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Abstract

In this paper an efficient numerical method is proposed to calculate the anisotropic
permeability in porous materials characterized by a periodic microstructure. This
method is based on pore-scale fluid dynamic simulations using a static Volume of
Fluid method. Unlike standard solution procedures for this type of problem, we here
solve an average constitutive equation over both fluid and solid domain by use of a
subgrid model to accurately capture momentum transfer from the fluid to solid inter-
face regions. Using numerical simulations on periodic arrays of spheres, we first
demonstrate that by using the subgrid interface model, more accurate results can be
produced, for the velocity and pressure fields, than viamore conventional approaches.
We then apply numerical upscaling over the unit cell, in order to calculate the full
anisotropic permeability from the pore-scale numerical results. The obtained perme-
ability values for a variety of periodic arrays of spheres in different arrangements
and packing orders are in good agreement with semi-analytical results reported in
literature. This validation allows for the permeability assessment of more complex
structures such as isotropic gyroid structures, or anisotropic cases, here modeled in
their simplest form, the ellipsoidal inclusion.

KEYWORDS:
pore-scale, fluid dynamics, volume of fluid method, anisotropic permeability, spherical inclusions, gyroid
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1 INTRODUCTION

Permeability as a material property plays a significant role in many fields including applied mathematics, geological-,
geotechnical-, and biomedical engineering [1; 2]. It is a parameter that measures quantitatively the ability of a porous medium
to conduct fluid flow. The theory of fluid flow in many scientific fields including geophysics, soil physics, petroleum engineer-
ing and industrial chemistry, has been researched extensively [3]. In recent years, with the increased availability of sophisticated
imaging technologies to assess pore structure, there has been a large increase in the use of pore-scale modeling to study flow
phenomena in porous materials [4]. In biomedical engineering, a small number of studies have utilized this type of fluid model-
ing [5; 6; 7]. In the present study, we develop a methodology that models the fluid flow through a variety of pore morphologies in
a highly efficient manner. We validate the method using geometries based on analytical descriptions of the fluid-solid interface
region. We note that this method can also be applied to any natural and/or additive manufactured materials (e.g. 3D scaffolds)
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where the pore microstructure is obtained using micro computed tomography (microCT) imaging [7]. In this earlier work, our
team used this methodology to accurately determine the permeability characteristics of these morphologies as an aid to the
extended design and development of biomaterials that most accurately represent the fluidmechanical characteristics of trabecular
bone.
In tissue engineering, a biomaterial scaffold refers to a porous three-dimensional manufactured structure developed from a

bio-compatible material that acts as a template for biological tissue formation [8]. Scaffold permeability is a key parameter that
best represents geometrical properties such as pore shape and size, pore interconnectivity and specific surface area. Effective
permeability has been suggested as a parameter to characterize scaffold mass transport properties for vascularization and bone
ingrowth. Accurate prediction of an optimal permeability is a useful scaffold design tool and can assist in designing the scaffold
architecture [6; 5; 9].
It is known that for slow (Low-Reynolds-number, i.e., Stokes) to moderate flow fields in porous materials, Darcy’s law can

be rigorously derived by volume averaging the Stokes’ equation which is valid at the pore-scale [10; 11]. The most classical
problem of low-Reynolds-number flow is that around a rigid sphere placed in what would otherwise be a uniform flow [12]. In
order to solve the closure problem exhibited when applying volume averaging of the Stokes’ equation around a particle, a number
of studies have applied the theory of Stokes’ flow to periodic arrays of spheres with various packing configurations [13; 11].
Although solutions to slow flow through periodic structures are often limited to conditions of small solid volume fraction [14],
a number of studies have developed semi-analytical solutions to this slow flow problem around single particles [14; 15]. One
aim of employing this approach to multi-particle systems is to develop averaged expressions describing mean quantities such as
bulk permeability [14]. We are using the extensive knowledge of this problem to validate our method.
In order to estimate permeability of more complex structures, a number of computational models have been developed to

characterize fluid flow at the pore scale [16; 6; 5]. 3D pore geometry studies most widely use the Lattice Boltzmann method
or classical Computational Fluid Dynamics (CFD) [17], with most bone-specific computational models being based on the
Stokes’equation [18; 19]. The Fast Fourier Transform homogenization technique has also successfully been applied to arrays of
cylinders and spheres [20; 21]. The most commonly used numerical techniques are the Finite Element Method (FEM) and the
Finite Volume Methods (FVM) [19; 22].
While both finite element and finite volume methods can be readily applied to unstructured meshes, the FVM is arguably the

most popular method for the solution of transport equations such as the Stokes’ equation. Central to the FVM is the use of Gauss’
theorem to perform conservation of transported quantities around individual mesh elements. The technique is both efficient and
robust, and can be used (e.g.) to model flow in complex 3D geometries [23; 24]. Within the FVM framework, two separate
techniques can be applied to handle multiphase flows. The first technique uses a single mesh that contains both solid and fluid
regions, but ’captures’ the interface using methods such as the Immersed Boundary Method (IBM), Volume of Fluid (VOF)
method and the level set method [23; 25; 26]. The second technique involves creation of a body-fitted mesh that covers only
the fluid region, with simulations only performed in this region [27]. Both these types of techniques can be used for deforming
(e.g. liquid/liquid) or stationary interfaces (e.g. liquid/solid), however the second technique is more commonly employed for the
stationary case (e.g. solid/solid).
In the present study, we innovatively use theVOF technique for a stationary case.We chose to apply static VOF concepts within

a FVM approach to model flow through a variety of pore microstructures including spherical particles, ellipsoidal particles and
gyroid microstructures. Permeability analysis for the case of spherical particles will serve as validation step for our numerical
method. Investigation of gyroid microstructures will be discussed with respect to bone tissue engineering applications with the
perspective of more complex boundary problems (multi-scale material’s architecture, drug diffusion problems, degradation of
scaffold materials, etc.).

2 METHODOLOGY
In this section we first discuss the numerical method that has been used to solve the fluid-flow problem at the pore-scale, within
the multi physics finite volume solver software package arb [28]. We then discuss the various periodic structures (i.e., solid
inclusions) that we will analyze throughout the paper. Finally, we will discuss the numerical-upscaling approach to determine
the unit cell anisotropic permeability and its corresponding principal directions and eigenvalues.
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2.1 Numerical solution of fluid flow through porous materials
2.1.1 Governing equations
We assume the case of an incompressible, single phase and slow flow, characterized by low Reynolds numbers. Therefore, flow
within the pore space (fluid region) is governed by the Stokes’ equations [1],

( ⋅ u = 0 and − ∇p − s = ∇ ⋅  on Ωf (1)

while within the solid/fluid interface, and the solid region,

u = 0 on Γ and Ωs (2)

Here p is the microscopic pressure field, � the dynamic viscosity of the fluid, u is the microscale velocity field,  =
−�

[

∇u + (∇u)T
]

the viscous stress tensor and s the imposed pressure gradient (discussed later). Here Γ, Ωf and Ωs represent
the solid/fluid interface, and the fluid and solid regions respectively.

2.1.2 Numerical approximation
Onemethod for solving equations (1) and (2) is to discretise the computational domain into unstructured computational elements
such that each element contains only fluid, with the entire boundary of these elements lying along the solid/fluid interface Γ (i.e.,
a body-fitted mesh). Then, the equations (1) need only be solved within the fluid region Ωf , with equations (2) being applied
along Γ using standard computational fluid dynamics techniques. A difficulty with this technique is in deciding a) where the
fluid/solid interface is located (possibly based on grayscale computer tomography (CT) scan values) and b) deciding how to treat
small pores - i.e., how finely should they be meshed, and at what lengthscale can they be neglected? Hence, with the conventional
re-meshing, body-fitted approach determining how computational cells should be allocated such that the overall permeability is
accurately predicted while concurrently minimizing computational expense, is challenging.
In this study we avoid this complex unstructured mesh creation by instead capturing the solid geometry on a mesh that spans

both the fluid and solid regions, and solving a single set of equations over the entire fluid region, solid region and the interface to
produce the solution to equations (1) and (2). One advantage of this approach is that simulations can be performed on the same
mesh (or averaged derivative) on which the solid geometry is defined (e.g. by a microCT scan). This removes a mesh averaging
and/or interpolation step that is required for the body-fitted mesh approach.
To form the required equations, we first multiply the fluid equations by the local (element-specific) fluid volume fraction �,

yielding after application of the chain rule, the region non-specific continuity and momentum equations

( ⋅ � u = 0 (3)

and
−�(p − � s = ∇ ⋅ � − nΓ ⋅  (4)

respectively, where nΓ = ∇� is a normal vector which is non-zero only along the solid/fluid interface Γ and has a magnitude
that is characteristic of a delta function [29] (The numerical evaluation of nΓ is discussed later). Equations (3) and (4) reduce
to the fluid equations for � = 1, capture the interface conditions for 0 < � < 1 and are consistent with the solid equations for
� = 0, so unlike equations (1) and (2), are valid throughout the entire volume Ω = Ωf + Ωs. However, within the strictly solid
region Ωs, where � = 0, they can neither be solved to yield the solution u = 0, nor specify values for the (only numerically
relevant) pressure field, so require modification for our region non-specific finite volume method.
Proceeding first with the continuity equation and pressure scalar: As the fluid pressure does not appear in the solid phase

equations (Equation (2)), the fluid pressure is not strictly defined within the solid region. Hence, we are free to create an equation
that the pressure must satisfy within the solid region, provided that we can show that the solution to this equation does not affect
the physical property that we are trying to predict — that is, the bulk permeability. Specifically, we modify the non-specific
continuity Equation (3) by including a Laplacian term that acts over the entire solid region, as in Equation (5):

�f( ⋅ �̃ u −  Δx
�

∇ ⋅ ∇p = 0 on Ω (5)

where
�f = 1 if �̄ > 10−4 otherwise �f = 0 (6)

is a function that identifies cells that contain a significant amount of fluid. Recognizing that under the finite volume method cell
based divergences are expanded using Gauss’ theorem, �̃ are face averaged fluid volume fractions calculated using Volume of
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Fluid (VOF) techniques. In turn, the cell averaged fluid volume fractions �̄ on which �f are based are calculated by averaging the
�̃ values that surround each cell. Numerically this ensures that if the velocity divergence in Equation (5) contains a significantly
non-zero �̃, �̄ will also be non-zero and �f = 1.
The Laplacian introduced in Equation (5) causes the equations solved within the solid region to depend on the numerically

stored ’pressure’, p. The constants that multiply the Laplacian in Equation (5) have been included to ensure that this term retains
its same magnitude relative to the velocity divergence as Δx is varied, consistent with the units of this equation. Here Δx is the
local cell lengthscale and  is a ‘pressure anchoring’ lengthscale that is chosen to be small relative to the pore lengthscale. In
practice we reduce  until the calculation of the permeability no longer depends on its value — in the current computations
where the pore lengthscale is of the order 100 �m, we use  = 10−5 �m. As  is small the Laplacian term in Equation (5) is
numerically insignificant within the fluid region, however within the solid region where the computational cell averaged fluid
volume fraction (�̄) is zero (and hence �f = 0) it ensures that the numerical pressure field varies in a smooth solenoidal manner
between its surrounding (physical) fluid values. Note that this form of equation even allows computations to resolve (stationary)
fluid velocities within completely isolated compartments within the solid region, in which the absolute fluid pressure is strictly
ill defined for an incompressible fluid within a completely rigid container.
For the momentum equations, we also modify their phase non-specific form such that zero velocity is enforced within the

solid (that is, Equation (2)), via

�f
[

�̄((p + s) + ∇ ⋅ �̃  − n̄Γ ⋅ ̄
]

+ (1 − �f )
�
Δx2

u = 0 (7)

where n̄Γ and ̄ are the cell averaged interface normal and viscous stress, respectively. Note that the velocity is multiplied by the
factor �∕Δx2 to ensure that both the solid and fluid based components of this equation maintain similar magnitudes as Δx is
varied. The interfacial stress contribution n̄Γ ⋅ ̄ that appears in Equation (7) needs to be cognizant of the velocity field local to
each solid/fluid interface in order to achieve mesh independence at the lowest possible mesh resolutions. To this end we use a
sub-grid scale model to capture the local velocity based upon local VOF based interface reconstruction techniques. Specifically,

1. For each computational cell that contains an interface, the solid/fluid interface is reconstructed using VOF techniques
such that

(x − x̄) ⋅ n̂� = d (8)
represents the location of the interface within that cell [29]. Here n̂� is a unit vector normal to the solid/fluid interface,
directed into the solid and constructed from a smoothed � field, and x̄ is the centroid of the computational cell.

2. For each face that borders an interface cell, VOF techniques are again used to calculate the face averaged fluid volume
fractions, �̃, based on the two adjacent cell interface reconstructions. For faces located away from the solid/fluid interface,
�̃ values are taken from the adjacent cells (i.e., �̃ = 0 or 1). Using VOF techniques to calculate �̃ ensures compact support
for the interfacial stress.

3. For all cells, the cell averaged fluid volume fractions �̄ are then calculated by averaging the surrounding face averaged
values, �̃.

4. The cell centred interface normals are then calculated using a divergence of the face averaged fluid volume fractions, as
[n̄Γ]i = ∇ ⋅ ei �̃, where ei is the ith coordinate unit vector. Calculating this normal in this manner ensures that only cells
that contain a solid/fluid interface (based on �̄) receive an interfacial stress contribution. The unit vector n̂Γ = n̄Γ∕|n̄Γ| is
also calculated.

5. Finally, the cell centred interfacial stresses are calculated using

̄ = −�
[

∇u + (∇u)T
]

and ∇u =
�
dmax

n̂Γ u (9)

where dmax = dVOF(� = 0, n̂ = n̂Γ) − dVOF(� = �̄, n̂ = n̂Γ) is the distance between the reconstructed interface in
the cell and furthest vertex of the cell that lies within the fluid region, dVOF is a VOF function that provides the d value
within a cell defined by Equation (8) and based on the fluid volume fraction � and local interface direction n̂, and � is
a lengthscale divisor. The premise behind Equation (9) is that within each cell each velocity component varies linearly
with position, but that along the in-cell reconstructed interface the velocity is zero. Given that under the finite volume
method u represents the average velocity within the cell, geometric arguments suggest that � should be greater than 2,
but an exact relationship for � would be quite complex. Instead we regard this length divisor as an adjustable numerical
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parameter, and adopt a value (� = 4) that gives the most accurate value for permeability at a given mesh resolution for
the flow through a regular matrix of spheres - this analysis is given in Section 3.1.

For a further detailed description of the finite volume solver software package arb, the reader is directed to the work of Harvie
et al. [28]. 1

2.1.3 Computational domain and boundary conditions
Our objective in this study is not only to predict the pore-scale flow through porous media, but also to upscale these results and
produce averaged properties for periodic arrays of structured material. In this context, the target domain V , being the periodic
structural element, is assumed to be a hexahedron aligned with the local coordinate system (x, y, z). Let )V �,i, for � = x, y, z
and i = 1, 2 denote the six boundary faces of our computational domain V , as shown in Figure 1 . Three different sets of BCs
have been used in the literature when upscaling such a periodic domain: fixed, linear, and periodic.

FIGURE 1 Illustration of a cubic unit cell identifying the simulation domain showing boundary faces )V �,i (with � = x, y, z
i = 1, 2)

In this study we use periodic BCs exclusively, meaning that fluid variables such as u and p are continuous across opposite
faces, so that the fluid flowing out at one boundary flows into the opposite boundary. To impose periodic boundary conditions,
we link opposite cells such that the computational faces on each side of the domain share values. In the employed arb finite
volume language, this periodic mesh linking is accomplished via an in-built command applied to pairs of adjacent computational
boundary faces in each of the three coordinate directions. Once the mesh is periodic, i.e., the faces are glued (arb terminology),
then the fluid velocity on the two glued faces, in the chosen direction �, is the same, as is the pressure:

u|)V �,1 = u|)V �,2 � = x, y, z. (10)

p|)V �,2 = p|)V �,1 � = x, y, z. (11)
Due to the complete periodicity of the domain and the underlying equations, the absolute pressure value is never referenced in

these simulations. Hence in order to make the numerical solution unique, we also prescribe on one computational cell boundary,
a specific pressure reference value;

p|one face on )V = 0. (12)
Note that nomaterial moves through this particular boundary due to the overall mass conservation of the FVM.As the periodicity
is implemented primarily by making the mesh periodic as opposed to implementing periodicity via additional equations, there is
no computational penalty in performing periodic versus non-periodic simulations, in contrast to other periodic methods [31; 32;
33]. Also boundary effects result only from the discontinuity of the solid geometry, and not to discontinuity in fluid velocities and

1Note that this software can be freely downloaded from http://people.eng.unimelb.edu.au/daltonh/downloads/arb/ [30].
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pressure. In this study where we consider only solid geometries which either do not cross the boundary or are continuous across
it, there are no solid geometry boundary effects and the simulation accuracy is only limited by the available mesh resolution.
If the solid geometry were discontinuous across the periodic boundaries then there would be boundary effects which could be
quantified by increasing the volume to surface ratio of V until this ratio no longer affects upscaled results.

2.2 Investigated unit cells and periodic microstructures
A unit cell refers to the simplest unit of a regularly organized structure. Several studies have investigated the effect of the solid
volume fraction (i.e., concentration C) of spheres in the unit cell and considered certain types of isotropic packings for which
efficient computational solutions can be derived [14]. In this paper we investigate a variety of periodic structures to validate our
numerical method. We first investigate three packing configurations of spherical inclusions which are typical of materials such
as metals or crystals (simple cubic (SC), body-centered cubic (BCC) and face-centered cubic (FCC)). We then investigate an
ellipsoidal inclusion exhibiting anisotropic flow behavior. Solutions to these problems will serve as a benchmark for the accuracy
of the proposed methodology. Finally, we investigate a continuous gyroid microstructure (commonly found in 3D biomaterial
scaffolds) [34].

2.2.1 Spherical inclusions at various packing orders
Flow around rigid spherical particles (both at high and low Reynolds numbers) is one of the most studied problems in fluid
dynamics [12] and a number of semi-analytical solutions have been derived for this problem. Consequently, we have chosen
these type of periodic structures to benchmark the accuracy of our numerical method.
The unit cell is characterized by it’s porosityΦ that varies with packing configuration andwith the radius of the single spherical

inclusion r, such as:

ΦSC = 1 −
4
3
⋅ � ⋅ r3 for SC packing,

ΦBCC = 1 − 2 ⋅
4
3
⋅ � ⋅ r3 for BCC packing,

ΦFCC = 1 − 4 ⋅
4
3
⋅ � ⋅ r3 for FCC packing,

(13)

For a chosen constant particle inclusion radius r, ΦSC ≥ ΦBCC ≥ ΦFCC . We determine the spherical volumes and resultant
porosities for each packing configuration based on the maximum physical inclusion diameter feasible within a unit cell of 1×1×1
mm3.
Figure 2 (left) shows a 3D representation of the respective packing orders within the unit cell of 1×1×1mm3 and Figure 2

(right) shows the dependency of porosity on particle diameter for the three different configurations. In our calculations, for body-
centered cubic and face-centered cubic packing orders, the lowest porosities (i.e., largest solid volume fraction) obtained are
0.1022 and 0.1164 for maximum diameters (2⋅r) of 0.95 and 0.75 mm respectively. For the simple cubic packing configuration,
the lowest porosity obtained is 0.478 for a maximum inclusion diameter of 1.00 mm.

2.2.2 Ellipsoidal inclusions with various aspect ratios
In order to test anisotropic flow within a unit cell, we incorporate ellipsoidal inclusions of varying aspect ratios (Figure 3 ), as
it has been shown that aspect ratio has an influence on material permeability [35]. The porosity of an ellipsoidal inclusion can
be calculated as the volume of the chosen unit cell minus the volume of an ellipsoid, divided by the volume of the unit cell, viz:

Φ = 1 − 4
3
⋅ � ⋅ a ⋅ b ⋅ c (14)

with a, b and c being the half-lengths or radii (mm) about the z, y and x axes respectively (Figure 3 , left). In the following, we
will consider b = c, i.e., a prolate spheroid. Figure 3 (right) shows the relationship between porosity and ellipsoidal inclusion
size for four different aspect ratios (a/b). For pore-scale simulations we choose an ellipsoid with aspect ratio 1.3 and side lengths
of a = 0.498 and b = c = 0.380 to achieve a porosity of 0.70.
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FIGURE 2 Spherical inclusions with different packing showing: (left) 3D representation of unit cells containing from top
to bottom simple cubic (SC), body-centered cubic (BCC) and face-centered cubic (FCC) packing configurations, and (right)
relationship between porosity (Φ) and inclusion diameter for the three packing configurations.

FIGURE 3 Ellipsoidal inclusion geometries showing: (left) 2D representation of ellipsoidal inclusions of four different aspect
ratios (a∕b; c = b) and (right) relationship between porosity (Φ) versus max inclusion length (2 ⋅a) for the different aspect ratios
of ellipsoids.

2.2.3 Gyroid microstructures for scaffold materials
The pore morphology of biological tissues, especially bone, can be approximated by interconnected periodic porous materials.
Tissue engineering is a fast developing scientific field which deals with replacing damaged host tissue with materials that mimic
certain properties of the host tissue, such as mechanical stiffness and strength and/or permeability. For example, in bone tissue
engineering it was recently shown that the compressive strength of titanium alloy scaffolds with gyroid structures was far higher

This article is protected by copyright. All rights reserved.
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than that of diamond and other types of pore structures with similar porosity [36]. Here we investigate the permeability behavior
of 3D geometries exhibiting a gyroid microstructure.
Found in nature as intermaterial dividing surfaces the single-gyroid symmetry, consisting of circular struts and a spherical

core, was first discovered in 1967 by Luzzati et al. as a cubic phase occurring in soap surfactants and in pure lipid-water systems
[37; 38]. In 1970, Schoen identified the triply periodic minimal surface (TPMS) gyroid and gave a mathematical description
[39].

(a) (b) (c) (d)

FIGURE 4 Rendering of gyroid microstructures for different strut thicknesses compared with microCT from left to right: (a)
approximated gyroid with t = -0.5 and Φ = 0.34, (b) approximated gyroid with t = 0.0 and Φ = 0.5, (c) approximated gyroid
with t = 1.3 and Φ = 0.94, and (d) microCT Scanned Acrylonitrile Butadiene Styrene (ABS) specimen reconstruction with
Φ = 0.76.

Similarly to the work of Scherer, we approximate the single-gyroid geometry by a level surface represented by [38]:

sin(2�
L
⋅ x)cos(2�

L
⋅ y) + sin(2�

L
⋅ y)cos(2�

L
⋅ z) + sin(2�

L
⋅ z)cos(2�

L
⋅ x) = t. (15)

where t indicates the relative strut thickness and L the side length of the unit cell used. Points x = [x, y, z] that satisfy
Equation (15) define the surface of the gyroid geometry.
Figure 4 (a - c) shows gyroid microstructures for different values of t ranging from 0.5 to 1.3. Increasing values of t results

in increases in the porosity (i.e., a decrease in solid volume fraction). For values of t ≥ 1.413, the gyroid structure becomes
disconnected [38]. Equation (15) can also be used in 3D printing to generate scaffold materials. It is important to note that when
the structure becomes disconnected/discontinuous, it is no longer an applicable structure for scaffold materials. Figure 4 (d)
shows a 3D rendering of a microCT image of an Acrylonitrile Butadiene Styrene (ABS) gyroid scaffold reconstructed by our
group (unpublished data).
Based on the chosen size of our unit cell, L = 1 mm, we investigate four different cases for t in order to generate various

porosity values as shown in Figure 4 . We additionally investigate a gyroid for the case t = 0.63 giving a porosity value of 0.7,
for comparison with the spherical inclusions.

2.2.4 Mesh generation
With continuing improvements in additive manufacturing and 3D printing technologies, the possibilities to create materials with
different pore microstructures are endless. A large set of pore microstructures including the cases analysed in this paper (i.e.,
spheres, ellipsoids and gyroids) can all be represented by (semi) analytical formulas describing a smooth solid-fluid interface.
For these cases accuracy of any fluid dynamical method strongly depends on the mesh resolution of this interfacial region.
We note that in the case of natural and/or manufactured materials this interfacial region can, in most cases, only by assessed

using high-resolution microCT techniques. For the latter cases the accuracy of any fluid dynamical method is dependent on how
well the chosen mesh resembles the resolution of the microCT data. In this study we used only uniform and structured meshes.
On these, periodic inclusion geometries as defined by volume fraction fields were constructed using VOF shape routines that
are included within the arb package. Representative geometries are discussed in Section 2.1, 2.2 and 2.3. Example geometries
are shown in Figure 5 .

This article is protected by copyright. All rights reserved.
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FIGURE 5 3D structured mesh generation on unit cells containing different pore microstructures from left to right: sphere with
simple cubic configuration, sphere with body-centered cubic configuration, sphere face-centered cubic and ellipsoidal inclusion
(cubic unit cell length: L = 1 mm; tetrahedral element size = 6.25 ⋅ 10−5 m; number of elements = 4,096, Φ is the local cell
solid volume fraction).

2.3 Numerical upscaling
Under certain physical conditions the complex microstructural properties of a material can be well represented by so-called
effective material properties [40]. Upscaling of microscale properties such as velocity and pressure fields, in the context of
Stokes’ flow in porous materials, has been extensively studied however few studies have applied computational modelling in
this respect [41; 40; 42].

2.3.1 Darcy’s Law
For the case of slow fluid flow in the pore space, it can be shown that volume averaging of the Stokes’ momentum equation over
a suitable chosen unit cell leads to the well-known Darcy’s law [1; 10; 11]:

U = −1
�
k ⋅ ⟨∇P ⟩ (16)

where U is the average fluid velocity (also denoted as Darcy velocity), k the intrinsic permeability tensor and ⟨∇P ⟩ the average
pressure gradient within the unit cell. In a real porous medium, the pressure value would decrease continuously in the direction
of fluid flow. In our periodic cell approach however, this is not possible as via Equation (11), the pressure on one side of the
domain equals that on the opposite face. To represent the effect of an average pressure gradient on the flow through the periodic
porous medium, we introduce a large scale average pressure body force, s, which appears in our constitutive equations alongside
the pore-scale pressure gradient, ∇p (see equations (1) - (7)). Here we show how this averaged pressure gradient and averaged
fluid velocity can be used to calculate the upscaled permeability.
Within our unit cell, the total pressure gradient ∇P can be decomposed into a local pressure variation ∇p and our imposed

pressure gradient, s as:

∇P = ∇p + s, (17)

Volume averaging (⟨⟩) of equation (17) gives:

⟨∇P ⟩ = ⟨∇p⟩ + ⟨s⟩ (18)
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But as s is uniform, ⟨s⟩ = s. Further examining the local pressure variation, noting that the domain is periodic, gives:

⟨∇p⟩ = 1
|V | ∫

V

∇p dV

= 1
|V |

∑

�=x,y,z

⎧

⎪

⎨

⎪

⎩

∫
)V �,1

−e�pdA + ∫
)V �,2

e�pdA
⎫

⎪

⎬

⎪

⎭

= 1
|V |

∑

�=x,y,z

⎧

⎪

⎨

⎪

⎩

−e�

[

∫
)V �,1

pdA − ∫
)V �,2

pdA

]⎫

⎪

⎬

⎪

⎭

= 0

∴⟨∇P ⟩ = s

(19)

where e represents a unit vector with directions � = i, j, k. Note that [∫)�,1V pdA − ∫)�,2V pdA] = 0 follows from Equation (11).
Similarly for velocity:

U = ⟨u⟩ = 1
|V | ∫

V

u dV , (20)

where u is the pore-scale velocity field obtained from solving the Stokes’ equation (3) and V includes both Solid and Fluid
regions, i.e., the entire computational domain. Inserting of equations (18) and (19) into Equation (16) leads to:

U = −1
�
k ⋅ s (21)

Hence, to find k from a simulation result of known s, we calculate U based on Equation (20) and then invert Equation (21). If
we know the relationship between s and U for three different directions of s, it can be shown that k is a symmetric second order
tensor (i.e., 3 × 3 matrix) with real coefficients (kij) which reflects the anisotropy of the pore-scale flow [22; 43; 44], i.e.,

k =
⎛

⎜

⎜

⎝

kxx kxy kxz
⋮ kyy kyz
sym ⋯ kzz

⎞

⎟

⎟

⎠

. (22)

Since the matrix k has nine unknowns, we can solve a linear system of equations with three chosen orthogonal vectors. Given
that flow follows Stokes’ regime, k is independent of the magnitude of s, so for the simulations we use unit pressure gradients
in the x, y and z directions. This delivers a system of equations relating (U�) to k̃ij , with k̃ij being the macroscopic permeability
coefficient for directions i, j and � the viscosity of the fluid, in our case water, i.e., �= 0.001 Pa⋅s [44]. Solving these equations for
each of the enforced pressure gradient terms (direction �) gives the permeability tensor. In general, due to numerical resolution
inaccuracies this matrix is slightly non-symmetrical and can be symmetrized by taking the average for the cross terms.

2.3.2 Principal components of k
Based on the finite-dimensional spectral theorem [45], any symmetric tensor/matrix whose entries are real can be diagonalized
by an orthogonal matrix Q. Consequently k can be diagonalized as:

kp = QT ⋅ k ⋅Q =
⎛

⎜

⎜

⎝

kp1 0 0
⋮ kp2 0
sym ⋯ kp3

⎞

⎟

⎟

⎠

. (23)

where kpi (i = 1, 2, 3) are the three eigenvalues of k, while Q is composed of the orthogonal basis of eigenvectors of k and
QT is the transpose of Q. Geometrically Q represents a rotation matrix and kp represents a transformation of k into principal
coordinates. Common practice is to set the i subscript values 1, 2 and 3 of kp to maximum (kpmax), intermediate (kpint) and
minimum (kpmin) respectively. Here

Q = [ek1 , ek2 , ek3]. (24)
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where ek1 ,ek2 and ek3 are the eigenvectors of k. In the context of permeability, values for kpi are generally different from each
other indicating that the sample is not isotropic, but rather orthotropic. For this study, the MATLAB function eig(E,D) was used
to determine the eigenvalues and eigenvectors of k.

2.3.3 Characterizing anisotropy
Anisotropy of permeability is of great importance in geological-, industrial- and bio-engineering. Three subtypes of material
anisotropy can be distinguished based on the number of independent coefficients in the permeability tensor however for this
study we take into account only two subtypes: (i) isotropic and (ii) transversely isotropic (or polar anisotropic) materials.

• Isotropic materials are characterized by an infinite number of planes of symmetry and, hence, can be described with a
single independent constant of permeability (kxx = kyy = kzz, kij = 0 for i ≠ j).

• Transversely isotropic materials have physical properties which are symmetric about an axis that is normal to a plane of
isotropy. Such materials can be described by two independent constants (kxx, kyy = kzz, kij = 0 for i ≠ j).

Anisotropy can be evaluated using the anisotropic ratio R defined as [46]:

R =
kpmin

√

kpint ⋅ k
p
max

. (25)

R values equal to 1 characterize isotropic flow behavior, while R values lower than 1 characterize anisotropic flow behaviour.
There are degrees of anisotropy however and values less than 0.8 are generally used to indicate significantly anisotropic flows.

3 RESULTS

In this section we present the results of our study in terms of optimal parameters to be used in the numerical simulations, i.e.,
choice of lengthscale divisor � and mesh resolution. We also look at convergence of the numerical results for all different
packing orders and pore morphologies. Finally, we upscale the converged solutions to calculate the permeability matrices. Note
that for all numerical simulations we assumed that water was the fluid flowing through the porous material, i.e., a viscosity of
0.001 Pa⋅s was used.

3.1 Choice of lengthscale divisor � and mesh resolution
The lengthscale divisor introduced in Equation (9) has an optimal value, giving the most accurate results for a given mesh
resolution. Note that for an infinitely fine mesh, the value of � would be immaterial, and indeed, a non-VOF treatment with �̄ = 0
could be used. Figure 6 shows the convergence of permeability for a spherical inclusion of SC configuration and a gyroidal
inclusion, comparing � values from 1 to∞ (�̄ = 0) as a function of mesh resolution. In Figure 6 we note that the permeability
decreases for both inclusions as the mesh resolution increases, except for the case where � = ∞ wherein permeability in fact
increases with an increase in mesh resolution. Whilst there is a certain degree of variation between � = 1 and � = 8 for meshes
≤ 10, 000 elements (78% and 73% variation for gyroids and spheres respectively), the difference in permeability becomes small
(19% and 18% variation respectively) for meshes ≥ 100, 000 elements. As the calculated permeability at low mesh resolutions
and � = 4 most accurately represents the calculated permeability at high mesh resolutions, we employed a � value of 4 for
further determination of permeability in this study.
Also shown in Figure 6 are the results of additional finite volume simulations, also conducted using the arb package [28],

but performed using a more conventional body fitted unstructured mesh. The meshes used were composed of both tetrahedrons
away from the sphere, and hexahedrons surrounding the sphere, in order to most efficiently resolve the velocity gradients close to
the sphere surface. Periodic boundary conditions were again applied. Examination of the results shows that the permeability of
the SC array of spheres again converges to a value of around 1.1⋅10−8 m2 as the mesh is refined, consistent with our VOF based
approach (which was conducted on a uniform and structured mesh). Comparison of the two techniques may suggest that the
body-fitted approach is slightly more accurate than the VOF based uniform mesh approach for a given number of cells, however
this comparison is somewhat misleading: the memory usage and computational solution time of the body-fitted approach tends
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FIGURE 6 Convergence of permeability with changing � values for a sphere of simple cubic configuration both singular and
as an array, and a gyroid of t = 0.63, both with porosity of 70%. Also shown is the case in which �̄ = 0, i.e., � = ∞. For all
cases the pressure gradient magnitude is 1.0 and results are shown for the z direction outputs, i.e., kp3.

to be larger and longer, respectively, than the VOF based uniform mesh approach, for the same number of cells. This is because
both the accuracy and computational efficiency of a uniform and structured mesh is generally higher than an unstructured mesh
that has the same number of elements. Also note, that while it is relatively easy to construct a body-fitted mesh that surrounds a
single sphere as used in this validation example, body-fitted mesh generation for more complex (i.e., CT scan based) geometries
is more difficult, as discussed previously. Hence the motivation for detailing and validating our new VOF based uniform mesh
approach.
Figure 7 shows the output from running simulations on a unit cell comprising a spherical inclusion of each packing con-

figuration, an ellipsoidal inclusion and a gyroid geometry, at a variety of mesh resolutions. For all simulations, the pressure
gradient applied is of magnitude 1 and the results shown are for the z direction, i.e., kp3. It should be noted however that results
are independent of this value. A lengthscale divisor of � = 4 was used. As indicated, adequate convergence of permeability is
achieved at around 40, 000 elements for each of the spherical inclusions and the gyroid, while convergence is achieved for the
ellipsoidal inclusion at approximately 200, 000 elements. Importantly, results are seen to converge as the mesh is refined (i.e.,
more elements).
For subsequent simulations on structured meshes, a mesh size of 38,912 elements was used for the spherical inclusions,

whilst a mesh size of 202,859 elements was used for the ellipsoidal and gyroid inclusions. These values represent an acceptable
compromise between simulation accuracy and computational expense.

3.2 Computation of permeability for different microstructures
3.2.1 Isotropic configurations
Table 1 shows the bulk permeabilities for each of the spherical packing configurations for a uniform porosity of 0.70. Although
porosity is the same in all cases, the permeability changes depending on packing order. Permeability decreases as the sizes of
the spheres decreases (which is the case from SC to BCC to FCC), i.e., resistance to fluid flow increases. For each packing
order, due to the periodicity of the inclusion applied, flow is isotropic. The gyroid permeability is also isotropic (due to the triply
periodic microstructure) and is similar to the spherical inclusion with BCC configuration.
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FIGURE 7 Results following simulations of each geometry type, refining the mesh resolution in order to reach a converged
solution for � = 4. In order to achieve a porosity of 70%, the radii for each configuration SC, BCC and FCC are respectively
0.415, 0.3296 and 0.2616 mm; the dimension a for the ellipsoid is 0.498 mm, with an aspect ratio of 1.31 with the pressure
gradient in the z direction, i.e., kp3; and the value of t is 0.69 for the gyroid.

3.2.2 Anisotropic configuration - ellipsoidal inclusion

FIGURE 8 Velocity streamline profile output following arb pore-scale simulations on an ellipsoid of aspect ratio 1.31 and
a simple cubic spherical inclusion , showing from left to right, ellipsoidal inclusion for unit pressure gradient s1 , ellipsoidal
inclusion for unit pressure gradient s2 , simple cubic spherical inclusion for unit pressure gradient s2 and streamline distribution
colour map.
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Whilst the flow around spherical inclusions is isotropic, for an ellipsoidal inclusion, the flow is generally anisotropic and
depends on the aspect ratio. In the present case, the long axis of the ellipsoid is aligned with the direction x. The dimensions
of the other ellipsoid axis are kept equal, i.e., b=c. As shown in Table 2 , the permeability in the kp3 (i.e., x-axis) direction is
greater than that in the kp1,2 directions. This result is further investigated in Figure 8 comparing the velocity streamline profiles
around a simple spherical inclusion and the ellipsoidal inclusion, with both unit cells having the same porosity of Φ = 0.7.
In Figure 8 we observe a maximum velocity vector component of 4.99 ⋅ 10−5 m⋅s−1 following an applied pressure gradient

in the x-direction (i.e., s1) on the domain surrounding the ellipsoidal inclusion. This maximum component is larger than the
maximum vector component surrounding the spherical inclusion (4.42 ⋅ 10−5 m⋅s−1) following an equivalent pressure gradient
in the same s1 direction. Applying an equal pressure gradient in the y-direction however (as in Figure 8 (second from the left))
results in a maximum vector component of only 4.17 ⋅ 10−5 m⋅s−1, which is not only less than that in the x-direction, but also
less than that of the spherical inclusion. These higher and lower pore-scale velocities present in the ellipsoidal inclusion, despite
both geometries having the same porosity (Φ = 0.7), are due to the fact that whilst the pressure gradient is the same, shorter and
longer side lengths respectively decrease and increase hindrance of flow. Similarly, the upscaled Darcy velocity in the x-direction
(Us1 (1.50 ⋅ 10−5 m⋅s−1)) is larger for the ellipsoidal case compared with that of the spherical inclusion (1.13 ⋅ 10−5 m⋅s−1)
in the same direction. This results in anisotropic permeability for the ellipsoidal inclusion. Comparing upscaled permeability
results (simple cubic inclusion from Table 1 and column two in Table 2 ), we observe that kp3ellipsoid ≥ kp1,2,3spℎere ≥ kp1,2ellipsoid . The
upscaled principal permeability values for the ellipsoidal inclusions clearly signify this anisotropy (i.e., kp1 = kp2 ≠ kp3). Based
on Equation (25) the anisotropic ratios R found for each ellipsoid suggest significant anisotropy.

3.2.3 Gyroid microstructures
Following numerical upscaling detailed in Section 2.3, and diagonalization of the full symmetric upscaled permeability ten-
sor k, the principal permeability tensor kp is obtained and presented for two ellipsoidal inclusions, and for the four gyroid
microstructures (see Table 2 ). For the ellipsoid, the porosity was fixed at 0.70 however for the gyroids porosity ranges from
0.34 to 0.99 were investigated. Permeability values range from 0.85 to 59.2 ⋅ 10−9 m2. There is a clear trend in this case show-
ing that permeability increases with an increase in porosity. Also shown in Table 2 are the values for anisotropic ratio R (see
Equation (25)).
The gyroids show perfect isotropy (within the simulation accuracy). In verifying the isotropy of the gyroids, we also conducted

simulations with varying pressure gradient s directions that were not aligned with the coordinate directions. At the low resolution
(i.e., lower computational accuracy) in which these simulations were performed, off diagonal permeabilities varied from zero by
a maximum of 0.02 ⋅ 10−9 m2. Principal permeability values for the different orientations of pressure gradients differed slightly
due to numerical inaccuracy. Hence, within the limits of numerical accuracy, our k tensor is independent of the s directions
chosen.

4 DISCUSSION

In this study, we successfully and efficiently compute fluid properties in two scales: the pore velocity and pressure quantities at
the pore-scale and the permeability tensor at the material scale. Whilst we do not present results taken directly from CT scan
data, we present accurate results from structures that have been defined by data which is equivalent to CT scan data.
In Figure 9 we compare our results with data extracted from a number of semi-analytical and experimental studies relating

the permeability of packed spherical inclusions to a unit cell porosity [13; 14; 47]. We approximate our findings by relating
particle size with permeability based on the Blake-Kozeny correlation [13]:

k(1 − Φ)2

d2pΦ3
= 1
180

(26)

whereΦ refers to the porosity, and dp the effective particle diameter (2⋅r). This correlation relates the permeability to the spherical
inclusion geometric properties (including porosity) for all packing concentrations.
The y-axis in Figure 9 represents the dimensionless permeability, scaled according to Equation (26), i.e., the Blake-Kozeny

relation [13]. As can be observed, results obtained from our numerical simulations (dashed lines connecting the discrete simula-
tion results indicated by crosses) are in good agreement with those found in the literature for all three packing orders (BCC (red
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FIGURE 9 Comparison of various semi-analytical results and experimental data with the current numerical method, poros-
ity (Φ) versus dimensionless permeability ( k(1−Φ)

2

d2pΦ3
) showing simulation results from the present study for each packing order

comparing with results extracted from data of Zick and Homsy, Martin et al., Susskin and Becker, and Cioulachtjian et al
[14; 48; 47; 49].

dashed circle), SC (blue dashed circle), FCC (black dashed circle). Note the k values used to evaluate the dimensionless per-
meability (left side of Equation (26)) are upscaled permeabilities determined through the methodology proposed in this paper.
Comparison suggests that our solutions closely match experimental studies [47; 48; 49]. These findings offer a good validation
for our VOF method in isotropic cases.
Following the extension of Einstein’s spherical reasoning to the case of particles of ellipsoidal shape [50], many have looked

to address the problem of slow flow past ellipsoids with several studies presenting semi-analytical formulas and results further
stipulating the importance of particle orientation and degree of non-sphericity/ellipticity [51; 52]. In our study, we show the
importance of particle orientation by varying ellipsoidal aspect ratios (a∕b) and observing the influence on anisotropic ratio and
final permeability.
Mathematically and from Equation (25), any value ofR less than 1 is considered anisotropic andR = 1 for isotropic materials.

As mentioned previously however, there are several degrees of anisotropy. When taking into account an ellipsoidal inclusion, it
is important to note that the anisotropic ratio R is dependent on the longitudinal and transverse side lengths. In Figure 10 we
show how the longitudinal and transverse lengths (a and b respectively) affect the final anisotropy. In order to compare the flow
problem with ellipsoidal inclusions to our previously investigated cases of spherical inclusions, we keep the porosity constant,
i.e., Φ = 0.7. Based on this porosity constraint we vary the aspect ratio of the ellipsoid, i.e., a∕b (with c = b). This allows
calculation of a and b. As can be seen in Figure 10 (left) due to the constraint on porosity, the values of a and b reach extreme
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FIGURE 10 Comparison of ellipsoidal geometries showing (left) contrast of ellipsoidal side half-lengths (a & b) for a fixed
porosity (Φ) of 0.7 with discrete lines at aspect ratio values between 1.0 and 3.5, (right) comparison of anisotropic ratio vs aspect
ratio (a/b) with no fixed porosity for aspect ratio values between 1.0 and 3.5 in increments of 0.5. kp3 and k

p
1 permeability values

at each aspect ratio are also included.

values of a = b = 0.41 mm (a∕b = 1) and a = 0.952;b = 0.27 (a∕b = 3.5). Figure 10 (right) shows the decrease of the
anisotropic value R from an initial value 1 (a∕b = 1 isotropic case) to a value of around 0.68 for an aspect ratio of a∕b = 2.5.
Similarly, permeability shows a dependence on aspect ratio. When the eigenvalues are the same, i.e., kp3 = k

p
1, we get an initial

anisotropic ratio of R = 1. Then we observe that kp3 starts to increase significantly while k
p
1 decreases resulting in a decrease in

R. Both kp3 and k
p
1 then begin to increase at an aspect ratio of a∕b = 2. Due to the fact that

√

kp1∕
√

kp3 remains constant, one
can conclude that for a∕b ≥ 2, R also remains approximately constant, i.e., R = 0.68.
The permeabilities we calculated for the gyroid structures are consistent with values reported in the literature. In the context

of evaluating tissue engineered scaffold structures, Ali and Sen, Dias et al. measured real scaffold permeabilities in the ranges
of 9.09⋅10−9 to 2.7⋅10−8, and 4⋅10−9 m2 respectively both for porosities of 70.0% [6; 53]. Similarly, Melchels, Barradas et al.
measured the permeability of the same single gyroid structure considered here (i.e., defined by Equation 15) [54]. Their specific
structure had a measured porosity of 67.5±3.8%, and permeability non-dimensionalised by the specific surface area (a form
of Darcy number) in the range 0.043 to 0.0519. Our simulations of this same structure 2, but having a porosity of 70% gave a
corresponding Darcy number of 0.051. This value is near the upper end of the range measured by Melchels et al., consistent
with the porosity of our simulated material being slightly higher than that of the experimentally measured material.
We summarise our single-gyroid results by two curve fits. The relationship between porosity Φ and strut thickness t is found

to be linear, obeying:
Φ = 0.33t + 0.5 (27)

Also, using the periodic side length L of 1 mm employed in our simulations, based on our five values for k we have found the
approximate relationship:

k = 0.0023 ⋅ Φ
1 − Φ

⋅ L2 (28)
Figures 11 and 12 show these two functions in the Supplementary material.

2To calculate the specific surface area (per total volume) from the simulations, we integrate the VOF delta function over the computational domain using
S = ∫V |n̄Γ|dV ∕V

where V is the volume of the computational domain
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Other groups have calculated gyroid permeabilities via simulation. Jung and Torquato used an Immersed Boundary Finite
Volume Method to find the permeability of the same single gyroid structure having a 50% porosity, as 2.2889⋅10−3 (here non-
dimensionalised by the structure periodic length) [32]. Our equivalent value is 2.4 ⋅ 10−3 (Table 2, t = 0), which is just 4.5%
larger, despite being calculated with an order of magnitude less computational elements (202,859 elements in our study vs
2,146,689 elements used by Jung and Torquato). As Jung and Torquato do not present a mesh resolution study for this particular
geometry, we cannot speculate on the reason for the small difference between results, but note that our mesh resolution study for
the 70% porosity gyroid showed only a 0.99% difference in permeability when increasing mesh count from 202,859 to 596,851
elements (see Figure 7). Broadly this supports our assertion that the presented VOF-based FVM is able to resolve the macro-
scale permeability of a porous material very economically - that is, with the minimum amount of computational memory. This
economy will be paramount in predicting the permeabilities of real porous structures that are not generally periodic, and hence
require large representative sample surface to volume ratios in order to minimize boundary effects (see Section 2.1.3).
Our reported gyroid permeabilities are also consistent with the permeabilities calculated for similar geometries, even though

direct comparisons are not possible. For example, Bobbert et al. used multiphysics software and the falling head experimental
method to determine the permeability characteristics of gyroid structures with porosities between 0.52 and 0.66, achieving
permeability results of 1.29 to 6.96⋅10−9 m2 [55]. Our own results for porosities between 50% and 70% similarly range from 0.8
to 6.1⋅10−9 m2.
In regards to engineering periodic biomaterial scaffolds, Triply perioidic minimal surfaces (TMPS) (such as the Schwarz

diamond (D) and the Schoen gyroid (G)) that can be designed computationally and developed through rapid prototyping (RP)
are now being utilized more commonly [33]. It has been found through several studies that gyroids are better for cell seeding,
are more permeable due to the lack of size-limiting pore interconnections, have a more open and accessible pore network, and
provide a better accessibility of fluid compared to other structures such as hexagons [54; 56; 31]. It has also been shown that
whilst gyroid structures are isometric architectures, by varying the porosity distributions longitudinally or radially, it is possible
to create an anisotropic structure [56].
Calculation of fluid flow in porous materials is generally computationally intensive due to the required size of the volume

of interest (VOI) which is in the order of millimeters compared to the size of the pore diameters which are in the order of
hundreds of micrometers [7; 6]. Computational domain size varies depending on the achievable numerical resolution, but most
sizes reported in the literature range between 1 × 1 × 1 mm3 and 5 × 5 × 5 mm3 [22; 44]. Convergence of numerical results is
not commonly reported. The numerical results found in the literature vary with imaging resolution and computational capacity,
however are within a comparable range to experimental findings [56; 54; 5].
In the present study, simulations were performed on an Intel Xeon CPU E5-2650 v2 at 2.60 GHz having 16 physical cores.

Computing at � = 4 took three minutes for spherical inclusions at 38,912 elements, and 20 minutes for each gyroid inclusion at
202,859 elements. This was substantially less time (15 minutes and 2.5 hours respectively) than computing at � = ∞. Applying
the VOF method in our case, proved to be highly efficient, significantly more so than without VOF, i.e., ̄ = 0.

5 CONCLUSION AND OUTLOOK

In the present study, we described a comprehensive method for calculating the permeability of periodic porous materials. We
first took domain geometries often represented in literature to validate the method. As these first geometries are discontinuous,
we then applied the method to a commonly found continuous biomaterial scaffold geometry. No studies have been able to
concisely characterize flow through periodic structures at the pore-scale using VOF techniques to take into account momentum
transfer exhibited in multiphase flow. We demonstrated an efficient and accurate technique for calculating pore-scale fluid flow
properties, inclusively on large meshes (≥ 1M elements). The importance of this method is that it is able to accurately predict
the flow around periodic elements and through porous structures, where the elements/structures are defined solely by data which
is equivalent to CT scan data - i.e., mesh-cell averaged volume fractions. Our upscaled permeability outcomes match well with
semi-analytical and experimental results reported in the literature, as well as with additional simulations conducted using a more
conventional body-fitted mesh approach.
Based on numerical simulation results, we showed that a lengthscale divisor of � = 4 (a numerical modelling parameter

introduced in the method) produces the most accurate results for a given mesh resolution, however as the number of mesh cells
increases (>100,000 for our examples) the divisor then only has a marginal influence on the results. In terms of convergence, for
spherical, ellipsoidal and gyroidal inclusions, a mesh size of at least 40,000 elements is required to produce an accurate result.
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With large meshes, simulations were run efficiently without overt computational expense. Despite applying the same pressure
gradient s for all inclusions, the spherical inclusions were fully isotropic, the ellipsoidal inclusion was anisotropic and each of
the gyroid inclusions (regardless of strut thickness t) were isotropic also. Hence, the chosen s does not affect the final anisotropy.
To conclude, we believe that the developedmethod can effectively be applied in various scientific fields including geotechnical

engineering, chemical engineering and bioengineering. Particularly, for the latter application, the method can be used to rapidly
estimate three dimensional permeability of scaffold materials to be used for bone replacement applications.
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SUPPLEMENTARY

FIGURE 11 Calculated nominal porosities for Gyroids of varying strut thickness (t) showing the linearly-fitted curve and
corresponding equation.

FIGURE 12 Calculated permeabilities for Gyroids of varying porosity (Φ), i.e., 0, 0.34, 0.50, 0.70, 0.94 and 0.99, showing the
most representative fitted curve and corresponding equation.
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TABLES

TABLE 1 Comparison of different spherical inclusion packing orders (SC, BCC and FCC) showing corresponding principal
permeability (kp), porosity (Φ) and radius of inclusion (r). Also shown is a gyroid structure of Φ = 0.7 with t = 0.63 for
comparison.

Simple Cubic Body-Centered Cubic Face-Centered Cubic Gyroid t = 0.63 Units
Φ 0.70 0.70 0.70 0.70 -
kp3 1.13 0.68 0.43 0.61 ⋅10−8 m2

kp2 1.13 0.68 0.43 0.61 ⋅10−8 m2

kp1 1.13 0.68 0.43 0.61 ⋅10−8 m2

r 0.41 0.33 0.26 NA mm

TABLE 2 Comparison of up-scaled permeability values determined for an ellipsoidal inclusion, with those for the gyroid
inclusions

Ellipsoid
(a∕b = 1.98,
b = c)

Ellipsoid
(a∕b = 1.31,
b = c)

Gyroid
(t = −0.5)

Gyroid
(t = 0)

Gyroid
(t = 1.3)

Gyroid
(t = 1.43) units

kp3 2.03 1.50 0.08 0.24 2.52 5.92 ⋅10−8 m2

kp2 0.96 0.93 0.08 0.24 2.52 5.92 ⋅10−8 m2

kp1 0.96 0.93 0.08 0.24 2.52 5.92 ⋅10−8 m2

Φ 0.67 0.70 0.34 0.50 0.94 0.99 -
R 0.69 0.79 1 1 1 1 -

NOMENCLATURE

Variables

� lengthscale divisor
s imposed average pressure gradient
∇ vector differential operator nabla
u pore-scale velocity
∇p pore-scale pressure gradient
p pore-scale pressure
P average pore-scale pressure
� viscous stress tensor
Ω spatial domain
Ωf fluid region domain
Ωs solid region domain
Γ solid/fluid interface
� viscosity of the fluid phase
� pore-scale porosity
n� a normal non-zero vector
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 pressure anchoring lengthscale
Δ operator
Δx mesh dimension (side length)
� kronecker operator
dmax distance between reconstructed interface and furthest vertex
V whole volume of unit cell (simulation domain)
Φ macroscale porosity
r radius of a single sphere
dp spherical particle diameter
a ellipsoid axis side half-length
b ellipsoid axis side half-length
c ellipsoid axis side half-length
C solid volume fraction (1 - Φ)
L size of the computational domain (unit cell side length)
t gyroid strut thickness
U Darcy velocity
k intrinsic permeability tensor
∇P macroscale pressure gradient
k̃ macroscopic permeability tensor
⟨⟩ volume average
Q orthogonal rotation matrix
eki eigen vector
I identity matrix
R anisotropic ratio
vi velocity components of ellipsoid flow
Abbreviations

RVE representative volume element
VOF volume of fluid
CFD computational fluid dynamics
FEM finite element method
FVM finite volume method
BC boundary condition
FCC Face-centred cubic
SC Simple cubic
BCC Body-Centred Cubic
SD standard deviation
VOI volume of interest
Superscripts

face averaged
− cell averaged
p principal flow direction
T transpose operator

Subscripts

symm symmetrized
int intermediate value of...
max maximum value of...
min minimum value of...
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s solid
f fluid
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