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Abstract. One of the essential parameters of the roughness with effects on the vibration of the
wheel and the rail is the contact stiffness. This rigidity considers the geometry and material of
the wheel and rail, which are considered elastic. Also, the micro-geometry of the roughness
and the load on the wheel, with elastic, elastoplastic and plastic deformations, depending on the
deterministic or random character of the roughness were considered. The dependence of the
stiffness on the deformation state of the roughness may explain the different amplitude of the
vertical vibrations at the same force on the wheel and the same height of the roughness, but one
roughness with different fractal parameters. For the analysis of the dynamic forces in contact,
the continuous and underived analytical function that modelled the roughness measured
experimentally on the rail was applied.

1.Introduction
An essential parameter for describing the features of the interface in different engineering applications,
including wheel-wheel contact, is the stiffness contact.

In this paper, different models are employed to predict the contact stiffness between the wheel-rail
roughness using statistical parameters and the fractals.
The contact stiffness at the wheel/rail contact is caused by elastic deformation, which causes a contact
area, the size of which increases as the normal load increases. Therefore, the load-deflection relation is
non-linear.

In other words, the normal contact stiffness between the wheel and rail as a function of normal load
can be approached using a power law, in which the coefficient and power are associated to wheel-rail
surface roughness parameters, material properties and the nominal contact area.

2. Surface rigidity with roughness
Contact stiffness is a fundamental parameter for describing the interface characteristics between
wheel-rail contact and present an indispensable effect on both the static and dynamic behaviour of the
mechanism system, such as contact pressure distribution, vibration, contact area, and interface
modelling [1-5].

Referring to the modelling of roughness surface, the statistical approach is one of the most popular
methods and different asperity micro-contact statistical models have been proposed.
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2.1. Greenwood and Williamson model

Greenwood and Williamson (GW) have developed for the first time the basic elastic contact model
based on the elastic Hertzian solution for the roughness surface contact. In their model, were neglected
both, the plastic and elastoplastic deformation of asperities. In Greenwood and Williamson model, the
roughness surface is described by means of asperities with spherical summits and an identical radius
of curvature and the asperity height after a Gaussian form and also, the distribution of peaks has a
Gaussian form.[1-3,6].

_Mean of surface heights
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_______________________

Single asperity

Flat rigid surface

Figure 1. The equivalent contact of a wheel-rail roughness contact region (Xiao, 2018).

The normal contact force of the roughness interface could be obtained as:
Wow =N, [ £,0,(s)ds M
where, N, represent the number of asperities, N, =714, , with 77 that show the asperity distribution

density and A, is nominal contact area. So, the contact force f, become

4
f;l — ngﬂl/ZG?&/Z

in which, E , is effective modulus of elasticity, [ represents the effective radius of asperities and o is

2

the standard deviation of the height distribution. These three parameters, o, f and 77 are defined in

GW model, and are connected to the surface topography.
Therefore, the total load become:

4 o
Wow =514, [ (s=h)"",(5)ds

3)

For the contact surfaces of the wheel and rail having a gaussian distribution of heights of asperities,
this gives:
@, =exp(—s), where @ is height distribution scaled and £, = P with E is Young’s modulus
-V
and v is Poisson’s ratio.
In this model, was shown that the relationship between A, and Wy was directly proportional,

even if it was supposed that the deformation was considered only elastic.
Introducing the following dimensionless parameters:
Wow N,

W ow=s —— = — B 4
sGW s “)
AnEy \/_ \/_
. . . . . . aw
where N, is the ratio of peaks to ordinates, and the normal contact stiffness is explained as K, = d_5
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L d o . e . .
Considering that 7 =— = s ——, where & represents the height distribution scale, d is separation
o

o
. dW dh ) .
between wheel and rail, consequently, K =-————, then the contact stiffness of the wheel-rail

do do

roughness is expressed in the following form
K,=N,| K@ (s)ds
with Ka = 2Ep (ﬁo')l/2 , Where K

a

)

represent the contact stiffness with one asperity. Therefore,

the express of contact stiffness become

Koan =204,E,(Bo) [ (s=h)" ¢ (s)ds ©
Dimensionless normal rigidity of roughness surface is defined
— Kn
NZZH "
p

Then, from equations (6) and (7) the express of contact stiffness is:
Ko =2NE, (o) [ (s—h)",(s)ds ®)
These calculations are achieved by measuring the surface roughness of one sample wheel and rail

surface with B, = E; = 2,1x10", v, = v, = 0.3). The effects of 77, 5,0 parameters are observed in

figures 2. The dimensionless roughness parameters of rail and wheel parameters are: pf., = 0.015,
osw=0.015 and N,,,= 608.8.
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Figure 2a. Normal stiffness versus normal load for three standard deviations:
Osw = 0.019,--------- 205w ,--------- 305w
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Figure 2b. Normal stiffness versus normal load for three radii of curvature
Bs~=0.015, --------- 2B, 3 Bs.
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Figure 2 c. Normal stiffness versus normal load for three relative roughness densities:
N..—608.8, 2Ny, - === ===~ 3N,

2.2. Onions and Archard model

This model is based on the theory of Whitehouse and Archard [7,8]. In this model, the impact a
curvature asperity distribution is detected. In principle, when normal load growing, the contact
stiffness growing, too. The research has shown that the surface roughness parameters of the wheel-rail
contacting surfaces have very significant effects on the contact stiffness.

The approach gives a distribution of peak curvatures which is dependent upon their height. Unlike
the GW model, the Onions and Archard (OA) model contours the surface profile in terms of two
parameters, that represents the standard deviation of the height distribution (o) and correlation distance
(7).

The theory examines a three-dimensional surface, where a peak is defined as the highest point
among the five from five points nearby. Consequently, the total load is given as:

4 2 )
W, = 577(1) A4.E, (g T)oF (h)ds
where,
F(h)= J. - h J.(S;C)dCdS and C is dimensionless asperity curvature
cY C
1.(s,C)= 23/2 exp( )exp S—E erf B
, where
v
erf(y) = 1 %) eXp(—xz)dx is the error function (10)

0

In this theory, has considered that N =1/ 3 represent ratio of peaks to ordinates, for “three point”
method, and
2 (2.3r)

|
g(23 )2 B = 27 9o (11)

n(r)=

Through dimensionless the following parameters:
W, T o (12)

W, = , T.= and o. = ——-—, the dimensionless normal force become
sOA s 1/2 s 1/2
AFE ) A A

n
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The dimensionless normal contact stiffness after Whitehouse and Archard, could be written:

0 ’C
h)"? jo —ﬂg/z ) acds (13)

It is exemplified in figure 3 and the rigidity variation for three correlation distance (7).
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Figure 3. Effect of normal loud and correlation distance asperity on normal contact stiffness
(OA model) for three correlation distance (7)
T,=7.88x107, ~~ - 21~0.016,--------- 310.024

In figure 4, the rigidity of a roughness surface is compared in the GW and OA models for rail-
wheel roughness.

T T T T
= 5
85
=] = 20 Lt .
Eoa KuOA
= F
s
7 -
% 1ok % KoGW 1
= 4 I I I I
0 02 04 0.6 0.8

Figure 4. Effect of normal loud on normal contact stiffness (GW and OA models)
———— O4yw=0.019;, "~~~ 2064w=0.038 ~-------- 1,~7.88x10°  ------- 21~0.016

3. Use of fractal parameters

The normal contact stiffness of the wheel-rail contact has an essential effect on dynamic
characteristics. In the fractal contact stiffness model, based on elastic theory, the deformation of an
asperity is carried out. From both Hertz contact theory and fractal theory is derived the contact area,
contact stiffness and normal load and the effect of asperity interaction between wheel and rail on
contact stiffness are studied by comparing with the fractal model. It is observed that the normal
contact stiffness determines the mechanical properties of the wheel -rail contact [9].
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On the other hand, normal contact stiffness has a close relationship with the roughness surface
topography [10-13]. Majumdar and Bhushan developed a fractal contact model (M-B model) of
roughness surfaces based on the fractal geometry theory [14].

The scale-independent parameters, used in G-W model, were used to study the contact area and the
normal contact load in the M-B model [14, 15].

The effect of the interaction on the local deformation of one asperity was studied by using the
Newton-Raphson iterative method and provided good results, and subsequent, Ciavarella implemented
an improved G-W model that included interaction between asperities from elastic contact [16].

Referring to obtain one solution for stiffness contact, it needs to calculate the fractal parameters,
the fractal dimension D, respectively the fractal topological parameter G. These could be obtained by
the structure-function method [12, 18, 22, 26]:

1 &y, -yl ?
SI(N,k)= T 14
(N0 N—k;( 10° ] (9

The incremental variance of the rough surface profile function z (x) is defined as the structure
function [18], and it is obtained by:

o0 2 n
2(x)=G""! Z cos(27y"x) = GDilLifD (?] , where 1<D<2, y"determines the frequency

n(2-D)
’

spectrum, ¥ >1, L¢is the length scale of a fractal. The possibility of asperity transition from elastic to

n=m

plastic contact mode as its loading increases is determined with the critical area, that separates the
elastic deformation from the plastic one [19], thus:

a,(D,G,L,,§)=— (k2¢j (GDI] (15)

where K. = 3.2 is report of hardness (H) and yield strength of material (oy); elasticity parameter

O
_ 9
¢ R

G a A

C — r

s = W acs - A rs A

Using the following dimensionless ; (4,) ; n and, n  where, A, is the
nominal area, A. is critical area, A, is the dimensionless form of real contact area, G, is the
dimensionless topological fractal roughness parameter and ¢ represents the material property, the

fractal contact model considering asperity interaction in a dimensionless static load Wy, is given as:

D2
2D 22 (2-D
Ec(y, D)=y * —[lﬂﬂz] -2-D) (1o
D
and dimensionless normal load:
A TR | 320 b VZ o 2o [QJ
W,=——G y(D)? 4, > ———|1-"= +28[ J Ala, > y(D) "/,
swW 3(272_)1/2 s l//( ) s 3—2D Ars ¢ 2—D rs acs l//( )
D=#1.5
4 5, 2-D(, a 4, L (%)
W 2 2 — | In—<= [+84 5| g fw (D), D=1.5 17
sW 3(2 )1/2 ( ) 2 Am) ¢( 3 j cs l//( ) ( )
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Afterwards, the relationship computed by Wang, between the normal contact load Wy and the
contact area A, of the roughness surface. For describe the size distribution function, the domain
extension factor i was introduced, and it could be written by way of the equation [24].

Figures 5 a, b illustrate the variation of the dimensionless normal force with the fractal parameters D
and Gs (Figure 5a for two values of the dimensionless critical area (a.) for separating the elastic

deformations from the plastic ones (figure 5b).
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Figure 5. Dimensionless normal loud versus fractal parameter for different values of G, (a) and
different values of critical area (a.)(b).

The real contact area is not only related to the normal load, but it also depends on the fractal
parameters of contact surfaces, as noted in the figures 6 and 7.

| Arcal Wep G Db} g0 _
a G,=10"

L | D=16 e 1 | ¢=0.01
0.6 < D=15
'J‘rsa 14 '

0 11073 21073 3x1073
“-sf

Figure 6. Real contact area versus normal loud for some fractal parameter (D).
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Figure 7. Real contact area versus fractal parameters (D, Gy).

From figure 7 it is observed the existence of a maximum of the real area with the variation of the
fractal parameter D for three values of the topological fractal parameter G, for W= 0.002 and ¢ =
0.01.

The stiffness and damping of wheel-rail contact, both of which are affected by the preload, can be
modelled based on the fractal contact theory. Thus, to compute the stiffness and damping coefficient
the fractal parameters D and G were obtained using the roughness of the wheel/rail, determined with
an m | rail trolley and m | wheel equipment. The connection between contact area A, and normal
contact stiffness (Wang model), Ky, of the wheel-rail contact, could be computed by the next
equations:

1-D

(%TD) 12 a, |?
w(D) A 7| 1= A—‘S , where K, =

rs

1 D

K
Ky = 12 0
2z)"1-D

EA1/2 (18)

Knowing the dependence of the real dimensionless area (4,,) on the external normal force (load on
the wheel) and the fractal characteristics of the rail and wheel surfaces (roughness on the contact
ellipse), it is presented in figure 8 Kasy dimensionless rigidity for different working conditions. Thus,
in figure 8 can be observed the variation of the wheel and rail contact stiffness with the increase of the
dimensional wheel load for the fractal parameters of the rail microgeometry, e.g. Gsr = 1.74x10%,

Dr = 1.667 and of the wheel Gsw = 1.3x10°®, respectively Dw = 1.472. Contact ellipse at nominal load
was considered Q = 69x10° N (Ws = 3.648 x 107) has semiaxes ay; = 6.1 mm and by = 4.7 mm.

1x10* .
1*103 | / i
100 KaswlWsf-Gs-D.0) _
Kas"\‘-' 10k N ]
1 . . e .
0.1 :
1x107* 11073 0.01

W, of

Figure 8. Normal rigidity (K,sw) versus normal load (W) for fractal parameters of roughness of rail
(Gy, Dy) and wheel (Gg;, Dy).

In the hypothesis of changing the microgeometry of the rail and wheel roughness through wear
processes (changing the fractal parameters, D and Gs), the contact stiffness changes significantly.
For example, from figure 9 can be observed the increase of the rigidity with the increase of the
parameters D and Gg at the dimensionless load on the wheel W, = 3.64x107 and the dimensionless
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critical area a,; = 0.01, the fractal parameters G, = 1.74x10'8, G = 1.3x10°.

A Kyl Wer.Gg.D.th)

00]1 = I 1 . | 1

Figure 9. Normal rigidity (K,sw) versus fractal parameter (D) for fractal topological parameters of
roughness of rail (G,), and wheel (Gg,).

During the transfer of the normal force from the wheel to the rail elastic and plastic deformations
occur, depending on the sizes of the roughness and the elasticity and plasticity properties of the
material. It is considered that it is important for the vibrations of the sine-wheel system to know the
relation between the energy (mechanical work) for the elastic deformation (E,) and the elastic
deformation (E.).

Taking into account the connection between the normal force and the elastic or plastic deformation,
depending on the number of asperities of the contact area and the definition of the mechanical work,
the report is deduced:

2-D
15(27)"* 5-3D , p(a 1
T Sy A 53D
s 1-D [ jz (19)
1—

A 2

Substituting the real dimensionless area A4, as a function of the normal force on the wheel and the
fractal characteristics of the microgeometry and the critical area, deduces #4pe (W, G, D, ).
The energy efficiency of the contact is defined, (7,,) as the ratio between the mechanical work of the
losses by plastic deformations and the total mechanical work.
nape

N =

14y 20

ape
Figure 10 illustrates the variation of this efficiency with the load on the wheel, for the continuous
contact with the measured and analysed microgeometry.

Matl Wep . Gg.D.h)

0 w1077 2a0? a07?
“-gf

Figure 10. The energy efficiency of contact versus normal load on the wheel for fractal parameters
of roughness for rail and wheel (a,s= 0.01).
Gsr=1.74x10" - . Gsw = 1.3x10° ... Gs=10"
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The microgeometry of the contact surfaces significantly influences the efficiency. Thus, in figure
10 the influence of the fractal parameter D is observed, for three values of the parameter Gs.

T
08 Mat| Wer.Gs. D ¢) _ . ;
6 . W =3.64x10°
o G=10 _ a. = 0.01
. o f G107
02 ' G=5x107
1 | |
13 14 15 16 17
D

Figure 11. The energy efficiency of contact versus fractal parameter for the fractal parameter of
roughness for rail and wheel.

Thus, can be observed the existence of a minimum efficiency (energy losses through plastic
deformations) for values of the fractal parameter D between 1.4 and 1.6. The minimum yield value is
dependent on the topological fractal parameter Gs.

4. Conclusion
When considering the GW model, the input data, the standard deviation g, the mean effective radius of
curvature 3 and the density of asperities 7 are defined, to estimate the contact stiffness.

It can be observed that a decrease of ¢ or g powerfully increases (under equal normal load) the

contact stiffness, while the latter increases with increasing 1.

When considering the OA model, the input data are the standard deviation ¢ and the correlation
distance (77). It is easy to conclude that reducing ¢ to half its value will double the amount of the
contact stiffness K, the same load W and the same separation d, as can be concluded from equations
(1) and (5).

In the GW model, the effect of @ on the contact stiffness is quite like its effect in the OA model.

Based on the OA model, results in a contact stiffness greater, than that obtained with the GW
model. This discrepancy comes from the fact that the GW model underestimates the contact pressure
since it uses asperities of constant curvature, while in the OA model the existence of a distribution of
asperity curvature increases the contact pressure.

According to all these results, it is possible to increase the contact stiffness of a machine (which is
substantially decreased by the existence of asperities) in two ways, either by using excellent contacting
surfaces, which is expensive or by increasing the normal load, which mainly increases the state of
stress of individual components.

As is shown in figure 6 with D and Gs increasing, the dimensionless normal contact stiffness
monotonically increases and decreases respectively.

The increasing of the two fractal parameters, D and Gs, can be explained with the fact that the
amplitude of surface topography is larger. In this case, can be achieved a larger contact area, which
can provide a larger normal contact stiffness, as is shown in figure 6.

Based on the relation between contact stiffness and the fractal smoothness, it is found that in a
specified interval, the smoother the contact surface is, the higher the stiffness is. But when the fractal
smoothness reaches a specific value, increasing it will reduce contact stiffness instead. The main
reason for this trend is that the effect of the surface smoothness on the normal contact stiffness can be
offset by the asperity interaction.

Based on the fractal model, which considers the asperity interaction, the deformation of an asperity
was studied can be concluded that:

10
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- considering the independent variable as real contact area or normal load, in the simulation range, the
normal contact stiffness is proportional with the fractal dimension D and indirectly proportional with
the fractal roughness parameter G.
- the effect of the asperity interaction on the normal contact stiffness can be accomplished by
increasing the normal load and the fractal dimension D and decreasing fractal roughness parameter G
will increase.
- Considering the relation between D, G and surface roughness, the definition of fractal smoothness St
was proposed. It has a clear physical interpretation: the greater the fractal smoothness, the smoother
the surface.

The reason is that with the normal load increasing, two small adjacent asperities are joint into a
larger hardness, which also can lead to the continuous increase of the actual contact area between
surfaces.
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