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Abstract

The steady flow of a Sisko fluid model in the presence of nanoparticles is studied. The governing
partial differential equations are converted to a set of coupled non-linear ordinary differential equa-
tions by using suitable similarity transformations. Numerical solutions for the coupled non-linear
ordinary differential equations are carried out by a variational finite element method. A suitable
comparison has been made with previously published results in the literature as a limiting case
of the considered problem. The comparison confirmed an excellent agreement. The results for the
local Nusselt number are tabulated and discussed. Behavior of essential physical parameters are
presented graphically and discussed for velocity, temperature and nanoparticle volume fraction.

Keywords: Non-Newtonian; nanofluid; Brownian motion; Sisko fluid; thermophoresis; FEM
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1. Introduction

Over the past two decades, much attention has been paid to the study of non-Newtonian fluids
because of their profuse industrial and technological applications. There is a vast utility of non-
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2 M. Madhu et al.

Newtonian fluids in industrial sector such as pharmaceutical, polymer, personal care products and
so forth. It is a broad class of fluids so there is not a single model that can describe all the prop-
erties of non-Newtonian fluids. Therefore several constitutive equations are proposed to predict
the physical structure and behavior of such fluids. Among these, a comparatively simple model,
named Sisko fluids, is capable of describing shear thinning and thickening phenomena, which com-
monly exists in nature. Such fluids are well known and have many industrial applications. It is the
most appropriate model for the flow of greases. Waterborne coatings and metallic automotive base
coat, where polymeric suspensions are used cement slurries, lubricating greases, most pseudo-
plastic fluids and drilling fluids are some of its industrial applications (Sisko (1958), Siddiqui et al.
(2009), Mekheimer and El Kot (2012)). Sajid and Hayat (2008) examined wire coating analysis by
withdrawal from a bath of Sisko fluid which was established that Sisko fluid is a non-Newtonian
fluid which has no closed form solution and also affected by flow parameters in the flow regime.
Recently, Talay et al. (2009) examined the implicit differential equation arising in the steady flow
of a Sisko fluid which re-established the nonlinearity of the fluid.

However a good number of fluid rheology are already in existence, particularly for most of those
fluids used as lubricants and having non-Newtonian behavior, the flow can be analyzed with the
help of a power-law model. Furthermore, a power-law fluid model characterizes both pseudo-
plastic and dilatant fluids-two important classes of non-Newtonian lubricants and again can char-
acterize Newtonian fluid as a special case. It is because of such wide coverage in the analysis of
lubricants together with its mathematical simplicity that the Sisko fluid model (Sisko (1958)) has
been preferred for application in the present problem.

The interest in heat transfer problems involving power-law non-Newtonian fluids has grown in the
past half century since heat transfer process plays an important role in industrial and technological
applications. This is due to the fact that the rate of cooling influences a lot to the quality of the final
product with desired characteristics such as metal extrusion, glass fiber production hot rolling,
manufacturing of plastic and rubber sheets and so forth.

Consequently, the results for the flows and heat transfer of non-Newtonian fluids are needed. Some
recent studies dealing with heat transfer of non-Newtonian fluids may be mentioned in the refer-
ences Zhang et al. (2008) and Hayat et al. (2008). Kishan and Shashidhar Reddy (2013) inves-
tigated MHD effects on non-Newtonian power-law fluid past a continuously moving porous flat
plate. Kavitha and Kishan (2014) studied MHD flow and heat transfer of non-Newtonian power-
law fluid over a stretching surface with viscous dissipation.

The constitutive equations of non-Newtonian fluids involve rheological parameters. Except in the
case of some basic flows, the constitutive equations of non-Newtonian fluids give rise to more com-
plexities in the momentum equation. The resulting equations are of higher order than the Navier-
Stokes equations and the adherence boundary conditions are insufficient for the determinacy (Ra-
jagopal (1995)). The equations of non-Newtonian fluids are much complicated and making the task
of obtaining the accurate solutions is a difficult one. Moreover the magnetohydrodynamic (MHD)
features of non-Newtonian fluids add further complications in the governing equations. Such flow
of an electrically conducting fluid under the action of a constant magnetic field has applications in
many devices such as MHD power generators, MHD pumps and accelerators, etc. Examples in-
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clude flow of nuclear fuel slurries, flow of liquid metals and alloys, flow of plasma, flow of mercury
amalgams, lubrications of heavy oils and greases.

Many engineering and industrial processes involve heat transfer by means of a flowing fluid in
either laminar or turbulent regimes. A decrease in thermal resistance of heat transfer in the fluids
would significantly benefit many of these applications/processes. Nanofluids have the potential to
reduce thermal resistances, and industrial groups such as electronics, medical, food and manufac-
turing would benefit from such improved heat transfer.

It is well known that conventional heat transfer fluids, such as oil, water and ethylene glycol mix-
ture, are poor heat transfer fluids. Choi (1995) introduced the technique of nanofluids by using a
mixture of nanoparticles and the base fluids. The presence of the nanoparticles in the nanofluid
increases the thermal conductivity and therefore substantially enhances the heat transfer charac-
teristics of the nanofluid. Nanotechnology has been an ongoing hot topic of discussion in public
health as researchers claim that nanoparticles could present possible dangers in health and environ-
ment, Mnyusiwalla et al. (2003). There are several numerical studies on the modelling of natural
convection heat transfer in nanofluids (Kakac and Pramuanjaroenkij (2009), Godson et al. (2010),
Olanrewaju et al. (2012)), Gbadeyan et al. (2011) numerically studied boundary layer flow induced
in a nanofluid due to a linearly stretching sheet in the presence of thermal radiation and induced
magnetic field. There are numerous biomedical applications that involve nanofluids such as mag-
netic cell separation, drug delivery, hyperthermia, and contrast enhancement in magnetic resonance
imaging.

In most of the previous investigations, Newtonian fluids were used as base fluids. Non-Newtonian
nanofluids (non-Newtonian fluids with dispersed nanoparticles) have been used by only few re-
searchers including Chen et al. (2007), Ding et al. (2007), and Chen et al. (2008). More work is
needed to investigate the characteristics of nanofluids and the mechanism of the forced convective
heat transfer of nanofluids. Hamad and Bashir (2009) studied the forced convection heat transfer
to the power-law non-Newtonian nanofluid from the stretching surface.

Only a few have started considering the non-Newtonian characteristics of nanofluid (see Hojjat
et al. (2008, 2011)). Madhu and Kishan (2016) investigated MHD mixed convection stagnation-
point flow of a non-Newtonian power-law nanofluid towards a stretching surface. Nield (2011)
studied the onset of convection in a layer of a porous medium which is filled with non-Newtonian
nanofluids of power-law type. Ellahi et al. (2012) have elaborated that non-Newtonian nanofluids
have potential roles in physiological transport as biological solutions and also in polymer melts,
paints, etc. Recently, Masood Khan et al. (2015) investigated Sisko nanofluid over non-linearly
stretching sheet.

The principal aim of this paper is to study the boundary layer magnetic boundary layer flow of a
Sisko nanofluid over a non-linear stretching sheet with radiation. We considered revised boundary
conditions of nanofluid model introduced by Kuzenostava and Nield (2014). The uniform magnetic
field applied along a sheet and the influence of thermal radiation is considered. The governing
equations are solved numerically by using variational finite element method.

3
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2. Mathematical Formulation

Consider the steady two-dimensional flow of an electrically conducting incompressible Sisko
nanofluid over a stretching sheet coinciding with the plane y = 0. The flow is confined to the
region y > 0 and is generated due to the stretching of the sheet and the sheet stretching with the
non-linear velocity U = cxm, where c is the constant and m is the stretching rate of the sheet.
Stretching velocity is produced by applying two equal and opposite forces on the sheet such that
origin is kept constant. The steady laminar two-dimensional flow of Sisko nanofluid is governed
by the following equations:

∂u

∂x
+
∂v

∂y
= 0, (1)

u
∂u

∂x
+ v

∂u

∂y
=
a

ρ
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− b
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∂
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(
−∂u
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)n
− σB2
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ρ
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u
∂C
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+ v

∂C

∂y
= DB

∂2C

∂y2
+
DT

T∞

∂2T

∂y2
. (4)

The relevant boundary conditions of the problem are:

u = U = cxm, v = 0, T = Tw, DB
∂C

∂y
+DT

∂T

∂y
= 0 at y = 0, (5a)

u→ 0, T → T∞, C → C∞ at y →∞, (5b)

where, u and v are the velocity components of fluid along the x and y directions, respectively. Here
a, b and n(> 0) are the material constants of the Sisko fluid. T is the temperature of the fluid,C is the
nanoparticle volume fraction σ is the electric conductivity, ρ is the fluid density, αm is the thermal
diffusivity, DB is the Brownian diffusion coefficient, DT is the thermophoretic diffusion coefficient
and B0 is the magnetic field. Using the Rosseland approximation for radiation, the radiative heat
flux is simplified as:

qr = −
4σ1
3χ

∂T 4

∂y
, (6)

where σ1 and χ are the Stefan-Boltzmann constant and the mean absorption coefficient, respec-
tively. It has been assumed that the temperature differences within the flow, such as the term T 4,
may be expressed as a linear function of temperature. Hence, expanding T 4 in a Taylor series about
a free stream temperature T∞ and neglecting higher-order terms, we get:

T 4 = 4T 4
∞T − 3T 4

∞. (7)

Using (6) and (7) in the last term of equation (3), it gives

∂qr
∂y

= −16σ1T
3
∞

3χ

∂2T

∂y2
. (8)
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We introduce the following local similarity variable transformation,

ψ = Ux (Reb)
− 1

n+1 f(η), θ =
T − T∞
Tw − T∞

, φ =
C − C∞
C∞

, η =
y

x
(Reb)

1

n+1 . (9)

where η is similarity variable and ψ is stream function defined by u = ∂ψ
∂y and v = −∂ψ

∂x . The local
Reynolds numbers is defined by Rea = ρxU

a and Reb = ρU2−nxn

b . Using local similarity transforma-
tions (9), equations (2)− (4) transformed to

Sf ′′′ + n
(
−f ′′

)(n−1)
f ′′′ +

(
2mn−m+ 1

n+ 1

)
ff ′′ −mf ′2 −Mf ′ = 0, (10)

1

Pr

(
1 +

4Rd
3

)
θ′′ +

(
2mn−m+ 1

n+ 1

)
fθ′ +Nbθ′φ′ +Ntθ′2 = 0, (11)

φ′′ +

(
2mn−m+ 1

n+ 1

)
Lefφ′ +

Nt

Nb
θ′′ = 0. (12)

The boundary conditions are transformed as:

f ′ = 1, f = 0, θ = 1, Nbφ′ +Ntθ′ = 0 at η = 0, (13a)
f ′ → 0, θ → 0, φ→ 0 at η →∞. (13b)

In the above equations S =
Re2−n

b

Rea
is the material parameter of the Sisko fluid, M = σB2

0

ρb mag-

netic parameter, Pr = Ux
α (Reb)

−2

n+1 is the Prandtl number, Rd = 4σ1T 3
∞

kχ is radiation parameter,
Nb = τDBC∞

Ux (Reb)
2

n+1 is the Brownian motion Nt = τDT (Tw−T∞)
UxT∞

(Reb)
2

n+1 is the thermophoresis
parameter and Le = Ux

DB
(Reb)

−2

n+1 is the Lewis number. The physical quantity of major interest is
the local skin friction coefficient and local Nusselt number in non-dimensional form is given by

1

2
(Reb)

2

n+1 Cfx = Sf ′′(0)−
(
−f ′′(0)

)n
, (Reb)

−2

n+1 Nux = −θ′(0). (14)

3. Method of solution

The finite element method is a powerful technique for solving ordinary or partial differential equa-
tions. The steps involved in the finite element analysis are as follows:

• Discretization of the domain into elements,
• Derivation of element equations,
• Assembly of Element Equations,
• Imposition of boundary conditions,
• Solution of assembled equations.

The entire flow domain is divided into 1000 linear elements of equal size, each element has two
nodes. At each node four functions are to be evaluated, hence after assembly of all the elemen-
tal equations, we obtain a matrix of the order 4004 × 4004. The obtained system is non-linear,
therefore an iterative scheme is utilized in the solution. After imposing the boundary conditions
the remaining system contains 3997 equations, which is solved by the Gauss elimination method
while maintaining an accuracy of 10−5.
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4. Results and discussion

The extensive computations have been performed to analyze the influence of the physical pa-
rameters namely power-law index n, magnetic field parameter M , Sisko parameter S, non-linear
stretching parameter m, thermophoresis parameter Nt, Brownian motion Nb, radiation parameter
Rd and Lewis number Le are presented through Figures 1-8 for dimensionless velocity, temper-
ature and nanoparticle volume fraction parameter. Moreover the dimension less heat and mass
transfer coefficients are reported in Table 2. Table 1 reports the comparison between present re-
sults and previously published results of Khan and Pop (2010), Wang (1989), and Masood Khan et
al. (2015). There is a good agreement of present results and authenticate the validity of the present
results. The variations in the numerical values of local Nusselt number are provided in Table 2
for various flow controlling parameters. It is evident that local Nusselt number −θ′(0) increases by
increasing n, M , Rd, Nt and Le but decreases for increasing in S value.

The impact of non-linear stretching parameter m on velocity, temperature and nanoparticle volume
fraction profiles respectively, is depicted through Figures 1(a)-(c) for pseudo-plastic, Newtonian
and dilatant fluids. It is anticipated by these figures that velocity and temperature distribution di-
minishes as increasing stretching sheet parameter m for both Newtonian and non-Newtonian flu-
ids. From Figure 1(c) it should be noticed that the nanoparticle volume fraction profiles decreases
with the increase of m far away from the boundary while nanoparticle volume fraction profiles
increases with the increase of m in the vicinity of the boundary is noticed for both Newtonian and
non-Newtonian fluids. It is interesting to note that the stretching sheet parameter m effect is higher
in dilatant fluids when compared with pseudo-plastic fluids.

Figures 2(a)-(c) are depicted for the influence of magnetic field parameter M on velocity, tem-
perature and nanoparticle volume fraction profiles respectively for pseudo-plastic, Newtonian and
dilatant fluids. It appears from Figure 2(a) that an increase in the value of magnetic parameter M
decreases the velocity profiles for both Newtonian and non-Newtonian fluids. This is because of
the Lorentz force which resist force that acts in the direction opposite to the flow direction. This
resist force slow down the fluid motion. Also, we can note that from Figure 2(b) the tempera-
ture distribution enhances with an increase in M . Further these figures portray that the boundary
layer thickness becomes thin as magnetic parameter M increases, where as the thermal boundary
layer thickness increases. The influence of magnetic parameter M is to enhances the nanoparticle
volume fraction profiles is noticed from Figure 2(c).

The effects of Sisko fluid parameter S on the velocity, temperature and concentration profile for
pseudo plastic, Newtonian and dilatant fluids are exhibited in Figures 3(a)-(c) respectively. In this
study we have considered the values of Sisko fluid parameter S with the increase values of Sisko
fluid parameter S, the fluid velocity increase for both Newtonian and non-Newtonian fluids, but the
temperature profiles decreases in this case. The effect of Sisko fluid parameter S leads to decreases
the concentration profiles. It is worth mentioning that Sisko parameter effect is more in pseudo
plastic fluids for velocity, temperature as well as concentration profiles when compared with the
Newtonian and dilatant fluids.

Figure 4(a) and 4(b) corresponds to the temperature and nanoparticle volume fraction profiles for

6
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different values of thermophoresis parameter Nt for pseudo-plastic, Newtonian and dilatant fluids.
It is clear from these figures that the temperature profiles increases with an increase inNt. However,
we noticed that the influence of thermophoresis parameter Nt is enhance the nanoparticle volume
fraction profiles significantly away from the boundary layer and the reverse phenomena is noticed
near the sheet.

The impact of Brownian motion parameter Nb on the nanoparticle volume fraction profiles for
pseudo-plastic, Newtonian and dilatant fluids is shown in Figure 5. In thermal conduction the
motion of nanoparticles plays a pivotal role. Physically, the brownian motion is stronger incase
of smaller nanoparticles which corresponds to larger the Nb value and reverse is the situation for
smaller values of Nb. Due to chaotic motion of the nanoparticles (i.e. for larger Nb). For smaller
values of Nb larger concentration boundary layer thickness is produced.

Figures 6(a)-(c) shows the velocity, temperature and nanoparticle volume fraction profiles for dif-
ferent power-law index n. These figures reveals that velocity profiles decreases for large values of
the power-law index n for both cases (i.e. Newtonian and non-Newtonian fluids) also the tempera-
ture profiles decreases with the increase on n. The power-law index n is to decrease the nanoparticle
volume fraction profiles far away from the sheet while it increases near the plate.

Figure 7 represents the temperature profiles for the different values of radiation parameterRd. From
these figures it can be noticed that with the increase in radiation parameter Rd is to increase the
temperature profiles. The nanoparticles volume fraction profiles is decreased due to the increasing
of Lewis number Le can be observed from Figure 8. Lewis number is inversely proportional to the
Brownian diffusion coefficient. Brownian diffusion coefficient is weaker for higher Lewis number.
This weaker Brownian diffusion coefficient creates a reduction in concentration profile.

5. Conclusion

In this work, we analyzed the problem of steady, boundary layer flow and heat transfer of Sisko
nanofluid over a stretching surface under the influence of thermal radiation. From this investigation,
the following conclusions can be drawn.

An increase in Sisko fluid parameter S enhances the velocity profiles but reduces temperature and
nanoparticle volume fraction profiles. The velocity, temperature and nanoparticle volume fraction
profile decreases with the rise in values of power-law index n and non-linear stretching parameter
m. The influence of Brownian motion Nb, Lewis number Le is to decrease in nanoparticle vol-
ume fraction profiles for both Newtonian and non-Newtonian fluids. The radiation parameter Rd
and thermophoresis parameter Nt have significant effect on dimensionless temperature and local
Nusselt number.

7
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Table 1. Comparison of local Nusselt number −θ′(0) for the case of Newtonian fluid with the results of Khan and Pop
(2010), Wang (1989) and Masood Khan et al. (2015).

Pr Present results Khan and Pop (2010) Wang (1989) Masood Khan et al. (2015)

0.7 0.45411 0.4539 0.4539 0.45392
2.0 0.91129 0.9113 0.9124 0.91135
7.0 1.89621 1.8954 1.8954 1.89543
20.0 3.35405 3.3539 3.3539 3.35395

Table 2. Computations of the local Nusselt number for various values of n, S, M , Rd, Nb, Nt, and Le.

n S M Rd Nb Nt Le −θ′(0)
0.6 1.5 1.0 0.1 0.1 0.1 5 -0.788054
1.0 -0.776686
1.6 -0.768898
0.6 0.2 -0.773486

0.4 -0.800226
0.6 -0.819650

1.5 -0.749480
2.0 -0.716499
2.5 -0.687815

1.0 -0.500582
2.0 -0.379913
3.0 -0.321018

0.3 -0.788054
0.5 -0.788054
0.7 -0.788054

0.3 -0.716317
0.5 -0.649114
0.7 -0.587179

2 -0.803261
4 -0.792040
6 -0.784760
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Figure 1. Effect ofm on (a) velocity, (b) temperature, (c) concentration for pseudoplastic, Newtonian and dilatant fluids.
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Figure 2. Effect of M on (a) velocity, (b) temperature, (b) nanoparticle volume fraction for pseudo-plastic, Newtonian
and dilatant fluids.
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Figure 3. Effect of S on (a) velocity, (b) temperature, (c) concentration for pseudoplastic, Newtonian and dilatant fluids.
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Figure 4. Effect of Nt on (a) temperature, (b) concentration for pseudo-plastic, Newtonian and dilatant fluids.
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Figure 5. Effect of Nb on temperature profiles for pseudoplastic, Newtonian and dilatant fluids.
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Figure 6. Effect of n on the velocity, temperature and concentration profiles.
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Figure 7. Effect of Rd on temperature profiles for pseudoplastic, Newtonian and dilatant fluids.
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Figure 8. Effect of Le on concentration profiles for pseudoplastic, Newtonian and dilatant fluids.
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