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ESTIMATION OF DOMAIN MEAN USING TWO STAGE
SAMPLING IN THE PRESENCE OF NONRESPONSE

Kaustav Aditya”

ABSTRACT

The problem of estimation of domain mean under random response mechanism has been
considered when the sampling design is two-stage with two phases at the second stage. A
estimator is developed based on the technique of sub sampling of non-respondents. Expressions
for the variances of the estimators are developed. Optimum values of sample sizes are obtained
by considering a suitable cost function. The percentage reduction in the expected cost of

proposed estimators is studied empirically.
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1. Introduction

For large or medium scale surveys we are often faced with the scenario that the sampling frame
of ultimate stage units is not available and the cost of construction of the frame is very high.
Sometimes the population elements are scattered over a wide area resulting in a widely scattered
sample. Therefore, not only the cost of enumeration of units in such a sample may be very high,
the supervision of field work may also be very difficult. For such situations, two-stage or multi-
stage sampling designs are very effective. It is also the case that, in many human surveys,
information is not obtained from all the units in surveys. The problem of nonresponse persist
even after call backs. The estimates obtained from incomplete data may be biased particularly
when the respondents differ from the non-respondents. Hansen and Hurwitz (1946) proposed a
technique for adjusting for nonresponse to address the problem of bias. The technique consists of
selecting a sub-sample of non-respondents. Through specialized efforts data are collected from
the non-respondents so as to obtain an estimate of non-responding units in the population.
Foradori (1961) studied the sub-sampling of the non-respondents technique to estimate the
population total in two stages using unequal probability sampling. Srinath (1971) used a different
procedure for selecting the sub-sample of respondents where the sub-sampling procedure varied
according to the nonresponse rates. Oh and Schereun (1983) attempted to compensate for
nonresponse by weighing adjustment. Kalton and Karsprzyk (1986) tried the imputation
technique. Tripathi and Khare (1997) extended the sub-sampling of non-respondents approach to
multivariate case. Okafor and Lee (2000) extended the approach to double sampling for ratio and
regression estimation. Okafor (2001, 2005) further extended the approach in the context of
element sampling and two-stage sampling respectively on two successive occasions. Chhikara
and Sud (2009) used the sub-sampling of non-respondents approach for estimation of population
and domain totals in the context of item nonresponse. Again, Sud et al. (2012) considered the
problem of estimation of finite population mean in the presence of nonresponse under two stage
sampling design when the response mechanism was assumed to be deterministic. Further, Sud et
al. (2013) considered the problem of estimation of finite population mean in the presence of
nonresponse under two stage sampling design when the response mechanism was assumed to be

random.
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It may be mentioned that the weighting and imputation procedures aim at elimination of bias
caused by nonresponse. However, these procedures are based on certain assumptions on the
response mechanism. When these assumptions do not hold good the resulting estimate may be
seriously biased. Further, when the nonresponse is confounded i.e. the response probability is
dependent on the survey character; it becomes difficult to eliminate the bias entirely. Rancourt et
al. (1994) provided a partial correction for the situation. Hansen and Hurwitz’s sub-sampling
approach although costly, is free from any assumptions. When the bias caused by nonresponse is
serious this technique is very effective i.e. one does not have to go for 100 percent response,

which can be very expensive.

Besides the overall estimates, the estimates for different subgroups/domains of population are
also required, (Sarndal et al., 1992). The case of domain estimation is very common in
agricultural surveys i.e. in case of crop area and yield estimation in case of mixed cropping there
will be various types of mixtures prevailing in an area making it difficult to employ common
large scale survey techniques and to perform crop cutting experiments. To solve this kind of
problem we treat the various prevailing crop mixtures as domains of crops allocate the sample
size randomly in those domains. Further, in case of household surveys we have different
household income groups in a tehsil or district and to estimate the average household income at
tehsil or district level we treat the various income groups as different domains and calculate the
average income domain wise. Some time the sample sizes allocated in the domains randomly
becomes very less making use of the design based estimators impossible and gives rise to a new
chapter in survey sampling called as Small Area Estimation technique. Now, in the context of
estimation of the domain parameters (mean/total), Agrawal and Midha (2007) proposed a two
phase sampling design when the size of the domain was not known. Sud et al. (2010) considered
the problem of estimation of finite population mean of a domain in the presence of nonresponse
under a deterministic response mechanism. Chhikara and Sud (2009) considered the problem of
estimation of finite population mean of a domain in the presence of item nonresponse under a
random response mechanism. Aditya et al. (2013) considered the problem estimation of domain
mean in the presence of nonresponse under two stage sampling design when the response
mechanism was assumed to be deterministic. Again, Aditya et al. (2012, 2014) described the

problem estimation of domain mean in the presence of nonresponse under two stage sampling
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design. Now a days, most of the large scale surveys are based on multistage sampling designs
with emphasis on estimation of various socioeconomic parameters and complex agricultural
survey situations as this is an era of conservation agriculture when area under cultivation is
decreasing each and every day and people are trying to obtain more produce from the same piece
of land using mixed or intercropping. Now in large scale surveys nonresponse is very common.
These days conduct of the surveys moved from paper based surveys to computer or mobile based
surveys and interviews are conducted generally through emails or PDAs/Tablets using Computer
Assisted Personal interview softwares. To tackle the problem of nonresponse in case of mail
surveys, sub-sampling of nonrespondents technique was found very useful. In this paper we try
to validate that is this technique of subsampling of nonrepondents is also a very efficeient
technique to tackle nonresponse in modern day large scale surveys. In what follows, at estimator
of domain mean using two-stage sampling designs are developed in Section 2 based on the
technique of sub-sampling of the non-respondents. The response mechanism was assumed to
follow the random response model where it was assumed that units go on missing in the
population randomly. Also given are expressions for variance of the estimators. Optimum values
of sample sizes are obtained by minimizing the expected cost for a fixed variance. The results are

empirically illustrated in Section 3.

2. Theoretical Developments
Let the finite population U under consideration consists of N known primary stage units (psus)

labeled 1 through N. Let the i-th psu comprise M second stage units (ssus). Let us consider a

population U =(1,....,k,.....,N) of size N partitioned into D sub-sets U,..U, ...U (hereafter we

refer them as domains) and let Ny (which is assumed large) be the size of U4 (d =1,....,D) such

D D
that U = | Ju, and N =3 Ny . Itis assumed that Ny is known. We assume that a sample s of n
d=1 d=1

psus is drawn from the population under a simple random sampling without replacement

(srswor) sampling design. Let sq denote the part of sample s that happens to fall in Uy, that is,
D D

sq =SNU,. Let us denote by ng the size of sy such that s= Usd and n=>n, . Note that
d=1 d=1

throughout this article the sample size n drawn from N is fixed and known, however, the domain

sample size nq is random variable and unknown. As a consequence, the domain sample size nq
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needs to be estimated. When the domain sizes are small, nqg may turn out to be very small or it
may be equal to ‘0’ in some cases. In such cases small area estimation techniques are needed for
reliable estimation at the domain level. However, we do not consider this case here. Let Mgy be
the size of the units in each psu belonging to the d-th domain and from each selected psu mqy Ssus
are selected by srswor and letters/mails containing questionnaires are sent to each unit in the
sample. With the random sample of observations, the statistician’s task is to make the best
possible estimate for the domain. Let yq; be the value of study character pertaining to j-th ssu in
the k-th psu in d-th domain, k=1, 2,..., Ng, J=1,2,..., My, d=1, 2,..., D. Our objective here is to
: : - 1 1 Y
estimate the domain meanYy =—> —— 3% y,. .
a My 12
Let n psus be selected from N psus by simple random sampling without replacement (srswor)
where ng out of n psus fall in the d-th domain randomly and within each selected psu, mqy ssus are

also selected from Mg ssus by srswor. Let out of a sample of mq ssus selected from Mg ssus, Mgy,

units responds and Mgy, units do not respond, Mgk, +Mgk, =Mg. From the My,
nonresponding units a subsample of hg, units is selected by srswor, Mak, = Nak, fak, » k=1, 2,...,

ng. Let Y, " denote the mean of the sample from the response class for the d-th domain while

Mejiy
Yn, denote the mean of the sample for the nonresponse class, where Y, =—Z Yo and
dky e m J
ok, j=L
1 Mk,
Yhy, =h—Zydkj . Here at the second stage Mgy, responding and mg, nonresponding units are
2
dk, k=L

being generated as a result of my independent Bernoulli trials, one for each element k in my with

constant probability 0, of “success”, i.e. the response. So, we have

Theorem 2.1 An unbiased estimator of Vd is given by,

N X 1 _ _
> (Mg, Yma, T Mak, Yhe, ) 1)

Yiar =
nN, & m,

with variance
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_ N(N-n)(N, -1 N(N —-n —
V (Vigr) = (N (?\l( C;L) )52 bd+nN§2(N—Z)L)NdeY§
N1 d (1-0g,)
- (fy. =S, 2
szm Md)dk Ndkzl a ~1)Sa @
where,
) 1 Ng ) My _ 1 N 1 N
Sed = D Vg =Ya)% Yy =——> Yy and Y, —_Zde —_szkYk
(Nd —1) k=1 d j=1 Ny k2 d k=1
» 1 Mg = N
Sdk (M _1) Z;(dej de) -Pd ——-Qd =1- Pd
d J=

Proof: By definition,

Ny

s N 1
E(Vigr) = ElE2E3E4E5[E6{ N D —

NNy =3 My

( dklymdkl i+ mdkz Vhdkz )}:l

d k=1""d

N & 1
=E1E253E{E5{nN Zm—( dky Yy, + M, Yimg, )H
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N & 1 - _
= E\EpE3| Egq—— D" —— (Mg Yk + Mak, Yak)
NNg 5 Mg

N & 1
E1Ez{E3{nN Z_(edkmd Yak + (@—0gc )My de)H

d k=1 Md

<ol B
|l

N N
_g| NN dde _ N Ng dY_dsz_d-
Ny Ng 5 Ng NNg i3
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Thus, V4 is an unbiased estimator of Y, . Here Es represents conditional expectations of all
possible samples of size h,  drawn from m, , Es is the conditional expectation of all possible
samples of size my, and mgy,, drawn respectively from Mg, and Mg, by keepingmy, and my,,

fixed, E,4 refers to conditional expectation arises out of my independent Bernoulli trials resulting

in Mgy, success and my,, failures, My, +My, =My, E3 is the conditional expectation of all

possible samples of size my drawn from My, E; refers to is the conditional expectation of all
possible samples of size ny drawn from a population of size Ny keeping ng fixed and E;

represents expectation arising out of randomness of ng.

To find out the variance of the estimator we proceed as follows
V (yldr) :VlEZ E3 E4 ES E6 (Vldr) + E1V2 E3 E4 ES E6 (yldr) - E1E2V3E4 ES E6 (yldr)
+ El E2 E3V4 E5 EG (Vldr ) + El EZ E3 E4V5 EG (Vldr ) + El EZ E3 E4 E5V6 (yldr ) .

Here V,,V,,V,,V,,V;,V, are defined similarly asE , E,, E;,E,, E;, E;.

g Hence,

: o N(N =) [NgQ Yy

T VBB, BBy (Vi) = ,

: 1B, B34 EsEg (Yagr an (N-1)

% _ N(N —-n)(N, -1

% BNV, BB, BB (Yigr) = (nNg()N(—(ZjL) )szd’

_ NN 1 M

E B V3B EsEg (Vigr) = Z (—

E B BV, EsEg (Vigr) =0,

E,E>E5E,V5Eq (Y1g,) =0 and

Nd (1-0
3 @0 sz

_ N
E B BB BV (Vigr) = an Z

Hence, we get the required expression in eq. (2). We determine the optimum values of n, mq and

fa, Dy minimizing the expected cost for a fixed variance. To achieve this consider the following

cost function
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Ng Ng
C=Cygng +Cpy > My +Cszq > hdk2 ’
k=1 k=1

where,

C: Total cost

Ciq: Per unit travel and miscellaneous cost in the d-th domain.

Coq: Cost per unit of collecting the information on the study character in the first attempt in the d-
th domain.

Csq: Cost per unit of collecting the information by expensive method after the first attempt of
collecting information failed in the d-th domain.

The expected cost in this case is,

n N N (1-0
E(C)=—[CyNy +C2dmdzedk+csdmdz( dk)]-
N k=1 k1 Tai,

Consider the function ¢=E(C)+H{V (Visr)—Vo}. Here, Ais the Lagrangian multiplier. To get
closed form expression of the optimum value we assume that Mgy, =gy, f2q , k=1, 2,..., nq in
place of Mgy, =hay, fak, » k=1, 2,..., ng. Also, Vo can be determined by fixing the coefficient of

variation, say equal to 5% or 10%. Differentiation with respect to n, mq, 4 and f,,, equating the

resultant derivatives to ‘0’ and simplifying gives the optimum values as,

Kos byt \/blzz —4a3,8),

nO = m =
pt v dopt
Ko 28y,

Ng Ng : Ng 9
C3dk2(1_edk)(kzsdk _Z(l_edk)sdkj
] =1

i=1

and fygop ==

Nog Ng )
Cog Z Ok kZ (- Ok )Sdk
k=1 =1

To avoid negative values we consider,

—by, ++/ b122 —4a,,e,

Myopt =
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Cas Z - edk)(z Sdk Z (1_edk)85k]
k=1 i=1
and deOpt = .
Cad Z Ok Z (L— 04 )Sa
k=1 k=1
Here,
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N [N,QY?2| k N(N, -1)
K=V, +—J—dxdid | f2g2 |} | T 77 ||

N Q,Y, NN 1 1 N Nd(1-0,) >
K k,,S2 d~d d {4 = $y(—-———)82 +— delf, . —1)Sa |,
24 — l:Nd 12 bd { (N 1) } Nj kzzl(md Md) dk Ng kzﬂ md ( 2d ) dk

4 (1-0,,) N,Q,Y?2| Na 1
Qp = Cst 5 d Ndklzsbzd +N q—d=id i _Sjk )
ket o (N-1) kMg

blZ . ( 2d gedkz_:(l edk)Sdk 3dz(1 edk){zsdk z(l edk)sdk}J

2d k=1 k=1

Ng _
€, =—CigNg > (L—04)S and V, =0.0025x Y, .
k=1

Control Case. The following estimator was also considered for efficiency comparison purpose.
Let n psus be selected from N psus by srswor design where ng out of n psus fall in the d-th
domain and within each selected psu, mg ssus are also selected from My ssus by srswor. Data are
collected through specialized efforts i.e. there is no nonresponse. Then we give the following

theorem,

Theorem 2.4. The unbiased estimator forY, is given as,

L @)
Yar _szﬂydk
with variance,

N(N-m(Ng =D > . N(N-n)
ANZ(N-1) ™ nNZ(N-1)

V (Var) = NdeY‘§+m'j—zZ(———)sdk ®)
d k=

my My

S2,, S& . Qq etc. are defined earlier.
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Proof: By definition,

E(Yar) = E.E { Zydk):|

dkl

1 %ﬂl_ —
i dk = Td
Ny k=2

Thus, Vg is an unbiased estimator of Y, . Here, Es is conditional expectation pertaining to all

possible samples of size my drawn from My and E; is expectation pertaining to all possible
samples of size nq drawn from Ngy keeping ng fixed and E; is the expectations arising out of

randomness of ng.

By definition,
V (Var) =ViE, B3 (Var ) + ENVoE3 (Vg ) + E1E V3 (Vg ) -
Where,

N(N —n)

V.E. E,.(YV,)=—————
A=1=07) nNg(N ")

N,Q,Y?,
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| N(N-n)(N, -1
EV,E3 (Vo) = ( J(Ng —1)

nN2(N-1)

N Na 1
EEVN.(V,)=—> (—-—9)5
1EoVa (Vgr) nNng_;(md Md)dk

For optimization the relevant cost function in this case is,
Here expected cost is given as,

E(C)=— (Clde +Csq Ny md)

where, C, C14, C3q have been defined earlier.
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To obtain optimum values of n and m; we minimize the expected cost by fixing the variance.

The optimum values are obtained in the same way as earlier is,
2 _ 2 72
Niz(Nd 1) s?, +N72 NgQqYq™ Nz Z(i ) 2
NZ (N-1) NZ| N-1 NZ & 'mgy My and
N [ NgQY3| N(Ng -1
(V0+{ aQs d} ( a=1) Sta)

opt —

NZ| N-1 NZ(N -1
Ng 5
C1dz:sdk
Myopt =+ = —> N
N(Ny -1 NN,Q4Y, 1 d
Cay (Mstfd . Q¥ | > Sac)
(N -1) N -1 My S
Ng )
C:1dZ:Sdk
We avoid negative values, therefore, my,, = Kl 5 v
N(Ng -1 2 NNGQq Y _ 1 ¢ g2
Caa(— 5y Sha + 2. Sac)
(N-1) N-1 [ M,

3. Empirical Hlustration
For empirical illustration, first a population of size 1000 was generated from normal distribution
with mean 22 and variance 2.5 and then from this population N=100 psus was formed by

combining the adjacent 10 units and allocating them to the respective psus. From these N psus a

Downloaded From IP - 14.139.248.10 on dated 15-Sep-2016

sample of n = 50 psus each of size 10 ssus are drawn using srswor. Here the population was
divided into three domains. The first domain is of size N;= 25 psus each of size M;=10 ssus, the
second domain is of size N,= 35 psus each of size M,=10 ssus and the third domain is of size
N3=40 psus each of size M3=10 ssus. The mean and variance of the character under study for the
first, second and third domains are 21.90 and 4.36, 22.05 and 4.17, and 21.98 and 3.79

respectively. We considered My, =My, =5, i.e. nonresponse rate as 50%. However, we
reported the results for nonresponse rate of 50 per cent only. Moreover, as we expect the
performance of various estimators improve when we reduce the nonresponse rate. Here we have
considered different values of 0 for each psu in each domain. For empirical illustration various
combinations of Cy4, Cyq, and Czq were considered. The percentage reduction in expected cost of

Yiar OVer Yy, along with optimum values of sample sizes for different values of Cy4, Co4, and Cszqg
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are given in Table 1 for domain 1, in Table 2 for domain 2 and in Table 3 for domain 3. We

have considered CV value as 5%.

4. Discussion and Conclusion

A close perusal of Tables 1 reveals that there is a gain in %RIEC for the proposed estimator. The
%RIEC decreases with increase in travel and miscellaneous cost (C,4) and data collection cost at
first attempt (C,q) for the estimator and the %RIEC increases with the increase in the cost per
unit of collecting the information by expensive method after the first attempt to obtain
information failed (Csq) for all the three domains. A close perusal of all the tables shows that the
proposed estimator of domain mean in the presence of nonresponse, based on sub-sampling of
the non-respondents, when domain size is known in advance, are better than an estimator based
only on the interview method and having 100% response at the second stage. Further, the rate of
increase of %RIEC is proportional to the cost of data collection by expensive method for the
proposed estimator. Finally, the %RIEC is maximum for the first estimator in domain 3 followed

by domain 2 and it is least in domain 1. Occasionally, the optimum value of sample in a domain

may exceed population, i.e., the total units in the domain. In this situation, the best can be done is
to take entire population as a sample for that domain (i.e., 100 per cent sampling), see Sukhatme
et al. (1984).
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Table 1. The optimum values of sample sizes along with percentage reduction in expected cost

of yj;.0very;, indomain 1.

cost Control | First estimator
(Yarr ) | (Ve )

Cu|Cy |Csn mp | n my | fn %

1 1 RIEC
25 |1 |45 |46 |4 |46 |9 [4.28 |7432
25 (1 |50 |46 |4 |46 |9 (451 |7499
25 (1 |55 |46 |4 |46 |9 |[4.73 | 7557
25 (2 |45 |46 |4 |46 |8 [3.02 |67.98
25 (2 |50 |46 |4 |46 |8 |[3.19 |68.77
25 (2 |55 |46 |4 |46 |8 |[3.34 |69.46
30 (1 |45 (46 |4 |46 |9 (428 |7431
30 (1 |50 |46 |4 |46 |9 [451 |75.01
30 ({1 |55 |46 |4 |46 |9 [4.73 |7561
30 (2 |45 |46 |4 |46 |9 |3.02 |68.63
30 |2 |50 |46 |4 |46 |9 |3.19 |69.43
30 (2 |55 |46 |4 |46 |9 [334 |7013
35 (1 |45 |46 |5 |46 |9 [4.28 |74.18
35 (1 |50 |46 |4 |46 |9 [451 |74.89
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35 |1 |55 |46 |4 |46 |9 |4.73 |7551
35 |2 |45 (46 |5 |46 |9 |3.02 |68.99
35 |2 |50 (46 |4 |46 |9 |3.19 |6981
35 |2 |55 |46 |4 |46 |9 |3.34 |7052

Table 2. The optimum values of sample sizes along with percentage reduction in expected cost

of Yyy,, OVery,,, in domain 2.

cost Control | First estimator
(Vior) | (Vi )
Ci2|Cx|Cx|n My |n |m |fx |%RIEC
2
g 25 |1 45 152 |9 52 |3 |1.52 | 77.96
Ef 25 |1 50 |52 |8 5213 |1.60 | 78.83
: 25 [1 |55 [52|8 |52|3 |168]7958
% 25 |2 45 152 |9 5212 |1.07 |76.63
% 25 |2 50 |52 |8 52 |2 | 113 | 7751
% 25 |2 55 |52 |8 52 |2 |1.18 | 78.27
% 30 |1 45 152|110 |52 |3 |1.52 |76.63
) 30 |1 50 |52 19 52 |3 |1.60 | 77.56
30 |1 55 |52 19 52 |3 |1.68 | 78.37
30 |2 45 |52 |10 |52 |3 |1.07 |75.43
30 |2 50 529 523 |1.13|76.38
30 |2 55 |52 19 523 | 118 | 77.20
3B |1 45 |52 |11 |52 |3 |1.52|75.38
35 |1 50 (5210 |52 |3 |1.60|76.38
35 |1 55 |52 |10 |52 |3 |1.68|77.24
35 |2 45 |52 |11 |52 |3 |1.07 |74.28
35 |2 50 [52]10 |52 |3 |1.13]|7529
35 |2 55 [52]10 |52 |3 |1.18]76.17
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Table 3. The optimum values of sample sizes along with percentage reduction in expected cost

of Yy4r OVEr Y,q, in domain 3.

cost Control | First estimator
(Vasr) | (Viar )
Ci3|[Cxs|Cs|n [mg|n |mgffs |%
RIEC
25 |1 45 |50 |12 |50 |5 |1.52 |8154
25 |1 50 |50 |12 [50 |5 |1.60 |82.20
25 |1 55 |50 |11 |50 |5 |1.68 |82.78
25 |2 45 |50 |12 |50 |4 |1.07 | 79.63
25 |2 50 |50 |12 |50 |4 |1.13|80.32
% 25 |2 5 |50 |11 |50 |4 |1.18 |80.91
: 30 |1 |45 |50 |13 |50 |5 |152]80.69
% 30 |1 50 |50 |13 |50 |5 |1.60 8141
g 30 |1 55 |50 |12 |50 |5 |1.68 | 82.03
g 30 |2 45 |50 |13 |50 |4 |1.07 |78.98
: 30 |2 |50 [50 |13 [50 |4 |1.13|79.71
% 30 |2 55 |50 |12 |50 |4 |1.18 |80.35
;% 35 |1 45 |50 |14 |50 |5 | 152 | 79.87
35 |1 50 |50 |14 (50 |5 |1.60 | 80.63
35 |1 55 |50 |13 |50 |5 |1.68 |81.29
35 |2 45 |50 |14 |50 4 |1.07 |78.30
35 |2 50 |50 |14 |50 |4 |1.13|79.08
35 |2 5 |50 |13 |50 |4 |1.18 |79.76

A Monthly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [JsiINECECERNEIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Research in Social Sciences
http://www.ijmra.us



