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Abstract Given a Lipschitz function f: {1,...,d I — R, foreach B > 0 we denote
by g the equilibrium measure of Sf and by /g the main eigenfunction of the Ruelle
Operator Lgy. Assuming that {118} g~0 satisfy a large deviation principle, we prove the
existence of the uniform limit V' = limg_, ; % log(hg). Furthermore, the expression
of the deviation function is determined by its values at the points of the union of the
supports of maximizing measures. We study a class of potentials having two ergodic
maximizing measures and prove that a L.D.P. is satisfied. The deviation function is
explicitly exhibited and does not coincide with the one that appears in the paper by
Baraviera-Lopes-Thieullen which considers the case of potentials having a unique
maximizing measure.

Keywords Equilibrium measure - Maximizing measure - Large deviation principle

1 Introduction

We denote by X the Bernoulli space {1, ..., d}N, N ={1,2,3,...}, and by o the

shift map acting on X. The metric considered satisfies dg(x,y) = gmin{i, xi#y;}
where x = (x;x2x3---),y = (y1y2y3---)and 6 € (0, 1) is fixed. If x;,...,x, €
{1,...,d} and y = (y1y2y3---) € X, the notation (xi---x,y) represents the

element (x1x2---x,y1y2y3---) € X. A cylinder is a subset of X of the form
[x1--x] :={(x1---x,y) |y € X}. We denote by C(X) the set of continuous func-
tions from X to R and by P (X) the set of probabilities on X.
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Let f: X — R be a Lipschitz function and, for each 8 > 0, denote by Lgy the
Ruelle operator associated with B f, which is defined by

Lgr: C(X) > C(X), (Lgrw)@) = Y M uy(ax).
ae{l,...,d}

We denote by vg the eigenmeasure of Lgy, that is, the probability satisfying
[ Lgs)dvg = e?®D [udvg for any continuous function u: X — R, and by hg
the main eigenfunction of L. More precisely, /14 is Lipschitz, Lgy(hg) = e #)hg
and [ hgdvg = 1. Let gg := Bf + log(hg) — log(hp o o) — P(Bf). The functions
gp and Bf — P(Bf) are cohomologous and Lg, 1 = 1. The eigenmeasure pg of Lg,
is o —invariant and coincides with the equilibrium measure of f, that is,

/ﬂfduﬁ + h(ug) = P(Bf) = sup /ﬂfdu + h(w).

{neP(X); uis o—invariant }

Furthermore duug = hg dvg. Classical results on thermodynamic formalism can be
found in Bowen et al. (2008) and Parry and Pollicott (1990).

At the zero temperature case, in thermodynamic formalism, the above objects are
studied for large B. In this case some intersections with ergodic optimization appear
(Baraviera et al. 2013; Contreras et al. 2001; Conze and Guivarc’h 1993; Jenkinson
2006). It is well known, for instance, that limg_, ; % =m(f), where

m(f) = w [ rau. (1)

{neP(X); piso—invariant

Any possible limit (weak* topology) of a subsequence of (ug)g=o attains the supre-
mum in (1) that is, is a maximizing measure of f. Furthermore, the family of functions
(% log(hg)) is equicontinuous and uniformly bounded and any possible uniform limit

V of a subsequence of (% log(hg)) is a calibrated subaction (Contreras et al. 2001),
that is, it satisfies, for any x € X, the equation

sup [f(¥)+ V()= Vx)—m(f)]=0.

o(y)=x

The limit function V is Lipschitz and R_ := f +V — V o 0 — m(f) is the uniform
limit of the corresponding subsequence of 22, which satisfies:

(1) R_ is Lipschitz and R_ < 0,
(2) R_ and f — m(f) are cohomologous,
(3) Forany x € X there exists y € o~ !(x) satisfying R_(y) = 0.

Define Ry := —R_, R’} (x) := Z?;(l) R4 (07 (x)) and RP(x) :=lim,_, 4o R} (x)
(R can assume the value +00).

Subactions and maximizing measures are dual objects linked in a particular form
when we study the speed of convergence of g to a maximizing measure. From
Baraviera et al. (2006) is known that, when the maximizing measure of f is unique,
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Large Deviations for Equilibrium Measures... 19

there exists the uniform limit R_ of %ﬁ, (B — 400). Furthermore, the measures
(p)p>0 satisfy a large deviation principle (LDP), in the following sense, also used
in the present work: there exists a lower semi-continuous function /: X — [0, 4+-00]
satisfying, for any cylinder k C X,

1
lim —1 k)) = — inf I (x).
ﬂ;rfwﬁ og(up(k)) inf (x)

The deviation function 7 in Baraviera et al. (2006) is given by / = R{°. It can assume
the value +o0.

In Lopes and Mengue (2014); Mengue (2010) this result has been generalized.
Givenx € X,n € Nand 8 > 0, consider the probability m, g, € P(X) defined by
f wdmy g, = Lgﬁ (w)(x). If the maximizing measure of f is unique, then!

1 1
lim B log(my gn(k)) = n,ﬂh—>n—1i-oo B log(Ly, () (x)) = —gg R¥@) (2

n,B—-+o00

for any cylinder k C X. Given a continuous function w, L 5 (w) converges uniformly

to f wdpg (n — +00). Therefore, for any x € X, the probabilities , g, converge
to ug in the weak™ topology (n — +o00). Consequently, from (2), for any x € X,

im % log(up (k) = tim  Tim % log(my . (k) = —inf R (2).

In Bissacot et al. (2016b) the main result of Baraviera et al. (2006), stated above,
was studied for a more general class of functions (satisfying the Walters condition)
on a countable mixing subshift with the BIP property. However, in both works it was
assumed the existence of a unique maximizing measure to f.

If we do not assume the hypothesis of unicity, then there are some natural questions
to be considered:

Question 1: there exists V :=limg_, ; % log(hg)?

Question 2: there exists limg_, % log(ug(k)) for any cylinder k?

Question 3: there are relations between V and the deviation function 7?

Initially, it is natural to assume that the answer to the question 3 can be obtained
generalizing the results in Baraviera et al. (2006). In the case of existing the uniform
limit Ry = limg_, ;o —gp/B, we could try to prove that j1g satisfies a LDP with
deviation function I = R?ro. However, in Baraviera et al. (2013) it is proved that this
assertion is false. Even in the case there exist the limits in questions 1 and 2, one can
get an explicit example where I # R3°.

1 \we write limn’ﬂ%+oo agn =a, with a € R, if for any € > 0 there exists L > O such thatn, 8 > L =

lagn —al <e.

In the Eq. (2), even though RS® can assume the value +o00, we have that inf, ¢y Rio (z) is finite because
for any point p that belongs to the support of the maximizing measure we have Rf’f(p) = 0 and the set
Up=10 " {p} is dense.
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20 J. K. Mengue

We will show that, when the assertion in question 2 is satisfied, an affirmative
answer to the question 1 exists. In this case, we also present an answer to the question
3, determining relations between R4 and [. Several results are known concerning
the problem of selection of a maximizing measure (Baraviera et al. 2013; Bissacot
et al. 2016a; Brémont 2003; Chazottes and Hochman 2010; Coronel and Rivera-
Letelier 2015; Kempton 2011; Leplaideur 2005, 2012). In this work we present an
improvement in the study of selection of the subaction as a consequence of our results
on large deviations on the first part of the paper.

Define

Mo (f) :={n € P(X): uis o — invariant and /fdpL =m(f)}

and

Kmax (f) := U supp(u).

MEMmax (f)

Xomax (f) is called the Mather set of f. It is compact, non-empty and for any invariant
probability v, supp(v) C X,ay (f) iff v is a maximizing measure of f (Morris 2007,
2013).

In the Sect. 2. we will prove the following theorem:

Theorem 1 With the above notations, suppose that for any cylinder k C X, there

1
exists lim —log(ug(k)). Then, denoting x = (x1x2x3---),
B—>+o0 B

1. The family of probabilities (jug)p>0 satisfies a LDP with deviation function
I:X — [0,400],

1
(x) LN LN og(up([x1 - --xnl)) &)
2. There exists the uniform limit Ry := —limg_, ;o ‘%3. It satisfies

I=R,+Ioo and I > RY.

I(x)= inf liminf (R (x; - -- ). 4
(x) ye)(l,ilax(f)rllg}rgo( e xay) + 1) “4)

If R (x) < +o00, there exists at least one point y € Xpax(f) which is an accu-
mulation point of {o"x}p=12,.... For any such 'y

I(x) = RT(x)+1(y).

4. There exists the uniform limit V = limg_, ; % log(hg).
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Large Deviations for Equilibrium Measures... 21

5. The eigenmeasures vg satisfy a LDP with deviation function I + V.

Some remarks:

1. In the Eq. (3) we do not exclude the possibility /(x) = +o0o. When we write
I(x) = Ry(x) + I(ox) we may have +00 = R, (x) + oco. Following the above
discussion, the function R, is real-valued, nonnegative, Lipschitz and for any

x € X, mingeq

dy Ry(ax) =0.

.....

2. Under the hypothesis of the theorem we get:

2.1.

2.2.

2.3.

There exists at least one point y € X4, (f) satisfying 7(y) = 0. Indeed, let
Uoo be a probability on X such that, for an increasing sequence f; — 00,

I — Moo (Weak* topology). Let y € supp(ioo), thatis, oo ([y1 -+ yal) > 0
for any cylinder [y; - - - y,] containing y. In this way, from the hypothesis of
the theorem,

1 1
ﬁEl—Ti-loo 3 log(ug([y1---ya]) = gnJ:OO B log(ug; ([y1 -~ ya])) =0,

because g ([y1 - Yul) = Moo([¥1 -+ yu]) > 0. It follows from item 1. of
the theorem that 7(y) = 0.

If R3_° (x) < +oo then I(x) < +oo. Consequently, as Rﬁ_o(x) = 0 for any
X € Xmax(f), we conclude that 7 (x) < +oo for any x € X4, (f)-

Indeed, in the proof of the Theorem 1 we will show that (see eq. (10) below)

I(x)<11m1nfR (x1--x,y)+1(y) YyeX.

As I(y) = 0 at some point y € X4, (f) and R4 is Lipschitz, there exists a
constant ¢ > 0 satisfying

. » ~ . . n
I(x)glnlglJlrrgRJr(xl---xny)snglJlrlgRJr(x)—i-c(@—i----—}-@ )

ct
= R(f(x) + 1-9

In the Eq. (4), if RY(x) = +oo0 then, following computations as above, we
get

lim inf (Ri(xl CeXpy) + 1()’)) =400 Vy € Xpax(f).
n——+00
In this case we write

inf hmmf X1 X +1 = +o00.
et limi (R (x1 - x0)) + 1(3))

If RY°(x) < +oo then

lim inf (Ri(xl ceeXpy) + I(y)) < 400 Vy € Xpax (f).
n—-+00
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22 J. K. Mengue

24. IfI(y) =0forall y € X4+ (f) then I (x) = Rio(x) for all x € X (it follows
from item 3. of the theorem). This is the case, for instance, if the maximizing
measure of f is unique, following the discussion in 2.1.

2.5. The Eq. (4) remains valid if we replace y € X;,4x(f) by y € X. It follows a
similar argument with infycx,.. () replaced by infcx in the proof.

3. There exist constants C1, C» > 0 satisfying, for any x,y € X, n > 1, and B
sufficiently large,

—BC1 <log(hp(x)) < BC1, |log(hg(x))—log(hg(y)| < BCida(x,y) (5)

and
e < pplxr - xn]) < €1 (6)

For a proof of (5), see Contreras et al. (2001) p. 1404 or Mengue (2010) Lemma
28. For a proof of (6), see Parry and Pollicott (1990), proof of the Corollary 3.2.1.,
observing that j1g is the equilibrium measure of Bf + log(hg) — log(hg o o) —
P(Bf), and use (5).
If the hypothesis of the theorem is not satisfied, from (6), applying a Cantor’s
diagonal argument, we obtain the existence of a sequence 8; for which all limits
limg, 400 % log(ug; (k)) exist. A similar result is valid for this subsequence,
with all B replaced by B; in the statement of the theorem.

4. If X is a subshift of finite type defined from an aperiodic matrix, the theorem
remains valid except by the Eq. (4) which must be replaced by the following Eq.

I(x)= inf lim inf inf R (z)+1 . 7
) VEXmax (f) | €0+ n=1d(x,2)<e +@ 1) 0
a"(2)=y

We will prove the Eq. (7) after the proof of the Theorem 1. Particullarly, both the
Eqgs. (4) and (7), are valid if X = {1, ..., d}.

In the section 3. we will apply the above theorem studying the L.D.P. for the
equilibrium measures of a class of Lipschitz functions f : {0, 1}V — R satisfying?

flon=">, flnoy=d, fO°)=f1A%)=0, fllon=an. flpro=c,, n=>2

where b,d, a,,c, < 0. The deviation function [ is presented and, in the case
> js2aj < b+d+ 3} ;.,c;, this function differs from the one that appears in
Baraviera et al. (2006) [see also Baraviera et al. (2013)].

2 we use the following notations

02 = 00, 03 = 000, ..., 0% = (0000---), 12=11, 13 =111,..., 1%° = (1111 ---).
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Large Deviations for Equilibrium Measures... 23

2 Proof of Theorem 1

The following general result is very helpful and proves item 1. of Theorem 1.

Lemma 2 Let ng be a sequence of probabilities on X. Suppose that for any cylinder

1
k C X there exists the limit lim —log(ng(k)). Then, denoting x = (x1x2x3 - -),
B—+o0 B

1. The function I : X — [0, +o0],

I(x):=— lim lim l log(ng([x1---x4])

n—+00 f—+oc0 f3

is lower semi-continuous.
2. For any cylinder k C X,

1
lim —1 k) = —inf I (x).
5JTooﬁ og(ng(k)) inf (x)

Remark In Bissacot et al. (2016b) this result is generalized for Gibbs measures when
considering a countable mixing subshift with the BIP property.

Proof The function I is well defined because ¥y (n) = limg_, 1 1 log(ng([x1 - -
Xxn])) exists and it is not increasing with n. The function 7 : X — [0, +o0], I (x) =
— lim,;—s 400 ¥« (n) assume the value +o00 if lim,_, 1 ¥y (n) = —oo. Furthermore,
denoting 7" = (z{z525 ---) € X,

+oo

I(x) = lim inf[— ﬁEToo % log(ng([x1 -+ - xu1))]

=Iliminf inf [— lim lim %log(nﬂ([xl X I

n—+00 z"e[xy--x,] m—+00 f—+o00

1
< liminf inf — I li —1 oot
- nn—r>l-il-go Zne[l)gu-xn][ m—1>I—I&-loo ﬂ—g—{loo B ogng ]
=liminf inf I(Z"),

n—+400 zhelxy-x,]

therefore / is lower semi-continuous.
Given a cylinder k = [x{ - - - x,,], for any z = (212223 - - - ) € k we have

EIEOO % log(ng(k)) = mlim limoo % log(ng(lz1 - zmD) = —1(2).

—+00 f—+

B

Thus, we get
lim
B—>+oo B

1
—log(ng(k)) > sup—1I(z) = —inf 1(2).
zek z€k
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24 J. K. Mengue

On the other hand, as

lim 1lo( ( D)= Ilim lo( ([x 1)
— X1 Xp = *Xn
Sl 5 log(rp(lx Gim gE ng J

1
— lim —1 e x D),
je?l’l,%)-(,d}ﬂ 1m B og(np([x1 Xnj1))

there exists y = (y1y2y3---) € X satisfying

li : log(np([ D=l 1 log(np(l 1))

m — N = m — e

B—-+oo B OBUNBULXL ==~ Xn B—>—+oo B OB UYL =~ Xn 1
1
= lim =1 =...
ﬁ_y}rloo 5 og(ng([x1 - x,y1¥21))

Therefore, we finally get

1
lim —1 k)= —I(xp--- —1(z) = —inf I (2).
ﬁ;glw B og(ng(k)) (X1 x,y) < igf (2) inf @)

Lemma 3 Under the hypotheses of the Theorem 1 the deviation function I in (3)
satisfies 1(x) > I(o(x)) Yx € X. Particularly, the function

Ip: X — [0, +o0], Io(x) := nETWI(G"(X)) ®)

is constant on each orbit 2, = {o"(x)|n € {0,1,2,3,...}}, x € X.
Proof Denoting x = (x1x2X3...), as jLg is o —invariant, forn > 2,
1 1 .
5 logtup(lr - xaD) < 2 log(D _ mp(jxa--xa]) = 5 L tog(up(@ -+ 1)),
j=1

Then

n—+00 f—+00

I(x)=— lm lim %log(uﬁ([xy“xn]))

> — lim llm B log(uﬁ([xz < xp]) = (o (x)).

n——+o00 f—

We write y € w(x), x, y € X, if there exists an increasing sequence n; — +00
such that 6™ (x) — y.

Corollary 4 Under the hypotheses of Theorem 1, let I be the deviation function
defined in (3) and Iy be the function defined in (8).

1. Ify € o(x), then I(y) < Io(x) < I(x),
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2. 1 is constant on each periodic orbit,
3. Ifx ew(y)andy € w(x), then Iy(x) = 1 (x) = I(y) = Ip(y).

Proof In order to prove 1. we suppose 6"/ (x) — y. From the above lemma and using
the lower semi-continuity of I we get

I(x) = Iop(x) = E‘EOOI(""'[ () = 1(y).

The proof of 2. consists in observing that for a periodic orbit {x, ..., 6" (x)} we have:
I(x) 2 1(0(x)) = -+ = I(0"(x)) = I (x).
Analogously, to prove 3. we observe that from 1. we have

I(x) = Io(x) = I(y) = Io(y) = I (x).

Proof of Theorem 1:

proof of 1.
It is a consequence of Lemma 2.

proof of 2.

The existence of the limit R_ is a consequence of corollary 48 in Mengue (2010).
Furthermore, following the Proposition 47 in Mengue (2010), for x = (xpx1x2---),
we get

1
Rix) = lim —log MBI Tn]
Ban—too B pupglxo - xnl

= nEToo (/821}:00 % log upglxy -+ x,] — ,sEToo % log uplxo - - -xn]> .
Therefore, using Lemma 2, we have
I(x) = Ry (x)+ I(0(x)).
It follows that for each n,
I(x) = RL.(x) + 1 (" (x)), &)
and, taking n — +o0,
1(x) = R®() + Ip(x)

[see also Bissacot et al. (2016b)].
proof of 3.
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26 J. K. Mengue

Denoting x = (x1xx3 - - - ), we want to show that

—_ 1 1 1 n PRI
I@)y=jnf timinf (RLGr-xy) +107).

For a fixed y € X we have from (9) that

T(xp---xpy) = Ry (x1 - 2,9) + 1 (y).
As [ is lower semi-continuous,

I(x) < Ligl}rlg (RYL(x1 -+~ xn) + 1() - (10)
Then, (considering an infimum on the right side)

I(x)< inf liminf (R" (x; - -- ).
(X)_ye)(l,,r},,x(f)nlg}rgo( T xay) + 1))

Now, we will prove the reverse inequality.
If R%°(x) = 400, then I (x) = R (x) + Ip(x) = 400 and, as Ry is a Lipschitz
function, for any y € X4 (f),

liminf R" (xj - - - = .
lim inf T(x1-xpy) = to00

So the main equality (4) holds.

If R3°(x) < +o0, there exists at least one point y € X4 (f) such that is an accu-
mulation point of the sequence {o" (x)},=0.1,... [see Lopes et al. (2009) or Lemma 42
and Cor. 43 in Mengue (2010) or Bissacot et al. (2016b)]. We write y = (y1y2y3 -+ ).
It follows that for each j € N there exists some m; > j such that

_x:(xl..._xmjyl...yl/xmj+j+1xmj+j+2...)_
Then

When j — 400, using the fact that I is lower semi-continuous and R is Lipschitz,
we get

I(x) > l_im+inf(R:L"j(x1 S X V1 VXm0 )) + ()
Jj—>+0o ' '
= lim inf(R;"j (x1 -~-xm,.y)) + 1(y)
Jj—>+00 :

> liminf (R} (x1 - - - %, ) + 1 ().
n—-+00
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Therefore,

I(x)> inf liminf (R" 1(y),
(X)_yexl,f,lax(f)l}gl-il-rolo( (1 xay) + 1(y))

proving the reverse inequality. This concludes the proof of (4).

As we see above, if Rf_o (x) < 400, there exists at least one point y € X405 (f)
which is an accumulation point of {¢" x},=1 2..... For any such y, from corollary 4, we
have

I(x) = RY (x) 4+ Io(x) = R (x) + 1(y).
On the other hand, following the notations above
I(x) < ljminfl(xl X Y)

=liminf R}/ (x1 - x, ) + 1(y) = lim R (0)+I1(»)=RT )+ ().
mj——+00

J——+oo

where we use that [ is lower semi-continuous, R’ (x) is increasing with n,
Xmj+1°*Xmj+j = y1---yj and that Ry is Lipschitz. This concludes the proof of
the equation

1(x) = R () + 1(y).

Proof of 4. and 5.
We denote by vg the eigenmeasure of the Ruelle Operator Lgy. The probabilities
vg and g satisfy hg dvg = djug, that s,

[w-hﬁdv,g:/wduﬂ Yw € C(X).

Consequently, given a cylinder k C X, from (5) and (6), there exists a constant C
such that, for 8 sufficiently large, —BCy < log(vg(k)) < BCyk.
We suppose initially the existence of the uniform limit

1
Vi = lim —log(hlgj)

ﬁj—> o)

For a cylinder k¢ and an accumulation point a of ﬁi log(vg; (ko)), there exists a sub-
J
sequence fj; such that

1
lim —— log(vg, (ko)) = a.
Bj; i’n‘}‘oo Bji Og(vﬁli( 0) =a

Using a Cantor’s diagonal argument we can suppose that for any cylinder k there exists
the limit of L log(v,g P (k)). By hypothesis, g satisfies a LDP with deviation function

1. Fixed any pomt z = (x1xpx3 - -+ ), for each n,
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28 J. K. Mengue

1 , 1 1
—log(vg, ([x1---xn]) + inf —log(h,g,.)f—10g(u,3j.([x1'~xn]))
ji ' Lri-xal B ' ﬁ/, :

1
SIB—_IOg(Vﬁjl.([Xl ~xp]) + sup —log(hﬁ,)

Ji [x1--2xn]

Taking 8, — +00, we have

lim ,BL log(v,gji ([x1---x,)+ inf Vi < lim ,BL log(,uﬂji ([x1 -+ xn1)

ﬁji_)+oo Ji X1exp] /Sji_)“"OO Ji

. 1
< lim ﬂ—log(vﬁj ([x1---xx]) + sup Vi.

Bjy—+o0 pj; [xpoxn]

When n — +o00 (applying Lemma 2) we have

— lim hrn ,Bi log(vg; ([x1---xp]) = 1(z) + Vi(2).

n—>+00 g, —+00 P,

Using Lemma 2 again, we conclude that vg i satisfies a LDP with deviation function
I + V;. Then

a = — inf (I(x) + Vi(x)).
xekg

As a is any possible accumulation point of /Sl_, log(vﬂj (ko)) we conclude that

1
ﬂ,hm B log(vg; (ko)) = —xig]fo(l(x) + Vi(x).

Now we will prove the existence of the limit function V. Suppose that for subse-
quences B; and B; we have

1 1
lim —log(hg) =V and lim — log(hlg/) = W.

Bi—+o0 ﬁ ﬁ,—>+oo ﬁ
Applying 2. of the Theorem 1 we obtain Vo, — V2 0o 0 = V| — Vj o 0. Therefore,

V, = Vi 4+ C for some constant C.
Applying the above conclusions on the LDP for the set X (the full space) we get

0=, lim - 10g(5 (X)) = = inf (1 0) + V1)

Bi——+o0o

and

0=, lim - log(uy, (X)) = = Inf (1) + V2(0).
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Thus, we have

0=—inf (I (x) + V2(x)) = — inf (1 (x) + V1(x) + C)
— ing(l(x)—k Vi) +C=0+C=C,

proving that V, = V. This shows that exists the uniformlimit V = limg_, é log(hg),
proving 4.

The previous arguments on the LDP for the measures vg; can be applied to the
general family of measures vg, proving 3. O

Proof of Remark 4 and Eq. (7): If X is a subshift of finite type defined from an ape-
riodic matrix, the arguments used in the above proof are also valid except by some
estimates in the proof of (4). In this case the Eq. (4) can be replaced by the Eq. (7),
that is,

I(x)= inf lim inf inf R” )+ 1
( ) yeXmax(f) e—~>0tn>ld(x,z)< +( ) (y)
o"(2)= y

Indeed, from (9),

1nf R” Q)+ 1) = 1nf 1(2).
d( \2) X,7)<€
" ()= y "(z)=y

As [ is lower semi-continuous, for any x, y € X, we have

I(x) < | lim inf inf I(2) |,
e—>0tn>1d(x,z)<e
o' (z)=y

and, then

I(x) < inf lim inf 1nf R" @) +1(y)
YE€Xmax (f) | >0t n>1 d(x 2)
()= y

In order to prove the reverse inequality we remark that if R3°(x) = +oo, then
I(x) = RP(x) + Ip(x) = o0 and using the above inequality, the Eq. (7) corre-
sponds to the equality +00 = +00. Suppose R°(x) < oo and consider n > 0.
As Ry is Lipschitz, there exists a constant C > 0 such that |Ri(a) — Ry (b)| <
Cdy(a,b), Ya,b € X. Let jy be such that %]g < n.Take y € Xpax(f) N o (x).
Then, from corollary 4,

1(x) = RE() + Io(x) = RE) + 1().

@ Springer



30 J. K. Mengue

Given e > 0, let j > jo be such that §/ < €. For this j there exists m j > Jj such that

'x:(-xl"'-xmj'yl'"ijmj-‘rj-‘rlxmj-‘rj-i-z"')-

Letze = (x1 -~ ~xmjy). Then,

1(x) = R +1(y) = R () +1(y)
> R () 1) — = Ry (2) + 1(y) — .

Therefore, d(x,ze) < €, 6™i(ze) = y and I(x) > (R} (ze) + I(y)) — n. This
construction shows that

I(x)> inf lim inf inf R’ 1 —n.
) = yele,”(f) By e s +@+1G) 1
o (z)=y

As 7 can be arbitrarily small, we conclude the proof. O

3 Application for an Explicit Example

Now we use the results described above in order to complete the study of Large
Deviations for the equilibrium measures of a family of functions previously studied
in Baraviera et al. (2013).

Definition 5 We write f € W if f : {0, 1}V — R is a Lipschitz function and there
exist negative numbers b, d, {¢,}n>2, {@n}n>2, such that, forn > 2,

flon=0b, flnoy=d, fO>) = f1%)=0, flior)=an, flino) = ca-
1D

Any function f € W belongs to the class of potentials defined by P. Walters
Walters (2007) where 0 = a = ¢, b = by = by = --- andd =dy =dr) = ---.
We remark that ) ;.,a; > —oo and ) ;.,¢; > —00, because f is Lipschitz and
F(0%) = f(1%) =0.

In the analysis of the zero temperature case for these functions, the exponential
limit of P(Bf) plays an important role.

Lemma 6 If f € W satisfies (11), then
. 1
lim — log(P(Bf)) = A
B——+00 ﬁ

where
b+d+2?i161+j, when Zj‘;lalﬂ 5b+d+2ﬁ161+j,
A={b+d+35 atj, when Y00 iy <b+d+ Y52 any;,
btd 4 P - > SXL in the other cases.

@ Springer



Large Deviations for Equilibrium Measures... 31

Proof See Prop. 12 in Baraviera et al. (2013). O

Given f € W satisfying (11) and 8 > 0, in order to simplify the computations, we
will consider the function Hg(x) = %. This normalization of the eigenfunction

was used in Baraviera et al. (2013). Observe that Hg (0°°) = 1 and log(Hg) —log(Hgo
o) = log(hg) — log(hg o o). Therefore
gp=Bf+log(hg) —log(hg o 0)—P(Bf)=Bf + log(Hp) — log(Hp o o) — P(Bf).

Following Walters (2007) (see Theo. 3.1 and p. 1341), we obtain

—eﬁb S Blaz+--+ayy;j)—jP(Bf)
) = ayttaiyj)—J
Hg(1 )_ep(ﬁf) 1+Zle j
j=
(eP(ﬁf) -1 00 .
Hgljoa1) = PN 1+Zeﬁ(“q+1+ +ag+)=iPBH) | | g>1

j=1

Ho(199)(ePBH _ 1 o o
. me e Yoot DmIPEN | g = 1
=1

J

Hglpao) =
The next lemma can be used in order to get the function RS that appears in the
formulation of the deviation function in Theorem 1.
Lemma 7 Under the above notations, for f € W satisfying (11), there exists the

uniform limit U = limg_, o % log(Hpg). This function U is a calibrated subaction
for f and satisfies

U(@>) =0,

o0
U(®) =b+max{0.> (ai1j)—At,
j=1

o
Uljoe1) = A + max {0, Z(%ﬂ') —Ap,g>1,
j=1

o0 o0
Ulpooy=b+A+max30,> (ai4j) — At +max 10, > (cqrj)—At. g > 1.
j=1 j=1

Proof The result can be obtained as a particular case of Prop. 2 in Baraviera et al.
(2013). O

Remark if V = limg_, 4o % log(hg) then U = V — C, with C = V(0°).
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We want to study the LDP for the equilibrium measures pg and naturally any
maximizing measure of f € W is a convex combination of the ergodic measures
supported in the periodic orbits 0°° = (000...) and 1°° = (111...). From the above
lemma there exists the limit function

Ri=—1im %8 - f UtUoco+m(f)=—f—U+Uoo.

B—>+o0 B

We want to use Theorem 1. In order to do that we need to find the expression of
deviation function. More precisely, we need to compute 7(0°°) and 7(1°°). In this
way, considering the Lemma 2, we first study g ([0"]) and ug([1"]).

Lemma 8 Ler f € W satisfying (11). Then, for B > 0 andn > 1,

S8 SEP)
0 = —0 a1 = —1 12
WO =sEm+se U T smrse

where

14+ Z?il(j + 1)ePlarttar)=jPBf)

_ ¢l -
) = 8 1= S A

1+ Z?il(] + l)eﬂ(cz+~-+01+j)—jp(/5f)

_ ¢l R
S$1(B) =81 (B) = 1+Z§°11 Pt ter )—iPBH

and forn > 2

§1(8) e eP (B Zj‘)o:n(j —n + 1)ePlat+aj)—jP@Bf)
0 T (1 + Z?il eﬁ(a2+--~+al+i)—iP(ﬁf)) ’
ePBN Y% (j—n + Debert=te)=iPBD)

(1+ Y0, eflert—ta=iP(ED)

ST(B) =

Proof Following Baraviera et al. (2013), page 1351,

1+ ZC;O:1(J + 1)eﬂ(az-‘r"'+al+j)_jP(ﬁf)

S = '
" 14352 eflatta)=iP@En
o
=1+ Zeﬁ([‘2+"'+aj)+10g(H/3‘[o.i11)_1°g(1‘1/3\[ou)—(j—l)P(ﬂf)
j=2
and
1+ Zgozl(j + l)eﬂ(62+"'+cl+j)—jP(/Sf)
S1(8) = J

1+ Z?il eBleattcipj)—jPBf)
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o0
=1+ Zeﬁ(02+"'+cj)+10g(H,3|[1j0])_10g(H;6|[10])_(j_1)P(/3f).

j=2

For j > 2, [see p. 1352 in Baraviera et al. (2013)]

/‘Lﬂ([ojl]) — /L/S([01])eﬂ(a2+'“+ﬂj)+10g(Hﬂ|lo_j1J)_10g(Hﬂ|[OIJ)_(j_1)P(ﬂf) (13)
and
/Lﬁ([ljo]) — Mlg([10])eﬁ(cz+"'+Cj)+10g(Hﬂ‘[ljo])_log(Hﬂ‘[10])_(j_1)P(,Bf)' (14)
Then
> .
up([0]) = ZM}([OJ 1) = pp([01DSo(B),
j=1
and

up (1) = pp((170]) = pg((10D)S1(B).

j=1

As ug([01]) = upg([10]) (because g is o —invariant) and g ([0]) + ug([1]) = 1 we
obtain

1
01]) = 10) = c————. 15
1 ([01]) = ppg([10]) So(B) + S1(B) (15)
As a consequence,
So(B) S166)
o) = — 9OV d =
= sEmrse N T S s e

From (13) and (15), for any n > 2,

pp(0"]) =Y np(071])

j=n

o0
= Mﬁ([OI]) Zeﬂ(az+---+aj)+10g(1'1ﬂ\[Oj1])—10g(1‘1,3\[01])—(j—l)P(ﬁf)

J=n

Zoo eﬂ(“2+“'+aj)+10g(Hﬁ|[oj1])_108(1'1/3‘[01])—(j_1)P(ﬁf)

So(B) + S1(B)

j=n
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Furthermore,

(0.¢]
3Ptk HosHalg—logHlon) =G =P

J=n

00 blarttap=G=DPBH fy|

o0 elg(az+~~+aj)*(j*l)P(ﬂf) (1 + Z?il eﬁ(ajﬂ+m+aj+i)7ip(ﬁf))
(1 T Z?il eﬁ(a2+‘-~+a1+i)—ip(ﬁf))

Hglion

j=n
%, YRy et ta) (=D P(B))
T (1, Pt ra)—iP@D)
_ eP B > (m—n+ 1)ePl@t+am)—mP(f) _ 8
(1 4+ 352, eBlart-+ar—iP(Bf)) 0RE

Therefore, we finally get

So(B)
So(B) + S1(B)

The computation for pg[1”] is similar. O

upl0"] =

As we want to determine the limit of %mg(uﬂ([o"])) and %log(ulg([ln])) (see
Lemma 2) the next lemma is useful.

Lemma9 Let f € W satisfying (11). Denote A = limg_, ; %log(P(,Bf)). Under
the above notations,

. 1 o0 o0
ﬂETOO E log(So(B)) = max{0, /X_;aj —2A} — max{0, éa./ — A},

1 o0 o
lim — log(S = max{0, c; —2A} — max{0, ci — A
plim_ 5 log(S1(8)) = max( ]Z:;J } = max{ ]Z:;, )

and forn > 2

1 o0 o
5 liT E log(Sy (B)) = max{as + - - - +ap, Zaj — 2A} — max{0, Zaj — A},
— 400
=2 j=2

1 o0 o0
li — log(S7 = , i —2A) — 0, i — A).
/S—il—li—looﬂ og(S7(B)) = max{cy + + cp ;C] } — max({ ;cj }
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Proof We only present the prove of the first equation, because the arguments are

similar for the other cases. Initially, observe that for any j; > 0,

1 ,
lim —1 i+ De IPEN | = 24
o LU+ e
JZ
and
1 .
lim —1lo e IPBN | = —7

(see Cor. 14 in Baraviera et al. (2013)).
As

1 1 o0 .
B log(So(B)) =3 log[1 + Z(j + 1)ePlarttarsp=jPBf)]
j=1

o0
_ % logl1 + 3 B t-tar) i PAI)
=1

we will study the limit for ;3 log|[ 1+Zj?°:l(j+ 1)ePlaxttais)=jP(B)] and % log[1+

Z eﬁ(a2+ Fare =i P,
Asa,<0‘v’ze{234 ..} we have,

1 > ,
liminf—log [ 14 (j + Defl@t-ta)=iP@h)
lim inf 2 log ; j

> max {0, 11m inf E log | ¢# Yis2ai Z(] T+ 1)e I PBN

B—>+o0
j=1

= max{0, ) "a; — 24}.

i>2

Furthermore, for any fixed jo, rewriting

o0
14 Z(J n 1)eﬁ(a2+~~+dl+j)—jp(}3f)
j:l

in the form

Jo—1

o0
1+ Z(j+1)eﬁ(a2+-~+a1+j)—jp(/5f) + Z(j+1)eﬂ(a2+~--+a|+_/)—jP(ﬂf)

j=1 j=Jo
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we have

1 > :
lim Sup- log | 1+ Z(j + 1)ePlart-+are)=iP@f)

B——+00 j=1

1 > o
=max 10, limsup E log Z (j + DePlat—Farp=iPBf)

proeo j=Jo

1 > .
< max {0, limsup — log [ ef@Fajp) E (j + e /PED
B——+o00 .
J=Jo

=max{0, ay + ... + aj, — 2A}.

Thus, as we can consider jj large enough,

1 [e¢) ) (0.¢]
lim sup E log [ 1+ Z(J + DePlaatta)=iPBhH | < max/{0, Zaj —2A)}.

p—+oo j=1 j=2

The conclusion is that

1 o ) o
, lim E log | 1+ Z(j + 1)ePlaatta)=iPB | — max{0, Zaj —2A}.
—+00
j=1 j=2

With similar arguments we obtain

1 o0 ) o
ﬁEToo E log | 1+ Zeﬂ(az+~..+a1+j)*JP(ﬂf) = max/{0, Za-/ — A}

Jj=1 J=2
O

Now we show that the family of measures jg satisfies a L.D.P. and present the
expression of the deviation function. We remark that, when the maximizing measure
of a potential f is unique, the deviation function in Baraviera et al. (20006) is equal to
R%°. For the class of potentials that we consider in this section, we have R°(0°°) =
R (1°°) = 0. However in the theorem below 7(0°°) # 0, which means, I # R$°
(see also Theo. 3 and p. 1343 in Baraviera et al. (2013)).

Theorem 10 Let f € W satisfying (11). Suppose ) -, aj <b+d+3_ ., c;j. Then
(ug)p>0 satisfies a Large Deviation Principle with deviation function I defined by

I(Ooo)=b+d+26j—2aj, 1(1°) =0

j=2 j=2
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and for any x € {0, 1}N,
RL(x) +1(0%) if x = (x1 -+ x,0%)

I(x) =4 Ri(x) ifx = (- x,1%)
+00 else

where Ry = —f — U + U o o and U satisfies

o0 o0

UO®) =0, Ulpy=max{ib+d+> ¢j. Y agjt.q>1,
j= =

o0
U(®)=b, and Ulpaoy=b+ Y cqj. q = 1.
j=1

Proof First note that, with the hypothesis } -, a; <b+d+}_;.,cj, from Lemma
6, A 1= limp_. oo Llog(P(Bf)) =b+d + Y, ;. Then,

Zaj<A<ch (16)

Jj=2 j=2

and this function U coincides with the one in Lemma 7, which means, U =
limg_s o0 %log(Hﬁ). Particularly, Ry = —f — U + U o o is the uniform limit

of —22 when g — +oo.

lim  lim llog(u ("N =>Y a;j—A
n—+00 f—+oo f3 p = 7
J=

and

lim lim llog(uﬂ([l”]))zo.

n—+00 p—+o0 B

Indeed, from (16), Lemma 8 and Lemma 9 we get, for n large enough,

lim L log(us([0"]) = lim 1o <&>
oo S st B OE\ So(B) + S1(B)

1 1 1
= ﬁgf}rloo B log(S;(B)) — max {ﬂgrfoo B log(So(8)), ﬂErJIrloo B log(Si (ﬂ))}

o0 oo
= Zaj—ZA — max maX{O,Zaj—ZA}, —A
j=2 j=2
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o o0
Zaj —2A | —(=A) = Zaj —A
° =
and
1 1 ST
lim —log(ug([1"])) = lim —log (¢)
p—+oo B p—+oo B So(B) + S1(B)
_— .1 .1
= ﬁEToo B log(S7(B)) — maX{ﬁETOO B log(So(B)), /SETOO B log(S1(8)}
=(-A) - (-A4)=0.
This concludes the proof of claim
Let I : X — [0, +o0] be defined by
1(0°°) = —ngmooﬂhm E log(up([0" ) =b+d+ Y cj— Zaj,
j=2 j=2
o P — p—
I(17) = ngl}rlooﬁhm 5 10g(Mﬁ([1 D=0
and, for any x = (x1xpx3---), x & {0, 1°°},
I(x) = ye{é?of,m}in—?fg (R (x1 - xny) + 1(3)) - (17)

(It can be checked that Eq. (17) is satisfied for x = 0° and x = 1°°, but this is not
necessary).

For any cylinder & C {0, l}N, we claim that

1
lim —1 = —inf I (x).
ﬁ;rgoo 8 og(up(k)) inf (x)

(18)

Indeed, for a given cylinder kg, from (3) the family (é log(g(ko))) is bounded.

If for a sequence B; — 400, we have that - B log(ug, (ko)) converges, then (following

the Remark 3., which appears below the Theorem 1) for some subsequence f;; of B;
and for any cylinder k C X, we have

1
lim ——log(ug; (k) = —inf I(x).
o, 5, 108 (ka, () = —inf 1)

Particularly, we get

hm o B log(,uﬁl (ko)) = jlirr}roo ﬂl—’] log(uﬂij (ko)) = — inf I(x)
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This argument proves that
lim -~ log(u(ko)) = — inf 1(x)
im —lo = — inf I(x),
B——+00 ﬁ £ Hpiko xeko

which concludes the proof of (18).

Now we study the function /. Given a point x = (x1x2x3...) for which 01 occurs
infinitely many times, we have / (x) = +oo because [ > Rio and for each occurrence
of 01 in x,

RyOlxsxgyr ) =—b—U@Olxg--)+ U(lxg--+)
—b—(b+d+Y c)+b+> c))

Jj=2 Jj=2

v

—b—d>0.
Then, from (9),

RL(x) 4+ 1(0%) if x = (x1 -+ - x,0%)
I(x) =1 RL(x)+T1(1®)if x = (x1---x,1%) .
+00 else

Assuming } ., cj <b+d+3_;.,a; we geta symmetric result.

Theorem 11 Let f € W satisfying (11). Suppose 3~ ;.,a; >b+d+3 ., c;jand
Y j=2€j = b+d+ 3 ,a). Then, pg satisfies a Large Deviation Principle with

deviation function I (x) = Rio (x). More precisely,
1(0%) =0, I(1%*) =0
and for any x € {0, 1}V,

R (x) if x = (x1---x,0%) or x = (x1 -+ - x,1%°)
400 else

3

I(x)={

where Ry = —f — U + U o o and U satisfies

U0*) =0,
b d 1 1
vas = - §+§Za‘/ - EZC""
j=2 Jj=z2
U©712) =) agy;,

j=1
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U(190z) = ———+ Za/ ch-—FZch.

J>2 sz j=1
Remark The above formulas for U can have a more symmetric expression if we add
the constant %’ + %Z

j=2¢j- This is irrelevant when we consider the coboundary
U — U oo in Ry. Thus we can consider U defined by the formulas

d 1 b 1

o0 . oo _ — .

U(O )__§+§E Cj, U(l )—2+2E aj,
Jj=2 Jj=2

U091z) = —+ Zc,+2aq+,, U(190z) =

—+ Z‘H""Z%ﬂ
/>2 jzl

/>2 izl
Proof We remark that in the present case (see Lemma 6)
) -I—d al-‘rj - Cl4j
A= lim lo P =—+ + —J
plm 2 log(P(Bf) = 2 ; 5

The proof of this theorem follows the same lines of the above one. We only present
some of the steps.

first: 1(0%°) = 1(1°°) = 0. Indeed, as

Y aj=A>=2A and ) cj>A=24,
j=2 e

then, from lemmas 8 and 9 we get, for n large enough

1 \
lim_ 2 log(s(L0"))

N I 1 1
= lim 2 10g(SG () —max{ lim = log(So(8). ,lim 2 1og(Si())

—A —max{—A,—-A} =0
and, similarly,

lim

Jim 5 10g(ap([1") = —A4 = max(—A, =4} =0.

second: given a point x = (x1x2x3 ---) in which 01 occurs infinitely many times,
we have I (x) = 4o0. Indeed, as in this case we have 10 occurring infinitely many

times too, considering R%°(x), for each occurrence of 01 or 10 in x, we get
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Ry (Olxgxgsy---) > —b—Zaj + g— g +%Zaj — %Zq +ZC1+/‘

j=2 e 22zl
1
:E ZCj—b—d—Zaj > 0;
j=2 j=2
b d 1 1
Ry (10x5x541 ) > —d — §—§+§Zaj+§ZCj +Za,-
jz2 j=2 j=2
1
=3 Yoaj-b-d-=) ¢;j| =0
e j=2

This numbers are not zero simultaneously, because their sum results in —b — d. There-
fore R3°(x) = +o0.
From this computations we conclude that the deviation function satisfies,

0 ifx=0%or x =1%
I1(x) = ) ifx = (xp - x,0%) or x = (x1 -2, 1%°)
+o00 else
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