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Abstract

In this paper, by means of the homotopy analysis method (HAM), the solutions of some fourth-
order parabolic partial differential equations are exactly obtained in the form of convergent
Taylor series. The HAM contains the auxiliary parameter h that provides a convenient way of
controlling the convergent region of series solutions. This analytical method is employed to solve
linear examples to obtain the exact solutions. The results reveal that the proposed method is very
effective and simple.

Keywords: Fourth-order parabolic partial differential equations, Homotopy analysis method,
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1. Introduction

In 1992, Liao see Liao (2003) employed the basic ideas of the homotopy in topology to propose
a general analytic method for linear and nonlinear problems, namely the homotopy analysis
method (HAM), see Liao (2003), (2004a), and (2005a). This method has been successfully
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applied to solve many types of nonlinear problems, see Hayat (2004b), (2004c), (2005b), and
(2005¢). The HAM offers certain advantages over routine numerical methods. HAM method is
better since it does not involve discretization of the variables. Hence, is free from rounding off
errors and does not require large computer memory or time.

In this paper, we consider the fourth-order parabolic partial differential equations

8; + u(x, y,z) 0'u + /1(x y,z) 0'u + ! 77(x y,z)ﬂ g(x,y,z),a<x,y,z<b, t>0,
(1)
where u(x,y,z)and A(x,y,z)are positive with the initial conditions
U ,20) = 8,(52,2) and (0,200 = £ (30,2), @

and boundary conditions

u(a, y,z,t) = g(,2,1), u(b,y,z,t) = g,(y,2,1),
u(x,a,z,t) =ky(x,z,1t), u(x,b,z,t) =k, (x,z,1),
u(x, y,a,t) = hy(x, y,1), u(x,y,b,t) = hy(x,,1),
0’u o0’u

P S (a,y,2,0) = gy (. 2.0), (b y.2.0) = g,(y.2,0),
0’u - 62u

- (x,a,2,1) = ko(x,2,0), aﬁ(nh40=%ﬂnaﬁ

2 2

0u - 0%u _
™ (x,y,a,t)=ho(x,y,t), ™ (x,y,b,t) = hi(x,,t),

where the functions f,, g,. k., h,, gi,%i, andzi, i=0,1, are continuous, u(x,y,z)> 0 is the ratio of

flexural rigidity [see Khaliq (1987)] of the beam to its mass per unit length, see Wazwaz (2001),
Khaliq (1987), Andrade (1977), Gorman (1975) and the references therein. The functions
fo(x), fi(x),g,(x),g,(x),h,(x) and h,(x)are continuous functions. We apply the homotopy

analysis method for solving the singular fourth-order parabolic partial differential equation (1)
with variable coefficient.

2. Basic Idea of HAM

Consider the following differential equation

Nlu(z)] =0, 3)
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where N is a nonlinear operator, 7 is independent variable, and u(7) is an unknown function.

For simplicity, we ignore all boundary or initial conditions, which can be treated in the similar
way. By means of generalizing the traditional homotopy method, Liao (2003) constructs the so

called zero-order deformation equation

(1= P)LIP(7; p) —u,(7)] = phH(T)N[(7; p)], “4)

where p €[0,1] is the embedding parameter, 7 # 0 is a nonzero auxiliary parameter, H(z) # 0

is a nonzero auxiliary function, L is an auxiliary linear operator, u,(z) is an initial guess of
u(r), and ¢(z; p) is a unknown function. It is important that one has great freedom to choose

auxiliary things in HAM. Obviously, when p =0 and p =1, it holds
@(7;0) =u,(7), and ¢(7;1)=u(7). ()

Thus, as p increases from 0 to 1, the solution ¢(z; p) varies from the initial guess u,(7) to the

solution u(7). Expanding #(7; p) by Taylor series with respect to p, we have

o5 p) =y (@) + S 1, (7) P, ©)
where
u, ()=~ CED) ™
m! Op

If the auxiliary linear operator, the initial guess, the auxiliary parameter 7, and the auxiliary
function are so properly chosen, the series (6) converges at p =1, then we have

u(r,t) =u, (r,t)+§um(r,t), (8)

which must be one of solutions of the original nonlinear equation, as proved by Liao (2003). As
h=-1 and H(r)=1, equation (4) becomes

(1= p)L[¢(z; p) —u,(7)]+ pN[é(z; p)] =0, )

which is used mostly in the homotopy perturbation method [see He (2000)], where as the
solution obtained directly, without using Taylor series, see He (2006a) and (2006b). According
to the definition (7), the governing equation can be deduced from the zero-order deformation
equation (4). Define the vector
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=ty (), 1, (D)oot ()}

Differentiating equation (4) m times with respect to the embedding parameter p, then setting
p =0 and finally dividing them by m!, we obtain the m” order deformation equation

Llu, (t) = y,u,, ()] = RH ()R, (ttn-1), (10)
where
R ()= (ml_ . am‘lgﬁ(j; )] (10
and
Lﬁ{o’ m=l (12)
L, m>1

It should be emphasized that u, (7) for m 21 is governed by the linear equation (10) under the

linear boundary conditions that come from original problem, which can be easily symbolically
solved by Matlab computer software. For the convergence of the above method we refer the
reader to Liao (2003). If equation (3) admits unique solution, then this method will produce the
unique solution. If equation (3) does not possess a unique solution, the HAM will give a solution
among many other (possible) solutions.

3. Applications

In order to assess the advantages and the accuracy of homotopy analysis method for solving
linear equations, we will consider the following three examples.

Example 1.

Consider the following singular fourth-order parabolic equation

2 4
u (L, 10u_o  Loictiso, (13)
o \x 120 ot 2

with the initial conditions

4

,0)=0, 0 _1+—
u(x,0) (x ) 20

and the boundary conditions

https://digitalcommons.pvamu.edu/aam/vol5/iss1/6
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5
u l,t = 1+(1/L) sint, u(l,t)= E sint, t>0,
2 120 120

and
2 3 2

51%[13{)=1{1J sint, QJ;OJ):(l)Qnt, £>0.

ox \ 2 6\2 ox 6
To solve the Equation (13) by means of homotopy analysis method, we choose the linear
operator

O’ P(x,t;
Lip(x.t; p)) = TIEED), (14)
ot

with the property

Llc, +tc,]=0,
where ¢, and c, are integral constants. The inverse operator L' is given by
t ot
E%J:LL () dtdt. (15)

We now define a nonlinear operator as

Mgt p = TO8EL) [§+ lzoj THz5P) (16)
Using the above definition, we construct the zeroth-order deformation equation

(= p)L[P(x,1; p) —u,y (x,0)] = phH (x,()N[(x,1; p)].
For p=0 and p =1, we can write

d(x,;0) =u,(x,1), d(x, 1) = u(x,t). 17)

Thus, we obtain the m" order deformation equations

Llu, (x,t) =y u, (x,t)]=hH(x,t)R, (;m_l), (m=1), u,(x,00=0, (u,),(x,00=0, (18)
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where

o’u, , (1 x*)\o'u,,
—ol |+ |
ot x 120) ox

Now, the solution of the m™ order deformation equations (14) are

R, (un1)=

u ()= gu (6)+hH(x,O)L'[R, (4ni)], (m=1). (19)

4
We start with an initial approximation su, (x,¢) = t(l +EJ’ by means of the iteration formula

(19),if A=-1 and H(x,t) =1, we can obtain directly the other components as

£ x’
u,(x,t) = —;(1 + Ej’

£’ x’
uz(x,t) = ;(1 +Ej,

t’ x’
u(x,t)=——|1+——|,
T ( 120]
Thus, the components which constitute u(x,¢) are written like this

+00 xS t3 tS t7
u(x,t)=) u, (x,t)=|1+—Rt——+———+-.
(1) mZ:; n(5:0) ( IZOJ{ 35t 7 }

Continuing the expansion to the last term gives the solution of (13) as
xS
u(x,t)=|1+— |sint, 20
wo-102) o

which is exactly the same as obtained by variational homotopy perturbation method [see Noor
(2009)] and homotopy perturbation method, see Fazeli (2008).

Example 2.

Consider the following singular fourth-order parabolic partial differential equation in two space
variables

https://digitalcommons.pvamu.edu/aam/vol5/iss1/6
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4 4 4 4 4
8_u+2 Lﬁx_ a—ff+2 Lﬁy_ a—z‘=0, l<x,y<l,t>0, (21)
ot x° 6l )ox v 6! Joy 2

with the initial conditions

ou x¢ e
u(x,y,0)=0, —(x,9,0)=2+—+—,
(x,,0) 5, 070 a e
and the boundary conditions
(409" 2 N PRI N

u(O.S,y,t)—[2+ p + a sint, u(l,y,t)= 2+6!+ pr sint,
o0*u 0.5)* . o’u |

0.5,y,t)= sint, 1,y,t) =—sint,
Y o D=5,
2 4 2
8—”2‘(x,0.5,t):(0'5) sint, a—lj(x,l,t):isim.
oy ox 24

To solve equation (21) by means of homotopy analysis method, we choose the linear operator
same as Example 1 and define a nonlinear operator as

O p(x,p.t; 1 x"\d'p(x,t,1; 1y \o'e(x, .t
Nlg(x, yot; pY) = LOEDEP) o 1 X \O@Etlip) of 1V 1T@0EP) o9
ot x° 6! ox y: 6! oy

Using the above definition and explanation in section (2), we have

u (X, ,0)= g, (X, 9,00+ HH(x, y,0) L' [R (1m)], (m=1), (23)

where

- 2 4 4 4 4
R () = 0 um_l(jc,y,t)+2 1. x )0 u,,,_l(ic,y,t)Jr2 Lﬁy_ 9 um_l(ic,y,t)'
ot x 6 Ox v 6! oy

6 6

We start with an initial approximation u,(x,y,t) = t[2+a+%} by means of the iteration

formula (23) if 2#=-1 and H(x,y,t) =1, we can directly obtain the other components as

t3 x6 6
u,(x,y,t)= _5[24_54_%}

Published by Digital Commons @PVAMU, 2010
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5 6 6
u2(x7yat)=t_(2+x +y ],

st 60 6!
t7 x6 6
u3(x,y,t)=—%{2+m+%j,

Thus, the components which constitute u(x, y,¢) are written as

6

u(x’y’t):zum(xayat): 2+x—+y—
= 6 6l

£t
+———+--}.
51 7

Continuing the expansion to the last term gives the solution of (21) as

6 6
_ XY |
u(x,y,t)—(ZJr o + 6!jsmt,

(24)

which is exactly the same as obtained by variational homotopy perturbation method see Noor
(2009) and homotopy perturbation method see Fazeli (2008).

Example 3.

Consider the following three-dimensional inhomogeneous singular parabolic partial differential

equation

0%u ( 1 ja“u ( 1 ja“u 1
+— |—+| — +
ot? 41z ) ox? 4 x 8y4 4y

with the initial conditions

Y

u(x,y,z,0) = XL E a—u(x,y,ZaO) =0,
v X ot

z

and boundary conditions

u(0.5,y,z,t)= L+Z+22 cost,
4 2y z

u(x,0.5,z,t) = (2x + L +£j cost,
2z X

https://digitalcommons.pvamu.edu/aam/vol5/iss1/6
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x 1 x 1
u(x,y,0.5,t)=| 2y+—+— | cost, u(x,y,l,t)=| y+—+— |cost,
y 2x y X
1 1
a—u(O.S,y,z,t): ——4z |cost, a—u(l,y,z,t): ——z |cost.
ox y ox y

To solve the equation (25) by means of homotopy analysis method, we choose the linear operator
the same as Example 1 and define a nonlinear operator as

OCo(x.y.ztip) (1 \0py.ztp) (1 \d'ex.y.ztp
ot 41z o’ Ay

4 :
+ Lo (p(x,y;z,t,p)_ £+Z+£—L5—L5—i5 cost, (m=1).
4ly oz y z x x y z

Using the above definition and explanation in section (2), we have

Nlgp(x,y,z,t; p)]=

U, (5,9, 2,0) = 2, (5,9, 2,0) + RH (x,,2,0) L' [R, ()], (m 1), (26)
where
2 4 4
Rm(um’l) = 8 ul;_l +(Lj8 unjt_l +( 4 1 8 u -
ot 4!z ) ox 41x 4'y oz*
—(I—Zm){—+y+£———L— }cost (m=1).
y z x x y 2

: - N X z . .
We start with an initial approximation u,(x,y,z,t) =—+1+—, by means of the iteration
y z X

formula (26) if #=-1 and H(x,y,z,t) =1, we can obtain directly the other components as

2
ul(x,y,z,t)=(£+Z+£](cost—l)+(L5+L5+L5j(—cost+l—t—),
y z Xy oz 2

X

2 2 4
u,(x,y,z,t) = L5+L5+L5 (cost—1+t—)+70 1 + 19+ 19 (_cost+1_t_+t_)’
x Yy oz 2 Xz xy yz 21 4!
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Xz xy yz
1 1 1 £t
+34650| ——(+—55+—5 || —cost+l-——+—
xXyT yzo z'x 2! 41
1 1 1 2 4 6
+70| =—5+t—*+—= —cost+l—t—+t——t— ,
Xyz yzx Xy 2! 4! 6!
Thus, the components which constitute u(x, y,z,¢) are written as

2 4 6
u(x,y,z,t):[£+Z+£j(cost)+70[ 519 + ! + 19 J(_005t+1_t_+t——t—j+
y z h%

X x’y’z yzZ’x 2x 20 4 6

1 1 1 2
u3(x,y,z,t):7O(T+—9+—9J[cost—l+5——]

X z . . .
The sequences tends to (— + id + —] cost, asn — +oo . Therefore, the exact solution is given as

y z X

u(x,y,z,t) = (i+l+i]cost,
y z X

which is exactly the same as the one obtained by variational homotopy perturbation method see
Noor (2009).

4. Conclusion

In this paper, the Homotopy analysis method has been successfully applied to find the exact
solution of linear fourth-order parabolic partial differential equation. All the examples show that
the results of the present method are in excellent agree with those obtained by the variational
homotopy perturbation method and homotopy perturbation method. It is apparently seen that
HAM is a very powerful and efficient technique in finding analytical solutions for wide classes
of linear problems. The results show that HAM is powerful mathematical tool for solving linear
partial differential equations having wide applications in engineering.
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