Tl (22)

herein c, is the specific heat, at temperature T, and b is a constant. The cooling equation
corresponding to this problem is

dT _
rcv E-F hAT - T,) =0, 23)
TO)=T,.

. . : T-T, hAt :
Introducing the dimensionless parametersq = S t = Y b(T - T,), Equation (23)
can be transformed to the following equation

dg
a+ eq)ﬁ+ q=0 q)= 1 (24)

The Taylor expansion of the exact solution of Equation (24) about t = 0 can be readily obtained
using software Maple as

t t2 (- 1+ 2e)t3
t)y=1- + +
at) T+e 20+e 61+ ey
(1- 8e + 6eH)t* N (- 1+ 22e - 58e® + 24e%)t°
24(1 + e) 120(1 + e)’

(25)
+ L.

3.2.1. New Homotopy Perturbation Method

To solve Eg. (16), by means of NHPM, we construct the following homotopy

Published by Digital Commons @PVAMU, 2010
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(1- P [Q&t)- g(t)]+ p[QEt) + Q(t) + eQQEt)]= 0,

or
QL) = qo(t) - pEo(t) + Q(t) + eQ(t) Q&)Y (26)

Applying the inverse operator, L'* = (‘)(:(x)dx to the both sides of the above equation, we
obtain

Q(t) = QO+ § G()dx- pgy [1() + Q) + eQQ¥2 YHx § (27)

Suppose the solution of Equation (27) to have the following form
Q(t) = Qo(t) + pQy(t) + p*Q(t) + L, (28)

where Q;(t) are unknown functions which should be determined. Substituting Equation (28) into
Equation (27), collecting the same powers ofp, and equating each coefficient of p to zero,
results in

P Qu(t) = QO+ & (),
P Qu(t) = - ¢, [B() + Qu GO+ eQQFCONX,

P’ 5 Qut) = - ), [Q: )+ eQuQFC)+ eQ.QFCIHX
M

(29)

¥
Assumingg,(t) = & a,P.(t),P.(t) = t*,Q0) = q(0), and solving the above equation for Q,(t)

n=0

leads to the result

Qi(t) = (1- a, - aet - %(ale +a, +a, + a, e’

1
+ Zaa.en’

- (Eae+ 1aae+ 1a +£a)t3- (la +1ae+ 1aze+ ia

8
1 1 1 1 1
Za, + 72088 + 52828 + §a4e)t S+ L

- (=a. +
(502 * 5

Vanishing Q,(t) lets the coefficients a,(n = 1,2,3,...) to take the following values

1 1 -1+ 2e _1- 8e+ 6e* -1+ 22e- 58e® + 24¢°

I S E T ) R - (P L 24(1 + e)°

L
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Therefore, we gain the solution of Equation (24) as

t t?
t)= Q,(t)= 1- +
A= Q)= 1 ot oo
(-1+ 2e)t® (1- 8e+ 6e?)t* (- 1+ 22e- 58e% + 24e3)t°
+ + + +

6(1+ e)° 24(1 + e)’ 120(1 + e)°

L,

which is exactly the same as the exact solution given by Equation (25). Figure 1 illustrates the
variation of the obtained solution of Equation (24) over t for two values ofe.

—+—+ =08
-8 =065

TR

B(z)
o

K
04 8
bt
B
LN
‘e
-
s, T
~0
02

0 0z 04 06 ok 9 12 14 18 18 2

T

Figure 1. Variation of q(t) over t for the second example.

4. Conclusion

A new homotopy perturbation method (NHPM) is successful in solving two nonlinear
differential equations arising in heat transfer problems. In the HPM and VIM [Ganji and Sadighi
(2007), Ganji (2006)], we reach a set of recurrent differential equations, which must be solved
consecutively to give only an approximate solution of the problem. Further computations may be
necessary for higher orders of approximation with a greater degree of accuracy. The new
homotopy perturbation method, however, the level of accuracy attained in the first approximate
solution Q,(t) is respectfully high. [The computations corresponding to the examples have been

performed using Maple 10.]

Published by Digital Commons @PVAMU, 2010



Applications and Applied Mathematics: An International Journal (AAM), Vol. 5 [2010], Iss. 2, Art. 4
AAM: Intern. J., Vol. 05, Issue 2 (December 2010) [Previously, Vol. 05, Issue 10, pp. 1389 — 1399] 301

REFERENCES

Abbasbandy, S. (2006). Numerical solutions of the integral equations: Homotopy perturbation
and Adomian’s decomposition method, Applied Mathematics and Computation, 173, pp.
493-500.

Abbasbandy, S. (2007). A numerical solution of Blasius equation by Adomian’s decomposition
method and comparison with homotopy perturbation method, Chaos, Solitons and Fractals,
31, pp. 257-260.

Aminikhah H. and Salahi, M. (2009). A new HPM for integral equations, Applications and
Applied Mathematics, 4, pp. 122-133.

Aminikhah, H. and Biazar, J. (2009). A new HPM for ordinary differential equations, Numerical
Methods for Partial Differential Equations, 26, pp. 480-489.

Aziz, A. and Na, T.Y. (1984). Perturbation Method in Heat Transfer, Hemisphere Publishing
Corporation, Washington, DC. pp. 123.

Berberler, M.E. and Yildirim, A. (2009). He’s homotopy perturbation method for solving the
shock wave equation, Applicable Analysis, 88, pp. 997-1004.

Biazar, J. and Ghazvini, H. (2007). Exact solutions for nonlinear Schrédinger equations by He’s
homotopy perturbation method, Physics Letters A, 366, pp. 79-84.

Ganji, D.D. (2006). The application of He’s homotopy perturbation method to nonlinear
equations arising in heat transfer, Physics Letters A, 355, pp. 337-341.

Ganji, D.D. and Sadighi, A. (2007). Application of homotopy perturbation and variational
iteration methods to nonlinear heat transfer and porous media equations, Journal of
Computational and Applied Mathematics, 207, pp. 24-34.

He, J.H. (1999). Homotopy perturbation technique, Computer Methods in Applied Mechanics
and Engineering, 178, pp. 257-262.

He, J.H. (2000). A coupling method of homotopy technique and perturbation technique for
nonlinear problems, International Journal of Non-Linear Mechanics, 35, 37-43.

He, J.H. (2003). Homotopy perturbation method: a new nonlinear analytical technique, Applied
Mathematics and Computation, 135, pp. 73-79.

He, J.H. (2004). Comparison of homotopy perturbation method and homotopy analysis method,
Applied Mathematics and Computation, 156, pp. 527-539.

He, JH. (2004). The homotopy perturbation method for nonlinear oscillators with
discontinuities, Applied Mathematics and Computation, 151, pp. 287-92.

He, J.H. (2005). Application of homotopy perturbation method to nonlinear wave equations,
Chaos, Solitons and Fractals, 26, pp. 695-700.

He, J.H. (2005). Limit cycle and bifurcation of nonlinear problems, Chaos, Solitons and Fractals,
26, pp. 827-833.

He, J.H. (2006). Homotopy perturbation method for solving boundary value problems, Physics
Letters A, 350, pp. 87-88.

Kocgak, H. and Yildirim, A. (2009). Series solution for a delay differential equation arising in
electrodynamics, Communications in Numerical Methods in Engineering, 25, pp. 1084-
1096.

Rajabi, A. and Ganji, D.D. (2007). Application of homotopy perturbation method in nonlinear
heat conduction and convection equations, Physics Letters A, 360, pp. 570-573.

https://digitalcommons.pvamu.edu/aam/vol5/iss2/4

10



Aminikhah and Hemmatnezhad: An Analytical Technique for Solving Nonlinear Heat Transfer Equations
302 H. Aminikhah and M. Hemmatnezhad

Y’aziz, A. Hamad, G. (1977). Int. J. Mech. Eng. Educ, 5, pp. 167.
Yildinm, A. Kocak, H. (2009). Homotopy perturbation method for solving the space-time
fractional advection-dispersion equation, Advances in Water Resources, 32, pp. 1711-1716.

Published by Digital Commons @PVAMU, 2010

11



	An Analytical Technique for Solving Nonlinear Heat Transfer Equations
	Recommended Citation

	Microsoft Word - _04_ Aminikhah AAM-R205-HA-112509 Sent 12-30-10_R_

