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Abstract

In this article an efficient modification of the variational iteration method (VIM) is presented
using Chebyshev polynomials. Special attention is given to study the convergence of the
proposed method. The new modification is tested for some examples to demonstrate reliability
and efficiency of the proposed method. A comparison of our numerical results those of the
conventional numerical method, the fourth-order Runge-Kutta method (RK4) are given. The
comparison shows that the solution using our modification is fast-convergent and is in excellent
conformance with the exact solution. Finally, we conclude that the proposed method can be
applied to a large class of linear and non-linear differential equations.

Keywords: Variational iteration method; Chebyshev polynomials; Convergence analysis;
Fourth-order Runge-Kutta method
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1. Introduction

Over the last decade several analytical and approximate methods have been developed to solve
the nonlinear differential equations. Among them is the variational iteration method proposed by
He (1999) which is a modification of the general Lagrange multiplier method. This method is
based on the use of restricted variations and correction functional which has found an extensive
application in the solution of nonlinear differential equations (Abdou and Soliman (2005), He
and Xu-Hong (2006), Sweilam and Khader (2010), Sweilam et al. (2007)). This method neither
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requires the presence of small parameters in the differential equation, and nor the differentiability
of the nonlinearities with respect to the dependent variable and its derivatives. The technique
provides a sequence of functions which converges to the exact solution of the problem and the
procedure represents a powerful tool for solving various kinds of problems; for example, delay
differential equations in He (1997), the one dimensional system of nonlinear equations in
thermo-elasticity Sweilam and Khader (2007) and the two dimensional Maxwell equations
Sweilam et al. (2010).

This technique solves the problem without the need to discretize the variables, and therefore, in
some problems, it is not affected by computation round off errors and does not require large
computer memory and time. The proposed scheme provides the solution of the problem in a
closed form while the mesh point techniques, such as the finite difference method Chang et al.
(1999) provides the approximation at mesh points only.

The VIM, does have some drawbacks; for example, this method is invalid or slowly convergent,
especially, in problems which are modeled by differential equations with non-homogeneous
terms. So, the main aim of this paper is to introduce a new modification to the method. The
proposed modification involves the use of Chebyshev polynomials. It overcomes the above
drawbacks and increases the rate of convergence.

Our paper is organized as follows: section 2 is assigned to the analysis of the standard VIM. In
section 3, the convergence study of the proposed method is given. In section 4, some test

problems are solved by the modified VIM, to illustrate the efficiency of the proposed method.
The conclusions will appear in section 5.

2. Analysis of the Variational Iteration Method
To illustrate the analysis of VIM, consider the following nonlinear differential equation:

Lu+ Ru+ N(u)=0, (1)

with specified initial conditions, where L and R are linear bounded operators i.e., it is possible
to find numbers my,my > 0 such that ||Lu|| < m1||u ' ||Ru|| < m2||u|| The nonlinear term N(u) is

Lipschitz continuous with|N(u) - N(v)| <m |u —v

,VteJ=/[0,T], for constant m > 0.

The VIM makes it possible to write the solution of Equation (1) in the following iteration
formula:

t
Up=up+ (j) M) [ Lu, | +RiT 4+ NG, Mz, p>1 2)

It is obvious that the successive approximations u p P21 (the subscript p denotes the pth order

approximation), can be established by determining the general Lagrange multiplier, 4, which
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can be identified optimally via the variational theory. The function u p is a restricted variation,
which means that Ju p=0 Elsgolts (1997). Therefore, we first determine the Lagrange

multiplier 1 that will be identified optimally via integration by parts. The successive
approximations u p P21, of the solution u is readily obtained upon using the Lagrange

multiplier obtained and by using any selective function Uy - The initial values of the solution are
usually used for selecting the zeroth approximationuo. If 1 determined, then several

approximations u p P21, follow immediately. Consequently, the exact solution may be

obtained by using:
u= plg)noo Up. 3)

Now, to illustrate how to find the value of the Lagrange multiplier 4, we will consider the
following case, which depends on the order of the operator L in Equation (1), we study the case

of the operator L = di (without loose of generality).
t

Making the above correction functional stationary, and noticing that ¢ u p=0,we obtain

t
dup = é'up_l + 5([)/1(1)[Lup_1 +RL7p_1 +N(L7p_1)]dr

r.
- 5up_1+[/”t(r) “p-ljr:t - (j)l(r) [c?up_1 Jdr =0,

where 0 u P is considered as a restricted variation i.e., 0 u p=0, yields the following stationary

conditions:
AMr)=0, 1+t _, =0. 4)

Equation (4) is called Lagrange-Euler equation with its boundary condition. The Lagrange
multiplier can be identified by solving this equation as: A(7) = —1.

Now, the following variational iteration formula can be obtained:

t
Up =t~ (f) [Lup_1 +Rup_1 + N(up_l)]dr, p=1 ®)

We start with an initial approximation, and by using the above iteration formula (5), we can
obtain directly the other components of the solution.
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3. Convergence Analysis of VIM

In this section, the sufficient conditions are presented to guarantee the convergence of VIM,
when applied to solve the differential equations, where the main point is that we prove the
convergence of the recurrence sequence, which is generated by using VIM.

Lemma 1:

Let A:U —V be a bounded linear operator and let {u p } be a convergent sequence in U with

limit u , then Up >u in U implies that A(up) —> A(u) m V.

Proof:

Since

| u pmtu |y, = atup |, <[ 4] [ pmu ],
hence,

pETmﬁAup—Aum/SHA”p%TwHup—um]=Q

implies that A(up) — A(u).

Now, to prove the convergence of the variational iteration method, we will rewrite Equation (5)
in the operator form as follows Elsgolts (1977):

up=Afu, ], (6)

where the operator 4 takes the following form:

t
A [u] =—[ [ Lu+ Ru+ N(u) ]dx. (7)
0

Theorem 1:

Assume that X be a Banach space and 4:X — X is a nonlinear mapping, and suppose that:

||A[u] -A[v]” <y ||u—v|| YuvelX, (8)

https://digitalcommons.pvamu.edu/aam/vol7/iss1/19
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for some constant 0<y<1, where y:(m+m1 +m, )T . Then, A has a unique fixed point.

Furthermore, the sequence (6) using VIM with an arbitrary choice of u, € X', converges to the
fixed point of 4 and:

<1350 byl ©

[
Proof:

Denoting (C/J], || . || ) the Banach space of all continuous functions on Jwith the norm
defined by: || f(t)”:rtIg}} | f(t)|.

We are going to prove that the sequence {u p } is a Cauchy sequence in this Banach space:

U -u |[=max |{u -u
teJ
t
_;r;aﬁ —(I) [L(u —uq_1)+ R(up_1 —uq_1)+N(up_1)-N(uq_1)] dt

<tm€a§ j [ L(u —u _1) ‘+ ‘R(up_1 _uq-l) ‘-i— ‘N(up_l)—N(uq_l) ‘ ] dt

< max j(m +m, dr

teJ 0
Sy){u

Let, p=¢g+1. Then,

“p17"g ‘

p1 Mg H

’ el
- < - <..< -
uq uq_IH_y Huq—l uq_ZH_..._y RN E

From the triangle inequality we have:

u <
uq+1 uq =7

u -u u -u ||+ U -u + u -u
P4 q+1 Q‘ Hq+2 q+1 p p-1H
S[yq+yq+1+...+y
Syq[1+y+y2+...+yp_q_1] —uOH
—gq-1
1_,P—4
<f =
1=y
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Since 0<y<1 so, 1-y” ~7 <1 then:

But ul—u0H<oo s0, as g —> oo then

up —u | —0. We conclude that {u p } is a Cauchy

sequence in C/J] so, the sequence converges and the proof is complete.

In the following theorem we introduce an estimation of the absolute error of the approximate
solution of problem (1).

Theorem 2:

The maximum absolute error of the approximate solution up to problem (1) is estimated to be:

ax | Hexact ~Hp <h (10)

where

qu[(m1+m2) ug|+kJ
B = ,  k=max ‘N(uo)‘.
1=y ted

Proof:

From Theorem 1 inequality (9) we have:

yq
U _ —u S—Hu —u H
P q| 1-yI'1L 70
as p — oo then Up D Ugracet and:
¢
Hu —u Hzmax — | [Lu,+Ru,+Nu,)]dr
Lol o 0 0 0 0

t
<max [/ ‘Lu0‘+ ‘Ru0‘+‘N(u0)‘ J]drt
teJ o

< T/ (m+m,) HuOH+k],

so, the maximum absolute error in the interval J is:

https://digitalcommons.pvamu.edu/aam/vol7/iss1/19
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u —u ||[=max |u —u,|<p.
exact pH teJ‘ exact ~Up| <P

This completes the proof.

Our main goal in this paper is to concern with the implementation of VIM and its modification
which have efficiently used to solve the ordinary differential equations Hosseini (2005). To
achieve this goal, at the beginning of implementation of VIM, we use the orthogonal Chebyshev

polynomials to expand the functions in the non-homogeneous term in the differential equation
Bell (1967).

4. Solution Procedure Using the Modified VIM

In this section, an efficient modification of VIM is presented by using Chebyshev polynomials.
The well known Chebyshev polynomials Bell (1967) are defined on the interval /-7,/] and can
be determined with the aid of the following recurrence formula:

Tn+1(z) =2zTy(z) —Tn_l(z), n=12,...

The first three Chebyshev polynomials are 7| O(x) =1, Tl(x) =ux T 2(x) = 2x2 -1
In this paper, we suggest that f(x) be expressed in Chebyshev series:

f(x):kéocka(x). (11)

Theorem 3: Chebyshev Truncation Theorem

The error in approximating f{x) by the sum of its first m terms is bounded by the sum of the
absolute values of all the neglected coefficients. If

m
Sul9% Z Tyl (12)

then, for all f(x), all m, and all x e /-11] , we have

Epm= 1)~ fm@I< % e} (13)

k=m+1

Proof:
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The Chebyshev polynomials are bounded by one, that is, |7 k(x)| <1 forall xe /[ —1]1] and for all

k. This implies that the k-th term is bounded by ‘Ck" Subtracting the truncated series from the

infinite series, bounding each term in the difference, and summing the bounds gives the theorem.

Now, in order to use these polynomials on the interval x €[0,1] we define the so called shifted
Chebyshev polynomials by introducing the change of variable z = 2x —1. Let the shifted
Chebyshev polynomials 7;(2x — 1) be denoted by F,(x). Then PF,(x) can be obtained as

follows:
Pn+1(x) =2(2x-1)Py(x)— Pn_l(x), n=12,.. (14)
Now, we use the shifted Chebyshev expansion to expand f{x) in the following form:
5 P 1
J09= 1,00 = 2 ¢ Py (15)
where the constants coefficients c¢ & k=012,.,m, by using the orthogonal property are
defined by:

11 (05405 )TO(x)d 21 f(05x+05)T (9 .

co=—1 X, c, =—1] : (16)
0 T-1 \/l—x2 k T-1 —

Now, the proposed modification will implement to solve the following two initial nonlinear
ordinary differential equations.

Model Problem 1:
Consider the following nonlinear ordinary differential equation:
2 2
u”+xu’+x2u3 =f(x):(2+6x2)ex +xze3x , xe[01], (17)
subject to the following initial conditions:
u(0) =1, u'(0) = 0, (18)
with the exact solution u(x)=e™ .

The procedure of the solution follows the following two steps:

Step 1. Expand the function f(x) using Chebyshev polynomials:

https://digitalcommons.pvamu.edu/aam/vol7/iss1/19
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Using the above consideration, the function f(x)can be approximated by eight terms (m=38) of
the expansion (15) as follows:

o (x)=2.00232-0.358488 x +18.0328 x 2 -86.4534 x> +416.556 x* -1042.66 x°

7 1 366.624x5.

+1502.72x % -1134.64x
Step 2. Implementation of VIM:

The VIM gives the possibility to write the solution of (17) with the aid of the correction
functional:

X
U, (9= un(o)+ éi(r) [tpgs +T iy +T2L~ls-f(‘[)]d’[ n>0, (19)
where 4 is the general Lagrange multiplier. Making the above correction functional stationary:

X
Su, ()= 00n(x)+0 (j)/l(r) [ting + Tilgg + 770 = f(D)ld7
(20)
. X
= Gup()+ [MO) - D) ] __ _+ (j)i”(r) [ Sity(9)] dr =0,

where 0 u,, is considered as a restricted variation, i.e., J i, =0, yields the following stationary
conditions (by comparison the two sides in the above equation):

") =0, MTle=x =0, 1= A7) |=x=0. (21)

The equations in (21) are called Lagrange-Euler equation and the natural boundary condition
respectively, the Lagrange multiplier, therefore

Mr)=1—-X. (22)
Now, by substituting from (22) in (19), the following variational iteration formula can be
obtained:

i 23
un+1(x):un(x)+(j)(r—x)[unn gt TN -f(r)]dr, n=0. (23)

We start with initial approximation u,(x), and by using the above iteration formula (23), we can
directly obtain the components of the solution.

Now, the first four components of the solution u(x) by using (23) of Equation (17) are:

Published by Digital Commons @PVAMU, 2012
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Now, also to perform VIM, we can expand the function f(x) using Taylor series at the point x = a:

(9 =1+1.0011x%-0.0597x> +1.4194x* - 4.3227x° +13.8852x° - 24.8252x
1 () =1+1.0012x% - 0.0597x +1.2525x - 43137 +13.5958x° - 24.3064x

u3(x) =1+1.0012x

Applications and Applied Mathematics: An International Journal (AAM), Vol. 7 [2012], Iss. 1, Art. 19
M. M. Khader

uo(x) =1,

7

+26.8343x5 -15.7589x° +4.0736x10 +.

7

+25.2169x5 -13.1602x° +1.1195x10 +.

2 4-4.3137x5 +13.6181x° - 24.3074x
12,

-0.0597x° +1.2525x 7

+25.2568x5 -13.211x° +1.2840x10 +1.9809x 1 -1.3526x

1, (5)=1+1.0012x% -0.0597x° +1.2525x* - 43137x° +13.6181x6—24.3074x

+25.2544x5 -13.2109x° +1.2798x19 +1.9851x1 1 -1.367x12 +.

(k)
& f (a)( _af, 24)

f()~ o

for an arbitrary natural number m.

If we expand the function f{x) by the Taylor series (24) about the point x = 0 with eight terms,

we have:

fr0=2+9x% +10x* +783x0 45583332 + 00,

Now, the first four components of the solution u(x) of Eq.(17) by using (23) are:

uO(x) =1,
() =1+1.0011 X2 -0.0597x> +1.4194x% - 4.3227x° +13.8852x0 - 24.8250x

+26.8343x5 -15.7589x° +4.0736x10 + ...

7

1y () =1+1.0012x% -0.0597x +1.2525x* -43137x +13.5958x° - 24306427

+25.2169x -13.1602x° +1.1195x10 4+

4_43137x° +13.6181x0 - 24.3074x
12,

U3 (1) =1+1.0012x% - 0.0597x° +1.2525x 7

+25.2568x5 -13.211x° +1.2840x19 +1.9809x! 1 -1.3526x

https://digitalcommons.pvamu.edu/aam/vol7/iss1/19
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1, (5)=1+1.0012x% 00597 +1.2525x - 431372 +13.6181x° - 24.3074x”
1+25.2568x -13.2109x° +1.2798x10 1198511 1 -1.367x1% 4

Also, to solve Equation (17) by the numerical method, fourth-order Runge-Kutta method, we
reduce this equation to the following system of ordinary differential equations:

u'(x) = vix), (25)
Vi) = -xv(x) - x2S () + f(x), (26)

subject to the following initial conditions:
u(0) =1, v(0) = 0. (27)

The absolute error between the function f{x) and its approximation by using the Taylor expansion
and the Chebyshev expansion are presented in figure 1.

—-— EITor
10F f
_ 0.0035 f ﬂ
: 0.0030F
15| o
' 0.0025F
1ok 0.0020F
_ 0.0015 H
05 0.0010
! 0.0005
I'I : & .ﬁ 'I" A p " . o - ¥
ol ' 02 04 06 08 10

Figure 1: The absolute error |f(x)-f- T(x)| (Left) and |f(x)-f, C(x)| (Right).

The absolute error between the exact solution u(x) and the approximate solution u.(x)=u 4(x)

(after four iterations) and using the shifted Chebyshev expansion for f{x) with m=8§ is presented
in figure 2(Right). Also, the absolute error between the exact solution u(x) and the approximate
solution uT(x) =u 4(x) (after four iterations) using the Taylor expansion for f{x) with eight terms

is presented in figure 2(Left).
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&rTar

. e—o: 0000033
g 0.00003
0006 0.000025
0.00002
— 0.000015
oomf 0.00001
5% 1078

02 04 06 08 10" ' o 4 . i T

Figure 2. The absolute error |u(x)-uT(x)|(Left) and |u(x)—uC(x)| (Right).

But, the figure 3 presents a comparison between the exact solution u(x), with the numerical method,
fourth-order Runge-Kutta u RK 4 and the approximate solution of our proposed method u C(x).

From this figure, we can see that the two methods are in excellent agreement with the exact solution.

2.8 T T T

O Ygka

2.6

u
exact

244 0O Yo

1.6

14r & .

2
o®%

4]
il

1mmﬂ®® 1 ! !
0 0.2 0.4 0.6 0.8 1

X

Figure 3. Comparison between the exact solution Upr4 and the solution

exact’
of our proposed method u C(x) .
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Model Problem 2.

Consider the following nonlinear ordinary differential equation:
" r_ o 2 2. .2 2
u" +uu' = flx) = xsin(2x“) -4x“sin(x“) + 2 cos(x”), x €/0,1], (28)

subject to the following initial conditions:

u(0) =0, wu'(0) =0, (29)

with the exact solution u(x) = sin (x2 ).

The procedure of the solution follows the following two steps:
Step 1.

Expand the function f(x) using Chebyshev polynomials:
Using the above consideration, the function f(x) can be approximated by eight terms (m =
8) of the expansion (15) as follows:

2 3 5 6

fC(x);2-0.0003x+0.008x 11,8925 - 4.308x - 2.3986x° + 4.68162x

_6.276x" +3.025x5.

Step 2.
Implementation of VIM:

According to VIM, and the same procedure in section 2, we can construct the following iteration
formula:

un+1(x)= Uy (x)+ zj)c(z'—x) [Uprr + upuye — f(2)ldr, n=>0. (30)

Therefore, the first four components of the solution u(x) of Eq.(28) by using (30) are:
uo(x) = 0,

9

uy()= x> +01x> — 016667x° ~00185185x” +0.0083333x1% 4.,

6 8 11 12

(%)= x2-:016667x% — 0.012x8 +0.008333x10 —0.0004545x1 1 +0.002932x12 + ..

Published by Digital Commons @PVAMU, 2012
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uy@)= x2-01667x% + 0.0083x10 +0.001 11 ~0.0017x13 +0.00003x* ~0.0003x1 + .
uy09)= x*-01667x° + 0.0083x'? ~0.0017x13 ~0.00008x'* +0.0001x'¢ +0.00008x! 7 +....

Now, if we expand the function f{x) by the Taylor series (24), with eight terms we have:
fpl) =2+ 233 - 56 1133333x7 + 075x8 + 0a)).

So, the first four components of the solution u(x) of Eq.(28) by using (30) are:

uO(x): 0,

u ()= x2-0.00004x° + 0.0007x" ~0.0946x" ~01436x°-0.0571x" +0.00836x° +...,
uy()= x%-000004x> + 0.0007x* ~0.0054x> ~0.1436x°-0.0572x" +0.0718:% +...,
uy()= x2-000004x> + 0.0007x* ~0.0054x> —01436x°-0.0572x" +0.0843x5 + ..,
()= x%-000004x> + 0.0007x* ~0.0055x ~0.1436x°-0.0572x7 +0.0843x% +..

To solve Equation (28) by the numerical method, fourth-order Runge-Kutta method, we reduce
this equation to the following system of ODE:s:

w'(x) = v(x), (31)
Vix) = -u(x)v(x) + f(x), (32)
subject to the following initial conditions:
u(0) = 0, v(0) = 0. (33)

Figure 4 presents the absolute error between the function f(x) and its approximation by using the
Taylor expansion (Left) and the Chebyshev expansion (Right).
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Figure 4. The absolute error: [f(x)-fT(x)\ (Left) and |[f(x)-f, C(x)\ (Right).
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Figure 5. The absolute error: |u(x)-uT(x)| (Left) and |u(x)—uC(x)| (Right).

The absolute error between the exact solution u(x) and the approximate solution u C(x) =u 4(x)

(after four iterations) and using the Chebyshev expansion for f{x) with m=8§ is presented in figure
5 (Right). Also, the absolute error between the exact solution u(x) and the approximate solution
uT(x)=u 4(x) (after four iterations) using the Taylor expansion for f(x) with eight terms is

presented in figure 5(Left).

But, the figure 6 presents a comparison between exact solution u with the numerical

exact’
method, fourth-order Runge-Kutta u RK 4 and the approximate solution of our proposed method
uC(x). From this figure, we can conclude that the proposed method is in excellent agreement

with the exact solution.
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Figure 6. Comparison between the exact solution u exact YRK 4 and the solution of our

proposed method C(x) )

5. Conclusion

An efficient modification of VIM is presented using Chebyshev polynomials. Parallel solutions
with the proposed method and by the numerical method, the fourth-order Runge-Kutta method
(RK4) have been presented. We choose the conventional RK4 as our benchmark, as it is widely
accepted and used. These show that the proposed method can be applied to linear and non-linear
models that are represented by differential equations. Likewise, the obtained results demonstrate
the reliability and efficiency of the proposed method and the faster convergence of the method.
From the resulting numerical solution we also see that the results from the proposed method are
in an excellent agreement with the exact solution. An interesting point about VIM is that only
little iteration or, even in some special cases, one iteration leads to exact solutions or solutions
with high accuracy. Finally, all the numerical results were obtained by using Mathematica
programming version 6.
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