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Abstract

Under a Lipschitz condition on distribution dependent coefficients, the central limit theorem
and the moderate deviation principle are obtained for solutions of McKean-Vlasov type
stochastic differential equations, which generalize the corresponding results for classical
stochastic differential equations to the distribution dependent setting.
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1 Introduction

In recent years, McKean-Vlasov stochastic differential equations (MV-SDEs for short) have
received increasing attentions by researchers. They are also called as mean-field SDEs or
distribution dependent SDEs which are much more involved than classical SDEs as the drift
and diffusion coefficients depending on the solution and the law of solution. In a nutshell,
this kind of equations play important roles in characterising non-linear Fokker-Planck equa-
tions and environment dependent financial systems, see [9, 10, 12, 13, 20, 23, 24] and refer-
ences therein. Also, this kind of SDEs have been applied to characterise partial differential
equations (PDE:s for short) involving the Lions derivative (L-derivative for short), which was
introduced by P.-L. Lions in his lecture notes [6], see also [5, 7, 14, 16, 21, 22] for more de-
tails. Additionally, the analysis of stochastic particle systems (that is why MV-SDEs can be
treated as the limiting behaviour of individual particles) has developed as crucial mathematic
tools modelling economic and finance systems.

It is well known that the key point of large deviation principle (LDPs for short) is to
show the probability property of a rare event, see [1, 4, 11, 15, 26]. In the case of stochastic
process, the idea is to find a deterministic path around which the diffusion is concentrated
with high probability, and the stochastic motion can be interpreted as a small perturbation
of the deterministic path. There are two main approaches to investigate LDPs, one is weak
convergence method, the other one is based on exponential approximation argument.
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Compared with the theory of LDP, the central limit theorem (CLT for short) is interested
in the asymptotic behaviour of stochastic motion tends to the corresponding deterministic
path in the smallest deviation scale. Likewise LDP and CLT, recently, theory of moderate
deviation principle (MDP for short) has attracted a lot of attention. For instance, the MDP
for 2D stochastic convective Brinkman-Forchheimer equations is established in [19]. The
authors in [18] investigated large and moderate deviation principles for McKean-Vlasov
SDEs with jumps. For more details, we refer to [2, 15] and references therein. It is worth
noting that the MDP is concerned with probabilities with a smaller order than that in the
LDP, which deviation scale fills in the gap between the CLT scale and the LDP scale.

In this paper, we investigate the CLT and the MDP for solutions of MV-SDEs by using
the weak convergence approach. More precisely, we first show that the law of solution to a
good approximation SDE of the underlying MV-SDEs satisfies an LDP via weak conver-
gence method. It is worth noting that the weak convergence approach results in a conve-
nient representation formula for the rate function. Secondly, we show that the solution to an
approximation SDE and the solution to the MV-SDEs are exponentially equivalent as the
deviation scale tends to zero.

To introduce the main results, we recall some preliminaries.

Let | - | and (-, -) denote the Euclidean norm and inner product in RY, respectively. Con-
sider the Cameron-Martin space

1

T 1
H= [h € C([0, T]: RY) : h(0) = 0, i (¢) exists a.e. 1, Az 1= (/ |iz(t)|2dr)2 }
0

where 0 denotes the vector with components 0.
Let o/ denote the class of R¢-valued {.%, }-predictable processes & (w, -) belonging to H
a.s. For each N > 0, let

T
Sy = {h cH: / li(s)[2ds < N}.

0
Sy is endowed with the weak topology induced from H. Define

dy =thed, h(w,-) eSSy, P—a.s.}.

In the sequel, we recall the definition of L-derivative (more details see [22]). Let 22, (R¢)
be the set of all probability measures on R? with finite second moment, i.e.

2u) = e 2@ 1P = [ 1P <o),
R4

where u(f) := [ fdu for a measurable function f. Then 2,(RY) is a Polish space under
the Wasserstein distance

1
W2(M7V) = inf (/d dlx_y|2n(dxsdy))2sﬂaveQZ(Rd)v
R4 xR

TEE (14,V)

where % (i, v) is the set of couplings for © and v.
For any u € 22,(RY), the tangent space at y is given by

T,2=L*R? - R% p) :={¢ : RY - R is measurable with 1t(|¢|*) < oo}.

For ¢ € Ty, we set 19117, , = [ra |6 (0) P (dx).
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Definition 1.1 Let f : 2, (RY) — R be a continuous function, and let Id be the identity
map on R?.

(1) f is called intrinsically differentiable at a point u € Z2,(R?), if

fluold+ep)™) = f(w c

€

R

Tuz3 6 = D f(u) =lim

is a well-defined bounded linear functional. In this case, by the Riesz representation
theorem, the unique element D* f (1) € T, , satisfying

(DX f (). d)1, = /R (DM @). 9))(dx) = Dy f (). ¢ €T,

is called the intrinsic derivative of f at .
If moreover,

|f(woId+¢)™") — f(w) — D f(w)
im =0.
iz, ,40 ¢z, .,

f is called L-differentiable at p with the L-derivative (i.e. Lions derivative) D* f(u).

(2) We write f € C'(2,(RY)) if f is L-differentiable at any point i € %% (R?), and the
L-derivative has a version D’ f () (x) jointly continuous in (x, u) € R x Z2,(RY). If
moreover, DX f(j1)(x) is bounded, we denote f € C ,l (2, (RY)).

For a vector-valued function f = (f;), or a matrix-valued function f = (f;;) with L-
differentiable components, we write

DE f (i) = (DL fi()). or DL f (1) = (D} ;). 1€ 2R,

In this paper, we use the symbol “=" to denote convergence in distribution.
The following uniform LDP criteria was presented in [17].

Lemma 1.1 For any € > 0, let T¢ be a measurable mapping from C([0, T1; RY) into
C ([0, T1; RY). Suppose that {T'¢}..¢ satisfies the following assumptions: there exists a mea-
surable map T°: C([0, T]; RY) — C([0, T1; RY) such that

(a) For every N < 400 and any family {h.; € > 0} C oy satisfying that h. converges in
distribution as Sy-valued random variables to h as € — 0, then

FG(W. + % fo' fzé(s)ds> = F0</O' fz(s)ds) as e — 0.

(b) Forevery N <+00, the set {Fo(fo' fz(s)ds); h e Sy} is a compact subset of C ([0, T1; RY).

Then the family {T'¢}.. satisfies a large deviation principle in C ([0, T]; RY) with the rate
function I given by

T
1(g) := inf {1/ |fz(s)|2ds], g € C([0, TT; RY) (1.1)
0

heH;g=T0(f; h(s)ds) L 2

with inf @ = oo by convention.
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The rest of the paper is organised as follows. In Sect. 2 we present the main results
Theorem 2.1 and 2.2; Sect. 3 are Sect. 4 are devoted to the proofs of Theorem 2.1 and 2.2,
respectively.

Throughout this paper, we let C(«, 8) stand for a general constant which depends on
parameters «, 8, and may change from occurrence to occurrence. For x € R4, §, stands for
the Dirac measure at x. Let || - || denote the operator norm for linear operators respectively.
Moreover, we use A < B to denote A < ¢B for some constant ¢ > 0 and a V b = max{a, b}.

2 Main Results

We are interested in the MV-SDE on (R, (-, -), | - |) as follows:
dX; =b,(X;, Lxe)dt + Jeo (X7, Lxe)dW,, X{=x, 2.1

with € > 0, which is named as the scaling parameter. Here W, is the d-dimensional Brownian
motion defined on a complete filtered probability space (2, F, {%}>0, P), ZX; is the law
of X7. We assume that the coefficients b and o satisfy the following conditions:

(H1) The coefficients b : [0, 00) x R? x 22, (R?) — R?, 5 : [0, 00) x R? x 22, (R?) — R¥®¢
are continuous. There exists an increasing function K : [0, 0c0) — [0, 00) such that

max{[|Vh, (-, W) ()1, [ D"b, (x, Y () lI7,,} < K@), 1=0,x R’ e 2[R,

(2.2)
oy (x, ) — oy (v, V)| < K@) (|x — y| +Walu,v), £ >0,x,y €RY, 1, v e 2R,
(2.3)

and
150, 89)| + lloy (0, 8o) || < K (z), t=>0. 2.4)

(H2) The coefficient b, (x, ) are differentiable with respect to x and u respectively, and its
derivative functions satisfy

IV0,(. 1)) = Vb () (0] = K@) (1x =yl + Wale, v), 25)
[B(D b5, 2(Z0(0, ) = E(D b (v, )WL) (Y), 9)|
< K0)(1x = |+ Wa(Zx. 4) + EIX — YY) Elg ),
forallt >0,x,yeR, u,ve 2R, and X, Y, ¢ € L>(Q - R4, P).
Remark 2.1 By (H1), we have for t > 0, x,y e RY, u, v € 2,(R?) that
1B (x, 1) = bi(y, 1] < K () (x = 3]+ Wa(p, v)). (2.6)

Intuitively, as the parameter € tends to 0 in (2.1), the diffusion term vanishes and we have
the following ordinary differential equation

dX? = b, (X7, 8y0)dt, 2.7
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with the same initial datum as (2.1), that is, X g = x. Since x is deterministic, we deduce that
dy0 is a Dirac measure centered on the path X 0,

On the general case, investigating the deviations of solution X5 to (2.1) from the solution
X9 to (2.7) is to study the asymptotic behaviour of the trajectory

—e 1

X, Jer(e)

(X — X9, tel0,T]. (2.8)

(LDP) The case A(€) = 1/4/€ provides some large deviation estimates. [11] proved that the
law of the solution X¢ satisfies an LDP by means of the discussion of exponential
tightness.

(CLT) If A(¢) = 1, we shall show that Xf’exo converges to a stochastic process in a certain
sense as € — 0, see Theorem 2.1.
(MDP) To fill in the gap between the CLT scale and the LDP scale, the MDP for X¢ is to
investigate the LDP of trajectory (2.8), where the deviation scale A(€) satisfies

A€) = 00, Jer(e) =0, ase — 0. 2.9)
The first main result is to investigate the CLT for (X¢)c¢(,1y, which is stated as follows:

Theorem 2.1 Under assumptions (H1) and (H2),

Xi— X}

Je

P
IE( sup ) <e, foranyp=>2,

0<t<T

_Z,

where Z, solves
AZ, = Vi, by (- 830) (Xt +E(D by (3, ) (6 0) (X0), Z),_yodt + 0, (X0 8,0)dW,.,
Zy=0. (2.10)

Here, and in what follows, for x,y € R, u € 2,(R%), V, f (-, w)(x) means the directional
derivative of function f at x in direction y.

The second result is interested in an MDP for (X€)cc(0,1), Which is stated as follows:

Theorem 2.2 Under assumptions (H1) and (H2), YAE, defined by (2.8), satisfies an LDP on
C ([0, T1; RY) with the rate function I which is defined by

1 7.
I(g):= inf {—/ lh()Pds}, ge (0. TERY, @.11)
{heH:g=T0(f;i(s)as)} L2 Jo

where, by convention, I (g) = oo if {h e H; g = Fo(fd h(s)ds)y =P and Y" := Fo(fd h(s)ds)
satisfies the following equation:

4, = { Vb 8yg) (XD + 00 (XD, 89D ar. @2.12)

Remark 2.2 Theorems 2.1 and 2.2 can be extended to the case of path-distribution dependent
SDEs, and the drift can only satisfies the monotone condition.
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We give an example to illustrate the theory.

Example 2.3 For any g € C;(R?), define the function of x as u > u(g) := [, gdu. Con-
sider the following MV-SDE on R¢:

dXE = (XS + (Lxe (90)°)d1 + Ve(XS + Ly (2))dW, (2.13)

with the initial value X§. When € — 0, we obtain the following ordinary differential equa-
tion

dX7 = (X7 + (8y0(2))}dr. (2.14)

We now check that the coefficients of (2.13) satisfy (H1) and (H2).

Let b(x, ) = x + (u(g))?, we have Vb(-, u)(x) = I, where I is the d x d identity
matrix. It is easy to check that (H1) and (H2) hold for the spatial component of b. Now, we
check (H1) and (H2) also hold for the measure component of b.

Firstly, we verify the condition (H1). By the Taylor expansion, we arrive at

. o -1 _ —
|\¢\|17Tzl—>o—|| ST Ud 67 @ — (@) — k(.0

”¢||£m%0 ||¢||T . / {g(x +¢(x) —8(x) = (Vg, (1)) }M(dx)‘

V22l
m
= i, ,~0 2016ll7, ,

lim |V? =0
_”d)“mﬁoll gllllidllz, ,

/ 16 (OP ()

That is D ju(g) = Vg. Similarly, we can show that Db (x, -)(u) = 21u(g)Vg. This yields
that D b(x, ) (L (g7, < K, where K = 2max{sup, s |g(X)], sup, pa [VE)},
since g € CZ(RY).

We now check the condition (H2). For X, Y, ¢ € L>(Q — R?, P)

IE(D b(x, )(Zx(e)(X), ¢) — E(D*b(x, ) (L (e)(Y), d)|

= ‘E(Z(iﬂx(g)vg)(x), ¢) —EQ2(Z (9)Ve)(Y), 9)
<2(Elp]))EI(Zx (9 V(X) — (L (V) (V)2

<4Elp1")*{(EILx(8) — L (Ve + (ElL (9)(Ve(X) — Vg (V) [)'?]

<C(Elp)*EIX =Y H'),

where in the last inequality, we have used || D* w(@llr, 2 < o0.
Similarly, we can also check that ¢ satisfies (H1). Thus, by Theorem 2.1, we obtain Z,
satisfies

dZ, = Z,dt + EQ2(8%, () VO (X)), Z)dt +(X] + (Lo (@)W, (2.15)
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3 Proof of Theorem 2.1

Before giving the proof of Theorem 2.1, we prepare the following lemmas, where the first
one is a formula of L-derivative, due to [22].

Lemma3.1 Let (2, %, P) be an atomless probability space, and let X, Y € L*(Q — R P)
with £x = w. If either X and Y are bounded and f is L-differentiable at n, or f €
C,l (2, (RY)), then

;gwﬂwmmm,n G.1)
Consequently,
LXvey) —
?I%}M — [E(D' f((X). V)| < ID FGOIVEIYE.  (32)

The existence and uniqueness of solution to (2.1) has been proved in [25]. The following
Lemma gives the uniformly p-th moment estimates about X¢, X°.

Lemma 3.2 Under assumption (H1). For Vp > 2, we have

IE( sup |Xf|!’) v( sup |X§>|") <00, p>2, (3.3)

0<t=<T 0<t<T
with the initial value X = X§ = x € RY.
Proof 1t is easy to get from (H1),
16, iV lloy (x, Wl < K (@) (L + |x] + Wa(w, 8o)). (34

Noting that W, (Zxe, §p)” < (E|X§ [2)P/2, by the Burkholder-Davis-Gundy (BDG for short)
inequality and (3.4), one has

T
E( sup |X;|P) <37 Ux|? + C(T, p)E/ (1 + | XE|P)ds,
0

0<t<T
and
T
(sop ix2r)scap) [ aixdinas
0<t<T 0
thus, (3.3) follows from Gronwall’s inequality. ]

Lemma 3.3 Under (H1) and (H2), we have Vp > 2

IE( sup |z;|f’) vE( sup |z,|f’) < o0, (3.5)
0<t<T 0<t=<T
where Z¢ .= Xi;gxg and Z, is defined in (2.10).
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Proof By (2.1) and (2.7), we know Z{ satisfying
1

dz¢ =
N

(b (XS, Lxe) — b (X0, 850))dt + 0, (X, Ly )AW,. (3.6)
To prove E(supogg |Zf|”) < 00, p > 2, it suffices to show

]E( sup |X¢ — X?V’) < C(T, p)et. 3.7)

0<t<T

Indeed, by (2.6), (3.4), Holder’s inequality and BDG’s inequality, one gets

E( sup |X¢ — X?v’)

0<t<T

)l

T p
<2 [| f b (X5 L) = by(X2. 8p)lds| +€2E( sup
0

0<t<T

t
/ 0u (XS, L)W,
0
! 0 2 ’ 2 /2
<C(T, p){/ (X5 = XJ| 4+ Wa(Lye, 850))"ds 4 €/ (/ (E|X¢] +1)ds) }
0 0

T T
§C(T,p)/ IE|X§—X_?|”ds+e”/2C(T,p)<l+/ E|X§|1’ds),
0 0

where the last inequality is due to the fact that W, (Zxe, 80)% < E|X |2. Then, (3.7) follows
from (3.3) and the Gronwall inequality.
Similarly, by (H2) and (3.3), we derive from (2.10) that

T T
E( sup |Z,|P> <C(T, p)/ E|Z,|7dt + C(T, p)/ (1 + [X°1")dr
0 0

0<t<T
T
sca.p(i+ [ Bziw)
0
then, this implies (3.5) by using Gronwall’s inequality. |

Proof of Theorem 2.1 By the definitions of Z{ and Z,, we derive that
! 1 0 0
¢ -7, = —(by(XE, Lxe) —by(X!, Lxe)) — Vzeby (-, Lxe) (X)) )d
-7 /o<\/E(‘(s ko) = by (X0, L)) = Ve, (- L) (X0 )ds

ro1
+ /0 (20 X0, 25 = b, (X)) — E(D 0,00 ) 03g) (D). Z0) g ) s
+ / (V2eby (- L) (XO) = Vi, by, 8,0)(X0))ds

0

+ /0 E(D by (v, YE30) (X9, ZE),_yo — E(D by(y. ) (830)(X%), Z,)],_yo)ds

t
+ / (0 (X, Zxg) — 0, (X0, 840))dW.
0

@ Springer



Central Limit Theorem and Moderate Deviation Principle... Page 9 of 19

16

By (H2), Lemma 3.1, Holder’s inequality and BDG’s inequality, we have

]E( sup |Z¢ —zt|l’)
0<t<T

T 1
<C(T, p) f E| / Vishy (o ) (RSP — Vishy (-, Zx) (x| ds
0 0
T 1
+C(T. p) / E| / E(D" by (y. ) (L) (RE(F), Z9)],_yodr
0 0
— (D" by (y, )(850) (X0, ZO),_yo ds
T
+C(T, p) / E|Vz:—7,by (- L) (X9)|Pds
0
T
+C(T. p) / (E1V2b. (- L) (X0) = V2., 8,0 (XD ) ds
0
T
+C(T. p) / E[E(D b, (v, ) $x) (XD, Z)],_xp
0
— E(D by (v, )6x0) (X)), Z)],_yo| ds

T
+C(T, P)/ Eloy (X, Zxe) — 0,(X7, 8x0)|"ds
0

6
::ZJ,(T),I:I,Z,...,@
i=1

where RS (r) = X? +r(Xs — X?), r €[0,1].
By (H1), (H2), (3.5) and Holder’s inequality, we have

5
> I
i=1

(3.8)

(3.9)

T 1
sc@pf [ @zPIE( [ (@RC) - X+ WL by 0

T T T
+e"/2/ E|Z§|2Pds+/ E|Z§—Zs|pds+/ E(lZS|W2($X§,8X9))Pds}
0 0 0

T T
<C(T, p)[epﬂfo (E|ZE > +IE|ZS|”IE|Z§|P)ds+/O E|Z¢ —Zs|1’ds},

we used Wa(Lre (), Sx0) < /(B ZE)2, Wa(Lxs . 8y0) < €2(E[ZE2)'/? in the last in-

equality.
Moreover, we obtain from (H1), (3.5) and Holder’s inequality that

T
J(T) < C(T. p) f (€PPE|ZEIP + EWa( Lyt $30)7)ds
0 _

T
<C(T, p)/ €PPPE|ZE|Pds.
0

(3.10)
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Collecting the estimates (3.9), (3.10) into (3.8), we arrive at

IE( sup |Zf—Z,|p)
0<t<T

T T
<C(T, p){ePﬂ/ (EIZE P + | Z,|PE| Z¢ |7 )ds +/ E|Z¢ — Zslpds].
0 0
An application of the Gronwall inequality, it yields that

IE( sup |ZF — Z,I”) < CT,pe”/z.

0<t<T

The desired assertion is obtained by taking € — 0. g

4 Proof of Theorem 2.2

From (2.1), (2.7), (2.8), we can see that X° satisfies the following equation:

1 ! 1 i
X = — bs Xf’je _bs XO’(S d - g Xe7$€ de 4]
' \/E)»(G)/o [bs (X5, Zx) (X, 8x0)]ds + / o (XS, ZLxe)dW, A.1)

A(€)

In the sequel, we aim to show the law of Yf satisfies an LDP. To this end, we first recall
the LDP is to identify a deterministic path around which the diffusion is concentrated with
overwhelming probability, so that the stochastic motion can be seen as a small random per-
turbation of this deterministic path. This means in particular that the law of 7; is close to
some Dirac mass if € is small. We therefore proceed in two steps toward the aim of proving
the law of X satisfies an LDP.

Firstly, noting that Zx< will converge to & X0 in distribution as the deviation scale A(¢)
satisfying (2.9). We replace Zxe by 8 X0 in (4. 1) and obtain an approximation SDE of (4.1)
as follows:

1 ro 1 [
Y, =— | [b(Y5,8,0) —by(X2, 8,0)]ds + — (Y€, 8,0)dW,, 4.2
’ ﬁm)/o[ Yy 0xp) = b (X, X9)”+A<e)/oa(“ ) @2

Then, we establish the

where dY = b (Y, 850)dt + /€0, (Y, 840)dW, and ¥, =
law of Y, satisfying an LDP.

Secondly, we claim that Yf and ?f are exponentially equivalent. Thus, we obtain the law
of Yf satisfies an LDP with the good rate function /(g) given in (2.11) due to the fact the
LDP does not distinguish between exponentially equivalent families.

To make the content self-contained. In the following subsection, we give the sketch proof
of the law of Y* satisfying an LDP.

fME)

4.1 Large Deviation Principle for Y

Lemma 4.1 Under the assumptions of Theorem 2.2, the family of (76)00 satisfies a large
deviation principle in C ([0, T]; R?) equipped with the topology of the uniform norm with
the good rate function 1(g) given in (2.11).
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According to Lemma 1.1, to complete the proof of Lemma 4.1, we only need to verify
the conditions (a) and (b) in Lemma 1.1.

By the Yamada-Watanabe theorem, there exists a measurable map I' : C([0, T]; RY) —
C((0, T1; R such that ¥ =T (55 W),

Since Ep(exp{%fg Ifze(s))lzds}> < oo for h, € oy, that is, the Novikov condition

holds. By the Girsanov theorem, we know that

1 ~ 1 L.
EWTZEWt—F‘/O hG(S)dS

is a Brownian motion under the probability measure P, := Ry P, where

T, w, 1 [T. 5
RT:exp{—/O et —5/0 e ()] ds}

is an exponential martingale.
Furthermore, we obtain that Yf’he =TI (ﬁg) W. + fo fze (s)ds), which solves

ke 1 ehe 0
= G 8 = XD g1 43)
1 €h €h 2
g B AW+ o (VT By
—€,he

where ¥, := X0+ \Jer(e)Y; .
The following lemmas play the key roles in the proof of Lemma 4.1.

Lemma 4.2 Under Assumptions (H1) and (2.5) in (H2), for any h € H, Eq. (2.12) admits a
unique solution Y" in C([0, TT; RY). Moreover, for any N > 0, there exists a constant Cy 1
such that

sup i sup |Y,h|] <Cy.r. “4.4)
heSy ' 0<t<T

Proof By (H1) and (H2), the coefficients of (2.12) satisfy the Lipschitz condition, therefore
Eq. (2.12) admits a unique solution. Moreover, noting the coefficient functions satisfy the
linear growth condition and the fact that W (%, 80)* <E|Y]"?, we can obtain the estimate
(4.4) by using the Gronwall inequality. Here we omit the details of proof. ]

Firstly, we prove that the condition (b) of Lemma 1.1 holds.

Lemma 4.3 Under assumptions (H1) and (2.5) in (H2), for any positive number N < oo,

the family
Ky := {FO(/‘fz(s)ds); he SN],
0

is compact in C([0, T1; R?), where the map T° is defined in Theorem 2.2.
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Proof For any N < oo, the set K is compact provided that the compactness of Sy and the
continuity of the map I'° from Sy to C([0, T]; RY). To this end, it suffices to claim that I"°
is a continuous map from Sy to C([0, T]; RY). Let h, — h in Sy as n — oo. Then

t t
Y/ _Y’h:/o V[Kf,,_xr,,}bx(-,SX?)(X?)dS—‘r-/o 05 (X{, 850) (hy(s) — h(s))ds

= 1{(t) + I (1).
By (H2), (3.3) and (3.4), it is easy to see that

t
1G] s/ K (s)(1 + | X7| + Wi (850, 80)) ¥} — Y]'|ds.
0

Let g"(t) = fot US(X?, ng)fz,, (s)ds. By (H1), Lemma 3.2, and A,,, h € Sy, we derive that

! 1/2 r, 1/2
1< ([ oo siras) ([ haoras)

t 172 t 172
= ([ £+ X0+ Watosg.bds) ([ iharas)
0 0
< OoQ.

Similarly, we see that forany 0 <# <1, <T,

153 .
18" (1) — g"(11)] S/ log (X3, 8x0) 1A (s)lds

5t

s/zk(s>(1+|X2|+wz(axg,ao»mn(s)ms

I

<C(T)(t, — r1)1/2(/ ’ |iz,,(s)|2ds)l/2

I

<C(T,N)(tn —1)'>.

Hence, the family of function {g"},>, are equicontinuous in C([0, T']; RY).
According to the Azela-Ascoli theorem, {g"}, is relatively compact in C ([0, T]; R9),
let g be any limit point of {g"},>,. Noting #, — h on Sy, we have

t t
lim/ QY(X?,ng)ﬁn(s)ds:/ 05(X), 8y0)h(s)ds, ¥ € [0, T],
0

n—oo 0

that is, lim,, . o SUp,¢fo. 77 |13 ()| = 0. This, together with (3.3), yields that

T
sup |Y/" — Y] 5/ K@+ 1X7| 4+ Wa(Sxo, 8o)|Y/" — Y/'|dr + sup I} (1),
0

0<t<T 0<t<T

by the Gronwall inequality, we arrive at

T
sup (¥ — ¥/'| < exp | f KO + X7+ Wa(by0, 8ot | sup 13(1)
0=<t<T 0 0<t<T

<C(T,N) sup I;(t) > 0,as n— oo.
0<t<T

Thus, the I'? is a continuous map, the proof is therefore completed. O
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o . . . el
Before verifying condition (a), we give an estimate for the second moment of Y: "

Lemma 4.4 Assume (H1) holds. Then, there exists an € € (0, 1) such that for some Cr,

E( sup [7;"P) < Cr. e € 0€0), he €, (45)

0<t<T
where Ye’he is defined in (4.3).

Proof Note that Ye’hé can be decomposed into the following three parts

_G,hg_ ! 1 € he _
Y /\/_)L(e)[b()’  850) — by (X0, 8,0)1ds

t 1 t .
+/ ——o, (Y& 8Xo)dW5+/ oy (Y 8 0)he(s)ds
o Ale) 0 :

3
=y JS@).
i=l

By (H1), we have

<¢€he 2

TK(T) (T
) (1) IE|Y§”‘E—X?|2ds<CT/ E[Y™

E VA
(,sop i 0P) = Tas ‘ =cr |

0<t<T

By the BDG inequality, (3.3) and (3.4), one has

T
E( sup 15" 0P) = / E[L+ Y7 4+ Wa (80, 80)°1ds
0

0<t<T

T
A2(e)

< 1+ E|YSt — X0 + E|X1*1d
AZ(e)/[+| P+ EIX0121ds
G /[1+eA2(e)E|7€'h€|2+E|X°|2]ds
22 Jo y $
C —¢€he 2
cr | EY
< T/O 7o

Applying the Holder inequality and recalling /. € <7y, we obtain from (3.3) and (3.4) that

T
B sup 105 () = CrB [ 114 1Y 4+ Walo,g. 0l ()Pl
0

0<r<T

§CT(1+( sup |X?|2) +6A2(6)IE( sup |?f’h*|2))/oT|he(s)|2ds

O<t=<T 0<t=<T

< CT(l +ek2(e)IE( sup IYf’h‘|2)>.

0<t<T

Thus, we arrived at

e 1 376 e €
IE( sup (70" )§CT( . 2 ( sup 7" ) (1+e)/ E[Y"] dt).
0<t<T A%(€) 0<t<T
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Taking € > 0 sufficiently small such that CreA?(e) < % leads to

+e)/ sup |?§'h€|2>dt).
O<s<t

The desired assertion follows from Gronwall’s inequality and due to the fact that
ase — 0.

E( sup |7:’h€|2> <Cy (

0<r<T

Az()_>0

We are now in the position to verify the condition (a) of Lemma 1.1.

Lemma 4.5 Under assumptions (H1) and (2.5) in (H2). For every fixed N € N, let h., h €
oy be such that he = h as € — 0. Then T*(z5W. + [y he()ds) = T°( fy(s)ds ) in
C(0,T; RY).

Proof By the Skorokhod representation theorem [3, Theorem 6.7, p. 70], there exists a
probability space (Q, 37 Z,, IP’) and a Brownian motion W on this basis, a family of Z,-
predictable processes {hg, € > 0}, h taking values on @y, P-a. S., such that the joint law of
(he, h, W) under P coincides with the law of (he, h W) under P and

lim(h — 71, g) =0,Vg € H, P — a.s.

e—0

Let Y<% be the solution of (4.3) replacing h. by he and W by W, and Y’ i be the solution of
(2.12) replacing h by h. Thus, to this end, it suffices to verify

lim | yehe — ¥ =0, in probability.
€e—

In the sequel, we drop off the ~ in the notation for the sake of simplicity.
p— th
Note that Yf — Y] can be decomposed as the next three parts:

—€,he

Yy —yh

t t

— ; ' €he _ 0 _ ! . 0
_[ﬁk(e)/o[bS(Ys L 830) — by (XY, 850)]ds /Ovyyhbs(,axg)(xs)ds}

+/ [os(y;-he,axg)he(s)—as(x Xo)h(s)]ds—i—
\ _

3
=Y If" (1)
i=1

By (H2), we have

|I““(r>|=f
0
5/’

0

+

0

1 t
o GS(Yf’h‘, 8y0)dW,

1
/0 Vene by (- 8x0) (X)) 4+ r(YShe — XD)dr — Vb, (-, 8X9)(X?)‘ds

1
/o Y gee _yybs (2 8x0) (X +r (Y5 — X))dr |ds

1
/ Vyibs (-, 850) (X{ + r (Y — X0))dr — Vynbs (-, SXo)(X?)‘ds
0 s s s
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f 2(€)

—€,he h €,he
<K<z)/ 75—+ v s,

By (4.4) and (4.5), it follows that

T
IE( sup 15" (t)|2) < er(e) +/ E[YC" — v Pds.
0

0<t<T
By (H1) and (3.4), it follows that

|15 ()]

<| f [0 (v, 8y9) = 0, (X0 8300 e (51 | + | / 0,(X0, 850) (he(s) — h(s))ds
0 0
< [ K@ = X0icods + [ 10.X0.0,9) ) ~ hs)las

0 0

< Jen(e) / KT [l (s)lds + [ K(s)(1+ XDl (s) — h(s)ds.
0 0

thus, by Holder’s inequality and (3.3), it follows that

T
IE( sup |I§‘h‘(t)|2)§ekz(e)+/ Elhc(s) — h(s)|*ds.
0

0<t<T

By the BDG inequality, (3.4) and (4.4), we arrive at

IE( sup 15" (z)|2)

0<t<T

T
< /0 E(Jloy (Y, 8y9) = 0y (X0, 830 I + oy (X2, 8yp) ) ds

1 / <¢€he 2
+e€ ElY, |*d
A2(e) 0

Taking the above estimates into consideration, it follows that

S

E( sup [V, = ¥/P)

0<t<T

T T
< +e((e) + 1)+ / E|fc(s) — h(s)|*ds + / E[Y" — v Pds,
A2(e) 0 0
thus, the desired assertion follows from the Gronwall inequality and taking € — O. a

Proof of Lemma 4.1 The conclusion of Lemma 4.1 follows from Lemma 1.1, Lemmas 4.3
and 4.5. O

4.2 X and Y* Are Exponentially Equivalent

In order to show X and Y* are exponentially equivalent, we need to prove the following
lemma.
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Lemma4.6 For any § > 0, we have

limsup € log (IP’{ sup (X -7 > 5}) — 4.6)

e—0 0<t<T

The proofs of Lemma 4.6 is based on the following lemma, which corresponds to [8,
Lemma 5.6.18].

Lemma 4.7 Let b,, 0, be progressively measurable processes, (w;);>o is a d-dimensional
Brownian motion, and let

dz, = b,dt + /eo,dw,, t >0,

where 7 is deterministic. Let T, € [0, 1] be a stopping time with respect to the filtration
of {w,,t € [0, 1]}. Suppose that the coefficients of the diffusion matrix o are uniformly
bounded, and for some constants M, B, p and any t € [0, 11],

loi < M0 + 122, 1By < B(o® + |z )"
Then for any § > 0 and any € <1,

P>+ |Z0|2)

elogIF’( sup |Zt|25)5K+10g( 02+ 82

tel0,71]
where K =2B + M*(2 + d).

Proof of Lemma 4.6 Without loss of generality, we may choose R > 0 such that the initial
data x is in the ball Bg,1(0) (center 0 and radius R + 1). We also assume that X ? do not leave
this ball up to time 7. We define the stopping time tj, := inf{t > 0‘ IX;|VIY;| >R+ l},
then we denote by 7z = min{T, 75}

In the sequel, we consider z, := X f — 7:, the new process satisfies the following equation

t t
dZ,:/ bsds—i—ﬁ/ o, dW;, 7o =0, 4.7
0 0
where
, . XS - bi(Yf, 840 0y (X{, Ze) — 0y (Yf, 8y0)
e Jer(e) R Jen(e)

Note that both b, and o, are progressively measurable processes. Assume ¢t < tg, then we
derive from (2.6) that

1 = PO ) = XL ) & b X ) = b (¥ 80
e JVer(e)
KOW2(Lxs. 8x0) K (1)|XE — Ye|
< +
GG Jer(e)

<K®)(p*(e) + 12",
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where p*(€) = supy_, .7 E[X||2. In the same vein, we have
o | < K(0)(p*(e) + [2:1D)'/>.

Note that zo = 0, for any §, p¢ and for any € small enough, we derive from Lemma 4.7
that

p*(€) )

ElOgP( sup |Z[| > (S) < KT +10g (m

tel0,tg]

In the same way as the proof of (3.7), one can show that p(¢) converges to 0 as € — 0.
Hence, we deduce that

limsupelogIP’( sup [Z] 35) — 0. 4.8)

e—0 te[0,7R]

Now, since

(X =V lwz8b Clre=TIU] sup [X; — 7}l =6},

0<t<tg

we can conclude as long as we show that

lim limsupe log (P{tR < T}) = —o00.

R—o0 (0

Define ng :={r:t >0, |7f| > R}, i.e., the first time of Y exits from the ball Bz (0) (center
0 and radius R).

Let 7z < T, we then have {|X, |V |Y; |=R+1}.

If |7iR| = R + 1, then we have immediately ng < T. This implies that P{tz < T} <
Plng < 7).

If |X,R| = R + 1, one can derive that

Pltg <T} < P{|X, |=R+1}

1 —c 1 —c
=Py sup |z =, |X, |=R+1}+P{ sup [z| < =, X, | =
{te[O,zR] =2 k 1€[0,2x] ) k

R—I—l}

1
< P{ sup |z > 5} + P{ng <T}.

te[0,7R]

By (4.8), to end the proof, it is sufficient to prove that the probability that Y* exits the
ball Bg(0) is very small as € goes to zero, i.e.

lim limsup e log (P{nR < T}) = —00.

R—o00 (0

Recall that Y* satisfies an LDP for the uniform norm with good rate function /(g) given in
(2.11). Then, for any closed set F C C([0, T']; R9) we have

limsupe logIP’{?é eF}<-— ingl(g).
g€

e—0

@ Springer



16  Page 180f 19 Y. Suo, C. Yuan

Asa consequence,

limsup € log (IP’{nR < T}) =limsupe log (P{ sup |7:| > R})

e—>0 e—0 0<t<T

. L
<- inf ~ | lies)Pds.
0

{heH;g=T0(f; /i(s)ds), I glloc= R} 2

We remark that the infimum of 7(g) on the set of paths exiting from the ball Bg(0) goes to
infinity as R goes to infinity.
By (H1) and (3.3), we obtain that

t
18] < f Vet bs (- 850)(X?) + 0, (X0, 850)a(5)|ds
0

5/ K (5)(1g()] + (1 + XDl (s)ds
0

<a( [ewms+ ([ horas)”)

and by the Gronwall inequality, we have
L N2
18] < c(/ lho)Pds) " < oo,
0

By taking R — oo, it yields that {h € H; g = Fo(fo' h(s)ds), llglloo = R} =@, which implies
1(g) = —oo. Thatis, X and Y* are exponentially equivalent. O

Proof of Theorem 2.2 The conclusion of Theorem 2.2 follows from Lemma 4.1 and
Lemma 4.6. 0
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