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Abstract
We characterize unicyclic graphs that are singular using the support of the null space of
their pendant trees. From this, we obtain closed formulas for the independence and matching
numbers of a unicyclic graph, based on the support of its subtrees. These formulas allows
one to compute independence and matching numbers of unicyclic graphs using linear algebra
methods.
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1 Introduction

Recently, in Jaume and Molina (2018), the authors studied the null space of the adjacency
matrix of trees and they presented a null decomposition of trees. In general, this null decom-
position divides a tree into two forests (one of the forests can be empty), one composed by
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singular trees and the other composed by non-singular trees. The technique used was the
analysis of the support of the tree, where the support is defined as the subset of vertices for
which at least one of its corresponding coordinates of the eigenvectors of the null space of
the adjacency matrix is nonzero.

As an application, in Jaume and Molina (2018), the null decomposition was used to obtain
closed formulas for two classical parameters. The first one is the independence number of
a graph G, denoted by «(G). Notice that the problem of computing «(G) is NP-hard Karp
(1972) and several mathematicians have studied «(G) (for example, Alon and Kahale 1998;
Frieze 1990; Shearer 1983). The second one is the matching number of a graph G, denoted by
v(G) (Cvetkov¢ et al. 1980; Ming and Wang 2001). Historically, the matching theory started
with bipartite graphs and one of the earliest works was published in 1916 (Konig 1916).

In this paper, we extend the results of Jaume and Molina (2018) to unicyclic graphs. In a
more general sense, we obtain structural information of the unicyclic graphs using the support
of their subtrees. In particular, we obtain closed formulas for the independence and matching
numbers of unicyclic graphs that depend on the support and the core of their subtrees. Next
we give an outline of this paper. It is worth pointing out that, in practice, this means that these
classical parameters can be computed using linear algebra.

In Sect. 2, we present some basic notations and definitions of support of a graph. In
Sect. 3, we characterize singular unicyclic graphs using the support of their pendant trees. In
Sect. 4, we obtain a closed formula for the independence number of unicyclic graphs using
the support of the subtrees of these unicyclic graphs. In Sect. 5, we obtain closed formulas for
the matching number of unicyclic graphs based on the support of subtrees of these unicyclic
graphs.

2 Basic definitions and notation

In this section, we present some notation and basic definitions. In particular, we explain the
notion of support of a graph. We use the graphs of Fig. 1 to illustrate the concepts used here.

Let G = (V, E) be a simple graph of order n, with vertex set V = {vy, ..., v,} and edge
set E = E(G), the adjacency matrix A(G) = (a;j)nxn of G is defined as

1, if {v;,v;} € E;
ajj = :
Yo, if v, vj) ¢ E.

Denote by ¢; the A-eigenspace of A(G); thus, &, = {x € R" : A(G)x = Ax}. The 0-
eigenspace (&) is the focus of our work and will be denoted by N (G). The nullity of a graph
G, denoted by n(G), is the multiplicity of the eigenvalue zero in the spectrum of A(G) or,
equivalently, the dimension of the 0-eigenspace of G. The graph G is called singular if A(G)
is a singular matrix or n(G) > 0. Otherwise, the graph G is called nonsingular.

As an example, we observe that the set S = {(0, 1,0, —1,0, 0)", (0,0,1,—1,0,0)'} isa
basis for the null space of the tree 77 of Fig. 1; hence, 1(77) = 2. And we notice that 0 is not
an eigenvalue of the tree 7> of Fig. 1, so n(72) = 0.

Definition 2.1 A set I C V of vertices of a graph G is an independent set in G if no two
vertices in / are adjacent. A maximum independent set is an independent set of maximum
cardinality. The cardinality of any maximum independent setin G, denoted by a(G), is called
the independence number of G.Z(G) denotes the set of all maximum independent sets of
G.
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Fig. 1 Support, matching and independent set

For example, in Fig. 1, the vertex subsets {v, v3, v4, v5} and {va, v3, v4, ve} Of the tree
Ty are the only independent sets of maximum cardinality. Therefore,

Z(G) = {{v2, v3, v4, vs}, {v2, V3, V4, V6}},
and o(T1) = [{v2, v3, v4, vs}| = 4.

Definition 2.2 A matching M in G is a set of pairwise non-adjacent edges, that is, no two
edges in M share acommon vertex. A maximum matching is a matching of largest cardinality
in G. The matching number of G, denoted by v(G), is the size of a set of any maximum
matching. M(G) denotes the set of all maximum matching of G. A vertex is saturated by
M, if it is an endpoint of one of the edges in the matching M. Otherwise, the vertex is said
non-saturated. Moreover, a matching is said to be perfect if it saturates all vertices of G.

In the figures, we use zig zag edges to represent the edges of a matching.

In Fig. 1, tree 71 has matching {{vy, v3}, {vs, v6}} and tree 7> has perfect matching
{{v7, vo}, {vs, vio}, {v11, via}, {v12, v13}}. Therefore, v(T1) = 2 and v(T2) = 4.

The Edmond—Gallai vertices of G, denoted by EG (G), is the set of all vertices of G that
are non-saturated by some maximum matching M in G.

For example, the maximum matchings of 77 are

M(T1) = {{{vr, v2}, {vs, ve}}, {{vr, v3}, {vs, vel}, {{vr, val}, {vs, vell}
Thus, EG(Ty) = {v2, v3, v4} and EG(T>) = 0.
Definition 2.3 Let G be a graph with n vertices and let x be a vector of R". The support of
xin G is
Supps(x) = {v € V(G) : x, # 0}.
Let S be a subset of R”. Then the support of S in G is
Suppg (5) = | Suppg (x).
xes

As a convention, we use rectangular vertices in figures to represent the vertices of the
support. Consider tree 77 (Fig. 1) and the set of vectors

S =1{(0,1,0,-1,0,0), (0,0, 1, —=1,0,0)}. Then Suppy, (S) = {v2, v3, v4}.

The following result shows that to compute the support of an eigenspace of A(G), it is
enough to analyse the coordinates of the vectors of a basis of this eigenspace.
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Lemma 2.4 (Jaume and Molina 2018) Let G be a graph, and ) an eigenvalue of A(G). Let
B = {by, ..., bk} be abasis of ¢;, then Supp; (&) = Supps(B).

We are interested in the support of the null space of A(G), that is, our focus is
Supps (M (G)), which, for purposes of notation, is denoted by Supp(G). In practice, to
compute Supp(G), we will use Lemma 2.4 and not the definition of support. That is, we
compute a basis of the null space and consider the entries of the vectors in the basis to obtain
the support.

For example, notice that S = {(0, 1,0, —1, 0, 0)’, (0, 0, 1, —1, 0, 0)'} is a basis of N'(T})
(Fig. 1); thus,

Supp(71) = Suppy, (S) = {v2, v3, va}.
Moreover, note that 7 (Fig. 1) is non-singular, thatis, N'(T2) = {0}; therefore, Supp(72) = @.

Theorem 2.5 (Jaume and Molina 2018) Let T be a tree, then Supp(T) is an independent set
of T.

In Bevis et al. (1995), the authors showed that the rank of tree is twice the matching
number. Lemma 2.6 is a corollary of this fact.

Lemma 2.6 T is a nonsingular tree if and only if T has a perfect matching.

As we can see in Fig. 1, tree T is a singular tree, because it does not have perfect matching.
Tree 75 is a nonsingular tree, because it has perfect matching.

Our first goal is to characterize singular unicyclic graphs in terms of the support of their
pendant trees, which is the subject of next section.

In the next lemma, we show that only the vertices of the support of a tree are not saturated
by some maximum matching in this tree.

Lemma 2.7 Let T be a tree, then EG(T) = Supp(T).

Proof of Lemma 2.7 is in Sect. 4.

3 Singular unicyclic graphs

In this section, we characterize singular unicyclic graphs using the support of their pendant
trees, which is the statement of Theorem 3.6.
For cycles, the problem of characterizing singular graphs is solved.

Lemma 3.1 (Sookyang et al. 2008) A cycle C, of n vertices is singular if and only if n is
divisible by 4.

Hence, for the remaining of this section, we will consider a unicyclic graph G # C,,. Let
G be a unicyclic graph and let C be the unique cycle of G. For each vertex v € V(C), we
denote by G{v} the induced connected subgraph of G with maximum possible number of
vertices, which contains the vertex v and no other vertex of C. G{v} is called the pendant
tree of G at v. Notice that G is obtained by identifying the vertex v of G{v} with the vertex
v on C for all vertices v € C. In Fig. 2, we have two unicyclic graphs G and H with their
pendant trees G{v1}, G{v>}, G{v3}, H{v4}, H{vs} and H{ves}, respectively.
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Fig.2 Unicyclic graphs of Types I and II and their pendant trees

Definition 3.2 (Gong et al. 2010) For a tree G {v} with at least two vertices, vertex v € G{v}
is called mismatched in G{v} if there exists a maximum matching of G{v} that does not
saturate v; otherwise, v is called matched in G{v}. If a tree consists of only one vertex it is
considered mismatched.

A unicyclic graph G is said to be of Type I if there exists a vertex v on the cycle of G such
that v is matched in G{v}, otherwise, G is said to be of Type II.

To emphasize, a unicyclic graph G is of Type I, if there exists a vertex v of its cycle that is
saturated by all maximum matchings of the pendant tree G{v}. G is of Type IL if any vertex
v of its cycle is not saturated by some maximum matching of G{v}.

As an example, consider the unicyclic graph G in Fig. 2. We notice that G is of Type I,
because the vertex vy is matched in G{v;}. Indeed, the maximum matchings of G{v;} are
{{a, q}, {v1,i},{j,1}} and {{r, q}, {v1, i}, {j, [}} and both of them saturate v;. The unicyclic
graph H of Fig. 2 is of Type I, because the pendant trees H {v4}, H{vs} and H {ve} have max-
imum matchings that do not saturate v4, v5 and ve, respectively. For example, {{u, w}, {¢, z}},
{{x, y}} and {{p, 0}} are maximum matchings in H{v4}, H{vs} and H {ve}, respectively, that
do not saturate v4, vs5 and vg, respectively.

We show next that to verify that a unicyclic graph is Type I or II, it suffices to check
whether a vertex v of the cycle is or is not in the support of the pendant tree G{v}.

Proposition 3.3 A unicyclic graph G is of Type I if and only if there exists at least one pendant
tree G{v} such that v ¢ Supp(G{v}).

Proof Since G is of Type I, we know that there exists a vertex v in the cycle of G such that v is
always saturated by any maximum matching in G{v}, thatis, v ¢ EG(G{v}), by Lemma 2.7
we have v ¢ Supp(G{v}). O

Immediately, we obtain the dual result.

Corollary 3.4 A unicyclic graph G is of Type 11 if and only if every pendant tree G{v} is such
that v € Supp(G{v}).

The following result computes the nullity of a unicyclic graph from the nullity of its
pendant trees.

Lemma 3.5 (Gong et al. 2010) Let G be a unicyclic graph and let C be its cycle. If G is of
Type I and v € V (C) be matched in G{v}, then

n(G) = n(G{v}) + n(G — G{v}).
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If G is of Type 11, then
n(G) =n(G - C) +n(0).

We now obtain a characterization of singular unicyclic graphs using the support of their
pendant trees.

Theorem 3.6 Let G be a unicyclic graph and let C be the cycle of G. G is singular if and
only if one of the following happens:

(1) There is a pendant tree G{v}, with v ¢ Supp(G{v}) and either G{v} does not have
perfect matching or G — G{v} does not have perfect matching.

(i1) Every pendant tree G{v} is such that v € Supp(G{v}) and either one of the trees that
compose the forest G — C does not have perfect matching or the cycle C has length
equal to a multiple of 4.

Proof (i) As there is a pendant tree G{v} such that v ¢ Supp(G{v}), we conclude by
Proposition 3.3 that G is of Type I. Moreover, by Lemma 3.5, we conclude that G will
be singular if and only if G{v} or G — G{v} has nonzero nullity, and by Lemma 2.6, we
know that this only happens if G{v} does not have perfect matching or G — G{v} does
not have perfect matching.

(ii) Since every pendant tree G {v} is such that v € Supp(G{v}), we conclude by Corollary 3.4
that G is of Type II. Then by Lemma 3.5, we know that G will be singular if and only if
G — C or C has nonzero nullity, and by Lemmas 2.6 and 3.1, it happens if and only if at
least one of the trees composing the forest G — C does not have perfect matching or the
cycle C has length equal to a multiple of 4.

O

4 Independence number of unicyclic graphs

In this section, we obtain closed formulas for the independence number of a unicyclic graph
G. This formula depends on the number of vertices of the support and also on the amount
of N-vertices of subtrees of this unicyclic graph G. To understand our result, we start by
presenting the null decomposition of trees, given in Jaume and Molina (2018).

Definition 4.1 Let T beatree. The S-forest of 7', denoted by Fs(T), is defined as the subgraph
induced by the closed neighborhood of Supp(7’) in T':

Fs(T) = T[N[Supp(T)]].
The N-forest of T, denoted by Fy (T), is defined as the remaining graph:
FN(T) =T — Fs(T).
The null decomposition of T is the pair (Fs(T'), Fn(T)).

V (Fn(T)) is called the set of N-vertices of T'.
We represent star vertices in the figures as the N-vertices. As an example, the support of
the tree 7" in Fig. 3 is

Supp(T) = {v2, v3, Vs, V7, V8, V10, Vi1, V12, V19, V21, U22}.
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Fig.3 Null decomposition of the tree T

The S-forest of T generated by the closed neighborhood of the support consists of

Fs(T) = T[N[Supp(T)]] = T[N[{vz, v3, ve, v7, V8, V10, V11, V12, V19, V21, V22}]]
= T[{v1, v2, v3, v4, V5, V6, V7, Vg, V9, V10, V11, V12, V19, V20, V21, U22}]
=S5 USHUS3U Sy

The N-forest of T consists of
Fn(T) =T — Fs(T) = T[{v13, v14, V15, V16, V17, Vig}] = N1 U Na.
Figure 3 illustrates the null decomposition of the tree 7.

Definition 4.2 The core of G, denoted by Core(G), is defined to be the set of all the neighbours
of some supported vertex of G:

Core(G) = U N(v).

veSupp(G)
For example, the core of tree T (Fig. 3) is
Core(T) = {vy, v4, Vs, V9, V20}.

The next lemma gives closed formulas for the independence and matching numbers of
trees and it is crucial to prove our main results.
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Lemma 4.3 (Jaume and Molina 2018) Let T be a tree. Then

v(T) = |Core(T)| + W(Lz(TM
V(Fn(T
a(T) = Isupp(r)| + LIV

‘We use Lemma 4.4 to show Lemma 2.7.

Lemma4.4 Let T be atree. Consider Fs(T) = Uf-;l S; and Fn(T) = U[/=1 N, where for
alli € {1,...,k}and j € {1,...,t} we have that S; and N are connected components of
Fs(T)and Fn(T), respectively. If M € M(T), then MNE(S;) € M(S;) and MNE(N;) €
M(Nj), wherei € {1, ..., k}and j € {l,...,t}.

Proof Suppose there exists M € M(T) such that M N E(S,) ¢ M(S;) or M N E(N;) ¢
M(Ny), for some r € {l,...,k} ors € {l,...,t}, that is, [M N E(S,;)| < v(S,) or
|[M N E(Ng)| < v(Ny). By Corollary 4.14 of Jaume and Molina (2018), we obtain

M N (E(T) — (E(Fs(T) VU E(Fn(T)))) = 0.

Then M = (M N E(Fs(T))) U (M N E(Fy(T))). By Corollary 3.8 and Corollary 4.6
of Jaume and Molina (2018), we obtain v(S;) = |Core(S;)|, for all i € {1,...,k} and
Core(T) = Ule Core(S;), respectively. Moreover, by Theorem 4.13 of Jaume and Molina
(2018), we have that N; is nonsingular tree, forall j € {1, ..., t}. Therefore, by Lemma 2.6,

we conclude that N; has perfect matching and v(N;) = W(zﬂ Thus, we have that

v(T) = M| =M NEFs(T))| + M0 EFNT))

k t
=D IMOES) + Y [MNEWN;)

i-1 j=1

k ¢
< Z v(S$;) + Z v(N;) = |Core(T)| + MZ(T))'

i=1 j=1

which is a contradiction, because by Lemma 4.3, we have that v(T) = |Core(T)|+ w .
O

Proofof Lemma 2.7 Let T be a tree. Consider Fg(T) = Uf-‘zl S; and Fy(T) = U’j=1 Nj,
where for all i € {I,...,k} and j € {1,...,t}, we have that S; and N; are connected
components of Fs(T) and Fn(T), respectively. Given v € Supp(7T). We will obtain M €
M(T) such that M does not saturate v. By Corollary 4.6 of Jaume and Molina (2018), we have
that Supp(T) = |J*_, Supp(S;) and Core(T) = |J*_, Core(S;). Thus, v € Supp(S,), for
somer € {1, ..., k}. By Theorem 4.13 of Jaume and Molina (2018), we have that there exists
M, € M(S;) such that v is not saturated by M,.. Consider M; € M(S;) and M; € M(Nj),

where i € (1,....k} = {r} and j € (1,....1). Define M = (U, M) U (Ujy M))-
Note that M is a matching in T and |M| = v(T), thatis, M € M(T). Moreover, v is not
saturated by M. Therefore, v € EG(T).

Now, given v € EG(T). We will show that v € Supp(T). Since v € EG(T), then there
exists M € M(T) such that v is not saturated by M. Note that by Theorem 4.13 of Jaume
and Molina (2018), we have that N; is nonsingular tree, for all j € {1, ..., t}. Thus, by
Lemma 2.6, we conclude that N; has perfect matching. Moreover, by Lemma 4.4, we obtain
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MNE(N;j) e M(Nj),where j € {1,...,t},thatis, M N E(N;) is a perfect matching in N;.
Hence, v ¢ U;Zl V(N;). Thenv € V(S,), forsome r € {1, ..., k}. Since v is not saturated
by M, then v is not saturated by M N E (S, ). Notice that M N E(S,) € M(S,), by Lemma4.4.
Thus, by Theorem 4.13 of Jaume and Molina (2018), we conclude that v € Supp(S;).
By Corollary 4.6 of Jaume and Molina (2018), we have that Supp(T) = Ule Supp(S;).
Therefore, v € Supp(T). O

Our next result tells us that given any vertex in a nonsingular tree, there will always be at
least one maximum independent set that does not contain this vertex and another maximum
independent set that contains this vertex.

Proposition 4.5 Let T be a nonsingular tree and v € V (T). Then there exist I, I, € Z(T)
such thatv € Iy and v ¢ I>.

Proof Since T is a tree, we have that T is a bipartite graph. Then there exist two disjoint
subsets By and By of V(T) such that V(T) = B; U B and for all {a, b} € E(T), we have
{a,b} N By # @ and {a, b} N By # (. As T is a nonsingular tree, it has perfect matching
M, by Lemma 2.6. As «(T) = v(T) = |M| = &ZT)‘ and for all {a, b} € M, we have
{a,b}yN By # @ and {a, b} N By # ¥, then |By| = |Bo| = I Thatis, By, B> € Z(T).
Therefore, givenav € V(T) wehave v € Byandv ¢ By orv € By and v ¢ Bj. ]

Lemma 4.6 IfT isatree andv € V(Fn(T)), then there exist I, I € Z(T) such thatv € I,
andv ¢ I.

Proof The null decomposition, in general, divides a tree 7 into two forests (one of them
may be empty), a forest formed by singular trees, denoted by Fs(7T'), and other formed by
non-singular trees, denoted by Fy(T') (see Theorem 4.5 and Theorem 4.13 of Jaume and
Molina 2018).

Moreover, we have Supp(T) = USE.7:5(T) Supp(S) and V(Fy(T)) = UNE}-N(T) V(N).
Thus, if v € V(Fn(T)), we have v € V(Nyp) for some Ny € Fy(T). As Nj is non-singular
using Proposition 4.5, we obtain Iy,, Jy, € Z(N1) such that v € Jy, and v ¢ Iy,.

Let

I; = Supp(T) U Iy, U U Iy | and
NeFy(T) and N#£N,

I = Supp(T) U Jy, U U In
NeFn(T) and N#N,

We observe that /1 and I, are independent sets because Supp(7') is an independent set
of T and N(Supp(T)) = Core(T), then N(Supp(T)) N (UNE}-N(T) IN) = (. Notice that

11| = |I2| = |Supp(T)| +w,then 11, I € Z(T) by Lemma 4.3. Moreover, we have
vé¢landv € . ]

Lemma4.7 LetT beatree and I anindependent set of T. If ¢c; € Core(T)NI, thenl ¢ Z(T).

Proof We notice that, in general, I = {s1,52,...,5;}U{c1,c2,..., ¢} U{ny,no, ... 0.},
where {s,s2,...,5;} € Supp(T), {c1,c2,...,¢;} € Core(T) and {ny,nz,...,n} C
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V(Fn(T)) (possibly we can have {n{,nsz,...,n,} = ¢). By Lemma 3.5 of Jaume and
Molina (2018), we have

IN({c1,c2,...,c}) N Supp(T)| > {er, ez, .0y e}l

Note that J = {s1,52,...,5;JUWN({c1,c2,...,¢}) NSupp(T))U{ny,na, ..., n,}isan
independent set of 7. Indeed, N (Supp(T)) N {ny,n2,...,n,} = Pand {s1,s2,...,s;} and
N({c1,¢c2,...,¢:}) N Supp(T) are independent sets, because {s{, s2,...,s;} S Supp(7),
N{{ci,c2,...,¢}) N Supp(T) < Supp(T) and Supp(7T) is an independent set by The-
orem 2.5. Moreover, note that {si,s2,...,s;} N (N({c1,c2,...,¢:}H) NSupp(T)) = @
otherwise I would not be an independent set, then |J| > ||, therefore, I ¢ Z(T). m]

Theorem 4.8 is one of the main results of this section. It gives a closed formula for
the independence number of unicyclic graphs G of Type I. This formula depends on the
support and N-vertices of subtrees. It means that using this formula, we can compute the
independence number of unicyclic graphs of Type I using linear algebra.

Theorem 4.8 If G is a unicyclic graph of Type I and G{v} its pendant tree such that v ¢
Supp(G{v}), then

[V(Fn (G [+IV (FN (G — G{v})]

a(G) = [Supp(G{v})| + [Supp(G — G{v})|+ >

Proof Note that there is an independent set Iy € Z(G{v}) such that v ¢ I;. Indeed, if
v € V(Fn(G{v})) UCore(G{v}), then by Lemmas 4.6 and 4.7 there is a I} € Z(G{v}) such
that v ¢ I;. Let I € Z(G — G{v}). Letu, w € N(v) N V(G — G{v}). We will prove that
11U L € Z(G).

We notice that /1 U I» is an independent set in G. To see that, we observe that the vertices
of 11 are not connected to each other, because /; is an independent set. Similarly, we conclude
the same for /. Moreover, the only adjacencies between G{v} and G — G{v} occur between
vertices v and u and vertices v and w. Since v ¢ I, there is no possibility of adjacency
between vertices of /; and vertices of I>. Suppose that /1 U I, ¢ Z(G), that is, there exists
an independent set J in G such that |J| > |I] U h|. As V(G) = V(G{v}) U V(G — G{v}),
there is a J1 € V(G{v}) and J» € V(G — G{v}) such that J = J; U J>. We have that

1|+ | =L UL < |J|=|Jl|+ /2l (D

In this case, we see that J; and J, are independent sets in G{v} and G — G{v}, respectively.
Thus, we have |Ji| < || and |J2| < |12, because I} € Z(G{v}) and I» € Z(G — G{v}).
Therefore, |Ji| + |J2] < |I1]| + |I2], which is a contradiction by (1). Hence, I} U I, € Z(G).

By Lemma 4.3, we have

|V(Fn(G{vD)I
— and

|V(Fn(G = G{v))]
5 .

a(G{v}) = [Supp(G{vD|+

a(G — G{v}) = [Supp(G — G{v)|+

Therefore, the independence number of G is given by

a(G) = I+ || = a(G{v}) + a(G — G{v))
[V(Fn(G{v))I [V(FN(G = G{vD)l
— .

= [Supp(G{v})|+ + [Supp(G — G{v})|+ 5
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Fig.4 Unicyclic graph G and its subtrees

The following example is an application of Theorem 4.8. Consider G the unicyclic graph
of Fig. 4. We observe that G is of Type I. Indeed, v ¢ Supp(G{v}) = {g, ¢, d}, then by
Proposition 3.3, we have that G is a unicyclic graph of Type I. Moreover, Supp(G — G{v}) =
{a,b,i,j,z}, V(FN(G{v})) =P and V(Fn(G — G{v}) = {w, c}.

Therefore, by Theorem 4.8, we have that the independence number of G is given by

[V(FN(G{uD) IV (FN (G = G{v})]

a(G) = |Supp(G{v})| + [Supp(G — G{v})|+ 2

—34542=9
- S =9

Weobservethat J = {a, b, c,d, e, g, i, j, c}isamaximum independent setof G and | /| = 9.

Lemma 4.9 Let G be a unicyclic graph and C its cycle. Let G{v} be a pendant tree such that
v € Supp(G{v)). Ifu € N(v) N V(G{v}), then u ¢ Supp(G — C).

Proof Let G{v} — v = Ule T;, where T; is a connected component of G{v} — v. Let
M; € M(T;). As v € Supp(G{v}) there is a M € M(G{v}) such that M does not saturate
v by Lemma 2.7. We observe that u € N(v) N V(G{v}), then u ¢ Supp(G{v}), because
Supp(G{v}) is an independent set of G{v} by Theorem 2.5. Then M € M(G{v} — v) and
v(G{v}) = v(G{v} — v). Suppose u € Supp(G{v} —v) = ULI Supp(T;), that is, there
is a i such that u € Supp(7;), then by Lemma 2.7 in 7; we obtain a M; € M(T;) does
not saturate u. Note that  J*_, M; € M(G{v} — v) and [J*_, M; does not saturate u.
Then Ule M; € M(G{v}), because v(G{v}) = v(G{v} — v). Which is a contradiction,
because U{(: 1 M; does not saturate # and all maximum matching in G{v} saturates u because
u ¢ Supp(G{v}). Therefore, u ¢ Supp(G{v} — v). Since the connected components of
G{v} — v are connected components of G — C, we have u ¢ Supp(G — C). O

Theorem 4.10 is a similar result for unicyclic graphs of Type II and gives a closed formula
for the independence number of unicyclic graphs of Type II.
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Theorem 4.10 Let G be a unicyclic graph and C its cycle. Let G — C = Ule T;, where T;
is a connected component of G — C. If G is a unicyclic graph of Type I, then

k
V(C V(Fn(T;
a(G) = \J(Zi)lJ + ; ISupp(Ti)I—i-l(ZJ.

Proof Let v; € V(C) and u; € T; such that u; € N(v;). By Lemma 4.9, we have u; ¢
Supp(T;). Asu; € V(Fy(T;))UCore(T;) then, by Lemmas 4.6 and 4.7, we have a J; € Z(T;)
such that u; ¢ J;. Consider J. € Z(C) and define I = J, U (Ule Ji). We will show that
I € Z(G).

First, we notice that / is an independent set in G. Indeed, for all i, we observe that the
vertices of J; are nonadjacent to each other, because J; is an independent set. Similarly, we
conclude the same for J.. Moreover, there is no chance that a vertex of J; is adjacent to a
vertex Jy, with i # £, since the vertices of the trees 7; and 7} are not adjacent to each other.
Now, we show that vertices of J; are not connected to vertices of J.. To see that, we observe
that the only adjacency that exists between 7; and C is the adjacency between vertex u; and
v;, but since u; ¢ J;, there is no possibility of adjacency between vertices of J; and J..

Suppose now I ¢ Z(G), that is, there is an independent set F in G such that | F|>|I|. As

V(G) = V() U (UL, V(T)), we see that there exist Fe € V/(C) and F; € V(T}) such

that F = F. U (Uf:l F,-). Thus, we have

k k
|Fel + Y IF | = |FI> 1] = el + Y |Jil. )

i=1
As F. and F; are independent sets of C and T;, respectively, we have | F.| < |J.| and | F;| <
|Ji|, because J. € Z(C) and J; € Z(T;). Thus, we have | F| +Zf=1 |Fi| < IJL-I—l—Zf ran
which is a contradiction by (2). Therefore, I € Z(G). We observe that «(C) = L V)l J and,
by Lemma 4.3, we have, for all 7,
|V (Fn(T))|
o(T) = [Supp(T) [+~

Therefore, the independence number of G is given by

k k
a(G) = Jel+ ) _1Jil =(C) + Y a(T})

i=1 i=1

v(C V(Fn(T;
:w (2>|J+Z|S oo+ VTN

[}

As an example, consider G the unicyclic graph of Fig. 5. We first notice that G is a
unicyclic graph of Type II, because v € Supp(G{v}) = {n, p, v}, w € Supp(G{w}) =
{e,g,h,i,w,d, f} and u € Supp(G{u}) = {u, £}. Then by Corollary 3.4, we obtain G is a
unicyclic graph of Type II. Moreover, we have G—C3 = Ui5=1 T;,where T) = G[{b, g, h,i}],

= Gl{a, e}l, Tz = Gl{c, f,d}], Ts = G[{j, £}] and T5 = G[{m, n, o, p}] (see Fig. 5).

Since T», T4 and Ts have perfect matching, so they are non-singular and have empty
support. T7 and 73 do not have perfect matching, so they are singular and computing their
supports we obtain Table 1.
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Fig.5 Unicyclic graph of Type II and the support of its subtrees

Ts Ty Supp(Ty) = {g. h. i} V(Fn(T1)) =0
T Supp(T2) = # V(Fy(T2) = {a, ¢}
T3 Supp(T3) = (d. f} V(Fy(T3) = 0
T Supp(Ty) = # V(Fy(Ta) = (), £}
Ts Supp(Ts) = ¥ V(Fn(Ts5) = (m, n, 0, p)

Therefore, by Theorem 4.10, we have that the independence number of G is given by

4(9]
2

[V (Fn(T))I
2

k
o(G) = { J 3 ISupp(T)) I+
i=1

_ |3 +3+2+2+4+2—10
2 2 2 2 7

We observe that I = {g, h,i,e,d, f, p,n, £, v}is a maximum independent set of G and
1] = 10.

5 Matching number of unicyclic graphs

In this section, we obtain closed formulas for the matching number of unicyclic graphs.

Definition 5.1 Let M be a matching in the graph G. An M-alternating path is a path that
alternates edges in M and edges that are notin M. An M-augmenting path is an M -alternating
path, if it begins and ends at vertices non saturated by M.

Consider the matching M = {{d, ¢}, {a, b}, {v, w}} in graph G of Fig. 6. As the path
P = (e,d, c, b, a) is an M-alternating path because its edges alternate outside and within
the matching M. Now the path P, = (u, v, w, 0) is M-augmenting, because it is an M-
alternating path and starts and ends at vertices non-saturated by M (vertices u and o).
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Fig.6 M-alternating path and M-augmenting path

Fig.7 M-augmenting path P

The following is a classic result, it characterizes maximum matchings in a graph G.

Lemma 5.2 (Berge 1957) A matching M is maximum in G if and only if G does not have an
M -augmenting path.

We now give a closed formula for the matching number of unicyclic graphs G of Type 1.
This formula depends on the core and N-vertices of subtrees.

Theorem 5.3 If G is a unicyclic graph of Type I and G{v} its pendant tree such that v ¢
Supp(G{v}), then

|V(FN (G + [V (FN (G = G{v})]
5 .

Proof Let My € M(G{v}) and My € M(G — G{v}). Letu,w € Nw)N V(G — G{v})
and M = My U M,. We will prove that M € M(G). Suppose that M ¢ M(G). Hence,
by Lemma 5.2, there is an M-augmenting path, denoted by P. Notice that P is neither
totally contained in G{v} nor totally contained in G — G{v}; otherwise, P would be M-
augmenting or Mjp-augmenting, which is a contradiction, because M; € M(G{v}) and
M, € M(G — G{v}), respectively. Moreover, P does not contain the edges {u, v} and
the edge {w, v} simultaneous, because {u, v}, {w, v} ¢ M. Then P starts at a vertex a;
of G{v} and ends at a vertex bp; of G — G{v}. Now we notice that the path P contains
the edge {u, v} or the edge {w, v}. Suppose that P contains the edge {u, v}, then we have
P =(aj,aa,...,ax,v,u,by,ba, ..., by) (see Fig. 7).

Let By = {{ax. v} {u. b1} U UZ{ H{aoi, azin ) U USZ ({02 bajs1)) and By =
{{u, v}}UUle{{azi_l , az,-}}UU§~=1{{b2j_1, byj}}. We observe that By € M and BN M =
@. Let M’ be a matching in G given by M’ = (M U By)\Bj. As M N EGP) is a
matching in G{v}, we see that it does not saturate v, because v ¢ Supp(G{v}). Hence,
M N E(G{v}) ¢ M(G{v}) (see Lemma 2.7), that is, |[M N E(G{v})| < |M;|. We have

v(G) = |Core(G{v})|+|Core(G — G{v})|+

IM' N EG)| = (MU By \ B) N E(Gv))]
= [((M; UM U By) \ By) N E(G{v})]
= [((My\ By) U (M2\ B)) U (B2 \ By)) N E(G{v})]
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Fig.8 Unicyclic graph of Type I and support of subtrees

= [((My \ B) U (Ma \ By) U By) N E(G{v})]|
= |((M1\ B)) N E(G{v}) U ((Mz \ By) N E(G{v})) U (B2 N E(G{v})]
= (M1 N E(G{v}) \ B)) U (M2 N E(G{v})) \ B)) U (B2 N E(G{v})]
= |(M; \ B) U (B2 N E(G{v}))]

= |(M; \ BD| + (B2 N E(G{v})]

= M| — |M; N Bi| + (B2 N E(G{v}))]

k—1
= M| — {{tax, v} U (a2, azig1 1}

i=1

k
(Utlazi—1, aoi}}

i=1

+

= M| —k+k=|Mq|. 3)

By Eq. (3), we have | M| > |M’ N E(G{v})| = |My|, which is a contradiction.
The case where P contains the edge {w, v} is analogous. Therefore, M € M(G). Using
Lemma 4.3, we have

|V (Fn(G{v])]
— and

[V(FN(G — G{vD)I
5 .

v(G{v}) = |Core(G{v})|+

v(G — G{v}) = |Core(G — G{v})|+
Therefore, the matching number of G is given by

v(G) = M| + M| = v(G{v}) +v(G — G{v})
[V(FN(G{uD) | + [V (FN (G = G{v})]
5 :

= |Core(G{v})|+|Core(G — G{v})|+
O

As an example of Theorem 5.3, consider the unicyclic graph G of Fig. 8. To see that it is
of Type I, we notice that v ¢ Supp(G{v}) = {a, b, j}, then by Proposition 3.3, we have G
is a unicyclic graph of Type I. Moreover, Supp(G — G{v}) = {e, f, i}, Core(G{v}) = {c},
V(Fn(G{v})) = {v,d, £, m}, Core(G — G{v}) = {g, h} and V(Fn(G — G{v})) = {o, n}.
Therefore, by Theorem 5.3, we have that the matching number of G is given by
[V(FN(G{vD)| + |V(FN(G = G{v)I
2
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4 2
=l++2+37=6
We point out that M = {{b, c}, {v, d}, {¢, m}, {n, 0}, {e, g}, {f, h}} is a maximum match-
ing of G and |M| = 6.
We now present a similar result for the matching number of unicyclic graphs G of Type
1L

Theorem 5.4 Let G be a unicyclic graph and C its cycle. Let G — C = Ui‘(:l T;, where T; is
a connected component of G — C. If G is a unicyclic graph of Type II, then

k
»(G) = PV;CNJ +Z|Core(T,~)|+ |V(}—Z(Tl))|'

i=1

Proof For each pendant tree G{v}, with v € V(C), choose an M,, € M(G{v}) that does not
saturate v. Note that this maximum matching exists because G is a unicyclic graph of Type
II, and this implies that v € Supp(G{v}) for all v € V(C). Hence, by Lemma 2.7, we have
that M, exists. Choose an M, € M(C) andlet M = M. U (Uv Mv).

We will show that M € M(G). Suppose by contradiction that M ¢ M(G). Then, by
Lemma 5.2, there exists a M -augmenting path denoted by P in G. Note thatif V(P) € V(C),
then P would be a M -augmenting path in C which is a contradiction because M, € M(C).
Now, if V(P) € V(G{v}), then P would be an M,-augmenting path in G{v}, which is a
contradiction because M, € M(G{v}).

Note that the only way to obtain an M -augmenting path P in G is if we start the path P
at a vertex u € V(G{v}), with u # v, and end at a vertex z ¢ V(G{v}). If that happens,
there would be an M, -alternating path starting in # and ending in v contained in P. But since
M, does not saturate v, actually we would obtain a M\-augmenting path in G{v}, which is
a contradiction, because M, € M (G{v}). Therefore, M € M(G).

By Lemma 4.3, we have
V(Fn(T;
(1) = [Core(th)| + AT
Moreover, we have v(C) = @J Since v is not saturated by M, in G{v}, we see that

M, € M(G{v}—v), thatis, v(G{v}) = v(G{v} — v). Therefore, we have that the matching
number is given by

v(G) =M+ Y IMy|=v(C)+ Y v(G))

veV(C) veV(C)

k
=)+ Y v(G}—v)=v(C)+ Y v(T)

VeV (C) i=1

k
V(C) V(Fn (1))
= {%J + 2; |Core(T;)| + %
1=
O
Consider G the unicyclic graph of Fig. 9. We see that G is a unicyclic graph of
Type II, because a € Supp(G{a}) ={a, j,l,m}, b € Supp(G{b}) ={b,h,g}, ¢ €
Supp(G{c}) = {c,0}, d € Supp(G{d}) ={d,u,v,w,t} and e € Supp(G{e}) = {e}. By
Corollary 3.4, we have that G is of Type II. Notice that G — C5 = U?:l T;, where
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Fig.9 Unicyclic graph of Type II and its subtrees 77, 75, T3 and Ty

Table 2 Support, core and N-vertices of the trees T, T, 73 and Ty

Support Core N-vertices

Supp(Ty) = {h. g} Core(T1) = {f} V(Fy(T1) =9
Supp(Tr) =0 Core(Tr) =0 V(Fn(T2)) ={n,o0, p,q}
Supp(T3) = {1, v, u, w} Core(T3) = {r, s} V(FN(T3) =0
Supp(Ty) = {j. 1, m} Core(Ty)) = {i} V(Fn(T4) =0

T =Gl{f.g. h}). T2 =Gl{n,0, p,q}], T3 = G[{r, s, t,u, v, w}land Ty = G[{j,i, 1, m}]
(see Fig. 9). We see that 75 has perfect matching, then 75 is non singular and so 7> has empty
support. Moreover, we have that 77, 73 and T4 do not have perfect matchings, then they are
singular and their supports are given in Table 2.

Therefore, by Theorem 5.4, we have that the matching number of G is given by

k
(G) = LIV;C)IJ +Z|COIG(T,‘)| i IV(T/;(TZ))I.
i=1

_ |2 +1+4+2+1—8
T2 2 o

We point out that M = {{a, b}, {d, e}, {i, j},. {f, g}, {p, q}, {n, o}, {r, v}, {s, w}} is a maxi-
mum matching of G and |[M| = 8.

Notice that, once we have the cycle and the pendant trees of a unicyclic graph G, according
to Proposition 3.3 and Corollary 3.4, we can decide if G is Type I or Type II computing
the support of each pendant tree in polynomial time. Therefore, the closed formulas of
Theorems 4.8, 4.10, 5.3 and 5.4 are of practical use.
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