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Compatibility of Carnot efficiency with finite power in an underdamped Brownian
Carnot cycle in small temperature-difference regime
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We study the possibility of achieving the Carnot efficiency in a finite-power underdamped Brownian Carnot
cycle. Recently, it was reported that the Carnot efficiency is achievable in a general class of finite-power Carnot
cycles in the vanishing limit of the relaxation times. Thus, it may be interesting to clarify how the efficiency
and power depend on the relaxation times by using a specific model. By evaluating the heat-leakage effect
intrinsic in the underdamped dynamics with the instantaneous adiabatic processes, we demonstrate that the
compatibility of the Carnot efficiency and finite power is achieved in the vanishing limit of the relaxation times
in the small temperature-difference regime. Furthermore, we show that this result is consistent with a trade-off
relation between power and efficiency by explicitly deriving the relation of our cycle in terms of the relaxation

times.
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I. INTRODUCTION

Heat engines constitute one of the indispensable tech-
nologies in our modern society, and much effort has been
conducted to improve their performance in various scientific
or engineering fields [1]. Heat engines convert supplied heat
into output work. Moreover, their ratio can be used as the
efficiency to characterize the performance of heat engines.
The Carnot cycle is one of the most important models of heat
engines, which operates between hot and cold heat baths with
constant temperatures 7;, and 7. (<T7;). Moreover, the cycle
is composed of two isothermal processes and two adiabatic
processes. Carnot demonstrated that the efficiency of any heat
engine is limited by the upper bound called the Carnot effi-
ciency [2]:

P 1

ne = T (1)
It is known that we can reach the Carnot efficiency by the
reversible cycle, where the heat engine always remains at
equilibrium and is typically operated quasistatically, which
implies that the engine spends an infinitely long time per
cycle. Moreover, power, defined as output work per unit time,
is another important quantity for evaluating the performance
of heat engines. When we operate the heat engines quasistati-
cally, power vanishes. Thus, several studies have been devoted
to investigating the feasibility of finite-power heat engines
with Carnot efficiency [3-16].

However, Shiraishi et al. [17-19] recently proved a trade-
off relation between power P and efficiency n in general
heat engines described by the Markov process. The trade-off
relation is given by

P < An(nc —n), 2
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where A is a positive constant depending on the heat engine
details. Based on this relation, the power should vanish as the
efficiency approaches the Carnot efficiency. Similar trade-off
relations to Eq. (2) have been obtained in various heat engine
models [20-23]. In particular, Dechant and Sasa derived a
specific expression of A for stochastic heat engines described
by the Langevin equation [23].

Recently, Holubec and Ryabov reported that the Carnot
efficiency could be obtained in a general class of finite-power
Carnot cycles in the vanishing limit of the relaxation times
[24]. Although this result seems to contradict the trade-off
relation in Eq. (2), they pointed out the possibility that A in
Eq. (2) diverges in the vanishing limit of the relaxation times,
and the Carnot efficiency and finite power are compatible
without breaking the trade-off relation in Eq. (2). Thus, it may
be interesting to study how the efficiency and power depend
on the relaxation times in more detail by using a specific
model.

The Brownian Carnot cycle with instantaneous adiabatic
processes and a time-dependent harmonic potential is a sim-
ple model, which is easy to analyze and is frequently used
to study the efficiency and power [24-27]. However, it is
pointed out that the instantaneous adiabatic process in the
overdamped Brownian Carnot cycle inevitably causes a heat
leakage [26-28]. In the overdamped dynamics, the inertial
effect of the Brownian particle is disregarded, and the sys-
tem is only described by its position. Nevertheless, heat
leakage is related to the kinetic energy of the particle, as
seen below. When the overdamped limit is considered in the
underdamped dynamics, the averaged kinetic energy of the
Brownian particle is equal to kg7 /2 in the isothermal process
with temperature 7, where kp is the Boltzmann constant.
Then, after the instantaneous adiabatic processes in the above

©2021 American Physical Society
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cycle, the kinetic energy relaxes toward the temperature of the
subsequent isothermal process, and an additional heat propor-
tional to the temperature difference flows. This heat leakage
decreases the efficiency of the cycle. Thus, we must consider
the underdamped dynamics to evaluate the effect of the heat
leakage on the efficiency and power of the Brownian Carnot
cycle with the instantaneous adiabatic processes.

In this paper, we demonstrate that it is possible to achieve
the Carnot efficiency in the underdamped finite-power Brow-
nian Carnot cycle by considering the vanishing limit of the
relaxation times of both position and velocity in the small
temperature-difference regime, where the heat leakage due
to the instantaneous adiabatic processes can be negligible.
As shown below, nc —n in Eq. (2) is proportional to the
entropy production. We show that the above compatibility
is made possible by the diverging constant A in Eq. (2) and
the vanishing entropy production, which can be expressed in
terms of the two relaxation times of the system.

The rest of this paper is organized as follows. In Sec. II,
we introduce the Brownian particle trapped by the har-
monic potential and describe it by the underdamped Langevin
equation. We also introduce the isothermal process and in-
stantaneous adiabatic process in this section. In Sec. III, we
construct the Carnot cycle using the Brownian particle. In
Sec. IV, we present the results of numerical simulations of
the underdamped Brownian Carnot cycle when we vary the
temperature difference and the relaxation times of the sys-
tem. From these results, we demonstrate that the efficiency
of our cycle approaches the Carnot efficiency while maintain-
ing finite power as the relaxation times vanish in the small
temperature-difference regime. In Sec. V, we explain the re-
sults of the numerical simulations in Sec. IV based on the
trade-off relation in Eq. (2). Section VI presents the summary
and discussion.

II. MODEL
A. Underdamped system

We consider a Brownian particle in the surrounding
medium with a temperature 7. When the particle is trapped
in the harmonic potential

Vx,1) = 1a)x?, (3)

the dynamics of the particle is described by the underdamped
Langevin equation

X =v, “)
mv =—yv—Ax ++/2ykgTE, 5)

where, x, v, and m are the position, velocity, and mass of the
particle, respectively. The dot denotes the time derivative or a
quantity per unit time. We use y as the constant friction coeffi-
cient independent of 7" and set the Boltzmann constant kp = 1
for simplicity. The stiffness A(¢) of the harmonic potential
changes over time. The Gaussian white noise £(¢) satisfies
(£@)) =0 and (6(t)E(t")) = 8(t — '), where (---) denotes

statistical average. In this system, the relaxation times of the
position t, and velocity t, are defined as follows:

.(t) = (6)

r

At)’

m

T, =—, (7
14

where 7, (t) depends on the time through the stiffness A(¢). We
introduce the distribution function p(x, v, t) to describe the
state of the system at time ¢. The time evolution of p(x, v, t)
can be described by the Kramers equation [29] corresponding
to Egs. (4) and (5),

a ad
Ep(x’ U,t) = - a(vp(xa v, t))

0 A T o
oLyt 28 px, v, 1)
av| m m m2 v
J . J .
= — —jx(x,v, 1) — —julx,v,1), )
ax v

where j.(x,v,t) and j,(x, v,t) are the probability currents
defined as follows:

Jx(x,v,t) =vp(x, v, 1), 9

. y A yT 0
S, t)=—|—v+ —x+ —— |plx, v, ). (10)

m m m? v
Here, we define the three variables o, (t) = (x2), 0,,(t) = (v?),

and oy, (t) = (xv). By using Eq. (8), we can derive the follow-
ing equations:

dx :Zaxu» (11)
2yT 2y 2\
Oy =—>= — —0y — —0Ox, (12)
m m m
A
dxv =0y — —0x — ZO‘xv (13)
m m

describing the time evolution of oy, o,, and oy, [25]. Be-
low, we assume that the probability distribution p(x, v, t) is
a Gaussian distribution:

1

plx,v,t) =
4712(0)(0,, - szv)

0, V% + oyx? — 20XV } (14)

exp {_ 2(oxav - crxzv)

Thus, the state of the Brownian particle can only be described
by the above three variables. In this model, the internal energy
E(t) and entropy S(¢) of the Brownian particle are defined as
follows:

E() E/ dx/ dv p(x,v,t) Emv + Ek(t)x
= %m%(l)-lr %)»(I)Gx(t), (15)
Sit) = —/ dx/ dv p(x,v,t)In p(x, v, t)

1 2
=5 In (ox(W)oy () — 07, (1)) + InQ2r) + 1. (16)
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B. Isothermal process

We define the heat and work during a time interval ¢; <
t <ty in an isothermal process. In this process, the Brownian
particle interacts with the heat bath at a constant temperature
T. We assume that the stiffness A(#) changes smoothly in
this process. The heat flux Q flowing from the heat bath to
the Brownian particle is defined as the statistical average of
the work performed by the force from the heat bath to the
Brownian particle (see Chap. 4 of Ref. [30]),

0(t) = ((—yv + 2yTE@)) o v),

where o represents the Stratonovich-type product. Using
Eqgs. (4) and (5), we derive the heat flux Q(¢) as follows:

A7)

O(t) = FA(1)6:(t) + 3mGy(t). (18)
Thus, we obtain the heat Q flowing in this interval as
f 4 1 I 4 1
= t | Aoy t | =mo,
o= [[ar () + [ (3m)
=Q°+ AK, (19)
where
l‘/ l
00— / dr (—m) (20)
f 2
1 1
AK EEmO'v(tf) - Emov(t,-). 21

Here, Q° represents the heat related to the potential change,
and AK is the difference between the initial and final (av-
eraged) kinetic energies of the Brownian particle. In the
overdamped system [26], Q¢ is regarded as the heat instead
of Q in Eq. (19). However, in the underdamped system under
consideration, the heat also includes the kinetic part AK.

The output work during this interval is defined as follows:

ty [ee} [ee} av ,t
=— dt/ dxf dv p(x, v, t)ﬁ
i —0o0 —00 ot
Iy

1
lf'dti
= —— o
2 J, !

=Q — AE, (22)

where we used Eqgs. (15) and (19) for the derivation from the
middle to the last equality, and defined AE = E(ty) — E(1;).
The last equality in Eq. (22) represents the first law of ther-
modynamics.

C. Instantaneous adiabatic process

As an adiabatic process connecting the end of the isother-
mal process with temperature 7; to the beginning of the next
isothermal process with temperature 7,, we use instantaneous
changes in the potential and heat bath at t = ¢y, which we
regard as the final time of the isothermal process with tem-
perature 77 [26]. In this process, the stiffness A(¢) jumps
from X; to A,, and we instantaneously switch the temperature
of the heat bath from 7; to 7, maintaining the probability
distribution unchanged. Because this process is instantaneous,
no heat exchange occurs, and the output work W4 , is equal
to the negative value of the internal energy change AE# , due

—

tcyc

FIG. 1. Schematic illustration of the Brownian Carnot cycle. In
each box, the bottom horizontal line denotes the position coordinate
x and the boundary curve of the green filled area denotes the proba-
bility distribution of x. The red solid line corresponds to the harmonic
potential. This cycle is composed of (i) hot isothermal process,
(ii) instantaneous adiabatic process, (iii) cold isothermal process, and
(iv) instantaneous adiabatic process.

to the first law of thermodynamics as

WM, = —AEM, = —1(h - aout).  (23)

III. CARNOT CYCLE

We construct a Carnot cycle operating between the two
heat baths with the temperatures 7, and T, (see Fig. 1) by
combining the isothermal processes and the instantaneous
adiabatic processes introduced in Sec. II.

First, we define a protocol of a finite-time Carnot cycle
with stiffness A(#) as follows: The hot isothermal process
with temperature 7, lasts for 0 < ¢ < ¢, and the stiffness A
varies from A4 to Ag [Fig. 1(i)]. In the following instantaneous
adiabatic process, we switch the stiffness from Ag to Ac and
the temperature of the heat bath from 7, to T, at t =1,
[Fig. 1(ii)]. The cold isothermal process with temperature 7
lasts for #, <t < t, +t., and the stiffness A varies from A¢
to Ap [Fig. 1(iii)]. In the last instantaneous adiabatic process,
we switch the stiffness from Ap to A4 and the temperature
of the heat bath from T, to T}, at ¢t = fy, Fig. 1(iv), where
feye =ty + 1. 18 the cycle time, which is assumed nonzero. The
final state of the Brownian particle in the cold (hot) isothermal
process should agree with the initial state in the hot (cold)
isothermal process.

We assume that the stiffness A(#) can be expressed as

fOllO WS:
)
leC '

At) = A(s) (s 24)
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using the scaling function A(s) (0 < s < 1). Under this
assumption, we can change the time scale of the proto-
col maintaining the protocol form unchanged by selecting
another value of f.,.. We also assume that #,/tcyc and 1. /tcyc
are finitely fixed for any value of f.. Furthermore, we assume
that A(t7)/A(%;) is finite at any time #; and 77, where they are
in the same isothermal process. We use this assumption to
show that the heat flux after the relaxation at the beginning of
the isothermal processes is noninfinite in the Appendix. Note
that the word “finite” may situationally be used considering
two meanings, “nonzero” (e.g., “finite power”) or “noninfi-
nite” (e.g., “finite time”). In this paper, however, we refer
to “nonzero and noninfinite” by “finite” except for the two
examples above.

To consider the quasistatic Carnot cycle corresponding to
the above finite-time Carnot cycle, we must consider the limit
of toyc — o0 and use the stiffness 1%(¢) related to the finite-
time stiffness through Eq. (24). Here, the index “qs” of X%
denotes the physical quantity X evaluated in the quasistatic
limit.

A. Quasistatic Carnot cycle: Quasistatic efficiency

We formulate the efficiency of the quasistatic Carnot cycle.
To this end, we need to quantify the heat leakage caused by
the adiabatic process. As the adiabatic processes are instan-
taneous, the initial distributions of the quasistatic isothermal
processes do not agree with the equilibrium distributions at
the temperature of the heat bath. Thus, a relaxation at the be-
ginning of the isothermal processes exists and, in general, the
relaxation is irreversible. After the relaxation in the quasistatic
isothermal process with temperature 7', the time derivative of
the variables satisfies

c¥()=0, 6%¥@t)=0, %) =0. 25)

Subsequently, from Egs. (11)-(13), we obtain those values as
follows:

oX(1) = o) = Z ol () =0, (26)
m

As(t)’
and the distribution in Eq. (14) in the quasistatic limit agrees
with the Boltzmann distribution

mA9s(¢) { A8 (H)x? + mv?
Xpy ——MmM————

s 1) =
pr(x, v, 1) T

T } @7

After the relaxation in each quasistatic isothermal process,
the system is in equilibrium with the heat bath and satisfies
Eq. (26). Using Eqgs. (16) and (26), we derive the quasistatic
entropy as follows:

1
SB@) ==
() >

—ll T 11 T In(2 1 28
_E (A([)>+_ <Z>+ n(2w) + 1. (28)

As mentioned above, the quasistatic isothermal processes
are composed of the relaxation part and the part after the relax-
ation. Because the instantaneous adiabatic process [Fig. 1(iv)]
just before the quasistatic hot isothermal process [Fig. 1(i)]
does not change the probability distribution, the initial dis-
tribution agrees with the final distribution in the quasistatic

1
Ino @)+ 2 Ino® () +In(2m) + 1

cold isothermal process. Thus, the variables o, oF, and o
begin the quasistatic hot isothermal process with the following
values:

T.
of=—, of =0, (29)

,
v m

o0 = o
x Aqs’
D

where we used Eq. (26). In the relaxation at the beginning of
this process, the stiffness almost remains A3 [see Eq. (A14) in
the Appendix], and the variables relax to
of = th oF = Q od =0, (30)
X A,‘qA v m Xv
owing to Eq. (26).

From Eqgs. (29) and (30), the kinetic energy is mo,/2 =
T./2 in the initial state and changes to 7;/2 during the re-
laxation. The kinetic energy remains 7}, /2 after the relaxation
because the system is in equilibrium with the heat bath at
temperature 7;, during the quasistatic hot isothermal process.
Thus, a change in the kinetic energy in Eq. (21) in the qua-
sistatic hot isothermal process is given by

AT
5
where AT = T, — T.. We can also derive the heat related to

the potential change during the relaxation Qre *% ag follows.
rel,o,qs -
is

AKF = (31)

As the stiffness remains A3 during the relaxation, o,

derived as
' T /)\, 1
rel,o,qs __ 2498
A = / > Aydoy

T./%5

1 L, T

=—Aj}s<— - —>, (32)
2740\ A

using Eq. (20). The entropy change of the Brownian particle
in this relaxation is given by

T, AY 1 T
ASTH = 21 (kgi - >+ 51 <Th) (33)

where we used Eqs. (28)—(30).

After the relaxation in the quasistatic hot isothermal pro-
cess, the probability distribution maintains the Boltzmann
distribution in Eq. (27) with T' = Tj,, and o, does not change.
Therefore, the final state of the process should satisfy

of = % oF = E, ol =0, (34)
Ap m
where we used Eq. (26). Because the second term on the
right-hand side of Eq. (28) does not change in the quasistatic
hot isothermal process, we derive the entropy change AS’SO -
after the relaxation in this process as follows:

o1 AL
AS Y = 3 In (A_g) (35)
B

Note that the quantities with the index “iso” do not include
the contribution from the relaxation. Thus, the heat supplied
to the Brownian particle after the relaxation in this process is
given by

. )qu
T AS,‘fo’qs =— 1 <Aqs) (36)
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The heat related to the potential change in the quasistatic hot
isothermal process is

Qz,qs — ThAS;lso,qs + Q;lel,o,qs. (37)

Therefore, by using Eq. (31), the heat flowing in the qua-
sistatic hot isothermal process is given by

Of = 0" + Ak}
ZThAS;lso,qs +chl,z)$qs + %AT, (38)
=ThAS;lSO’qS + Q;lel,qs’

where Q;,el’qs denotes the heat flowing during the relaxation at
the beginning of this process, as

lqs __ 1,0, 1
Ly B =070 + SAT. (39)
From Eq. (22), the work in this process is given by
W, =0oF — AE", (40)

where AE,?S represents the internal energy change in this
process.

After the instantaneous adiabatic process [Fig. 1(ii)], the
quasistatic cold isothermal process [Fig. 1(iii)] begins with the
variables in Eq. (34), and the variables relax to

T T
of =— of=—, ol =0, 41)
Ao

b
v m

where we used Eq. (26). Similar to the quasistatic hot isother-

mal process, the change in the kinetic energy in Eq. (21)

satisfies

AT
>

We also define the heat related to the potential change during

the relaxation in the quasistatic cold isothermal process as

AK® = — (42)

0. 1 s TC Th
Qzel, A4S — 5)\,% (}L—g‘s — )\'_%S) (43)

Then, the flowing heat and the entropy change of the particle
during this relaxation are given by

1 T, T, 1
relas = 98 S ) — AT 44
Qe 2cQg @> AT @9
1 T. AP 1 T,
ASrELas =~ [ 2S£ 2B —In{ =], 45
c 2n<xquh T, 45)

similarly to Egs. (33) and (39), where we used Egs. (20), (28),
(34), and (41)—(43).

After the relaxation, the variables change to the state in
Eq. (29). Then, the entropy change after the relaxation in the
quasistatic cold isothermal process is given by

R Ad
ASBO® = 3 In <x_‘}cj> (46)

The heat related to the potential change in the quasistatic cold
isothermal process is

Qz,qs — TCASiso,qs + Q;el,o,qs’ (47)

where we used Eqgs. (43) and (46). Thus, the heat flowing in
the quasistatic cold isothermal process is given by

OF =01 + AKY
_ TCASiCso,qs + Q?qu, (48)

where we used Eqs. (42)—-(47). From Eq. (22), the work in this
process is given by

WS = Q% — AEY, (49)

where AEZ is the internal energy change in this process. After
the quasistatic cold isothermal process [Fig. 1(iii)], the system
proceeds to the instantaneous adiabatic process [Fig. 1(iv)]
and returns to the initial state of the quasistatic hot isothermal
process.

Subsequently, we consider the efficiency of the quasistatic
Carnot cycle. As the cycle closes, the entropy change in the
particle per cycle vanishes as

ASirlel,qs + ASLSO’qS + AS;el,qs + Asiso,qs =0, (50)

where we used Eqs. (33), (35), (45), and (46). Because the
internal energy change in the particle per cycle vanishes, we
derive the work per cycle from the first law of thermodynam-
ics as
W =0 + 0F, (51)
using Eqgs. (40) and (49). In our quasistatic cycle, the entropy
production per cycle £%°, by which we imply the total entropy
production per cycle including the particle and heat baths, is
obtained as follows:
qs qs
T = _9 & . (52)
Ty T.
Because an entropy change in the particle per cycle vanishes,
as seen from Eq. (50), the entropy production per cycle X%
is expressed only by the entropy change of the heat baths.
Using Eqgs. (38), (51), and (52), we can derive the quasistatic
efficiency as

wes 7,3
ﬂqs = —g —Nc— CT (53)
h h

From Eq. (53), X% should vanish to obtain 7nc. Using
Egs. (38), (48), and (50), we can rewrite ¥4 in Eq. (52) as

B ThAS;lSO’qS + Q;el’qs B E_ASiSO,qS + Q?qu

T =
Th TC
Qrel,qs rel,qs
= ASE _ Zh g Agreles _ ZE
T, T,
2 TiAy (175
1 TAE TAE (AT)?
~|—1In < L — , (54
" 2[ (m“;) EEEC I T A

where we used Egs. (33), (39), (44), and (45) at the last
equality. The first and second terms on the right-hand side of
Eq. (54), derived from Q;’e’lc’o’qs in Eqgs. (32) and (43) and the

rel,qs

first term of AS, ™ in Eqgs. (33) and (45), denote the entropy
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production related to the potential energy in the relaxation in
the hot and cold isothermal processes, respectively. The last
term of Eq. (54) comes from the heat related to the kinetic
energy. To achieve the Carnot efficiency, the entropy produc-
tion should vanish, as shown in Eq. (53). In the overdamped
Brownian Carnot cycle with the instantaneous adiabatic pro-
cess in previous studies [16,24,26], the Carnot efficiency is
obtained in the quasistatic limit. In the overdamped cycle,
(AT)?/(2T,T.) in Eq. (54) does not exist because o, is not
considered. Thus, the entropy production in the overdamped
cycle is given by

AL TAE
ro® =4 =<, 55
f(m?i>+f<7}/\%s> &

where f is defined as
fwy=—-Inu+u—1, (56)

where f(u) is a downwardly convex function with the min-
imum value of f(1) = 0. Thus, for the entropy production
2> to vanish, the following condition is derived:

Iy T h _ I

WO Ay 0
This condition was adopted in the previous studies on the
overdamped Brownian Carnot cycle [16,24,26] in the qua-
sistatic limit. We impose this condition on our underdamped
cycle to reduce entropy production. Then, we obtain

AS;E 4 ASIHS = 0, (58)
using Egs. (33) and (45). Thus, from Eq. (50), we derive

AS;'SO,qs — —ASiSO’qS = Aqu. (59)

In addition, because Q"% in Eq. (32) and Q"% in Eq. (43)
vanish, we obtain

O = T)AS®, QU = —T.ASY,  (60)

Q;;d’qs _ _Qzel,qs — %AT7 61)

using Egs. (37), (39), (44), and (47). The heat in Egs. (38) and
(48) can also be rewritten as follows:

OF = T,AS® + AT, Q¥ = —T.AS®* — IAT. (62)

Using Egs. (51) and (62), We can rewrite the work in Eq. (51)
and the efficiency in Eq. (53) as follows:

W® =AT ASY, (63)

was AT AS®

Qh ThASq + ZAT

Despite considering the quasistatic limit of our Carnot cycle,
however, the quasistatic efficiency 7% is smaller than the
Carnot efficiency because of the heat leakage AT /2 in the
denominator in Eq. (64), which is derived from a kinetic
energy change in the particle due to the relaxation.

Here, we consider the small temperature-difference regime
AT — 0 and assume that AS% = O(1) > 0. Then, we obtain
AT AS® = O(AT). As the contribution of the heat leakage
to n% in Eq. (64) can be of a higher order of AT in the

n® nc- (64)

small temperature-difference regime, n%* is approximated by
the Carnot efficiency as

_ ATAS®
T T,AS®

qs

+ O[(AT)’] = ne + O[(AT)?].  (65)

B. Finite-time Carnot cycle: Efficiency and power

In the following, we formulate the efficiency and power
of the finite-time Carnot cycle. We assume that Eq. (57) is
satisfied in the quasistatic limit of this cycle. When we use the
protocol in Eq. (24), we obtain

A =2 (i=A,B,C, D), (66)

and we can remove the index “qs” in Eq. (57). In general,
finite-time processes are irreversible, and the work and heat of
the finite-time isothermal processes are different from those of
quasistatic processes. Thus, we express the work and heat in
our finite-time cycle by using those in the quasistatic limit and
the differences between the finite-time and quasistatic quanti-
ties. Below, we mainly consider the finite-time Carnot cycle.
Thus, when we deal with a finite-time isothermal process or
a finite-time cycle, we simply refer to them as an isothermal
process or a cycle, respectively. Using Eq. (66), we can rewrite
the entropy changes in Eqs. (35) and (46) in terms of the
stiffness A(¢) as

is 1 (Ad 1 (A
AS;;O’qS ZE In <)\’_fq‘s> = Eln (}\’—A> = Aqu, (67)
B

B
‘ 1 A 1 A
ASSS =—In (Z€ ) = —In 25 ) = —AS®.  (68)
¢ 2 \ap 2 \Jp

From Eq. (19), we derive the heat flowing from the hot heat
bath to the Brownian particle in the hot isothermal process as

Oy = 0; + AKy, (69)

where

1 tn .
Q;z = 5/(; dt )\.O'X,
1 1
AKy = MmO (th) — Emav(()). (70)

Note that Q9 and AK), become Q,* = T;, AS® in Eq. (60) and
AK)® = AT/2 in Eq. (31), respectively, under the condition
of Eq. (57) in the quasistatic limit, as discussed in Sec. IIT A.
Moreover, we find that Q) and AK; differ from 7, AS% and
AT /2 because the process is not quasistatic. Here, we define
the irreversible work W™ to measure the difference between
0y and T, AS® as

Wim =T, AS® — Q. (71)

Then, the heat in the hot isothermal process in Eq. (69) can be
rewritten as follows:

O =T, AS® — W™ + AK), (72)

using Eqgs. (69) and (71). Moreover, using Eqs. (22) and (72),
we obtain the output work in the hot isothermal process as

W, = T,AS® — W™ + AK), — AE), (73)
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where AE) represents the internal energy change in this pro-
cess. The reason that we call W™ the irreversible work will be
clarified later when we consider the output work per cycle.

The heat in Eq. (19) in the cold isothermal process is given
by

0. = 0] + AK,, (74)
where
1 Teye
Q0 == / dt A6, (75)
2 In
1 1
AK, zzmau([cyc) - zmav([h) = —AK,. (76)

Similar to Q7 and AKj,, Q2 becomes —T.AS¥ and AK.
becomes —AT /2 under the condition of Eq. (57) in the qua-
sistatic limit. In the same way as the hot isothermal process,
we can define the irreversible work W™ in this process and
rewrite the heat in Eq. (74) as follows:

Wi = — T.AS® — Q°, (77)

0, =—T.AS* — W' + AK.. (78)

Using Eqgs. (22) and (78), we derive the output work in the
cold isothermal process as

W, = —T.AS® — W™ + AK, — AE,, (79)

where AE, represents the internal energy change in this pro-
cess.

As the cycle closes, the internal energy change per cycle in
the particle vanishes. From the first law of thermodynamics,
we derive the output work per cycle as

W =0+ Q.= ATAS® — W™ — Wi, (80)

using Egs. (73), (76), and (79). As mentioned above, the irre-
versible works arise from the irreversibility of the isothermal
processes. If the irreversible works in Eq. (80) vanish, the
work will be the same as W% in Eq. (63). Thus, we call Whirg
the irreversible works as the difference between W in Eq. (8())
and W, Using Eqgs. (72) and (80), we obtain the efficiency n
and power P of the Carnot cycle as follows:

W ATAS® — W™ — W)™

77 =—= irr s (81)
On  T,AS® — Wi £ AK,
w AT ASY — Wirr _ Wirr

P=— = h <. (82)
tcyc tcyc

C. Small relaxation-times regime

We consider the Carnot cycle in the regime where the
relaxation times 7, and 7,(t) (0 <7 < f¢y) are sufficiently
small, which is of our main interest. From Eq. (A12) in the
Appendix, the kinetic energy in this regime is approximated
by

%mav(O) Z%mav(tcyc) = %Tm (33)

Imo,(ty) ~3T,. (84)

Thus, the kinetic energy change in the isothermal processes is
given by
AT
AKh - —AKC 27, (85)
similarly to the quasistatic case, where we used Eq. (76). From
Egs. (72), (78), and (85), the heat in the isothermal processes
can be evaluated as follows:

AT

Oy = T,AS® — W™ + - (86)
AT

Q. ~ —T.AS® — W — - (87)

From Eq. (81), the efficiency in the small relaxation-times
regime is given by
_ATAS® — W —W)"
" Thase —wim AL

(88)

Holubec and Ryabov pointed out the possibility of ob-
taining Carnot efficiency in a general class of finite-power
Carnot cycle in the vanishing limit of the relaxation times
[16,24]. In our underdamped Brownian Carnot cycle, we have
to consider the heat leakage [AT /2 in the denominator in
Eq. (88)] because the kinetic energy cannot be neglected.
Thus, it may be impossible to achieve the Carnot efficiency
in our finite-power Carnot cycle. Nevertheless, if Wi and
W vanish in the vanishing limit of the relaxation times, the
efficiency will reach the quasistatic efficiency in Eq. (64), and
we can achieve the Carnot efficiency as seen from Eq. (65)
in the small temperature-difference regime. Subsequently, we
study how the efficiency and power depend on the relaxation
times and temperature difference in Sec. IV.

IV. NUMERICAL SIMULATIONS

In this section, we show the results of efficiency and
power obtained through the numerical simulations of the pro-
posed Brownian Carnot cycle as varying the relaxation times
and temperature difference. In these simulations, we solved
Egs. (11)—(13) numerically by using the fourth-order Runge-
Kutta method. The specific protocol A(z) for our simulations
is given by

ﬁ O<t<y)

ou\14+b; -

o (89)
% (tn <1 < leye)s
U},(1+bZTh)

Al) =

where o, and o}, (>0,) are positive constants, and we defined
by = \Jop/o, — 1 and b, = \/o,/0, — 1. This protocol is in-
spired by the optimal protocol in the overdamped Brownian
Carnot cycle [16,26] and satisfies Eq. (57) assigned to the
protocol. This protocol also satisfies the scaling condition
in Eq. (24). For all the simulations, we fixed o,/0, = 2.0,
T.=1.0,1 =t = 1.0, and y = 1.0 and varied the temper-
ature difference AT, or equivalently, the temperature 7;,. We
calculated the heat in Egs. (69) and (74) and the work W =
On+ O, in Eq. (80) from the solution of Egs. (11)—(13).
Using the heat and work, we also numerically calculated the
efficiency n = W/Q;, using Eq. (81) and power P = W/t
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using Eq. (82). Before starting to measure the thermody-
namic quantities, we waited until the system settled down to
a steady cycle. Moreover, when we take the limit m — 0, the
relaxation time of velocity 7, = m/y vanishes. By a simple
calculation from Eqs. (6) and (89), we find that 7, satisfies

[oF Op
Y% < na < 2
h c

(90)

Thus, the smaller o, and o}, are, the smaller 7, is. When we
take the limit o, 0, — 0 while maintaining o} /0, finite, 7,(¢)
vanishes and A(r) = y/7,(¢t) from Eq. (6) diverges. Because
7,(0) < 0, and 1, x m are satisfied, we varied the mass m
and the parameter o, to vary the relaxation times. Note that
in the numerical simulations, we selected a time step smaller
than the relaxation times. Specifically, we set the time step as
min(m, o,) x 1072 because of 7,(0) o o, and t, o m.

To evaluate the efficiency in Eq. (81) obtained numerically,
we compared it with the quasistatic efficiency n% in Eq. (64).
Because n¢ in Eq. (1) is proportional to AT, the ratio of n%
in Eq. (65) to n¢ in the small temperature-difference regime
satisfies

n®
— =1-0(AT). 91
Nc

Similarly, we evaluate the power in Eq. (82) by using a

criterion P* defined as follows:

W® AT AS®
Pt = =— 92)

tcyc tcyc

where W% is the quasistatic work in Eq. (51). Here, we regard
the power as finite when the power in Eq. (82) is the same
order as P*.

Figure 2 shows the ratio of the efficiency of the proposed
cycle with the protocol in Eq. (89) to the Carnot efficiency. We
can see that the efficiency approaches n% with z,, r, — 0.
Considering Eqs. (64) and (88), we can expect that the irre-
versible works disappear. Thus, the efficiency can be regarded
as the Carnot efficiency in the small relaxation-times and
small temperature-difference regime.

Figure 3 shows the ratio of the power to P* in Eq. (92),
corresponding to Fig. 2. Atany AT, we can see that the power
approaches P* as t,, 1, — 0. As the power in Eq. (82) is
defined using the work in Eq. (80), the ratio of P to P* is the
same as the ratio of W to W® in Eq. (51). When the power
P approaches P*, the work W approaches W%, This implies
that the irreversible works vanish. Because the power is of the
same order as P* from Fig. 3, we can consider the power to be
finite. Therefore, Figs. 2 and 3 imply that the Carnot efficiency
and finite power are compatible in the vanishing limit of the
relaxation times in the small temperature-difference regime.

V. THEORETICAL ANALYSIS

This section analytically shows that it is possible to achieve
the Carnot efficiency in our cycle in the vanishing limit of the
relaxation times in the small temperature-difference regime
without breaking the trade-off relation in Eq. (2), as implied
in the numerical results in Sec. IV.

In general, the efficiency decreases when the entropy
production increases, as shown in Eq. (96). As the adi-
abatic processes have no entropy production because no

(a) m=0.001
1 : ‘ ‘
0,=001 +
095/ 0,=00001 O
0olt ca=o.ooocr)]gg
O
£085
—
08 4
+ +++++++
078t 4 Py
076005 01 015 02 025 03
AT
(b m=0.000001
| 0,=001 +
095} 6,=00001 O
,=0.000001
0.9r T,lqs
(@]
£085)
[e
o8 ++++FH“+++++++++
L + ++.
075 ) i iy
076005 01 015 02 025 03
AT

FIG. 2. The ratio of the efficiency in Eq. (81) to the Carnot
efficiency in our cycle with the protocol in Eq. (89) when t, varies
at (a) 7, = 1073 and (b) 7, = 107°. Because the parameter o, is
proportional to 7,(0) in the protocol in Eq. (89), we vary o, to make
7, small. Similarly, we vary the mass m because it is proportional to
7,. In these simulations, we set o, = 1072 (purple plus), o, = 10~
(green square), and o, = 1075 (orange triangle). The red solid line
corresponds to the ratio of n% in Eq. (64) to the Carnot efficiency. The
efficiency appears to approach the Carnot efficiency in the vanishing
limit of o, (or 7,), m (or 7,), and AT.

heat exchange is present, we have only to consider the en-
tropy production in the isothermal processes. In the small
relaxation-times regime, the efficiency in Eq. (81) is ap-
proximated by that in Eq. (88). If Wh“g — 0 is satisfied in
the vanishing limit of the relaxation times, the efficiency in
Eq. (88) approaches the quasistatic efficiency in Eq. (64).
As seen in Eq. (65), it is expected that the contribution
of the heat leakage to the efficiency can be neglected in
the small temperature-difference regime. Thus, the efficiency
in Eq. (81) approaches the Carnot efficiency in the small
relaxation-times and small temperature-difference regime,
and the power in Eq. (82) also approaches P* in Eq. (92)
simultaneously.

The numerical results imply that the irreversible works
vanish in the vanishing limit of the relaxation times t, and t,.
To derive a similar conclusion analytically, we first show that
the irreversible works relate to the entropy production given
by

=== (93)

Similarly to X% in Eq. (52), the entropy production X is
expressed only by an entropy change in the heat baths. In the
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(a) m=0.001
1 T i 1 A 11 A1 11
095} d—gﬂLk IRy
At
ool _,_++++ |
"o +++
5085/ .
i +
o8, 0,=001 +
075 0,=00001 O
+‘ ‘ Ga=Q.OOOQO1 ‘
076—005 01 015 02 025 03
AT

(b) m=0.000001

’I PYRSTVLon vin win wan win ran vk FAY FAY FAY FAN FAY FAN FAY FAN FAY FAY FAN AN FAY FAY FAY FAN FAY AN Fa) |
0.95} e
A+
09} A |
* +
a +
5-085( ¥
+
o8+ 0,=001 +
075 4 6,=00001 O
. _ 0,=0000001
70 005 01 015 02 025 03
AT

FIG. 3. The ratio of the power in Eq. (82) to P* in Eq. (92) in
the proposed cycle corresponding to Figs. 2(a) and 2(b). The power
appears to approach P* in Eq. (92) in the vanishing limit of o, (or
7,), m (or 7,), and AT.

small relaxation-times regime, we can express - in Eq. (93)
as follows:
5 LT S TASTAWT SR 4 TAST W
Th Tc
wir n (AT)Z’
2T, T.

Wirr
=—I 4

94
T, T. S

using Eqgs. (86) and (87). The last term on the right-hand
side of Eq. (94) comes from the heat leakage due to the
instantaneous adiabatic processes. From Eq. (94), the entropy
production can be regarded as zero in the small temperature-
difference regime when the irreversible works vanish. In
general, the entropy production in Eq. (93) can also be rewrit-
ten as

by =%(ﬂc - ), (95)

where we used Eqs. (1) and (81). This equation shows that the
efficiency approaches the Carnot efficiency when the entropy
production vanishes. Thus, by using Eqs. (94) and (95), we
obtain the efficiency as

o
n=nc— On
~ e — 1<W—h" + me) +OATY],  (9)
o\ T, T,

in the small relaxation-times regime. Here, the contribution
of the heat leakage to the efficiency is O[(AT)?] and it is
negligible in the small temperature-difference regime.

We consider the trade-off relation in Eq. (2) to discuss the
compatibility of the Carnot efficiency and finite power in our
Brownian Carnot cycle. Using Eq. (95), we can rewrite Eq. (2)
as

P <
=0

AT (97)

in terms of the entropy production X. When the quantity AX
is nonzero in the vanishing limit of the entropy production
%, implying that A should diverge, the finite power may be
allowed. In fact, when the entropy production X vanishes
in the small temperature-difference regime, the irreversible
works should vanish because of Eq. (94). Then, the power in
Eq. (82) approaches P* in Eq. (92), which implies that the
power is regarded as finite. Thus, we find the expression AX
in our cycle below.

A. Trade-off relation between power and efficiency

We derive the trade-off relation in our cycle. To obtain
the expression of the entropy production, we use Egs. (67)
and (68) from Ref. [23]. Using the general expression of the
entropy production in the Langevin system [31,32], Dechant
and Sasa showed a trade-off relation for the underdamped
Langevin system in Ref. [23]. Thus, we can apply their results
to our system. Applying Eq. (67) from Ref. [23], we can
divide the probability currents in Egs. (9) and (10) into the

JTeV JTevV

reversible parts, j* and j™, and the irreversible parts, ;i
and j)'", as

JeGe v, 1) =, v, 1) + T (x, v, 1),

JoGe v, 1) = 2, v, 1) + i (x, v, 1), ©8)
where
S v =ople v ), v, =0,
Pt =— %xp(x, v, 1), (99)
Jmx, v, 1) = (—%v — yigt) %)p(x, v, 1).

For convenience, we introduce a function ¢ (¢) to describe the
time evolution of the temperature as

1 _1 1 1
=1 (7 7)0

1
= [l = nce()].

100
T (100)
In our cycle, the function ¢(¢) is given by
1 O<t<ty)
¢(1) = { (101)
0 (th <t <teye)
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Using Eq. (8), the heat flux in Eq. (18) is rewritten as
. o o 1 1 ap
= d dv| —mv* + —ax* | =
0] / x/ v|:2mv +2x:|3t
1 djy  0j
/ dx/ dv mv + = A 9x + — Jv
dx av
=/ dx/ dv[mvj, + Axj.],
—00 —00

where the last equality is derived from the integration by parts
and we assumed that the probability currents at the boundary
vanish. By using Egs. (98), (99), and (102), we obtain the heat

flux as
(t)_/ dx[ dv mvj“r(x v, 1).

Thus, we obtain the heat flowing from the heat bath to the
Brownian particle in the hot isothermal process as

Iy [oe] o
Oy = / dt / dx/ dv mvj"
0 —00 —00
feye 00 00 )
= / dt / dx/ dv ¢(t)mvj)",
0 —00 —00

using Eq. (101). Now, we consider the entropy production
rate. Based on Eq. (68) from Ref. [23], the entropy production
rate is given by [31,32]

"T(x v, t))

(1) _/ dx/
VT(t)p(x v, 1)

Using Eq. (105), we can also obtain the concrete expression
of the entropy production per cycle as

= / dt (1)
lrr()c v, t))

/[m dtf dx/
VT(I)P(X v, 1)

From the Cauchy-Schwarz inequality, it is shown that the
upper bound of the heat flux in Eq. (103) is expressed using
the entropy production rate as

o= ([ [ ooy Y
g(/oodx/oodvyTvzp)

SIRTRES

_VTGU

(102)

(103)

(104)

(105)

(106)

(107)

or, equivalently,

(108)

10l < \/yTo,%.

Because yT(t)o, and ¥ are positive, by using Eq. (108),
we can derive the following bound for the heat

in Eq. (104):

Q) = ( fo T () Q(t)>
Teye ; 2

< d T(t)o,S

(/0 t SNy T ()0 )

< ( / ™ ¢2(I)J/T(t)av) ( / ™ 2)
0 0

2

S (109)
where
leye 2(¢
x =Y / a9 0. (110)
tcycTc 0 1 —ncop@)

and we used the Cauchy-Schwarz inequality and Eq. (100).
Using Egs. (95) and (109), we can derive the trade-off relation
in our cycle as

w w1 Qﬁ

tcyc Qh Qh Teye

! T?x T
<n—T x
Qh

=xT.n(nc — n). (111)

By comparing Eqgs. (97) and (111), we obtain A = T, x. We
will show that in the limit of t,, 7, — 0, the entropy produc-
tion ¥ vanishes and x diverges while x ¥ maintains positive.
For this purpose, we rewrite Eq. (105) as follows. In our
model (Sec. II), the probability distribution was assumed to
be the Gaussian distribution shown in Eq. (14). Thus, we can
differentiate the distribution function p(x, v, t) with respect to
v as

 _dwx-ow (112)

v o0, — 02
We can rewrite the entropy production rate in Eq. (105) by
using the variables oy, oy, and o, and derive the expression
of X under the assumption of the Gaussian distribution as

Z(t)/d/d 7/erTa 2
= x v—1_ v+ = —
yTp m2 ov )P
2
== dx/ dv{—v yT Feod — axv} )4

m? 0,0, — 02
B ,,%(T — ma,)? + QT — mo, )y 2

(113)

2 )

T (mo, — Tyy Z—X)

where we used Egs. (6), (7), (12), (18), (99), and (112). Using
Egs. (12) and (18), we obtain

0=2(T - mo,). (114)
m
Thus, Eq. (113) can be rewritten as
. 2
) 7,0° + 2T — moy,)y 2
$(t) =— VY o (115)

T(mov — tvy%‘)
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Integrating Eq. (115) with respect to time, we derive the en-
tropy production per cycle X in our cycle as

toe  1,Q%(t) + [2T (1) — mo, (t)]y - (l)
E:/ dt
0

t
T()(moy(t) — 1,y Z2)
B. Small relaxation-times regime

(116)

We evaluate the entropy production in Eq. (116) in the
small relaxation-times regime. In the hot isothermal process,
the process can be divided into the relaxation part and the
part after the relaxation. Because the relaxation time of the
system at the beginning of the hot isothermal process is given
by 79 = max(z,(0), 7,), the entropy production in the hot
isothermal process X, is divided as

In . 0 . In .
Ehz/ dtZ:/ dt2+/ dt X,
0 0 7o

where the first and second terms in Eq. (117) represent the
entropy production in the relaxation and after the relaxation,
respectively. We first evaluate the entropy production after the
relaxation. From Egs. (A12) and (A17) in the Appendix, the
variables oy, 0y, and oy, after the relaxation satisfy

T T T di

(117)

=, VX —, Oy X ————. 118
=5 T w @ 232 di (118)
Then, we can obtain
2 2
axv(t) 'L'x(t)T
- —1 At 119
o (t) 4 \dr @ (119)

Using Egs. (115), (118), and (119), the entropy production
rate after the relaxation is given by

L)+ 2 S ()
T — ot I(dipp)?

Teye feye 4
where we used s =t /.y to compare the cycle time 7.y and
the relaxation times t, and t,. Then, we derive the entropy
production after the relaxation in the hot isothermal process
as

. 1
(1) ~ for

, (120)
feyeT

I\ 2
/thdtilz T 2 (199)" + =L (LA’
70

b © T - EE R (A

Leye tcyc

(121)
To consider the entropy production in the relaxation, we
rewrite ¥ in Eq. (115) by using the heat flux in Eq. (18) and
the time derivative of the entropy in Eq. (16) as follows:
t

() =8@0) — @

T@t)
Because the temperature of the heat bath is constant, we derive
the entropy production in the relaxation in the hot isothermal

process as

(122)

70 rel
/ dt ¥ = S(79) — S(0) — Q ,
0

(123)

where QrEI is the heat flowing in this relaxation. In the small
relaxation-times regime, the relaxation is very fast (see the
Appendix), and the stiffness is regarded to be unchanged in

the relaxation because of Eq. (A14). From Eq. (A12), o, is
also unchanged during the relaxation under the condition of
Eq. (57). Thus, the heat related to the potential change in
Eq. (20) in the relaxation vanishes. By using Egs. (19) and
(85), Qrel is evaluated as

AT
rel
~— 124
h > (124)
In addition because d(In A)/ds is noninfinite, as shown in the
Appendix, we can approximate the entropy in Eq. (16) after
the relaxation by

oy~ L nep? 1 47
(1) = S In(T*@) + s In { — (125)

where we used the approximation

2
T2 _ iiﬁ(iln[\> ~ T2,

(126)

mk(oxav — oxzv) ~

from Eqgs. (24) and (118). The initial state of the hot isother-
mal process is given by the final state of the cold isothermal
process as

T, T.

Oy X —, Oy X —, Op=X=-—
)\D m

T. d

— — , (127
222 dt (127)

t=teye—0

from Eq. (118). Because the stiffness remains 14 in the relax-
ation, the variables relax to the following values:
1} 1}

szk_’ Oy 22—, Op 22—
A

T, dx

— — , 128
223 dt (128)

t=0+0

from Eq. (118). Using Egs. (125)—(128), the difference be-
tween S(0) and S(7p) can be approximated by

1 1 A
Sin(7?) - 2maﬂ+§m(£)

(129)

S(z0) —S(0) =

We can then evaluate the entropy production in the relaxation
in Eq. (123) as

o S| 1 1 AD AT
dt ¥ ~—In(T?) — =In(T?) 4+ -In [ =
\/0 zn(h) 2n(L)+2n<)LA> 2Th
1 Th AT
—=—1n R
2 TC 2T,
using Eqgs. (57), (66), (124), and (129). Thus, by using

Egs. (121) and (130), the entropy production in the hot isother-
mal process in Eq. (117) is given by

1 T, AT
Ypx—In|—=)— =
2 T. 2T,

)+ (A’

ey

(130)

1 Iy /leye

Fh 70/teye T, — & & Th(d In A)

feye feye 4

(131)
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Similarly, the entropy production in the cold isothermal pro-
cess X, is given by

feye . 1 T. AT
Y. = dt X >~—-In|— )+
th 2 1, 2T,

L (4062 | T2 (d
G (LI
Te J+ ’ _nwnl(d ’
h TI)/tcyc c Teye Toye 4( In A)

where 7 = max(z,(#;, + 0), 7,) is the relaxation time at the
beginning of the cold isothermal process. Because no entropy
production is present in the adiabatic processes, the entropy
production X per cycle in the small relaxation-times regime is
given by

X=X+ 2.
e () e R A
T

TO/ZCYC T}L - t::r t:;r 7} ( 7 ln A)
do(s) T d
! 1 Teye ( * ) [f 4 ( In A)
+ ds
I (tn+11) /teye L t:?z:i_l(dil )
(AT)Z’ (133)
2T,T.

using Egs. (131) and (132).
Comparing Eqs. (94) and (133), we can derive the expres-
sion of the irreversible works as

2 TZ d 2
1 /leye t:—_c(%) + ,:_XLTh(I InA)
err_/r/t ds T_Vinr:; dIVAZ s (134)
0/teye h tcy(, tc“ 4 ( )
. do(s) o i(d In A
Wi =/ 45 o0 S ) . (139)
(th+7 )/fcyc TC - l:;,/c z:;c _L( 4 1 )

As shown in the Appendix, dQ/ds and d(In A)/ds are nonin-
finite after the relaxation. Thus, the entropy production rate in
Eq. (120) after the relaxation vanishes in the vanishing limit
of the relaxation times. From Eqs. (134) and (135), it turns
out that the integrand of Wm, which is 7j, LE vanishes at
any s in the vanishing limit of the relaxation times, and the
irreversible works also vanish. Therefore, we can confirm that
the efficiency in Eq. (88) approaches the quasistatic efficiency
in Eq. (64) in this limit, theoretically explaining the results of
the numerical simulations. Figure 4 compares the efficiency
obtained from the numerical simulations in Fig. 2 and the
efficiency derived from the theoretical analysis in the small
relaxation-times regime. Here, the efficiency of the theoretical
analysis was derived by calculating the irreversible works in
Egs. (134) and (135) and substituting them into Eq. (88). Note
that we used Eq. (A18) to calculate dQ/ds in Egs. (134) and
(135). We can see that the theoretical result and numerical
simulations show a good agreement.

We provide a qualitative explanation for the behavior of the
efficiency in Figs. 2 and 4, as below. We consider the case that
the relaxation times are small but finite. Then, from the above
discussion, W,™ and W™ are positive and small. When AT
is large, AT AS%® in the numerator of Eq. (88) is sufficiently

m:O.q01,ca:0.01

‘ s ‘
0.95 numerical simulation
theoretical result
09
&)
£0.85
=
0.8 T
JrJl_Jrl UL I»LHE{-HILJ*LJ‘L
0.75 "F L IJ"H‘{'JI-
0.7

0 005 041 015 02 025 0.3
AT

FIG. 4. The ratio of the efficiency to the Carnot efficiency de-
rived from the numerical simulations in Fig. 2 in Sec. IV (purple
plus) and theoretical analysis (sky-blue solid line). We set m = 107>
and o, = 1072, Although the relaxation times corresponding to these
parameters are not very small among the parameters used in Fig. 2,
the theoretical result and numerical simulations show a good agree-
ment. We have confirmed a better agreement with smaller parameters
(data not shown).

larger than W,:‘"; since we use the protocol satisfying AS® =
O(1) in the numerical simulation. Since Ty, is larger than AT,
T,AS® in the denominator of Eq. (88) is also sufficiently
larger than Wlrr Thus, the efficiency should mainly depend
on T, AT, and AS® as shown in Eq. (88). Although the
efficiency is smaller than the Carnot efficiency because of
AT /2 due to the heat leakage in the denominator of Eq. (88),
the heat leakage becomes small and the efficiency increases
toward the Carnot efficiency as AT becomes small. At the
same time, however, the irreversible works can be comparable
to AT AS®. From Eq. (89), the stiffness in each isothermal
process depends only on the corresponding temperature. Since
dQ/ds in Egs. (134) and (135) is evaluated by the protocol
as shown in Eq. (A18), Wh“I depend only on the temperature
of each isothermal process, but do not depend on AT in the
lowest order of AT. Thus, the irreversible works maintain
finite even when AT vanishes. Then, AT AS% in Eq.(88)
approaches zero while W}:‘: are positively finite. Thus, the
efficiency turns from increase to decrease as AT becomes
small and takes the maximum for a specific value of AT as
shown in Figs. 2 and 4.

By using s =t /1y, the quantity ¢(¢) in Eq. (101) can be
expressed as

I (0 <s <tp/teye)

¢(s) = { (136)

0 (th/teye < s < 1).

Thus, x in Eq. (110) is rewritten by using the relaxation time
of the velocity as

L feye (lflds movg® ) = Clae (39
tcyc ©w \Tc Jo I —ncod feye Ty
where C is a positive constant given by
2
C=_— / movg” (138)
1o ncg’

In the relaxation at the beginning of each isothermal pro-
cess, ma, is positively finite. After the relaxation, mo, is
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FIG. 5. The quantities x in Eq. (110) and x X when t, and t,
are varied. Because the parameter o, is proportional to 7,(0) in the
protocol in Eq. (89), we vary o, to make 7, be small. Similarly, we
vary the mass m because it is proportional to 7,. In these simulations,
we used (o, = 0.1, m = 0.1) (purple plus), (o, = 0.01, m = 0.01)
(green cross), and (o, = 0.001, m = 0.001) (sky-blue square). We
can see that x diverges at each AT when we consider the limit of
0., m — 0 (1y, 7, = 0). In addition, we can also see that the values
of x X are positively finite for the vanishing limit of AT for any
relaxation times.

approximated by the temperature of the heat bath. Thus, C is
positively finite. From Eq. (137), x turns out to diverge in the
limit of 7, /tcyc — O when £y is finite. Although 7, /tcye — 0
is satisfied even when #. diverges and 7, is maintained finite,
we do not consider that case because it is in the quasistatic
limit. Using Eqgs. (133) and (137), we can obtain xX as
follows:

do\2 | wTi d 2
XE N C /‘th/fcyc s (E) + 4—‘[:7(% In A)
foyeTi Jaujie - Ty — 22 T (4 1n A)
doN?2 | wT?(d 2
n C /' ds (E) + 47, (EIHA)
teyeTe Jureoe T, — 2 B (L1n A)’
c(ary (139)
7, 2T,T.

Here, we consider the vanishing limit of the relaxation
times in the small temperature-difference regime and evaluate
the efficiency and power in this limit. As seen in Eq. (96), the
efficiency approaches the Carnot efficiency when X vanishes.
Moreover, we evaluate X in the vanishing limit of 7, and t,

in the small temperature-difference regime. In this limit, we
can show that dQ/ds and d(In A)/ds in Eq. (133) do not di-
verge after the relaxation (see the Appendix). Thus, when the
relaxation times vanish at any instant after the relaxation, the
entropy production rate always vanishes from Eq. (120), and
the first and second terms on the right-hand side of Eq. (133)
also vanish. In addition, when AT is small, the third term
in Eq. (133), which is due to the relaxation, is O[(AT)?]
and can be ignored. Therefore, the entropy production per
cycle in Eq. (133) should be O((AT)?), and the efficiency
can be regarded as the Carnot efficiency because of the rea-
soning presented below Eq. (96). Then, because dQ/ds and
d(In A)/ds are always noninfinite, the first and second terms
on the right-hand side of Eq. (139) are positively finite in the
vanishing limit of 7, and t,. Even when AT is small, x X
is positive, and the right-hand side of the trade-off relation
in Eq. (111) is positive. Therefore, the finite power may be
allowed even when X vanishes. In the above limit, because the
irreversible works in Eqgs. (134) and (135) vanish, the power
in Eq. (82) approaches P* in Eq. (92), which implies that the
power is finite. Therefore, the Carnot efficiency is achievable
in the finite-power Brownian Carnot cycle without breaking
the trade-off relation in Eq. (111).

In Fig. 5, we numerically confirmed that x increases and
x 2 remains positively finite in the limit of AT — 0 when we
consider smaller relaxation times. We can expect x to diverge
while maintaining x ¥ positively finite in the vanishing limit
of the relaxation times in the limit of AT — 0. This result
implies that ¥ vanishes while maintaining y X positively
finite, and we can expect that ¥ vanishes and y diverges
simultaneously in the vanishing limit of the relaxation times.

VI. SUMMARY AND DISCUSSION

Motivated by the previous study [24], we studied the
relaxation-times dependence of the efficiency and power in
a Brownian Carnot cycle with the instantaneous adiabatic
processes and time-dependent harmonic potential, described
by the underdamped Langevin equation. In this system, we
numerically showed that the Carnot efficiency is compatible
with finite power in the vanishing limit of the relaxation times
in the small temperature-difference regime. We analytically
showed that the present results are consistent with the trade-
off relation between efficiency and power, which was proved
for more general systems in Refs. [17,18,23]. By expressing
the trade-off relation using the entropy production in terms of
the relaxation times of the system, we demonstrated that such
compatibility is possible by both the diverging constant and
the vanishing entropy production in the trade-off relation in
the vanishing limit of the relaxation times.

In the numerical simulation results in Sec. IV, we used a
specific protocol. However, we can use other protocols sat-
isfying the following three conditions to achieve the Carnot
efficiency and finite power in the small temperature-difference
regime: The first condition is that the protocol should sat-
isfy the condition in Eq. (57). For such a protocol, the heat
leakage in the relaxation at the beginning of the isothermal
processes is O(AT). Thus, heat leakage can be neglected
in the small temperature-difference regime, compared with
the heat flowing in the isothermal processes. The second
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condition is that the stiffness is expressed by using a scaling
function as in Eq. (24). The third condition of the protocols
is that the stiffness diverges at any instant of time. This is
satisfied by the vanishing relaxation time of position, and it
is one of the necessary conditions for the entropy production
rate vanishing after the relaxation, as we showed in Sec. V.
When the entropy production rate at any instant vanishes,
irreversible works also vanish, which allows us to derive the
compatibility of the Carnot efficiency and finite power in the
small temperature-difference regime.

Note that we showed that achieving both the Carnot effi-
ciency and finite power is possible in the small temperature-
difference regime without breaking the trade-off relation in
Eq. (97) of the proposed cycle. In the linear irreversible ther-
modynamics, which can describe the heat engines operating
in the small temperature-difference regime, the currents of
the systems are described by the linear combination of affini-
ties and their coefficients are called the Onsager coefficients.
When these coefficients have the reciprocity resulting from
the time-reversal symmetry of the systems, a previous study
[7] showed that the compatibility of the Carnot efficiency
with finite power is forbidden. The same study also showed
that the compatibility can be allowed in the systems without
time-reversal symmetry. However, in some studies related to
the concrete systems without time-reversal symmetry [8—13],
the compatibility has not been found thus far. On the other
hand, there is a possibility of the compatibility of the Carnot
efficiency and finite power when the Onsager coefficients with
reciprocity show diverging behaviors (cf. Eq. (7) in Ref. [19]).
The Onsager coefficients of our Carnot cycle can be obtained
in the same way as Ref. [33], which have reciprocity. In the
vanishing limit of the relaxation times, we can show the di-
vergence of these Onsager coefficients. Although the effect of
the asymmetric limit of the nondiagonal Onsager coefficients
on the linear irreversible heat engines realizing the Carnot
efficiency at finite power was studied in Ref. [7], this case is
different from our case where all of the Onsager coefficients
show the diverging behaviors.

Furthermore, another study reported the compatibility of
the Carnot efficiency with finite power using a time-delayed
system within the linear response theory [34]. Because the
time-delayed systems are not described by the Markovian
dynamics, the trade-off relation in Eq. (2) may not be applied
to them. Thus, there may be a possibility to achieve the Carnot
efficiency in finite-power non-Markovian heat engines. In this
paper, however, we showed that achieving both the Carnot
efficiency and finite power is possible in a Markovian heat
engine.

Although we have used the instantaneous adiabatic pro-
cess, the other type of adiabatic process can be used for
the study of the Brownian Carnot cycle [24,28,35,36]. In
this adiabatic process, the system contacts with a heat bath
with varying temperature that maintains vanishing heat flow
between the system and the heat bath on average. While
the Brownian Carnot cycle utilizing this adiabatic process
does not suffer from the heat leakage, mathematical treatment
may become more difficult. Therefore, it is a challenging
task to study the detailed relaxation-times dependence of the
efficiency and power for this cycle, which we will report
elsewhere.
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APPENDIX: BEHAVIOR OF HEAT FLUX IN THE
VANISHING LIMIT OF RELAXATION TIMES

We show that heat flux Q after the relaxation in an isother-
mal process is noninfinite in the vanishing limit of the relax-
ation times. For this purpose, we first consider the case where
the stiffness A and the temperature T are constant. We assume
that an isothermal process lasts for t; < ¢ < t;. As the adia-
batic processes take no time, the variables oy, o,, and oy, at
the beginning of the isothermal process should be unchanged
from the end of the preceding isothermal process. We set
oy (t;) = 04, 0y (t;) = 0y, and oy, (¢;) = 0yyo. Under these ini-
tial conditions, we can solve Eqgs. (11)—(13) using the Laplace
transform [27], and we can obtain o, and o, as follows:

T m
o) =—+ XDle—%“—ff)

*\2
Jr()/+mw)D

—(L—w*)(t—1)

0 e (n
(y —mo*’ . O —
+VTD3e Gt a—i), (A1)
T —L(—t) —(L—w*)(t—t;)
av(t)=;+D|e T 4 Daye '
+ D3e_(»y7+‘"*)(’_”), (A2)
where
A
=2 [1-4™ (A3)
m 14
A 14
L)1 = 2 4— ZUUO — 2—02\() - 2_0-,\1)() s (A4)
mw m m

A2 A y .
—2—00+2—| — = — " |Jouo |- (A6)
m m m

We can also derive oy, using Egs. (13) and (Al). We can
rewrite Eq. (A3) using the relaxation times Eqs. (6) and (7) as
1 Ty

' =— [1-4-2
7 T

(A7)
The exponential functions in Egs. (Al) and (A2) are
represented using s = # /1, and the relaxation times as

Ieye A
(i e )
)

e mTt) — o7 Wi (A8)

feye = i
e~ t—t) _ =5 (=T 0. (A9)
e Gron—t) _ = Uhy/1=406—50), (A10)
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When we consider 7, < 471,, o* in Eq. (A7) becomes purely
imaginary. Thus, the exponential terms in Eqgs. (A8)—(A10)
vanish in 7, /fcye — 0 when s > 1; /1. is satisfied. When we
also consider 7, > 4t,, the exponential terms in Egs. (AS8)
and (A10), vanish in 7,/fyc — 0. Because the exponent of
Eq. (A9) can be approximated by

S T PR A |
Ty Ty tcyc Ty tcyc
(A11)

the exponential terms in Eq. (A9) vanishes in 7,/tcye — 0
when s > t;/tyc is satisfied. Thus, the exponential terms
vanish in any value of 7, /7, in the vanishing limit of z, and t,
when s — 1; /1y is positively finite. Therefore, o, and o, after
the relaxation are approximated by

T T

0y —, 0y —.

- ~ (A12)

To obtain o,,, we use Egs. (11) and (A1) as follows: Because
T and A are constant, the time derivative of the first term
in Eq. (A1) disappears. Moreover, as the exponential terms
vanish rapidly, the remaining terms in Eq. (A1) vanish after
the relaxation even when we differentiate them with respect
to time. Thus o,, vanishes after the relaxation.

Subsequently, we consider the isothermal process where
the stiffness A depends on time. When 7; (j = x, v) is suffi-
ciently small, by using the Taylor expansion, we derive

d
At + 1)) :A(t)(l —{—thlnk(t)). (A13)
If d(In 1)/dt is noninfinite in the vanishing limit of 7;, we can
obtain

A+ 1) = M), (Al4)

which implies that the stiffness A is constant during the re-
laxation. We show that d(In1)/dt is noninfinite as below.
Because A varies smoothly in the isothermal process, A is
differentiable, and we obtain

A(t + Ar)
A()

where At is finite but sufficiently small. Because we assumed
that A(¢7)/A(t;) is finite at any time #; and 7 in the isothermal
process, as mentioned below Eq. (24) in Sec. III, d(In A(¢))/dt
should be noninfinite. Thus, as Eq. (A14) is satisfied, we
can regard A as a constant in the relaxation even if A varies
with time and diverges. Thus, we can apply o, and o, in
Egs. (Al) and (A2) under constant A to the case of varying
A in the relaxation. Then, o, and o, immediately relax in the
vanishing limit of 7, and 7, and satisfy Eq. (A12) immediately
after the relaxation. When the stiffness changes from A(¢) to
A(t 4 Ar) after the relaxation, o, and o, immediately relax to
Eq. (A12) with A = A(t 4+ At) in the limit of z,(¢), t, — O.
Thus, when 7,(¢) and t, vanish at any instant, we can regard
that Eq. (A12) is always satisfied in the isothermal process
after the relaxation. When we consider oy,, the time derivative
of T /A in Eq. (A1) does not vanish because A varies smoothly.
The remaining terms in Eq. (A1) vanish after the relaxation
even when we differentiate them with respect to time because

d
~ 14 At—1InA(?), AlS
+ A ) (Al5)
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FIG. 6. Time evolution of Q,(¢) (purple solid line), its potential
part Ao, /2 (green dashed line), and its kinetic part ma, /2 (sky-blue
dotted line) in the hot isothermal process. We can see a relaxation at
the beginning of the process. The lower figure is an enlargement view
of a part of the upper figure, which shows that Qh(t) >~ A(t)o,(t)/2
and mao,(t) >~ 0 are satisfied. In this simulation, we used A(¢) in
Eq. (89) and set 7, =2.0, . =10, t, =t. =10, m=0.1, 0, =
0.1,y = 1.0, and 0, /0, = 2.0.

the exponential terms vanish rapidly. Using Eq. (A12), we
obtain the time evolution of o, and o, after the relaxation in
the isothermal process with the temperature T as

dx(z):—L<ilnx>, g, >~ 0. (A16)
A(t) \ dt
Then, from Eq. (11), we obtain
Oy (1) =~ —L<ilnk>. (A17)
2A() \ dt
The heat flux O(¢) in Eq. (18) is represented as
o) :l)\(t)dx(t) ~ —Z(i In A), (A18)
2 2 \ dt

where we used Eq. (A16), and Q is noninfinite because
d(In 1)/dt is noninfinite. Note that we obtain

d d
alnA :tCyCEIH)\”

doQ o T /(d
— =ftye— =——| —InA),
ds 9 T2 <ds f )
using s and Eqgs. (24) and (A18). Because d(In A)/dt is non-
infinite, d(In A)/ds and dQ/ds are also noninfinite after the
relaxation when 7.y is finite.

(A19)
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Figure 6 shows a time evolution of the heat flux Qh, its
potential part Ao,/2, and its kinetic part mao,/2 in the hot
isothermal process with the protocol in Eq. (89). In this sim-
ulation, we used the same parameters as in Sec. IV. From the

figure, we can see a relaxation at the beginning of the process.
As implied in Eq. (A18), the heat flux Q;, is almost equal to
its potential part Ao, /2, and the kinetic part mag,/2 almost
vanishes after the relaxation.
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