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Abstract 
 
In this paper, by means of the homotopy analysis method (HAM), the solutions of some fourth-
order parabolic partial differential equations are exactly obtained in the form of convergent 
Taylor series. The HAM contains the auxiliary parameter h that provides a convenient way of 
controlling the convergent region of series solutions. This analytical method is employed to solve 
linear examples to obtain the exact solutions. The results reveal that the proposed method is very 
effective and simple. 
 
Keywords:   Fourth-order parabolic partial differential equations, Homotopy analysis method, 

Variational iteration method, Homotopy perturbation method 
 
MSC 2000 No.: 65L05, 65M99 
 
 
 
 
1. Introduction 

 
In 1992, Liao see Liao (2003) employed the basic ideas of the homotopy in topology to propose 
a general analytic method for linear and nonlinear problems, namely the homotopy analysis 
method (HAM), see Liao (2003), (2004a), and (2005a). This method has been successfully 
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applied to solve many types of nonlinear problems, see Hayat (2004b), (2004c), (2005b), and 
(2005c). The HAM offers certain advantages over routine numerical methods. HAM method is 
better since it does not involve discretization of the variables. Hence, is free from rounding off 
errors and does not require large computer memory or time. 
 
In this paper, we consider the fourth-order parabolic partial differential equations 
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where ( , , )x y z and ( , , )x y z are positive with the initial conditions 
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where the functions , , , , , , and , 0,1,i ii i i i if g k h g k h i   are continuous, 0),,( zyx  is the ratio of 

flexural rigidity [see Khaliq (1987)] of the beam to its mass per unit length, see Wazwaz (2001), 
Khaliq (1987), Andrade (1977), Gorman (1975) and the references therein. The functions 

)(),(),(),(),( 01010 xhxgxgxfxf  and )(1 xh are continuous functions. We apply the homotopy 

analysis method for solving the singular fourth-order parabolic partial differential equation (1) 
with variable coefficient. 
 
2.  Basic Idea of HAM  

Consider the following differential equation 

  
 ,0)]([ uN                                                                                                                         (3) 
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where N
 
is a nonlinear operator,   is independent variable, and )(u  is an unknown function. 

For simplicity, we ignore all boundary or initial conditions, which can be treated in the similar 

way. By means of generalizing the traditional homotopy method, Liao (2003) constructs the so 

called zero-order deformation equation  

)],;([)()]();([)1( 0 pNHpupLp                                                                  (4) 

 

where ]1,0[p  is the embedding parameter, 0  is a nonzero auxiliary parameter, 0)( H  

is a nonzero auxiliary function, L
 
is an auxiliary linear operator, )(0 u  is an initial guess of 

)(u , and );( p  is a unknown function. It is important that one has great freedom to choose 

auxiliary things in HAM. Obviously, when 0p  and 1p , it holds  

0( ;0) ( ) ,u     and  ( ;1) ( ).u                                                                                         (5) 

  

Thus, as p  increases from 0  to 1, the solution );( p varies from the initial guess )(0 u  to the 

solution )(u . Expanding );( p  by Taylor series with respect to p, we have 
  

0
1

( ; ) ( ) ( ) ,m
m

m

p u u p   




                                                                                                 (6)  

 

where  

0|
);(

!

1
)( 


 pm

m

m p

p

m
u

  .                                                                                                    (7)  

 

If the auxiliary linear operator, the initial guess, the auxiliary parameter  , and the auxiliary 

function are so properly chosen, the series (6) converges at 1p , then we have  
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m

m trutrutru                                                                                                 (8) 

  
which must be one of solutions of the original nonlinear equation, as proved by Liao (2003).   As  

1  and 1)( H , equation (4) becomes 
 

,0)];([)]();([)1( 0  ppNupLp                                                                            (9) 

 
which is used mostly in the homotopy perturbation method [see He (2000)], where as the 
solution obtained directly, without using Taylor series, see He (2006a) and (2006b). According 
to the definition (7), the governing equation can be deduced from the zero-order deformation 
equation (4). Define the vector 
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Differentiating equation (4) m times with respect to the embedding parameter p, then setting 

0p  and finally dividing them by !m , we obtain the mth order deformation equation                                          
 

),()()]()([ 11   mmmmm uRHuuL                                                                                (10) 

    
where  

 ,
)];([

)!1(

1
)(

1

1

1 



 





m

m

mm p

pN

m
u


                                                                                   (11) 

 
and 
 









1,1

1,0

m

m
m   .                                                                                                          (12) 

 
It should be emphasized that )(mu for 1m  is governed by the linear equation (10) under the 

linear boundary conditions that come from original problem, which can be easily symbolically 
solved by Matlab computer software. For the convergence of the above method we refer the 
reader to Liao (2003). If equation (3) admits unique solution, then this method will produce the 
unique solution. If equation (3) does not possess a unique solution, the HAM will give a solution 
among many other (possible) solutions. 
 
3.  Applications 
 
In order to assess the advantages and the accuracy of homotopy analysis method for solving 
linear equations, we will consider the following three examples. 
 
Example 1.   
 
Consider the following singular fourth-order parabolic equation 
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with the initial conditions 
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and the boundary conditions 
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To solve the Equation (13) by means of homotopy analysis method, we choose the linear 
operator 
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with the property 
 

,0][ 21  tccL  
 
where 1c  and 2c are integral constants. The inverse operator  1L  is given by 
 

   t t
dtdtL

0 0

1 .)()(                                                                                                             (15) 

                                                                                                                                            
We now define a nonlinear operator as 
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Using the above definition, we construct the zeroth-order deformation equation 
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For 0p  and 1p , we can write 
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Thus, we obtain the mth order deformation equations 
 

),1(),(),()],(),([ 11   muRtxHtxutxuL mmmmm   ,0)0,()(,0)0,(  xuxu tmm       (18) 

     
 

5

Matinfar and Saeidy: Application of Homotopy analysis method to fourth-order parabolic partial differential equations

Published by Digital Commons @PVAMU, 2010



AAM: Intern. J., Vol. 5, Issue 1 (June 2010) [Previously, Vol. 5, No. 1]                                                                    75 

 
 

where 
 

.
120

1
)(

4
1

44

2
1

2

1
x

ux

xt

u
uR mm

mm 















 
  

 
Now, the solution of the mth order deformation equations (14) are 
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Thus, the components which constitute ),( txu  are written like this 
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Continuing the expansion to the last term gives the solution of (13) as 
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which is exactly the same as obtained by variational homotopy perturbation method [see Noor 
(2009)] and homotopy perturbation method, see Fazeli (2008). 
 
 
Example 2.   
 
Consider the following singular fourth-order parabolic partial differential equation in two space 
variables 
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To solve equation (21) by means of homotopy analysis method, we choose the linear operator 
same as Example 1 and define a nonlinear operator as 
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Continuing the expansion to the last term gives the solution of (21) as 
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which is exactly the same as obtained by variational homotopy perturbation method see Noor 
(2009) and homotopy perturbation method see Fazeli (2008). 
 
 
Example 3.   
 
Consider the following three-dimensional inhomogeneous singular parabolic partial differential 
equation 
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          

 

 
 
To solve the equation (25) by means of homotopy analysis method, we choose the linear operator 
the same as Example 1 and define a nonlinear operator as 
 

2 4 4

2 4 4

4

4 5 5 5

( , , , ; ) 1 ( , , , ; ) 1 ( , , , ;
[ ( , , , ; )]

4! 4!

1 ( , , , ; ) 1 1 1
cos , ( 1).

4!

x y z t p x y z t p x y z t p
N x y z t p

t z x x y

x y z t p x y z
t m

y z y z x x y z

  



               
   

             

 

 
Using the above definition and explanation in section (2), we have 
 

),1()],([),,,(),,,(),,,( 1
1

1  


 muRLtzyxHtzyxutzyxu mmmmm                              (26) 

 
where 
 

2 4 4 4
1 1 1 1

1 2 4 4 4

5 5 5

1 1 1
( )

4! 4! 4!

1 1 1
(1 ) cos , ( 1).

m m m m
mm

m

u u u u
R u

t z x x y y z

x y z
t m

y z x x y z


   


                       
 

        
 



 

 

We start with an initial approximation 
x

z

z

y

y

x
tzyxu ),,,(0 , by means of the iteration 

formula (26) if  1  and 1),,,( tzyxH , we can obtain directly the other components as 
 

   

2

1 5 5 5

2 2 4

2 5 5 5 9 9 9

1 1 1
( , , , ) (cos 1) ( cos 1 ),

2

1 1 1 1 1 1
( , , , ) (cos 1 ) 70 ( cos 1 ),

2 2! 4!

x y z t
u x y z t t t

y z x x y z

t t t
u x y z t t t

x y z x z xy yz

   
            
   
   

              
   
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2 4

3 9 9 9

2 4

2 13 2 13 2 13

2 4 6

5 9 5 9 5 9

1 1 1
( , , , ) 70 cos 1

2! 4!

1 1 1
34650 cos 1

2! 4!

1 1 1
70 cos 1 ,

2! 4! 6!

t t
u x y z t t

x z xy yz

t t
t

x y y z z x

t t t
t

x y z y z x z x y

  
       

  
  

        
  

  
         

  


 

Thus, the components which constitute ),,,( tzyxu  are written as 
 

   



























!6!4!2
1cos

111
70)(cos),,,(

642

959595

ttt
t

yxzxzyzyx
t

x

z

z

y

y

x
tzyxu . 

 

The sequences tends to t
x

z

z

y

y

x
cos







 , as n . Therefore, the exact solution is given as 

 

,cos),,,( t
x

z

z

y

y

x
tzyxu 








  

 
which is exactly the same as the one obtained by variational homotopy perturbation method see 
Noor (2009). 
 
 
4.  Conclusion 
 
In this paper, the Homotopy analysis method has been successfully applied to find the exact 
solution of linear fourth-order parabolic partial differential equation. All the examples show that 
the results of the present method are in excellent agree with those obtained by the variational 
homotopy perturbation method and homotopy perturbation method. It is apparently seen that 
HAM is a very powerful and efficient technique in finding analytical solutions for wide classes 
of linear problems. The results show that HAM is powerful mathematical tool for solving linear 
partial differential equations having wide applications in engineering.  

 
 
 

REFERENCES 
 
Andrade, C. and McKee, S. (1977). High frequency A.D.I. methods for fourth-order parabolic 

equations with variable coefficients, Int. J. Comput. Appl. Math., 3, pp. 11-14. 
Fazeli, M. and Zahedi, S. A. and Tolu, N. (2008). Explicit solution of nonlinear fourth-order 

parabolic equations via homotopy perturbation method, J. Appl. Sci,, 8, pp. 2619-2624. 
Gorman, D. J. (1975). Free Vibrations Analysis of Beams and Shafts, Wiley, New York. 

10

Applications and Applied Mathematics: An International Journal (AAM), Vol. 5 [2010], Iss. 1, Art. 6

https://digitalcommons.pvamu.edu/aam/vol5/iss1/6



80                                                                                                                      Matinfar and Saeidy 
 

He, J. H. (2000). A coupling method of homotopy technique and perturbation technique for 
nonlinear problems. Int. J. Nonlinear Mech, 35(1), pp. 37-43. 

He, J. H. (2006a). Homotopy perturbation method for solving boundary value problems, Phys. 
Lett A, 350(12), pp. 87-88. 

He, J. H. (2006b). Some asymptotic methods for strongly nonlinear equations, Int. J. Mod, Phys. 
B, 20(10), pp. 1141-1199. 

Hayat, T. and Khan, M. and Ayub, M. (2004b). Couette and Poiseuille flows of an Oldroyd 6-
constant fluid with magnetic field. J. Math. Anal. Appl, 298, pp. 225-244. 

Hayat, T. and Khan, M. and Asghar, S. (2004c). Homotopy analysis of MHD flows of an 
Oldroyd 8-constant fluid. Acta. Mech, 168, pp. 213-232. 

Hayat, T. and Khan, M. (2005b). Homotopy solutions for a generalized second-grade ¤uid past a 
porous plate. Nonlinear Dyn, 42, pp. 395-405. 

Hayat, T and Khan, M and Ayub, M. (2005c).On non-linear flows with slip boundary  
            condition.  ZAMP, 56, pp. 1012-1029. 
Khaliq, A.Q.M. and Twizell, E. H. (1987). A family of second-order methods for variable 

coefficient fourth-order parabolic partial differential equations, Int. J. Comput. Math. 23, pp. 
63-76. 

Liao, S. J. (2003). Beyond perturbation: introduction to the homotopy analysis method. CRC 
Press, Boca Raton: Chapman & Hall. 

Liao, S. J. (2004a). On the homotopy analysis method for nonlinear problems. Appl. Math. 
Comput, 147, pp. 499-513. 

Liao, S. J. (2005a). Comparison between the homotopy analysis method and Homotopy 
perturbation method. Appl. Math. Comput, 169, pp. 1186-1194. 

Noor, M. A., Noor, K. I. and Mohyud-Din, S. T. (2009). Modified variational iteration technique 
for solving singular fourth-order parabolic partial differential equations, Nonlinear Analysis, 
71, pp. e630-e640 

Wazwaz, A. M. (2001). Analytic treatment for variable coefficient fourth-order parabolic partial 
differential equations, Appl. Math. Comput., 123, pp. 219-227. 

11

Matinfar and Saeidy: Application of Homotopy analysis method to fourth-order parabolic partial differential equations

Published by Digital Commons @PVAMU, 2010


	Application of Homotopy analysis method to fourth-order parabolic partial differential equations
	Recommended Citation

	Microsoft Word - 06_Matinfar AAM-R167-MM-053009 GO 06-24-10 _6_

