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Abstract. We investigate aspects of universality in the two-dimensional (2D) spin-1 Baxter-
Wu model in a crystal field ∆ using a parallel version of the multicanonical algorithm employed
at constant temperature T . A detailed finite-size scaling analysis in the continuous regime of the
∆−T phase diagram of the model indicates that the transition belongs to the universality class
of the 4-state Potts model. The presence of first-order-like finite-size effects that become more
pronounced as one approaches the pentacritical point of the model is highlighted and discussed.

1. Introduction
The spin-1/2 Baxter-Wu model is defined by nearest-neighbor three-spin interactions on a
triangular lattice. It was first conceptualized as a model that is not invariant under inversion by
Wood and Griffiths [1] and subsequently analytically solved by Baxter and Wu who showed that
its critical universality is identical to that of the 4-state Potts model [2, 3, 4]. The Hamiltonian
of the BW model reads as

H = −J
∑
〈ijk〉

σiσjσk, (1)

where the spins take on the values ±1, J > 0 is the ferromagnetic exchange interaction, and
the sum extends over all elementary triangles of the lattice. Due to the fact that the triangular
lattice can be decomposed into three sublattices, each spin of an elementary triangle of the
lattice belongs to a different sublattice. Thus, inverting the spins of any two sublattices would
result in no change in the energy. Hence, the ground state consists of one ferromagnetic state,
where all spins are pointing up, and three ferrimagnetic states, where one sub-lattice is pointing
up and the remaining two are pointing down.

An interesting extension of the Baxter-Wu model arises when one considers spin values
σx = {−1, 0, 1} and includes an extra crystal field (or single-ion anisotropy) ∆ coupled to
σ2
x, so that the new Hamiltonian reads as

H = −J
∑
〈ijk〉

σiσjσk + ∆
∑
i

σ2
i = EJ + ∆E∆, (2)
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Figure 1: (a) Phase diagram of the 2D spin-1 Baxter-Wu model with the ferromagnetic and
paramagnetic phases separated by a continuous transition for larger T (solid line) and a first-
order transition for smaller T (dotted line). The line segments meet at the pentacritical
point (∆pp, Tpp) ≈ (0.8902, 1.4) [6] marked by the black rhombus, where three ferrimagnetic
configurations and a ferromagnetic configuration, along with that of zero spins coexist [6, 7, 8].
The dashed arrow at T = 2.1 indicates the temperature choice of our simulations that
corresponds to ∆ ≈ −3.5, see also figure 2(a). (b) Probability density functions of the crystal-
field energy P (E∆) for a system of linear size L = 60 at different temperatures in the second-
order transition regime, as indicated. Note that for T = 2.2578: ∆ ≈ −10, and for T = 1.8503:
∆ ≈ −1. Finite-size effects of first-order-type (double-peak structure) appear as we lower the
temperature and approach the pentacritical point.

where EJ and E∆ denote the nearest-neighbor interaction and the crystal-field energies,
respectively. Note that ∆ controls the density of the zero spins: when ∆ → −∞ spins are
confined to the values ±1, retrieving the spin-1/2 Baxter-Wu model. Correspondingly, and in
full analogy to the Blume-Capel case [5], one expects for the model defined in equation (2) the
same kind of competition between the ordered and disordered phases (mediated by the crystal
field), and therefore a similar phase diagram but a different universality class is expected, see
figure 1(a).

Because dilution in the Potts model with four states [9] has the same effect as ∆ in the
Baxter-Wu model, one should also expect the critical behavior of both models to be the same.
Surprisingly though, there is an ongoing debate with respect to the degree of universality
obeyed by the spin-1 Baxter-Wu model. This is mainly due to contradicting numerical evidence
suggested over the course of last years: The results of Ref. [7] via renormalization group,
conventional finite-size scaling, and conformal invariance techniques indicated that the critical
exponents vary continuously with ∆ along the second-order transition line, differently from
the expected behavior of the 4-state Potts model (with exponents ν = 2/3, α/ν = 1, and
γ/ν = 7/4). A similar conclusion was drawn in Ref. [10], where using importance sampling
Monte Carlo simulations for the special case with ∆ = 0 the values ν = 0.617(3), α = 0.692(6),
and γ = 1.13(1) were obtained. The complementary Monte Carlo work of Ref. [11] at ∆ = −1
and 1 further corroborated this hypothesis. Conversely, the renormalization-group work of Dias
et al. [6] suggested that along the critical line, the conformal anomaly c and the exponents ν, η
are the same as that of the pure spin-1/2 Baxter-Wu model (or the 4-state Potts model). Finally,
the most recent works by Jorge et al. [12] used Wang-Landau entropic sampling simulations to
probe the system at ∆ = 0. According to these authors the model exhibits an indeterminacy
regarding the order of phase transition.

In this conflicting situation we present here an updated finite-size scaling analysis of the model
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in the second-order transition regime of the phase diagram. Using multicanonical simulations
outlined in section 2, we scrutinize the critical properties of the system at the fixed temperature
T = 2.1. Via a standard finite-size scaling analysis, as discussed in section 3, we recover estimates
of critical exponents that are in good agreement to those of the 4-state Potts universality
class [13]. Our work also features the existence of first-order-like finite-size effects in the
second-order regime of the phase diagram that become more pronounced as one approaches
the pentacritical point. A summary with a work-in-progress plan closes this short contribution
in section 4.

2. Numerical approach
We now turn to a description of the multicanonical (MUCA) method [14]. In this approach,
instead of using the canonical Boltzmann weight e−βE , with the inverse temperature β =
1/(kBT ), a correction function is introduced, designed to produce a flat histogram. For the
needs of the current work, the multicanonical method was applied with respect to the crystal-
field energy E∆, fixing the temperature and allowing us to continuously reweight to arbitrary
values of ∆. To this end, the partition function

Z =
∑

{EJ ,E∆}

g(EJ , E∆)e−β(EJ+∆E∆) (3)

is generalized to

ZMUCA =
∑

{EJ ,E∆}

g(EJ , E∆)e−βEJ W (E∆) , (4)

where g(EJ , E∆) is the two-parametric density of states.
It follows that

PMUCA(EJ , E∆) =
g(EJ , E∆)e−βEJW (E∆)

ZMUCA
, (5)

where PMUCA is the equilibrium probability distribution. In order to produce a flat E∆

histogram, by carrying out a summation with respect to EJ , the modified weight should be
given by

W (E∆) ∝ ZMUCA

∑
EJ

g(EJ , E∆)e−βEJ

−1

. (6)

These weights can be calculated in an iterative fashion starting with an initial guess. At the
nth step spins are flipped using the weights e−βEJW (n) (E∆) and the histogram H(n)(E∆) of the
energies E∆ is sampled. After a specified number of spin-flip attempts the histogram is used
to recalibrate the weights via W (n+1) (E∆) = W (n) (E∆) /H(n)(E∆). The process is completed
when a flat-enough histogram has been sampled, after which a series of production runs is carried

out. At each step the normalized histogram H
(n)
norm(E∆) satisfies the equation

〈H(n)
norm(E∆)〉 = P (n)(E∆) =

1

ZMUCA

∑
EJ

g(EJ , E∆)e−βEJW (n)(E∆) ∝ W (n)(E∆)

W (E∆)
, (7)

justifying the scheme for updating the weights using sampled histograms.
We employed a parallel implementation of the multicanonical method [15, 16], guided by

its already successful application in the study of the Blume-Capel model [5, 17, 18]. In this
setup weights are distributed to parallel workers, each one producing a histogram. At the
end all histograms are added and the resulting total histogram is then used to recalibrate the
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Figure 2: (a) Shift behaviour of several pseudocritical fields ∆∗L as indicated in the legend. (b)
Crossings of the fourth-order magnetization’s Binder cumulant for different system sizes.

weights. Our simulations were implemented on an “Nvidia Tesla K80” Graphics Processing
Unit boosting the numerical capacity to 26 624 simulations of uncorrelated systems in parallel.
Finally, the histogram’s flatness was tested using the Kullback-Leibler divergence as discussed
in reference [16].

The numerical protocol described above was applied on triangular lattices with periodic
boundary conditions. As the system has in addition to the ferromagnetic phase three different
ferrimagnetic phases, the allowed values of the linear size of the lattice L must be a multiple of
three. In this way, all ground states of the infinite system would fit on any finite lattice [11]. In
the course of our simulations we considered linear sizes within the range L = {12−72} respecting
this constraint. The bulk of our simulations was performed at T = 2.1. Other values of T closer
to the pentacritical point are currently being considered and will be reported elsewhere [19].

In the framework of the multicanonical approach it is natural to compute ∆-derivatives of
observables rather than the usual T -ones. For instance, in place of the usual specific heat one
may define a specific-heat-like quantity [17]

C∆ =
1

N

∂EJ
∂∆

= − [〈EJE∆〉 − 〈EJ〉 〈E∆〉] /(NT ), (8)

where N = L2, the number of lattice sites. Other finite-size scaling observables include the
partial derivative of the logarithm of the nth power of the magnetization m (∂ ln 〈mn〉/∂∆), the
magnetic susceptibility (χ), as well as the fourth-order Binder cumulant of the magnetization
(Um) [12, 17, 20].

3. Results
We start with some typical illustrations of the (reweighted) probability density function P (E∆)
(normalized to unity). It is well known that a single-peak structure in P (E∆) is characteristic of
a continuous transition, whereas a double-peak structure signals the emergence of a first-order
phase transition [17, 21, 22]. Figure 1(b) depicts P (E∆) for a system with L = 60 at several
temperatures (see caption). The distributions were reweighted close to their respective critical
crystal field according to the calculations of Dias et al. [6] and the current work. Some comments
are in order: (i) For large-enough T a single peak is observed, but as we lower T (and increase ∆
up to −1) first-order-like characteristics appear similar to the observations by Jorge et al. [12] at
∆ = 0. (ii) These effects become more pronounced as we approach the pentacritical point and
lead to corrections in finite-size scaling in this vicinity. Clearly, a refined investigation of the



XXXII IUPAP Conference on Computational Physics
Journal of Physics: Conference Series 2207 (2022) 012008

IOP Publishing
doi:10.1088/1742-6596/2207/1/012008

5

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

 1.8

 2

 2.2

 2.4

 10  20  30  40  50  60  70  80

α/ν = 1.002(9)

γ/ν = 1.75(3)

(a)

C
Δ

*

L

 0

 50

 100

 150

 0  20  40  60  80

χ*

L
 0

 2

 4

 6

 8

 10

 12

 14

 10  20  30  40  50  60  70  80

(b)

(∂
ln
⟨m

n ⟩
/∂
Δ

)*

L

n = 1: ν = 0.668(6)
n = 2: ν = 0.677(9)

Figure 3: Finite-size scaling behaviour of C∗∆ (main panel) and χ∗ (inset) in panel (a) and of
(∂ ln 〈mn〉/∂∆)∗ in panel (b).

surface tension and latent heat of the transition is called for, as it is quite often the case that
pseudo-first-order signatures emerge at moderate system sizes in many spin models with complex
interactions, see [23] and references therein. Some first analysis along these lines indicates that
these are indeed mere finite-size effects that disappear in the thermodynamic limit [19].

We proceed now with a finite-size scaling analysis at T = 2.1 in the second-order regime.
For the fitting procedure discussed below we restricted ourselves to data with L ≥ Lmin. As
usual, to determine an acceptable Lmin we employed the standard χ2 test for goodness of the
fit. Specifically, we considered a fit as being fair only if 10% < Q < 90%, where Q denotes
the probability of finding a χ2 value which is even larger than the one actually found from our
data [24].

To extract the critical crystal field ∆c and a first estimate of the correlation-length exponent
ν we study the shift behaviour of several suitable pseudocritical fields, ∆∗L, deduced from the
peak locations of the relevant observables C∆, χ, and ∂ ln 〈mn〉/∂∆. Figure 2(a) features the
joint fit [6, 20]

∆∗L = ∆c + bL−1/ν(1 + b′L−ω), (9)

over four different data sets and with Lmin = 15. Note that b and b′ are non-universal coefficients
and the corrections-to-scaling exponent was set to the well-known value ω = 2 [6, 11, 25, 26]. We
obtain the estimates ∆c = −3.436(3) and ν = 0.67(1), the latter being in very good agreement
to the value ν = 2/3 of the 4-state Potts model [2, 3]. Typical curves of the Binder cumulant Um
are shown in figure 2(b) where the crossing point agrees (within some minor finite-size effects)
with the value ∆ = −3.436, as marked by the vertical dashed line.

Further, in figure 3(a) we present the finite-size scaling behaviour of the maxima of the
specific-heat-like quantity (main panel) and the magnetic susceptibility (inset). The solid lines
are fits of the form [5]

C∗∆ ∼ Lα/ν(1 + b′L−ω) ; χ∗ ∼ Lγ/ν(1 + b′L−ω), (10)

using Lmin = 18 and 30 respectively. The resulting estimates α/ν = 1.002(9) and γ/ν = 1.75(3)
are clearly compatible to the exact values 1 and 7/4 of the 4-state Potts model [2, 3]. Finally,
in figure 3(b) we provide an additional verification of the critical exponent ν via the maxima of
the logarithmic derivatives of the order parameter. A fit of the form [20]

(∂ ln 〈mn〉/∂∆)∗ ∼ L1/ν(1 + b′L−ω), (11)

where Lmin = 18 gives ν = 0.668(6) and 0.677(9) for n = 1 and 2 respectively, in further support
of the 4-state Potts universality class.
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4. Summary and outlook
Using parallel multicanonical simulations and finite-size scaling analysis we studied the
universality aspects of the 2D spin-1 Baxter-Wu model at the second-order transition regime
of the ∆ − T phase boundary. Our estimates for the critical exponents provide evidence that
this ferromagnetic-paramagnetic transition belongs to the universality class of the 4-state Potts
model. In order to capture possible finite-size effects of first-order type as already discussed
recently [12], we monitored the structure of the crystal-field energy probability density function.
Indeed, on lowering the temperature a double-peak structure in the energy probability density
function is observed, which becomes more pronounced as the pentacritical point is approached.
The actual role of these finite-size effects including simulation of larger system sizes and a
systematic scaling analysis of the respective surface tension and latent heat of this pseudo-
first-order transition are currently under study by our group [19]. Some future plans include a
dedicated study of the location and universality principle of the pentacritical point, as well as a
high-accuracy reproduction of the model’s phase diagram.
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