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Abstract:

In a study of traffic, the labelling problems in graph theory can be used by considering the crowd at
every junction as the weights of a vertex and expected average traffic in each street as the weight of
the corresponding edge. If we assume the expected traffic at each street as the arithmetic mean of the
weight of the end vertices, that causes mean labelling of the graph. When we consider a geometric
mean instead of arithmetic mean in a large population of a city, the rate of growth of traffic in each
street will be more accurate. The geometric mean labelling of graphs have been defined in which the
edge labels may be assigned by either flooring function or ceiling function. In this, the readers will get
some confusion in finding the edge labels which edge is assigned by flooring function and which edge
is assigned by ceiling function. To avoid this confusion, we establish the F-geometric mean labelling
on graphs by considering the edge labels obtained only from the flooring function. An F-Geometric
mean labelling of a graph G with q edges, is an injective function from the vertex set of G to {1, 2,
3,..., g +1} such that the edge labels obtained from the flooring function of geometric mean of the
vertex labels of the end vertices of each edge, are all distinct and the set of edge labels is {1, 2, 3,...,
g}. A graph is said to be an F—-Geometric mean graph if it admits an F—-Geometric mean labelling. In
this paper, we study the F-geometric meanness of the graphs such as cycle, star graph, complete
graph, comb, ladder, triangular ladder, middle graph of path, the graphs obtained from duplicating
arbitrary vertex by a vertex as well as arbitrary edge by an edge in the cycle and subdivision of comb
and star graph.
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l. . Introduction

Throughout this paper, by a graph we mean a finite, undirected and simple graph. Let G(V, E)
be a graph with p vertices and g edges. For notations and terminology, the readers are
referred to the book of Harary (1972). For a detailed survey on graph labelling we refer the
reader to the book of Gallian (2014).

A path on n vertices is denoted by R, and a cycle on n vertices is denoted by C,,. Ky p, is
called a star graph and it is denoted by S,,. GoK; is the graph obtained from G by attaching a
new pendant vertex to each vertex of G. Let G; and G, be any two graphs with p; and po
vertices respectively. Then the Cartesian product G; xGo has pyp, vertices which are
{(uv):ueGy,veGy}. The edges are obtained as follows: (Uy,vy) and (up,Vp) are
adjacent in Gy xGy if either up=uy and vy and v, are adjacent in G, or u; and ujare
adjacent in Gy and vy =vp. The middle graph M(G) of a graph G is the graph whose vertex
setis {v:veV(G)}u{e:eeE(G)} and the edge set is

lee,:e,,6, e E(G) and e, and e, are adjacent edges of G}
U{VGZVEV(G),EE E(G) and e is incident with v}.

Let G be a graph and let v be a vertex of G. The duplicate graph D(G,v') of G is the graph
whose vertex set is V (G) U {v'} and edge set is

E(G)u{v'x: x is the vertex adjacent to v in G}.

Let G be a graph and let € =uv be an edge of G. The duplicate graph D(G,e' = u'v') of Gis
the graph whose vertex set is V(G)u{u'v'}and edge set is E(G)u{u'x,v'y:xand
y arethe vertices adjacent with u and v inG respectively}. The triangular ladder TL,, n>2
is a graph obtained by completing the ladder P,xP, by adding the edges

u;v;q for 1<i<n-1. For a graph G the graph S(G) is obtained by subdividing each edge of

G by a vertex. An arbitrary subdivision of a graph G is a graph obtained from G by a
sequence of elementary subdivisions forming edges into paths through new vertices of
degree 2.

The study of graceful graphs and graceful labelling methods was first introduced by Rosa
(1967). The concept of mean labelling was first introduced and developed by Somasundaram
and Ponraj (2003). Further, it was studied by Vasuki et al. (2009, 2010, 2011). Vaidya and
Lekha Bijukumar (2010) discussed the mean labelling of some graph operations.
Mohanaselvi and Hemalatha (2014) discussed the super geometric mean labelling of various
classes of some graphs.
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A function f is called an F-Geometric mean labelling of a graph G(V,E) if
f:V(G)—{1,2,3,..,q+1} is injective and the induced function f*:E(G)—{1,23,..,q}
defined as

f*(uv):Hf (u)f(v)J, for all uv € E(G),

is bijective. A graph that admits an F—Geometric mean labelling is called an F-Geometric
mean graph.

Somasundaram et al. (2011) defined the geometric mean labelling as follows: A graph
G = (V,E) with p vertices and g edges is said to be a geometric mean graph if it possible to

label the vertices x eV with distinct labels f(x) from 1,2,...,q+1in such a way that when

each edge e=uv is labelled with f(uv):Hf(u)f(v)J or Hf(u)f(v)—|, then the edge

labels are distinct.

Somasundaram et al. (2012) have given the geometric mean labelling of the graph C; UC,
as in the Figure 1.

3 4 4 11111g 10 0
Figure 1. A Geometric mean labelling of C5 U C5

From the above figure, for the edge uv, they have used flooring function Hf(u)f(v)J and

for the edge vw, they have used ceiling function ( f(v)f(w)—‘for fulfilling their

requirement. To avoid the confusion of assigning the edge labels in their definition, we just
consider the flooring function Hf(“)f(V)J for our discussion. Based on our definition, the

F-Geometric mean labelling of the same graph C5 UC; is given in Figure 2.

(4) (12)
Figure 2. An F-Geometric mean labelling of Cg U C5 and its edge labelling

Published by Digital Commons @PVAMU, 2015
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In this paper, we study the F-Geometric meanness of the graphs, namely, cycle C,, for
n=3, the star graph Sy, for N <3, the complete graph K, for n<3, the comb F,oK; for
any positive integer n, the ladder P, xB, for any positive integer n, the middle graph
M (R,) . the graphs obtained by duplicating an arbitrary vertex as well as arbitrary edge in
the cycle C,,, the triangular ladder TL,, for n>2, the graph S(B,0K;) and the arbitrary
subdivision of S3.

2. Main Results

To study the F-geometric meanness, some of the standard graphs, and graphs obtained from
some graph operations are taken for discussion.

Lemma 2.1.

Let G be a graph. If V(G)|>|E(G)|+1, then G does not admit an F-Geometric mean
labelling.

Proof:

If [\/(G)|>|E(G)|+1, then the vertex labelling will not be injective and hence the result
follows.

Theorem 2.2,
The union of any two trees is not an F-Geometric mean graph.

Proof:

Let G be the union of two trees S and T. Then If N (G)=|V(S)+N(T) and
[E(G)|=|E(S)|+|E(T)| =N (S)|+V(T)|-2 then by Lemma 2.1, the result follows.

Corollary 2.3.

Any forest is not an F-Geometric mean graph.
Theorem 2.4,

Every cycle is an F-Geometric mean graph.

Proof:

Let v1,Vp,...,V be the vertices of the cycle C,.

We define

https://digitalcommons.pvamu.edu/aam/vol10/iss2/20
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f:V(C,)—>{1,23,..,n+1}
as follows:

H04)= i+1, L n+1Jsisn.

The induced edges labelling is as follows:

i 1sist n+l -1,
fr(vivi) =9 .
1+1, L n+1JS|sn—1,

and
£* (v, :NMJ

Hence, f is an F-Geometric mean labelling of the cycle C,,. Thus the cycle C, is an
F-Geometric mean graph.

An F-Geometric mean labelling of Cg is shown in Figure 3.

Figure 3. An F-Geometric mean labelling of Cg and its edge labelling
Theorem 2.5.
The star graph Sp, is an F-Geometric mean graph if and only if n<3.
Proof:

The number of vertices and edges of S, are n+1 and n respectively. If f is an F-geometric

mean labelling of S, then it is a bijective function from V(Sn) to {1,2,3,...,n+1}. As we

Published by Digital Commons @PVAMU, 2015
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have to label 1 for an edge, the vertex labels of its pair of adjacent vertices are either 1 and 2
or 1 and 3. So, the central vertex of S, is labelled as either 1 or 2 or 3. 1 cannot be a label for

the central vertex in the case of n>2, since two of the pendant vertices of S, are to be

labelled as 2 and 3. When n >3, 2 cannot be the label for the central vertex, since two of its
pendant vertices having the labels 3 and 4. When n>4, the pendant vertices are labelled to
be 4 and 5 if the label of central vertex is 3.

The F-Geometric mean labelling of S, n<3 are given in Figure 4.

2
1 ®
. 2
(1) (1) )
2 e 1 ) 3 . 4
K4 K2 1 K3

Figure 4. The F-Geometric mean labelling of Sj;, N <3 and its edge labelling

Theorem 2.6.
Every complete graph K,,,n = 4 is not an F-Geometric mean graph.

Proof:

To get the edge label g, g and g+1 should be the vertex labels for two of the vertices of K,
say x and y. Also to obtain the edge label 1, 1 is to be a vertex label of a vertex of K, say

v. Since q=nC5 in K and q+1<(n—1)2 for n>4, the edge labels of the edges vxand
vy are one and the same. Hence K, is not an F-Geometric mean graph. While n=2 and 3,
the F-geometric mean labelling of K, are given in Figure 5.

1
(1 (2)
1)
] 9 3 B 4
K Ky
Figure 5. The F-Geometric mean labelling of Ko and Kgand its edge labelling

Theorem 2.7.

Every comb graph is an F-Geometric mean graph.

https://digitalcommons.pvamu.edu/aam/vol10/iss2/20
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Proof:

Let G = P,0K; be a comb graph for any positive integern having 2n vertices and 2n—1
edges. Let Uq,Usp,...,U, be the vertices of the path B, and v; be the pendant vertices

attached at each uj, for 1<i<n. Then, the edge set of G is {UjUj,;;1<i<n-1}uU
{uivi; 1<i<n}.

We define f:V(G)—{1,2,3,....2n} as follows:
f(u)=2i, forl<i<n and f(v)=2i-1 forl<i<n.
The induced edge labelling is as follows:
f*(uiuj,y) =2i, for 1<i<n-1 and f*(uy;)=2i-1 for1<i<n.

Hence, f is an F-Geometric mean labelling of the comb B, 0K;. Thus, the comb B,oK; is an
F-Geometric mean graph for any positive integer n.

An F-Geometric mean labelling of PzoK; is shown in Figure 6.

2 ~.1 4) 6 (6) 8 (8 10 (10} 12 (12) 14 (14) 16
'li-l o o ug
J (?’] (11 (13)) (15)
R S 7 ST 13" 15
Figure 6. An F-Geometric mean labelling of PsoK; and its edge labelling
Theorem 2.8.

Every ladder graph is an F-Geometric mean graph.

Proof:

Let G = P, x P, be a ladder graph for any positive integer n having 2n vertices and 3n—2
edges. Let Uj,Up,...,Uy and Vp,V5,...,V,, be the vertices of G. Then the edge set of G is

{Ujli41,ViVis1; 1<i<n—=1} U{uvi; 1<i<n}.
We define f:V(G)—{1,2,3,...,3n-1} as follows:

f(u)=3i-1 forl<i<n and f(v;)=3i-2 forl<i<n.

Published by Digital Commons @PVAMU, 2015
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The induced edge labelling is as follows:

f*(Uui) =3i, for 1<i<n-1, f*(vv,,)=3i-1 for1<i<n-1, and

f*(uy;) =3i—-2, for 1<i<n.

Hence, f is an F-Geometric mean labelling of the ladder P, x B,. Thus, the ladder Py xR, is

an F-Geometric mean graph for any positive integer n.

An F-Geometric mean labelling of Py x B is shown in Figure 7.

2 @3 5 ® 8 (9 11 gz 4 @5 17
('] Uo us Uy Uy UG
(1 (4 ) (10 (13 (16
m (1)) (2 Uy Us, ve
- . = » — > e U
1@ 4 B ® gy D)y (1) g
Figure 7. An F-Geometric mean labelling of P9 x Py and its edge labelling
Theorem 2.9.

The middle graph of a path is an F-Geometric mean graph.

Proof:

Let V(R,) ={v1,V2,...Vp} and E(R,)={ej =VjVj41;1<i<n—1} be the vertex set and edge
set of the path P, . Then,

V(M (Pn))={vl,vz,...,vn,el,ez,...,en_l} and
E('V' (Pn )Z{VieiaeiVi+1; 1<i<n-1ju{ejej g ;1<i<n-2}.

We define f:V(M(R,))—{1,23...,.3n-3}as follows:
f(v)=3i-2 for1<i<n-1, f(v,)=3n-3and f(g)=3i-1 forl<i<n-1.
The induced edge labelling is as follows:

f*(vg)=3i—2, for1<i<n-1, f*(gviy)=3i-1 for1<i<n-1

and f*(ge ) =3i, for1<i<n-2

https://digitalcommons.pvamu.edu/aam/vol10/iss2/20
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Hence, f is an F-Geometric mean labelling of the middle graph M (Pn). Thus, the middle
graph M (R,) is an F-Geometric mean graph.

An F-Geometric mean labelling of M (PRg) is shown in Figure 8.
e 1w N 10

eo 8 e3 11 e, 14
Figure 8. An F-Geometric mean labelling of M (Ps)and its edge labelling

Theorem 2.10.

For any vertex v of the cycle C,,, the duplicate graph D(Cn ,V') is an F-Geometric mean
graph, for n>3.

Proof:
Let vq,Vp,...,V be the vertices of the cycle C, and let v =v;and its duplicated vertex is vi.

Case (i). n>5

We define f:V(D(C,,v'))—>{1,23,...,n+3}as follows:
f(v)=n-1 f(v;)=n+1 f(v,)=n+2, f(v3)=n+3, and
i—3, 4sian+3J+2,

f(vi)= i LMJ”’SK”'

The induced edge labelling is as follows:

i—3, 4<i<
f*(vavy) =Un+3J and f*(vv;,) = L
i—2, \/n+3J+3£i£n—1.

Hence, fis an F-Geometric mean labelling of the graph D(Cn v)

Case (ii). n=3/4

The F-Geometric mean labelling of D(C3,vi) and D(C4,Vi)are given in Figure 9.

Published by Digital Commons @PVAMU, 2015
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6 l
(4) - 4)
(5) ( (6)
3 5 3 6
(3) (5)

5

Figure 9. The F-Geometric mean labelling of D(C3,V1) and D(C4,V1) and its edge labelling

An F-geometric mean labelling of the graph G obtained by duplicating the vertex v; of the
cycle Cg is shown in Figure 10.

Figure 10. An F-Geometric mean labelling of D (Cg , Vl) and its edge labelling
Theorem 2.11.

For any edge e of the cycle C,,, the duplicate graph D(Cn,e') is an F-Geometric mean
graph, for n>3.

Proof:

Let v,Vvp,...,Vy be the vertices of the cycle C,, and let e =WV, and its duplicated edge is

e'=v1v2.

https://digitalcommons.pvamu.edu/aam/vol10/iss2/20
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Case (i). n>6

We define f:V(D(C,.e"))—{1,2,3,...n+4}as follows:

f(v)=n-1, f(v)=n+1 f(v,)=n+2, f(v,)=n+3

i—3, 4§i§L\/n+4J+2,
f(vz)=n+4 and f(vj)=1

i—2, Hﬁjwsisn.

The induced edge labelling is as follows:
f*(vvp)=n, £*(vvp)=n-2, f*(vivn):n—l, f*(viv'z):n+1,
f*(v'zvg):n+3, f*(Vpv3)=n+2, f*(v3v4)=ta/n+4j
i—3, 4

and £ (vj,p) =1 ]2

<1
-2, LMJ+3£i£n—1.

IA

Hence, f is an F-Geometric mean labelling of the graph D(C,,,e").
Case (ii). n=3,4,5
The F-Geometric mean labelling of D(C3,viv'2 ) D(C4,viv'2) and D(C5,Viv'2)are given

in Figure 11.

Figure 11. An F-Geometric mean labelling of D (C3,ViV'2 ) , D (C4,ViV'2 ) and

D (C5 ,V1Vo ) and its edge labelling

An F-geometric mean labelling of the graph G obtained by duplicating an edge vyvo of the
cycle Cg is shown in Figure 12.

Published by Digital Commons @PVAMU, 2015
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(10)

@
Figure 12. An F-Geometric mean labelling of D(Cg,vivlz) and its edge labelling

Theorem 2.12.

The triangular ladder TL,, is an F-Geometric mean graph, for n> 2.

Proof:

Let {Ug,Up,....Un,V3,Vo,..., Vip } be the vertex set of TLy and let {UjUi,1,VjVi 1, UjVisq;

1<i<n-1}U{ujvj; 1<i<n} be the edge set of TL,. Then TL, have 2n vertices and
4n—3 edges.

We define f:V(TL,)—{1,2,3,....4n—2} as follows:
f(u)=4i-1 for1<i<n-1 f(u,)=4n-2 and f(v;)=4i-3 forl<i<n.
The induced edge labelling is as follows:

f*(Uiuiy) = 4i, for 1<i<n-1, f*(uyv;) =4i -3, for 1<i<n,

fo(Uvi,y) =4i—1 for1<i<n-1and f*(vyv,)=4i-2 for1<i<n-1.

Hence, f is an F-Geometric mean labelling of the TL,,. Thus the triangular ladder TL;, is an
F-Geometric mean graph, for n>2.

An F-Geometric mean labelling of TLg is shown in Figure 13.

https://digitalcommons.pvamu.edu/aam/vol10/iss2/20
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4 7 8 W (2 15 (@6 19 (200 2 (24) 27 (28) 0
(1) D N0 o) NG (1)) oR3) (25) Q) {29
1 @ 5 6 9 (100 13 (14) 17 (18) 9 (22) 25 (26) 29

Figure 13. An F-Geometric mean labelling of TLg and its edge labelling

Theorem 2.13.
S(B,0K,) is an F-Geometric mean graph, for n>2.

Proof:

949

Let V(BoK;) ={uj,vj ;1<i<n} and E(B,0K;)={Ujlj,1;1<i<n-1}U{ujvj;1<i<n}.
Let x; be the vertex which divides the edge ujvj, for 1<i<nand y; be the vertex which

divides the edge uju;,q, for 1<i<n-1. Then V(S(PnoKl)):{ui,vi,xi,yj;1£i£n,

1< j<n-1}and E(S(B,0Ky)) ={ujx;,viXi ; 1<i <n} O{ujyj, yjui1; 1<i <n-1}.
We define f:V(S(B,0K;)) — {1,2,3 ...,4n — 1} as follows:

f(u)=4i-1 for1<i<n, f(y;)=4i+1 for1<i<n-1,
=1,

1,
f(x)=4i—-2,for1<i<n and f(Vi)z{ 2<i<n
<i<n.

4i—4,
The induced edge labelling is as follows:

f*(uy;)=4i-1, for1<i<n-1 f*(yju;,)=4i+1 for 1<i<n-1,

* - . * 1, | :1,
X ) = — <1< X )=
f*(ux)=4i-2 fori<i<nand f*(v;x) {4i—4, scicn
Hence, f is an F-Geometric mean labelling of S(B,0K;). Thus, the graph S(B,0K;) is an

F-Geometric mean graph, for n> 2.

An F-Geometric mean labelling of S(P;oK;) is shown in Figure 14.

3 3 5 () 7 () 9 (9 Ui 133 15 (15 17 a7 19
(2) (6) 10) 14) (18)

2 6 10 P14 18
(1) (4) (8) 12) (16)
1 4 8 12 16

Figure 14. An F-Geometric mean labelling of S(P5 0K ) and its edge labelling
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Theorem 2.14.
Any arbitrary subdivision of S3 is an F-Geometric mean graph.
Proof:

Let vp,V,Vo,V3 be the vertices of Sz in which v is the central vertex and vp,vo and vy are
the pendant vertices of S3. Let the edges vgwj,vgvo and vgvg of S3 be subdivided by
Py P, and Py number of new vertices respectively. Let G be a graph of arbitrary subdivision

of 33.

Let vg, vl(l), vgl), vi(,’l),..., vgi +1(=Vv1), Vo, vfz), vgz), vs(,’z),..., VEJZZ) +1(=vo) and vo,vl(s),

vgs),vég’),...,vg +1(=v3) be the vertices of G and vq = vg), for1<i<3.

Let egi) :vgizlvgi),ls j< P; +1and 1<i <3 be the edges of G and G has P, + P, + Py +4

vertices and P+ P, + Py + 3 edges with P, <P, <P,
We define f:V (G) —>{1,2,3,..., P +p,+p, +4} as follows:

F(0) =P, + Py +3, f(w)=p, +pp+4-2i, for 1<i<p +1,

e p,+p, +3-2i, 1<i< p,+1,
V: =
(I ) p, +2-i, p,+2<i<p_ +land p #p,

and f(vi(s))z p +p,+3+i, forl<i<p +1.

The induced edge labelling is as follows:
vy = p,+p,+2-2i, fori<i<p

i+1
f* (vi(z)v-(z)

pl+p2+1—2i, 1£i§p1,
'+1)_ p, +1-i, p,+1<i<p andp =p_ ,

PO =p +p +3+i, forl<i<p, o) =p +p +2
Fwov§)=p, +p, +1 and F*(vv§)=p +p, +3.

Hence, f is an F-Geometric mean labelling of G. Thus, the arbitrary subdivision of S3 is an
F-Geometric mean graph.

An F-Geometric mean labelling of G with Py =06, P, =9and Py =10 is as shown in Figure
15.

https://digitalcommons.pvamu.edu/aam/vol10/iss2/20
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Figure 15. An F-Geometric mean labelling of arbitrary subdivision of S5 and its edge labelling

3. Conclusion

In this paper, we analysed the F-Geometric meanness of some standard graphs. We propose
the following open problems to the readers for further research work.

Open Problem 1.

Find a sub graph of a graph in which the graph is not an F-Geometric mean graph.

Open Problem 2.

Find a necessary condition for a graph to be an F-Geometric mean graph.

By Theorem 2.6, we observe that G + e is not necessarily an F-geometric mean graph when
G is an F-geometric mean graph and e is an additional edge. Also from Theorem 2.2, G - e is

not necessarily an F-geometric mean graph when e is a cut edge and G is an F-geometric
mean graph. So it is possible to discuss the remaining case.
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Open Problem 3.

For a non-cut edge e, characterize the F-geometric mean graph G in which G - e is also an
F-geometric mean graph.
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