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POROUS-ELASTIC PLATES: FOURIER VERSUS TYPE III

HUGO D. FERNANDEZ SARE AND RAMON QUINTANILLA

ABSTRACT. In this paper we investigate the time decay of the solutions for a thermoelastic plate with voids
in the cases when the heat conduction is modeled by the Fourier law and when it is modeled by the type III
theory (with and without the inertial term). In all situations we show that, in general, the strong stability
holds. In particular, we show slow decay of solutions for the Fourier case, that is, the solutions do not
decay exponentially to zero (in general). However, if the coefficients satisfy a new relationship involving the
inertial coefficient (singular case), we characterize the exponential decay of solutions. On the other hand,
for the type III theory the situation is very different and we prove that generically the solutions decay to
zero exponentially. This is another striking aspect when we compare both theories. This difference is a
consequence of the couplings appearing in the type III case which are not present in the case of the Fourier
law.

1. INTRODUCTION

The theory of elastic materials with voids (also called porous elasticity) was introduced by Cowin and
Nunziato [8, 9, 32] in the second part of the last century. For this theory the materials have two types of
structures: on one side at the macrostructure level we have the displacement concerning the elastic part,
and on the other side we have the porosity defined by means of the volume fraction. The basic idea is that
we have a basic matrix material with holes and the kind of voids is determined by the volume fraction. This
theory has deserved much attention in the recent years and the quantity of contributions studying this class
of materials is huge ([1, 2, 14, 12, 13, 15, 26, 27, 37], see among others), this is because the wide applicability
of these materials in engineering and biology. The two structures composing the solid are coupling in a
weak sense and we cannot (generically) expect that the dissipation imposed to only a level of the structure
is sufficient to bring all the system to an exponential decay of the perturbations. For this reason several
kinds of mechanism have been introduced in the study of these materials to clarify its consequences on the
time decay of the thermomechanical deformations. In particular thermal and microthermal effects have been
considered [5, 6].

The most usual constitutive law to define the heat flux for the heat conduction in solids or fluids was
proposed by Fourier. In this situation the heat flux vector is proportional to the gradient of temperature. A
mathematical consequence of it is that the thermal waves propagate with unbounded speed and therefore the
heat spreads instantaneously regardless of how far the point is from the heat source. This fact contradicts
the causality principle and as a consequence the Fourier law has received different criticism. Several authors
have tried to propose alternative laws for the heat flux that were free from this paradox. The most known
alternative law is the one proposed by Cattaneo and Maxwell that introduces a relaxation parameter to
the Fourier law. In the last 25 years a big interest has been developed to understand the thermoelastic
theories proposed by Green and Naghdi [20, 21, 22]. In these basic contributions the authors proposed three
theories that they called type I, IT and III respectively. The difference between them correspond to the way
as the heat conduction is determined. Type I recovers Fourier’s law and the heat flux is proportional to the
gradient of temperature. For the type II theory the heat flux is proportional to the gradient of the thermal
displacement. This variable had deserved few attention before the works of Green and Naghdi and it can
be defined as the time integral of the temperature. Type III theory is the most general because the other
two theories can be obtained as limit cases. It is worth recalling that type II theory overcomes the causality
paradox, but type III theory falls back into the same problem of the Fourier law. A way to overcome this
fact can be the same as Cattaneo and Maxwell proposed in the case of the Fourier law to obtain the so-called
Moore-Gibson-Thompson theory for the heat conduction [36].
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In this paper we center our attention in the type I and type III theories. It is worth remarking that in
the recent years there has been proved a relevant difference in the time behavior of the solutions of different
thermomechanical theories when these two heat conduction theories are present [28]. In particular different
decay estimates has been obtained in the case that we consider the elasticity with voids when these two
thermal mechanisms are present [30, 29]. Even more, several striking facts have been noted even in the case
that we consider type II theory [23, 25, 31]. These new and remarkable effects are consequence of the fact
that the type II and type III theories impose new coupling mechanisms between the independent variables
in the field equations. These couplings are not present in the case of the Fourier law (type I).

In this paper we want to continue with this kind of comparisons and studies. We want to analyze the
thermo-porous-elastic plate in the case of type I and type III theories in the cases that inertial term is
considered or not. It is worth recalling that the time decay of the solutions of thermoleatic plates has been a
topic deeply studied, see for example [3, 7, 16] and references therein. In our case we want to prove that, for
a porous-elastic plates with thermal effects given by type I theory, the decay of the solutions is (generically)
slow. That is, the solutions are not controlled by any exponential. However for the type III theory we will
prove that generically the solutions decay in an exponential way. Therefore, we obtain again a difference in
the behavior of the solutions depending of the kind of heat conduction theory we select. Being more specific,
we will prove that the thermo-porous-elastic system in the case of type I thermal effects (Fourier law) will
be exponentially stable if and only if a specific relationship between some constants of the system holds.
This relationship involves directly the presence of the inertial rotational constant o which means that a > 0
plays an important role in the characterization of exponential and non-exponential stability, see Remarks 2.3
and 2.9. On the other hand, considering the thermo-porous-elastic system in the case of type III’s thermal
effects, we prove that the exponential stability result does not depend on o > 0 or @ = 0. Additionally,
strong stability conditions are formulated for both cases.

The organization of the paper is given as follows. In Section 2 we study well-posedness and stability
results for the thermo-porous-elastic system with type I thermal effects. Similar results are formulated for
the thermo-porous-elastic system with type III thermal effects.

2. FOURIER'S THERMAL EFFECTS

From now on we denote by € a two dimensional domain with boundary smooth enough to apply the
divergence theorem and compactness embeddings. We start considering thermal effects given by Fourier’s
law. In this case the system can be written as

puy — alAug + pA?u — dA) —yAp = 0 in QxRT
Jog —bAp+E&p—nl—~vAu = 0 in QxR (1)
a0, —k*AO+np; +dAu;, = 0 in QxRT,
with boundary conditions
u(z,t) = Au(z,t) = 0 in 9O x RT @
o(x,t)=0(z,t) = 0 in N xR,

and initial conditions
u(+,0) =wuo(-) , w(,0)=u(-) in Q
e(0)=wo() , ¢i(0)=¢pi(-) in Q (3)
0(-,0) =6p(-) in Q.
Here, the hypotheses on the constants are the following,
w>0, &u—v2>0, b>0, pJd,k*>0, d#0, n,veER 4)

with a > 0. Conditions (4) are motivated to guarantee that we can define an inner product in the Hilbert
space M, to be defined shortly by means of the functional considered later. In system (1), u describes the
displacement, ¢ the volume fraction and 6 the temperature.

Remark 2.1. Let us mention some comments about the case d < 0 in conditions (4). Physically, it is usual
to accept that the temperature generates dilatation of the elastic material implying that the corresponding
parameters should be positive. In this sense the mathematical analysis could be worked in the same way, this
is, assuming d > 0. On the other side: Is it possible that, for certain kind of materials, the consequences of
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the thermal effects would be the contraction of the material? For this reason we believe that it is suitable to
considerer the case d < 0. Similar comments can be applied to the parameters n or .

In this section we will characterize the exponential stability of system (1)-(3). In fact, the main result of
this section is given by the following theorem.
Theorem 2.2. For damped solutions, system (1)-(3) is exponentially stable if and only if
b
u—%zo and v #0. (5)

Remark 2.3. The first condition of (5) is relative new because it does not involve the coefficient p > 0, which
is different when compared with other type of porous-elastic systems with thermal effects (see for example
[33]) or even when we compare condition (5) with similar conditions used to stabilize Timoshenko systems
with or without thermal effects, see for example [10, 18, 19, 38].

Remark 2.4. In Theorem 2.2, we define “damped solutions” as the solutions which are strongly stable,
this is when the associated energy E(t) goes to zero when t goes to infinity. So, in the context of linear
semigroups, in order to obtain “damped solutions”, it is sufficient to show that iR C p(A), where A is the
infinitesimal generator to the semigroup associated to the system.

In order to prove Theorem 2.2, we use semigroup techniques dividing our analysis in the next subsections,
each situation associated to a > 0 or a = 0.

2.1. Well-posedness. For the well-posedness we define the Hilbert spaces
Mo = [H*(Q) N HF(Q)] x L*(Q) x H(Q) x L*(Q) x L*(R), (a=0)
M, = [H*(Q) N Hy(Q)] x Hy(Q) x Hy(Q) x L*(Q) x L*(Q), (a>0)
with inner products for U; = (us, vs, 04, ¢4, 0;)T, i = 1,2 given by
U, Uz)m, = p(Auy, Aug)rz 4 p(vr,v2) 2 + a(Vor, Voa) 2 + 6(Ver, Voo ) 2 + §(e1,2) 2
+J(d1, ¢2) 2 + a (01,02) L2 — ¥(p1, Auz)rz — y(Aus, p2) L2,
which implies the norms, for U = (u, v, ¢, ¢,0)7
UG, = wllAullzs + pllvl[fe + al[VollZs +bl[VellZ: +€llell2s + TlI¢lI2: + a'[l6]]7
—2vRe(p, Au)pz.
Additionally, let B, be the associated operators

v
U
1 Qg
v ;(I—;A) A (—pAu+do + o)
Ba 2 = ¢ ) (6)
1
¢ i [bAp — Ep + nb + yAu]
0 % A0 — & — A
with respective domains
DBy) = { (w607 €My : Au v, g 0 HAQ)NHNQ); ¢ HY(Q) |,
DBy) = {(wv,0.0,07 Mo v 0€HQ)NHIQ): Au, 6 HY(Q) |,

which are defined for « = 0 and « > 0, respectively. In this context, the operators B, associated to system
(1)-(3) when « > 0 are infinitesimal generators of Cy-semigroups on the Hilbert spaces M, respectively. In

fact, for the proof it is sufficient to see that D(B,) = M., B, are dissipative and 0 € o(B,), for all a > 0,
see [24, 34]. Note that the density results are standard. Also, by straightforward calculations we have

Re(BoU,U)m,, = —k*||VO|]2. , YU = (u,v,0,6,0)T € Mg ,
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implying that the operators B, are dissipative. Additionally, in order to show that 0 € o(B,), let F' =
(f1, f2, -+, f5) € M4, then the equation

—B,U=F in M,
implies v = —f; € H*NH§, ¢ = —f3 € H}, 0 = &= (=A) " (a" fs +nfs +dAf1) € H*NH} and (u, ¢) should
satisfy
AlpAu—~vp) = ¢ in H! (or L?, if a = 0)
—bAp+&p—7yAu = g2 in Lo,

where
d
g1:=pfa —alfr— kﬁ(a*f% +nfs+dAfi1) and g = Jfs+ %(*A)fl(a*ﬁ +nfs +dAf).

So, using conditions (4) and the Lax-Milgram Theorem we obtain a unique solution (u, @) € [H?> N Hg] x H}
satisfying the conditions of D(B,,), for each a > 0. Then B, is bijective. Also, working with the components
of B,U = F, it is not difficult to prove that ||U||ym, < C||F||m,, which implies that B, ! is bounded.
Therefore 0 € o(B,) for all & > 0, which completes the proof that the operators B, are infinitesimal
generators of Cyp-semigroups on the Hilbert spaces M, respectively. So the associated systems (1)-(3) are
well-posed.

Before to prove the characterization of exponential stability we finish this section showing that, under
suitable conditions, system (1)-(3) is strongly stable. For this purpose, we define v; as the eigenvalues of the
Laplacian operator with Dirichlet boundary conditions in L?(£2) and e; their corresponding eigenfunctions,
for each ¢ € N, this is

—Ae; =vje; with v; = 400 (j = +00), (7)
where eg := ||e;||2 < oo is a constant, for all j € N. Now, let us start by showing a characterization of the
set iR N o (B,).

Lemma 2.5. Let n # 0 and v;, e; defined in (7). Then

d
iRNo(By) # 0 = u+%>0 and P(v;)=0 for some jé€N,
where

Px) = [0+ 20) b 3= oo (e+ DY X —p (4 7).

Proof. Assuming that A € iR N o(B,), then A # 0 because, from the well-posedness, we have 0 € o(B,).
Then, by the definition of D(B,) and using appropriately the compact embedding H*(Q) — H* ¢(Q),
Vs € R, Ve > 0, we have the compact embedding D(B,) — M,. So, we have that B, has compact resolvent
and thus o(By) = 0,(Ba), see [11]. Therefore i) is an eigenvalue of B,, which implies that there exists
U € D(B,), U # 0, satisfying the resolvent equation

iNU—-B,U=0 in M,.
So, multiplying this equation by U € M, and taking the real part, we can deduce that
—k*||VO|[32 = Re(B,U,U)pm,, =0 where U= (u,v,p,¢,0)7,
which implies # = 0. So substituting in the resolvent equation, results
iu—v = 0 in H*Q)NHi(Q)
irpv + (I — %A)*lA(uAu —yp) = 0 in LXQ)  (or HA(Q))

iNp—¢ = 0 in HyR)
NP —bAp+Ep—~yAu = 0 in L*Q)
ng+dAv = 0 in L*Q),
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which implies

“Npu+ NaAu+ pAiu—yAp = 0 in L*(Q) (or H™1(Q)) (8)
“NJp—bAp+Ep—~yAu = 0 in L*Q) (9)
np+dAu = 0, in L*(Q). (10)

Then, we reduce the existence of i\ € o(B,), A # 0, to the existence of a nontrivial solution of system
(8)-(10) which, in particular, can be solved by u = Aje; and ¢ = Bje;, where e; is defined in (7), with
A; # 0 and B; # 0. In fact, substituting into (8)-(9) and using (10) we obtain

yn

=B =0,

d
=N (p+av;) + (u + 7n> uj?} A; =0 and [—/\2J +bv;+ €+

d
()
22 n 2 l

p+av; Vi J[Vﬂ+§+

which implies

yn

d}>o.

d

Therefore, the first equality implies p + a4 > 0 and the second equality implies P(r;) = 0 for some j € N,
n

which completes the proof of the Lemma. O

Now, using the previous Lemma, the strong stability of system (1)-(3) is given for the following result,
for all o > 0.

Proposition 2.6. Let o(B,) the resolvent set of operator B,. Therefore, assuming n =0 and v # 0, then
iR C o(By) without any extra condition. On the other hand, for n # 0, supposing that

d
u—|—%<0 or P(v;)#0 forall jeN, (11)

then we have again iR C o(B). This is, system (1)-(3) is strongly stable in both situations.

Proof. By contradiction, let us suppose that iR C o(B,) is not true, then there exists A € R such that
i\ € 0(By), with A # 0, this because 0 € o(B,). Then, using the compact embedding D(B,) — M,, we
have that i) is an eigenvalue of B,. Therefore, there exists U € D(B,), U # 0, satisfying

AU =B, U=0 in M,.
So, multiplying this equation by U € M, and taking the real part, we can deduce that
—k*||VO|[72 = Re(BoU,U)p, =0 where U= (u,v,9,6,0)",

which implies § = 0. So, using this condition in the resolvent equation, we obtain the same system (8)-(10),
this is

“Npu+ NaAu+pA*u—yAp = 0 in L*Q)  (or H(Q))
“NJp—bAp+Ep—~yAu = 0 in L*Q)
np+dAu = 0, in L*Q).

Therefore, in the case n = 0, the third equation implies v = 0 which implies ¢ = 0 in the first equation
because v # 0 by hypotheses. Consequently we obtain U = 0 in M,, which is a contradiction. On the
other hand, for n # 0 and assuming condition (11), the Lemma 2.5 implies iR N o(B,) = @ implying that
iR C o(By), which completes the proof of the Proposition. a

Remark 2.7. The previous Proposition is used to exclude undamped solutions, which is the particular case
when n = v = 0. It is important to identify this kind of solutions because they do mot appear in classical
second order porous-elastic systems, see for example [5, 6]. On the other hand, the study of the behavior of
damped solutions, which is the main purpose of this paper, is given in the following Subsection.

Now, for damped solutions, we will use the following characterization of exponential stable semigroups.
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Lemma 2.8. Let T(t) = et (t > 0), a semigroup of contractions on the Hilbert space H with generator A

and associated norm || - ||3. Then {T(t)}i>0 is exponentially stable if and only if
iR C o(A) (12)
and
limsup |[(iA] — A) | 2,00) < 00. (13)
|A|— o0
Proof. See [24, 35]. O

2.2. Exponential stability. In this subsection, excluding undamped solutions, we prove that condition (5)
is sufficient to stabilize exponentially system (1)-(3). In fact, assuming that
ab

u—ij and v #£0,

we will prove exponential stability of solutions. Here, note that the interesting situation is a > 0, because
« = 0 in the previous condition implies u = 0 which is not possible. The case a = 0 is also included in the
next subsection (non-exponential stability).

So, for the case a > 0, in order to prove exponential stability, we use Lemma 2.8. In fact, note that
condition (12) is a direct consequence of Proposition 2.6. Now, in order to show (13), we will prove that

Ullma < MI[F[p,,,
where F' € M, with M > 0 independent of A, F', and U is the solution of the resolvent system
(M —B)U=F, in M,. (14)
System (14) can be written, in its components, by

du—v = fi in H?(Q)N HY(Q)

ixov — (I — %A)_lA(—uAu—I—de—I—%p) = pfs in HNQ)
=6 = f5  in HYQ)
iNp—bAp+Ep—nl —yAu = Jfy in L*Q)
iNaO —E*AO+ng+dAv = d'fs in L*Q),
which is equivalent to
—v = fi in  H?(Q) N H)(Q) (15)
iApv — XAV + A(pAu —db —vp) = pfs—alfy in H YD) (16)
iXp—¢ = fs in Hy(Q) (17)
iING—bAp+Ep—nb—yAu = Jfy in L*(Q) (18)
iINO — E*AO +np+dAv = d'fs in L*(Q), (19)
Now, let us define the multipliers z, y and w as solutions of elliptic equations
—Az=w in Q, z=0 in 09, (20)
—Ay =10 in Q, y=0 in 09, (21)
—Aw=2¢ in €, w=0 in 0N (22)
Then, there exists C > 0 such that
lzllmg < Cllollz2, (23)
yllzz < ClIOlILe, (24)

lwllmy < CllollL2, (25)
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hold. Now, multiplying (14) by U in M, and taking the real part we have

IV0|[Z> < CHUNma 1P| .- (26)
Now, applying (16) in y € H}(Q) and using (21) we obtain
iIMp(v,y) 12 —iIA(Av, y) 2 —p(Du, 0) 2 +d||6][F2 +v(0,0) 12 = p(fo, y)r2 + alf2,0) 2. (27)
——
Jl JQ JS
For Jp, using (20) and (19), we obtain
Jl = p(Z, —i)\g)Lz

= aﬁ*(zv —k*A9+n¢+dAv—a*f5)L2

k* d
= P @b)ie + (2, 0)0e - oIl — oz, fo)ue
E* nb
= B w.0) - Z—*Hvuiz — P2 f3) 12 + o (0,6) 12
pné pn? pny pn
0y — P Ay — P 28
H Y AR v AC L vy A L v S D (28)
where (18) was also used in the last equality. Also, using (19) and (18) again, we deduce
J2 = a(v,iN0)2

= %(v, E*AO —ng —dAv+d f5) 2

ak* an

= 0,0~ D0, + Vel +alo, fo)r

ak*

= (0,901 + 2Tl + alo, f)ie — o J<Vv Vi)re
ané an? any
—m(vﬂp)m + m( ,0)r2 + )\a*J(U Au)p» + ( fa)r2 (29)
Also, using (17) we have
Ty = @, 0)r: = L6+ f5,0)r2 = S (6,0)c2 + L (fo.0)1o (30)
Then, substituting (28)-(30) into (27) we obtain
pd o ad > _ PK _ pnb png
o [[v]|Z72 + pe IVol[z: = - (v,0)2 — p(z, f5)L2 + T\mJ(U,@)LZ + 7iAko(Z,SO)L2
2
pn pny pn ak®
g P = g Auee = 1 (2 fa) o (Vo Vo)

an2

anb ané
—a(v, fs)r2 + *J(VU V)2 m(v#))w - i)\a*J(U’G)LQ

any an
S0 (0, Au) gz — S (v, fa)ge — (A, 0) g2 + 1]

D
+a(¢» )L2+ (f37 O)rz> — p(f2,y) L2 — a(fa,0) L2

which implies (remembering that d # 0)

pllvllzs + ol Vol < CHU||L2||9HL2JFCHVU”L?HVQHLZJF‘ |||U||Ma B |||U||MQI\FHMQ

+C[U| Mo [|Fll o + Cll A 2]10]] 22 + C10]|7.
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Then, using (26) we deduce
p «
Dllols + 511olize < € (14 ) 10lan Fllae, + 101, + Ol Ol (31)

Similarly, applying (16) in u we obtain
ip(v,u) 2 — ida(Av,u) 2 +pl|Au|[3s — d(0, Au)pz —Y(p, Au)r2 = p(fa,u) 2 — a(fa, Au)pe.
—_——

Ja Js Js
Then, using (15) into Jy, J5 and Jg, we deduce
plldullie = pllol[Fz +al[Vo|[f2 + p(v, fi) 1z — (v, Afr) 2 +d(8, Au) e
+ (Vi Vo)ie = L0, A1) e + plf2, )12 — alfo, Au) s

which implies, using (26), that

= ||UHMa +C110l]2[|U ]| m, - (32)

1
WAulZ: < pllolZe + ol Vol 2+ C (1 n ) Ul a1 F L, +

A [Al

Therefore, doing 3(31)+(32), we obtain

p a
pllaulf + Sl + $I0le < € (1 ) 10lan Fllae, + 1018, + Uz 0, 33

o
On the other hand, applying (16) in ¢ we obtain
iAp(v, )2 —iAa(Av, p) 2 + u(Au, Ap) 2 +d(VO, Vo) 2 +7||Vel[7e = p(fa, 0)r2 + AV fa, Vo) 12

J7 Js Jo

Then, using (17) into J7, we obtain
Jr = —p(v,9)r2 — p(v, f3)L2
Similarly, using (17) and (15) into Jg, we obtain
Js = a(Av, ¢+ f3)r2 = a(Av, @)z — a(Vo,Vf3)e
= a(iMAu— Af1,8)1e — (e, Vfs) e
= ida(Au, @)z — a(Af1,0) 2 — a(Vo, V3)e.
Also, using (18) into Jg we obtain

B (Au,iNTd + €@ — 1 — yAu — T fa) 2

J9=b(

) n J
= A (A, )10+ B (B ) — B, 0) 2 — BT Al — T (A, )

= N (Au0)ie — B (A, 0)re — B (A, ) — B (00,050 — B e — 2

where (17) was also used in the last equality. Then, substituting J;, Js and Jg we deduce

(AU, f4)L27

WVelliz = p(v,¢)re + p(v, f3)r2 — i (a - Jb> (Au, @) 2 + a(Af1,¢) 2 +a(Vo,V f3)2

Jp
A’U, 0)L2+ ||A ||L2+

& (A )10+ B (A, ) 4+ B2 i

)\b iAb
+p(f2a QO)LZ + a(va, VQD)L%

which implies, using conditions (5) and (26), that

1
) U a1 ma + ||U||MQ+C||V9||L2||U||Ma+CHUHL2||¢HL2+C||AUJHL2- (34)

IVe||3. < C (1+ o

[A]
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Similarly, multiplying (18) by ¢ we have

iIN(¢,0) L2 +b|[Ve| |72 + EllellT: — (8, 9) 2 — y(Au, )2 = J(f1,) 2. (35)
——— —_—— — o ——
Jio Ji1 Ji2

Substituting (17) into Jyg, J11 and Ji2, we obtain

n n
Jio = =Jllgllz: = I (b, f3)re i = =0, 0)2 — (0, f3) 2
A i\
and
Jia = =5 (B d)pz — (A, f) s
So, substituting Jig, J11 and Ji2 into (35) we deduce
Joll7e = —J(8, fs)r2 +blIVellFe +&llelz + (9 Pz + (9 f3)r2

A Au,f3)L2 - J(f4a‘P)L2a

+ (A 6) 2+

i\
which implies, using (26), that

lolfe < € (14 50 ) 101Lae Pllaa, + Call Vil + U1, (36)

So, doing 2C5(34)+(36) we obtain

1 C
CallVelits 4110l < € (14 50 ) 101Laa IFllae, + 5101,

+O(|VO|| 2 ||U | m,, + Cllvl| 2 I8l 22 + CllAul[Z,
which implies, using the Young inequality, that

1
Callvelis + 3llelle < € (14 ) Il IFlan, + 01,

+OIIV0 21U, + C [S11AulBa + Lol ] (37)

Therefore, doing C5(33)+(37), we have

H p o 1
o[BIl + 10l + SIV0IE:] + CallVilfts + gliell < € (14 1) Wlaa [P,

Al
Cy
+W|\U||i4a + ClIVO|| 2 |U]| m..
which implies, using (26), that

101, < € (14 5 ) 101 1Fllae, + EEI0Rs,
Finally, choosing |A| > M with M large enough, we obtain

1
SN0 < ClIUlm Pl ma,

which implies
WUlmo < Col|Fllam,  forall  [A[> M,
where Cg is independent of A, U and F. Additionally, using that resolvent operators R(i\; B) := (i\] —B)~!

are bounded on bounded domains, then ||U||m, < C7||F||m,, for all A € [-M, M], which completes the
proof of (13).
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2.3. Non-exponential stability. In this subsection, for damped solutions, we prove that exponential sta-
bility implies condition (5). Equivalently, we will show that

u—ajb#O or =0, (38)

implies non-exponential stability of solutions. In fact, in order to prove non-exponential stability, using
Lemma 2.8, we will see that there exists a sequence {F;}jen C M, (bounded), and {\;};en C R, such
that U; is the solution of
satisfying

jlggo Ul m,, = 0.

Here, we will use the eigenvalues v; with corresponding eigenvectors e; defined in (7). As F;, we choose

1
Fy = (0,0,0,5¢;,0) € B
Note that {F}};jen is bounded in B,. Moreover, the solution U; = (uj,vj, ¢;, ¢;,0;)" of (39) should satisfy
iuj—v; = 0 in H*(Q)NHg(Q)
idpvj + (I — %A)_lA(uAuj —df; —yp;) = 0 in LXQ)  (or HE(Q))

iNpj—¢; = 0 in Hy()
iNp; — bAp; — mAp; + Ep; —nb; —yAu; = e; in L*(Q)
iXp;—0; = 0 in HH(Q)
i)\a*Hj — A(k"(/J] + my; + k‘*ﬁj) + n(bj + dAUj =0 in LQ(Q),

where the second equation is formulated in L?(Q) if @ = 0 or H}(Q) if @ > 0. Simplifying the previous
system we obtain

~N2puj + N2aAu; + A(pAuj —do; —vyp;) = 0 in L*(Q) (or H71(Q)) (40)
~N2Jp; —bAp; +Ep; —nb; —yAu; = e; in L*(Q) (41)
iNG0; — K*A0; + idng; +iXdAu; = 0, in L*(Q), (42)

which can be solved by

uj = Ajej,  pj=Bjej, 05 = Cje;,
where A;, B;, C; are depending of A and will be defined explicitly. Here, note that u;, ¢;, 6; are compatible
with boundary conditions (2). Using (7), system (40)-(42) is equivalent to

(=X (p+ awy) + pvi| Aj + v Bj + dv;C; = 0
[*/\QJ + bvj + ﬂ B; —nCj + "YI/jAj = 1
[iAd" + k*v;] C; + idnB; — iXdvjA; = 0,
which can be written as
p(A) v dy; Aj 0
wi o p2(A) —n By | =111, (43)
—iXdy;  idn ps(A) C; 0
where
pi(\) = —N(p+avj) + pw?
p2(N) = =N J +by; + €

p3(A) = —iAd" + kv,



POROUS-ELASTIC PLATES: FOURIER VERSUS TYPE IIT

In this point, we define the sequence X := A; such that pa(\;) = 0, this is

buj +¢

T~ O(VVQ) ) forall jeN.

)\j = '

In this case p1();) is given by

N S P e

and system (43) can be written as

nd) v dy Aj 0
0z 0 -n B; = 1|,
7’L')\jde ZA]’H, pg()\j) Cj 0
M
with
det(M) = —’)/21/]2»pg(>\j) + i/\anpl(/\j) + 2i)\jnd71/32.

Our analysis now will be divided in two cases: v =0 and ~ # 0.

11

(47)

e CASE v = 0. In this case the interesting situation is n # 0. Otherwise v = n = 0 implies that the

second equation of (1) is given by

Joi —bAp +Ep =0,

which is a conservative wave equation with stationary solutions. Consequently, system (1) will be

non-exponentially stable. So, assuming n # 0, then

det(M) = i\jn’p1(\;) #0, for 7 € N large enough.

So, using the Cramer’s rule, we obtain

B pLA\)ps(Ng) +id>Nv? pi(N\ps(Ny) Hid*Nvs dPu3
J det(M) i)\jTLQpl()\j) n2p1(/\j)

which implies

= T o

J

Therefore

Ujllma = Cllgslle = Ceo|Bjl — +oo  (j — 00),

where eg is defined from (7). Then the proof of (13) is complete.
e CASE v # 0. In this case, by (38), we have

ab
)
== #0,
which implies in (45) that

p1(Ay)

2
vi

— (u—‘}b)sﬁo (j — ).

On the other hand, using (47) and the definition of p3();), we have

det(M) = —7k*v] +i[—d'X\; + An°pi(X)) + 2\ ndyi] # 0.

=0(W'?) — 40 (j o ).
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So, using again Cramer’s rule and the definition of p3();), we obtain

B p1(Aj)ps(Ng) +id*Av7 _ k*vipi(A;) 4 [—a* Xjpr(Ny) + d° X7 ]
/ det(M) =2k i [—arh 4 Ajn2pi(N;) + 2Xndyv?)
Aj Aj p1(Aj Aj
k*p1(2j) +i _a*Jp (21) + 22
B Vj vj Vj Vj
Ao LAy N
—2k* i |—at = + nQ—j]LQJ) + 2ndy=
I/j Vj l/j Vj
. . Aj
Then, using convergence (48) and noting that — — 0, we deduce
vj
(- 5)
J
By — ==t s A0,

Finally, using that ¢; = i\j¢; = i\;Bje; and the definition (44), we have

bv; +
Ul > Clidsllze = Ceoy) 2418

‘BJ| — +oo, (] - 00)7
which completes the proof of (13). Here again e is defined from (7).

Remark 2.9. From our analysis, it is interesting to remark that o = 0 implies non-exponential stability.
This s, system

pug + pAu —dA) —yAp = 0 in QxRT
Jouw —bAp+E&p—nb—yAu = 0 in QxRT
a0y — k*A0+np; +dAu;, = 0 in QxRT,

is non-exponentially stable. On the other hand, under conditions of Proposition 2.6, the previous system is
strongly stable which implies that E(t) — 0 with some rate of decay. We expect that polynomial rates of
decay can be obtained by standard arguments, like semigroup characterizations given by [4].

3. TypE III'’S THERMAL EFFECTS

In this section we consider thermal effects of Type III. Here the stability results do not depend on a > 0 or
a = 0. Note the difference with results obtained in Section 2, where the presence of the inertia rotational term
aAuy play an important role for the exponential stability. See also [17] where this term is also important
for the stability.

In our case, the system is given by

puss — alug + pAiu — dA) —yAp = 0 in QxR
Jou —bAp —mAY +€p—nf —yAu = 0 in QxRT (49)
a* s — kAY —mAp — k*AO+np; +dAu; = 0 in Q xR,
where 1, = 6, with boundary conditions
uw(z,t) = Au(x,t) = 0 in 0Q xR

(50)

o(x,t) = P(z,t) 0 in 9O xR*

and initial conditions

u('v O) = UO() ) Ut(',o) ul() in Q
(5 0)=¢o(-) , @(-,0)=1() in Q (51)
w(vo) = %() ) wt('vo) = wl(l') in Q.

Here, note that ¢ describes the thermal displacement. The hypotheses on the constitutive constants are the
following
:u>0’ Eﬂ_72>05 bk_m2>07 pa‘]aa*abak*>07 d7m¢07 na’YeRa (52)
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with @ > 0. Similarly to conditions (4), conditions (52) are motivated to guarantee that a bilinear form
proposed later in H,, (considered shortly) defines an inner product.

3.1. Well-posedness. We define the family of Hilbert spaces
Ho := [H*(Q) N Hy(Q)] x L*(Q) x HF(Q) x L*(Q) x Hy(Q) x L*(Q), (a=0)
He = [H*(Q) N HY(Q)] x HY(Q) x HY(Q) x L3(Q) x H}(Q) x L*(R), (a>0)
with associated inner products for each o > 0 and for U; = (u;, vi, @i, ¢4, i, 0;) T, i = 1,2 given by
(U1, Uz)n, m(Auy, Aug)r2 + p(vr, v2) L2 + a(Vor, Vog) 2 + b(Ver, Vo) 2 4+ (1, @2) 2
+J(¢1, p2) 2 + k(Vip1, Vipo) 2 + a*(01,02) 12
+m(Ver, Vi) 2 +m(Vipr, Vo) 2 — y(p1, Auz)rz — y(Aur, p2) 12,
which implies the family of norms, for U = (u,v, ¢, ¢, %, )T
U1, = wllAullZs + pllvl[fe + allVollZ: +blIVellZ + EllellZ: + Tll¢llZ: + IVl

+d*||0]|7> + 2mRe(V, Vo)) 12 — 29Re(p, Au) 2.
Additionally, let A, be the associated operators

u v
1
v i %A)‘IA(—uAu—i—de—i—mp)
@ ¢
Aa = 1 , 53
o j[bAg0+mAz/J—§go+n9+7Au] (53)
0
v 1 n d
a a a

for each a > 0, which are defined in the corresponding domains
D) = {(wvpov,0T €My veHAQNHQ) 6,0, v, ¥ € HYQ);
(pAu —df — yo) € H*(Q) N HF(Q); (bAp +mAY — Ep +vAu) € L*(Q) and
(k) +mep + k*0) € HX(Q) N H&(Q)},

D(A.)

{wo.0.0,0,07 €Ho + ve HQNHIQ) 6,0, v, b € HQ);
(uAu — df — ) € HY(Q) and (ko + my + k*0) € H2(Q) N H&(Q)},
respectively.

Remark 3.1. Note that
(1) In the domains D(Aq) we used that the operators (I — %A) are isomorphism from HY(Q) onto
H=Y(Q).
(2) Using hypothesis (52), by the definitions of D(Ao) and D(Ay), we can deduce the regularity o, €
HY(Q) which also implies that Au € HY(Q), satisfying the boundary condition (50).

In this context, the well-posedness is a direct consequence of the following Theorem.

Theorem 3.2. The operators A, associated to system (49)-(51) when o > 0 are infinitesimal generators of
Cy-semigroups on the Hilbert spaces Hy and H,, respectively.

Proof. For the proof, it is sufficient to see that D(A,) = He, Aa are dissipative and 0 € o(A,), for all
a >0, see [24, 34].
In fact, note that the density results are standard. Also, for straightforward calculations we have

Re(AaUa U)Ha = —]’C*HVGH%Q ) VU = (’LL, v, ¥, (baq/}a G)T € Ha )
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implying that the operators A, are dissipative. Additionally, in order to show that 0 € o(Ay), let F =
(f1, f2y -+, f6) € Ha, then the equation

AU =F in H,,
implies v = f; € H*NH}, ¢ = f3 € H}, 0 = f5 € H} and (u, p, 1)) should satisfy

AlpAu—~vp) = g in H'
—bAp —mAY+€p—vAu = go in Lq
—kAY —mAp = g3 in H !

where g1 = pfo — alAfo + dAfs, go := Jfy — nfs and g3 = a*fg + nfs + dAfi + k*Afs. So, using
conditions (52) and the Lax-Milgram Theorem we obtain a unique solution (u, ¢, ) for the previous system
with regularity (u,¢,v) € [H?> N H}] x H} x H} and satisfying the conditions of D(A,), for each a > 0.
Then A, is bijective. Also, working with the components of A,U = F, it is not difficult to prove that
I|[U]|x. < C||F||3,,, which implies that A;! is bounded. Therefore 0 € o(A,) for all & > 0, which completes
the proof of the Theorem. O

In order to exclude undamped solutions, similarly to previous Section, we establish now a strong stability
result.

Proposition 3.3. Let o(A,) the resolvent set of operator A,. Assuming v # 0, then iR C o(A,) without
any extra conditions. On the other hand, assuming v =0 and supposing that Py(v;) # 0 for all j € N, where
Po(X) := (Jpp — ab)X? — (pb + €)X — pt,

then we have iR C o(A,). This is, system (49)-(51) is strongly stable in both situations.
Proof. We proceed with similar arguments used in Lemma 2.5. In fact, supposing that iR C o(A,) is not
true, then there exists A € R such that i\ € o(A,), with A # 0, this because 0 € g(A,). Then, using
the compact embedding D(A,) < H,, we have that i\ is an eigenvalue of A,. Therefore, there exists
U e D(A,), U # 0, satisfying
AU —-AU=0 in H,.

So, multiplying this equation by U € H,, and taking the real part, we can deduce that

—k*||IVO|[7: = Re(AaU, U)p, =0 where U = (u,v,¢,0,9,0)",

which implies # = 0. Additionally, in the previous equation, # = 0 implies 1) = 0. So, using these conditions
in the resolvent equation, we obtain

~Npu+ Nalu+ pAPu—yAp = 0 in L*Q) (or H™1(Q))
“NJp—bAp+Eép—~yAu = 0 in L*Q) (54)
—mAg +idng +iddAu = 0, in L*Q).

Therefore, substituting Au given by (54)5 into (54)2, we deduce
am 2 mn
—(b+ Z)ap = (MT-¢+ ). 55
( + g ) A E+-7)% (55)
So, assuming v # 0, the unique possible solution of (55) is ¢ = 0 (remembering that m,d # 0), which
implies from (54)3 that u = 0, implying the contradiction U = 0 in H,,. On the other hand, assuming v = 0,
system (54) is written as

“Apu+ NaAu+pA’u = 0 in L*Q) (or H~1(2))
“NJp—bAp+Ep = 0 in L*Q) (56)
—mAp +iing +iddAu = 0, in L*Q),

which can be solved by u = Aje; and ¢ = Bje;, where ¢; is defined in (7), with A; # 0 and B; # 0. So,
substituting into (56) and using the same arguments used in Lemma 2.5, we conclude that Py(v;) = 0 for
some j € N which is also a contradiction. Consequently, iR C o(A,), which completes the proof. O
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Remark 3.4. Note that Py(X) is the same polynomial function P(X) defined in Lemma 2.5 assuming v = 0.
Also note that, in Proposition 2.6 the constants n,vy € R play an important role in order to exclude undamped
solutions. In the case of Proposition 3.3, in order to avoid undamped solutions, the constant n € R is not
relevant, which is expected by the influence of m # 0. Finally, as mentioned in Remark 2.7, it is important
to identify this kind of solutions because they do not appear in classical second order thermo-porous-elastic
systems, see for example |23, 30].

3.2. Stability. The main result of this Section is given by the following Theorem.

Theorem 3.5. Assuming the hypothesis of Proposition 3.3 and assuming a = 0 or even o > 0, then the
semigroup of contractions associated to the system (49)-(51) is exponentially stable.

Proof. Using Lemma 2.8, it is sufficient to show conditions (12)-(13). In fact, note that the first condition
(12) is given by Proposition 3.3. In order to prove (13) we will show that

U3, < M|l
for all & > 0 and for all F' € H,, with M > 0 is independent of A, I, and U solution of the resolvent system

(M- AU =F, in H,. (57)
System (57) can be written, in its components, by
iu—v = fi in H*Q)NH(Q)
ixpv — (I — %A)flA(—uAu +d0+vp) = pfs in L*Q) (or H}(S))

iNp—¢ = f3 in Hy(Q)
iN P —bAp —mAY +Ep—nf —yAu = Jfy in L*(Q)
iMb—0 = fs in HH(Q)

X0 — Ak +mp+E0) +no+dAv = d'fs in L*Q),

where the second equation is formulated in L?(Q) if a = 0 or HJ(£2) in the case a > 0. The previous system
is equivalent to

i—v = fi in  H*(Q)N Hy(Q) (58)

iU — INaAV + A(pAu —df —vp) = pfa—alfy in L*(Q)  (or H1(Q)) (59)
iNp—¢ = [ in Hy(Q) (60)

iN G —bAY —mAY +Ep—nb —yAu = Jfy in L%*(Q) (61)
N in  H}(Q) (62)

iNa* O — Ak + me + k*0) + no + dAv = d fg in  L*(Q). (63)

Eventually, we will use the same multipliers z, y, w given by (20)-(22) with their respective estimates (23)-
(25). Also, by similar arguments used in the previous section, multiplying (57) by U in H, and taking the
real part, we obtain

V672 < ClIU3. [1F 31 - (64)
Also, (62) implies
1 C
VL2 < 77 11VOllL2 + [ F .- (65)
Al Al
Now, multiplying (59) by y € L?(2) if a = 0 (or applying in y € HZ(Q2) if a > 0), and using (21) we obtain
iAp(v,y)rz — iIAa(Av, y) 2 —p(Du, 0) 2 +d|0][72 +7(p,0) 12 = p(fo,y) 12 + lf2,0) 12 (66)

J1 J2
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For Jy, using (20) and (63), we obtain

Ji = plz,—iM0) >
_ ﬁ(z — Ak + mp + k*0) +no + dAv — afs) 2
- %k(w)y + %(U#’)Lz + p;i* (v,0)r2 + %n(z,@p - fﬁk—dl\vlliz =z fo)re
= %f(v,w)m + (0, 0)e + %W(WW B %d”v”%g ~ple fedie *bJ( P
0 )0+ e i = e = L~ e S )

where (61) was also used in the last equality. Additionally, for J in the case a > 0, using (63) and (61)
again, we deduce

J2 = OZ(U7 i)\a)Lz

- %(v, A(kY + me + k0) — ng — dAv + a* fo) 1.2

ak ak* an
= —*(VU V)2 — 7(VU V) — p (Vu, V)2 — CT( ;)L + = ||VU||L2 + a(v, f6)r2
ak am k*
= *;(V’U,V’L/J)Lz - ?(V’U,VQO)LQ (Vv V0) 2 + |\Vv||L2 + a(v, f6) L2 )\a*J(VU V)2
anm ané n? any an
— 0 A 2.
i\a* (V V)2 )\a*J(U’ 205 /\a*J(U )12 )\a*J(v u)e z a*(v’f4)L (68)
Then, substituting (67)-(68) into (66) we obtain for all a > 0,
k m k* pnb
Mol + Swole = L) + 2 (0, )1+ L (0,002 — (2, fo)ro + o (0, )1
pnm pné o’ pny
L )+ (2 g — L (2, 0) s — L (2, A
om ak*
Z/\ *( f4)L2 + —(Vv V’L/J)Lz + 7(VU VQD) (V’U,VH)LZ

anb
—a(v, fo)r2 + /\a*J(VU Veo)r: + on *J(V V)2 + /\ij(vﬁp)m

om2

a7 0~
+d||9||2L2 + (@, 0) 12 — p(f2,y) 12 — a(f2,0) 12

Sl (0, Au) e = (0, fa) 2 — (A, 6) 2

which implies

pllvllZ: +al[Volliz < Clivllcall¥llze + Cllvllzellellzz + Clivll a0l + 7 B ||U||H

DY ||U||Ha||F||Ha + Ca|[Vol| 2 ||V L2 + Cal [Vl | 2] [Vl | 2

C
WHFH%Q + Cal|Vul| ||V 2

+C||Aul[216]] 2 + Cll0I72 + Cllgl] 26| 2

FONU o1 F o +
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Then, using (64) and (65) we deduce

il + S Vol2, < R ¢
Sl + SlIVollZ: < C<1+|)\|+|)\|2 1013 1F I3, + |A|(|\UHHQ+||F||H@)
+Cal[VellZz + ClIOl 21Ul (69)

On the other hand, multiplying (59) by u € L?(Q) if « = 0 (or applying in u € HJ(Q2) if a > 0), we obtain
ip(v,u) L2 — ida(Av, u) g2 +ul|Aul|32 — d(0, Au) 2 — v(p, Au) 2 = p(fa,u)p2 — afa, Au)rs.
—_——
J3 Ja J5
Then, using (58) into J3, Jy and (60) into Iy, we deduce

pllAullz = pllvl[2 + allVollZ: + p(v, fr)re — a(v, Afy)re +d(0, Au) s

(¢ Au)pe + (J"\%AU)L2 + p(f2,u) 2 — alf2, Au) 2,

which implies, using (64), that
plldalfts = ool + aliToll +€ (14 50 ) 101he [Pl + 5101, + Ol (70

So, doing — (7()) (69) we have

I 2 2 @ 2 1 1 ¢
S8 + Bl + SIV0lEs < € (14 50+ o) 10TheIFT, + 5 (1018, + 115, )

+C30]|Vel[72 + ClIVO|| 22| |U |31, - (71)
Now, multiplying (61) by ¢ we have
N (9, 0) 2 +b|[Vl[T2 +m(Ve, V)2 +€ll@l2: — (0, )2 — Y(Au, )2 = J(fa, 9)r2. (72)
—_———— —_——

Jg J7
Substituting (60) into Js and J7, we obtain
Jo = =gl = T, fo)ie  and T = =L (Au6)re — S (Bu, o)

So, substituting Jg and J7 into (72) we deduce
TNl = —J(8 fs)2 +VlIVelLs +m(Veh, Vo) + Ellelliz — n(0, )L

Z/\ (Au ¢)L2 + - (Au fg)L2 — J(f4,<p)L2

which implies, using (64) and (65), that

1 1

Also, multiplying (63) by ¢ we obtain
X' (0, 0) 2 +k(V, Vo) 12 +m||[Vel[f2 + K (V0, V) 12 + (¢, ¢) 12 + d(Av,¢) 12 = & (fo,0) 2. (T4)
—_————— —_——— ——

Jg Jo J1o

iA

IVellZ + 5 o ||UH’H (73)

Then, using (60) into Jg and J; we deduce
. . n n
Js = —a'(0,0)r2 —a'(0, f3)r2  and  Jy = —a||¢\|%2 - a(ﬁb, fs)r2

Now, for Jyp, we need two type of estimates depending on @ = 0 or a > 0. In fact, for o = 0, using (58) and
(60) into Jy1p we obtain

Jio = d(iNAu—Afi1,9)r2 = d(Au,—idp)r2 — d(Afi, )2
= d(Au,—¢ — f3)r2 —d(Af1, )12
= —d(AU, ¢)L2 - d(A’U,, f3)L2 - d(Afla ()O)L2
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Consequently, substituting the new formulas of Jg, Jg and Jyo into (74) we obtain (for a = 0)
m|IVellz = @(8,0)12 +d' (0, fs)r2 = k(Ve, V)12 = k" (VO, Vi) 12 + - ||¢||L2 t (¢7 f3)r2
—l—d(Au ¢)L2 + d(Au fS)LQ + d(Afl, )Lz +a (fg, <p)L2
which implies, applying (64) and (65), that (for o = 0)

1 1
IVel|2: < C<1+ B |+ R

So, doing 2C5(75)+(73), we can deduce (for o = 0) that

) U a0 [[E 130 + ClIVOI L2 U] |31, + IIUIIH0 + CllAul|2[[9][L2. (75)

1Al

1 11
Cz\|V<P||2La+§||¢>H%2 < C(1+)\|+)\|2)|U||Ho||F||Ho+C||va|L2||U||Ho

Y HUHHO + Csl| A2, (76)

On the other hand, for the case o > 0, using (60) into J1p we obtain
Jio = d{v, Ap)gism-1

d
= ;@7 iApv — iIAaAv + puA*u — dAO — pfa + A fa) g1

ixdp iAda
- lv][72 —

IVol[Z: + *(AU Au)pz + 5 (Vu Vo)

—%(”, f2)r2 — *a(vqh Vf2)re

iAd iAd iAd
= Bz, -t ‘“||v |\Lz+l s

dp
5 || Au||72 — *(Afl,AU)

d? d d
+ (V0. V0)z2 7"(1], fa)ro — %(w,vmm

where (58) was also used in the last equality. Then substituting Js, Jy and Jy into (74) we have (for o > 0)
m||Vellz: = @(0,0)12 +@ 0, fs)rz = k(Ve, V)12 — k7 (V0, Vo) 2 + - ||¢||Lz

iAdp iAda z)\d,u

n du
+a(¢7f3)m+ ol + —|IVol[72 — —||Au ||L2+7(Af1aAu)

d? d do
—?(VU’VQ)B + 7'0(117f2)L2 + T(V%Vﬁ)w +a* (fe,0) 12

Consequently, taking the real part we obtain

mlIVel3e = Re{ @(6,0)r2 + (0, )12 — KT, V)12 = k" (V, Vip)pa + (9, fo)s2

d d? d do
F A Az = (V0 V)2 + 2w, fo)is + (V0. Y )ie 4@ (foo )i

which implies, using (64) and (65), that (for « > 0)

2, < C — 77
Vel < € (14 7+ 1 )| )
1
Consequently, doing f(73)+(77)7 we obtain (for a > 0)
2
LIVl + = l612: < (14— + V0l 1 Fllse, + CIVOl Ul + —U1B,.. (78)
g Vel T oalielize = Az e T zllPlhee + Rl e
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Finally, let us combine all the estimates to prove condition (13) in each case & = 0 and o > 0. In fact,

for the case a = 0 doing (71)+W(76) we have

% P 1
§||Au||%z + §Hv\|%z +Cul|Vellte + Csllélli. < C ( + W + AP) U3 ||F N340 + CIIVO L2[U ][44

C

which implies, using (64) and (65), that (for « = 0)

1 1 1 1
Uli, < C|(1 Ulla || F U C Fli3,- 79
1013, < € (14 5+ o) 101hal1Flle + o101, + € (7 + 3 ) P (39

Similarly, for the case a > 0, doing (71)4+4C5a(78) we can deduce (after calculations)

11 >
+ U3l E o
AL AP

p P o
KIauls + Il + 5170l + Caal Vel + Gillols < € (14

0 (IR, + 118,

+C|IVOl|L2[|U ][ 31,
which implies, combining with (64) and (65), that (for a = 0)

1 1 1 1
50 o ) Wl b, + 0B, +€ (5 + 1 ) IFIB (50

Therefore, for all a > 0, choosing |A| > M with M large enough, we obtain from (79) and (80) that

17113,

10, <

o1+

1
U, < CollU

which implies

|Ullno < Csl|Flla,  forall  |A] > M,
where Cg is independent of A\, U and F. Additionally, using that resolvent operators R(i\; Ay) := (iA] —
An)~! are bounded on bounded domains, then ||U||y, < Cs||F||x, for all A € [—M, M], which completes
the proof of (13). O
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