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Abstract

The modified sine-cosine method is an efficient and powerful mathematical tool in finding exact
traveling wave solutions to nonlinear partial differential equations (NLPDEs) with time-
dependent coefficients. In this paper, the proposed approach is applied to study a
nonhomogeneous generalized form of Benjamin-Bona-Mahony (BBM) equation with time-
dependent coefficients. Explicit traveling wave solutions of the equation are obtained under
certain constraints on the coefficient functions.

Keywords: Variable-coefficient Benjamin-Bona-Mahony; Modified sine-cosine method
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1. Introduction

Many important phenomena and models can be described by homogeneous nonlinear partial
differential equations with constant coefficients. The study of the dynamics of those NLPDEs
require the existence of their exact solution. With the development of solitary theory, many
powerful methods were established for obtaining the exact solutions of NLPDESs, such as the
rational sine-cosine method, the extended tanh-function method, the exp-function method, the
Hirota's method, Hirota bilinear method, the tanh-sech method, the first integral method, the
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G'/G expansion method, the sub-ODE method and so on. See [Alquran (2012a), Alquran and
Al-Khaled (2012), Alquran, Al-Khaled and Ananabeh (2011), Alquran, Ali and Al-Khaled
(2012), Alquran and Qawasmeh (2013), Bekir and Unsal (2013), Palacios (2004), Li and Wang
(2007), Wazwaz (2007a), Alquran and Al-Khaled (2011a), Alquran and Al-Khaled (2011b),
Alguran (2012b), Alquran and Qawasmeh (2014), Wazwaz (2007b) and Qawasmeh (2013)].
Most of the aforementioned methods are related to constant-coefficients NLPDEs. Recently,
much efforts have been employed to variable-coefficient nonlinear equations [Yang, Tao and
Austin (2010)]. variable-coefficient NLPDEs can describe many nonlinear phenomena more
realistically than their constant-coefficient ones. Some of the aforementioned methods have been
modified to handle variable-coefficient equations such as the modified sine-cosine method, the
modified sech-tanh method and Hirota bilinear method.

The objective of this paper is to use the modified sine-cosine method to study the
nonhomogeneous form of Benjamin-Bona-Mahony equation with time-dependent coefficients
that reads

Up + ol + B0, +y(tuu, = g(t), (1.1)

where a is a real constant and f(t), y(t), f (t) are functions depending on the variable t only. In

the literature, extensive study was done on different types of the BBM equation by different
methods [Benjamin, Bona and Mahony (1972), Wazwaz (2005), Alquran (2012a), Alquran and
Al-Khaled (2011a), Alguran (2012b), Chen, Lai and Qing (2007) and Abazari (2013)].

2. The Modified Sine-Cosine Method

The modified sine-cosine method “extension of the regular sine-cosine method [Tascan and
Bekir (2009), Ali, Soliman and Raslan (2007), Alquran and Qawasmeh (2013) and Alquran and
Al-Khaled (2011b)]" admits the use of solutions of the form

u(x,t) = A(t) cos" (1 &), £ =x—c(b), (2.1)

and

u(x )= A()sin"(nC), C=x-c(b), 22)

for some parameters A(t), u, m and c(t) to be determined later. Here, p is the wave number and
c(t) is the wave speed being a function of the time t. From (2.1), we have

U, (x,1) = A1) cos™ (41 (x—6(1))) + M s A/ (Doos™ (1 (x ~c(1)))sin (1 (x (1)),
U, (x,8) = ~m 21 At) cos™ (41 (x—c(®))sin ( (x (1)),
U (x,8) = m(m—1) 2% A(t)cos™ (1 (x—C(t))) ~ M2 A(t)cos™ (4 (X —c(t)))
M A (Deos™ (1 (x —c(t))sin (s (x (1))
+ m(m—1)(m—2) P AOC Qcos™ (1 (X - c(t)sin (u (x (1))

(2.3)
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Because of the duality relation between the sine and cosine functions, and without loss of
generality, we omit the analysis argument regarding the solution proposed in (2.2). Now, after
substituting (2.3) into the original partial differential equation (1.1), a trigonometric equation is

obtained with either cos"(u¢) or cos"(uC)sin(ug) terms so that the parameter n can be
determined by comparing exponents. The fact that the coefficient of cos'(ug) or

cos' (&) sin(u &) must vanish for all powers of i, then produces a system of algebraic equations
in the the unknowns A(t), u, m and c(t), from which the solution proposed in (2.1) follows
immediately.

3. Generalized Benjamin-Bona-Mahony
Consider the following nonhomogeneous BBM

u, + o, +PB(t)u, +y(t)uu, =g(t). (3.2)
First, we use the transformation

u(x,t) = w(x,t)+h(t). (3.2)
Substituting (3.2) in (3.1) yields

w, +h'(t) + aw,, +BE)w, +y(E)ww, +y(t)h(t)w, = g(t). (3.3)
We require that

W@zg@soWﬂMﬂzbamL

Hence, the following homogeneous BBM equation is obtained

W, +aw,,, +k(t)w, +y(t)ww, =0, (3.4
where
k() =B(t) +y(t) h(t). (3.5)

By substituting the cosine assumption (2.1) and (2.3) into (3.4), and then comparing exponents
and collecting coefficients of cos' (L&) or cos' (u&)sin(u ) for all i, we have the following
algebraic system
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= m+2,

= (m-1)(m-2)pa(t)c'(t) - At)y(t),

AO-mHa (). (36)
= m(m-1)pa(t) A'(t),

= c'(t)—k(t)- mzpzoc(t)c'(t).

o O O o o
11

Solving the above system yields

m = -2,
A(t) = 0,
o = KO+ ;\(t)ﬂt) |
(3.7)
.= JA®)

) 2o 3 két; + A(t)

adducing the following facts (3.7):

1. A(t) must be a constanti.e. A(t) =A.

oft) = .|-3k(t)+ Avy(t) dt.
3. Since p is constant from the cosine assumption, therefore % must be constant. Thus, k(t)
Y
is a multiple of y(t).
Accordingly, the solution of the BBM (3.1) is
u(x.t) = Asec? VA - 3k(t);AY(t) dt) |+ [o@)ct. (3.8)

(
2o, /3@+ A
(1)

4. Discussion

We have discussed in this context several cases of the nonhomogeneous BBM equation based on
different selections of the time-dependent coefficients.
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Case I: In this case we consider
a=1pBt)=1,vy(@)=1,9()=0, A=1

By the constraints on the coefficient functions we find that
h(t) =0, k(t) = 1,1 = i%, c(t) = %.

Therefore the solution of the BBM is

X —4t

utn) =sec P2 1)
Case Il: Consider

a=1,Bt)=2t-t*, y(t)=t, gt)=1, A=1.
We find

h(t) =t, k() =2t,u= ii,c(t) = 7—t2

247 6

giving the solution:

u(x,t) = secz(i(X—Y—tz)JH- (4.2)

2477 6

Case I11: Consider

a=1,Bt)=2e"-1,y(t)=e", g(t) =¢€',A=1.
We find

h(t) = €', k(t) = 26,1 = i%,c(t) - ‘73et
So that the solution is

u(x.t) = sec?[%(m 7Zt)j+et. (4.3)
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Case IV: Consider

o =1, B(t) = 2sin(t) +1, y(t) =sin(t), g(t) = csc(t) cot(t), A=1
We find

h(t) = —csc(t), k(t) = 2sin(t),p = i%,c(t) - JCTOS('[)_

with the solution:

u(x,t) = secz(z\lﬁ (x+ ! C(;S(t))j —csc(t). (4.4)

It should be noted that the type of the time-dependent coefficients "within the constraints given
in the previous section”, does not deform the physical structure of the BBM equation. This is
observed in Figures 1 and 2.

<)

Figure 1. Plots of solutions to the BBM obtained in Case | and 11 respectively
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Figure 2. Plots of solutions to the BBM obtained in Case 111 and IV respectively

5. Conclusion

In summary, the modified sine-cosine method with symbolic computation is employed for a
reliable treatment of the proposed BBM with time-dependent variable coefficients. Solitary wave
solutions to this model are obtained under certain constraints on the coefficient functions and
geometric illustrations of the physical structure of the nonhomogeneous BBM has been
addressed.

The modified version of the well-known sine-cosine method is effective and powerful in
handling variable-coefficient nonlinear equations while other existing methods may not be so
handy for the same study.

Acknowledgment

The authors would like to thank the reviewers for their constructive comments and suggestions to
improve the paper.

REFERENCES

Abazari, R. (2013). On the exact solitary wave solutions of a special class of Benjamin-
Bona-Mahony equation, Computational Mathematics and Mathematical Physics, Volume
53(9) pp. 1371-1376.

Ali, AH.A., Soliman, A.A. and Raslan, K.R. (2007). Soliton solution for nonlinear partial
differential equations by cosine-function method, Physics Letters A, Volume 368, pp. 299-
304.

Alguran, M. (2012 b). Solitons and periodic solutions to nonlinear partial differential equations
by the Sine-Cosine method, Applied Mathematics and Information Sciences, AMIS, Volume
6(1) pp. 85-88.

Published by Digital Commons @PVAMU, 2014



Applications and Applied Mathematics: An International Journal (AAM), Vol. 9 [2014], Iss. 1, Art. 19
AAM: Intern. J., Vol. 9, Issue 1 (June 2014) 317

Alquran, M. (2012 a). Bright and dark soliton solutions to the Ostrovsky-Benjamin-Bona-
Mahony (OS-BBM) equation, J. Math. Comput. Sci., Volume 2(1) pp. 15-22.

Alquran, M. and Al-khaled, K. (2012). Mathematical methods for a reliable treatment of the
(2+1)-dimensional Zoomeron equation, Mathematical Sciences, Volume 6(12).

Alquran, M. and Al-Khaled, K. and Ananbeh H. (2011). New Soliton Solutions for
Systems of Nonlinear Evolution Equations by the Rational Sine-Cosine Method,
Studies in Mathematical Sciences., Volume 3(1) pp. 1-9.

Alguran, M., Ali, M. and Al-Khaled, K. (2012). Solitary wave solutions to shallow water
waves arising in fluid dynamics, Nonlinear Studies, Volume 19(4) pp. 555- 562.

Alguran, M. and Al-Khaled, K. (2011 a). Sinc and solitary wave solutions to the generalized
Benjamin-Bona-Mahony-Burgers equations, Physica Scripta, Volume 83.

Alguran, M. and Al-Khaled, K. (2011 b). The tanh and sine-cosine methods for higher order
equations of Korteweg-de Vries type, Physica Scripta, Volume 84.

Alguran, M. and Qawasmeh, A. (2014). Soliton solutions of shallow water wave equations by
means of G'/G expansion method, Journal of Applied Analysis and Computation. VVolume
4(2) At press.

Alguran, M. and Qawasmeh, A. (2013). Classifications of solutions to some generalized
nonlinear evolution equations and systems by the sine-cosine method, Nonlinear Studies,
Volume 20(2) pp. 261-270.

Bekir A. and Unsal, O. (2013). Exact Solutions for a Class of Nonlinear Wave Equations by
Using First Integral Method, International Journal of Nonlinear Science., Volume 15(2) pp.
99-110.

Benjamin, T.B., Bona J.L. and Mahony, J.J. (1972). Model equation for long waves in
nonlinear dispersive system, Philos Trans Royal Soc London Ser A, Volume 272, pp. 47-78.

Chen, J., Lai, S. and Qing, Y. (2007). Exact solutions to a generalized Benjamin-Bona-Mahony
equation, International Conference on Intelligent Systems and Knowledge Engineering
(ISKE).

Li, X. and Wang, M. (2007). A sub-ODE method for finding exact solutions of a generalized
KdV-mKdV equation with high order nonlinear terms, Physics Letters A., Volume 361 pp.
115-118.

Palacios, S.L. (2004). Two simple ansatze for obtaining exact solutions of high dispersive
nonlinear schrodinger equations, Chaos, Solitons and Fractals., Volume 19, pp. 203-207.
Qawasmeh, A. (2013). Soliton solutions of (2+1)-Zoomeron equation and duffing equation and

SRLW equation, J. Math. Comput. Sci. Volume 3(6) pp. 1475 - 1480.

Tascan, F. and Bekir, A. (2009). Analytic solutions of the (2+1)-dimensional nonlinear
evolution equations using the sine-cosine method, Applied Mathematics and Computation,
Volume 215(8) pp. 3134-3139.

Wazwaz, A.M. (2005). Nonlinear variants of the BBM equation with compact and noncompact
physical structures, Chaos, solitons and Fractals, Volume 26, pp. 767-776.

Wazwaz, A.M. (2007 a). The extended Tanh method for Abundant solitary wave solutions of
nonlinear wave equations, Applied Mathematics and Computation, Volume 187 pp. 1131-
1142.

Wazwaz, A.M. (2007 b). The extended Tanh method for Abundant solitary wave solutions of
nonlinear wave equations, Applied Mathematics and Computation. Volume 187 (2007) pp.
1131-1142.

https://digitalcommons.pvamu.edu/aam/vol9/iss1/19



	Reliable Study of Nonhomogeneous BBM Equation with Time-Dependent Coefficients by the Modified Sine-Cosine Method
	Recommended Citation

	The Singular Perturbation in the Analysis of Mode I Fracture

