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JUCYS-MURPHY ELEMENTS AND A PRESENTATION FOR PARTITION
ALGEBRAS

JOHN ENYANG

ABSTRACT. We give a new presentation for the partition algebras. This presentation was
discovered in the course of establishing an inductive formula for the partition algebra Jucys—
Murphy elements defined by Halverson and Ram [European J. Combin. 26 (2005), 869-921].
Using Schur—Weyl duality we show that our recursive formula and the original definition of
Jucys—Murphy elements given by Halverson and Ram are equivalent. The new presentation
and inductive formula for the partition algebra Jucys—-Murphy elements given in this paper are
used to construct the seminormal representations for the partition algebras in a separate paper.

1. INTRODUCTION

The partition algebras Ag(n), for k,n € Z-q, are a family of algebras defined in the work
of Martin and Jones in [Mar], [Marl], [Jo] in connection with the Potts model and higher
dimensional statistical mechanics. By [Jo], the partition algebra Ag(n) is in Schur—Weyl duality
with the symmetric group &, acting diagonally on the k-fold tensor product V& of its n—
dimensional permutation representation V. In [Mar2], Martin defined the partition algebras
AkJr%(n), for k,n € Zsg, as the centralisers of the subgroup &,_; C &, acting on V&
Including the algebras AkJr% (n) in the tower

(1.1) Ap(n) C A%(n) C Ai(n) C Al+%(n) C...

allowed for the simultaneous analysis of the whole tower of algebras using the Jones Basic
construction by Martin [Mar2] and Halverson and Ram [HR].

Halverson and Ram [HR] and East [Ea] have given a presentation for the partition algebras
in terms of Coxeter generators for the symmetric group and certain contractions. Halverson and
Ram [HR] used Schur-Weyl duality to show that certain diagrammatically defined elements in
the partition algebras Ag(n) and A, 1 (n) play an analogous role to the classical Jucys—Murphy
elements in the group algebra of the symmetric group &y.

The Jucys—Murphy elements in the group algebra of the symmetric group respect the in-
clusions 6;_1 C & and are simultaneously diagonalisable in any irreducible representation of
the symmetric group. The seminormal representations of the symmetric group are the irre-
ducible matrix representations with respect to a basis on which the Jucys—Murphy elements act
diagonally. These may be constructed inductively (see [VO], for example).

This paper provids a new presentation for the partition algebras. This presentation was
discovered in the course of establishing an inductive formula for the Jucys—Murphy elements
for partition algebras given by Halverson and Ram. In a separate paper, we use this new
presentation to construct seminormal representations for the partition algebras [[n], solving a
problem highlighted in the introduction to the paper of Halverson and Ram [[1R].
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In §2 we recall the presentation of the partition algebras given by Halverson and Ram [I1R]
and East [Fa]. In §3 we state a recursion defining a family of operators

(1.2) (Liy Ly 20 =0,1,...)

and establish that the operators (1.2) form a commuting family with properties analogous to
the Jucys—Murphy elements that arise in the representation theory of the symmetric group.
Simultaneously, we establish some basic commutativity results for certain operators denoted

(1.3) (O'i,O'H_% i=1,2,...)

which arose in the recursive definition of the Jucys—Murphy elements (1.2). In §4 we show
that the elements of (1.3) are involutions which are related to the Coxeter generators for the
symmetric group in a precise way. Using the relation between the involutions (1.3) and the
Coxeter generators for the symmetric group, and the properties established in §3, we derive a
new presentation for the partition algebras. In §4 we describe precisely the action of the Jucys—
Murphy elements (1.2) and the involutions (1.3) on tensor space. Using Schur—Weyl duality, we
demonstrate that the recursive definition of Jucys—Murphy elements given in §2 is equivalent
to the definition of Jucys—Murphy elements given by Halverson and Ram [IHR].

Acknowledgements. The author would like to express his gratitude to Arun Ram for numer-
ous stimulating conversations throughout the course of this work. The author is also indebted
to Fred Goodman and Susanna Fishel for several helpful discussions related to this research,
and to the two anonymous referees for their suggestions. This research was supported by the
Australian Research Council (grant ARC DP-0986774) at the University of Melbourne.

2. THE PARTITION ALGEBRAS
In this section we follow the exposition by Halverson and Ram in [[HR]. For k =1,2,..., let
Ay = {set partitions of {1,2,... k, 1,2/, ... K'}}, and,
Ak_% = {d € Ay |k and K’ are in the same block of d}.

Any element p € A, may be represented as a graph with k vertices in the top row, labelled
from left to right, by 1,2,...,k and k vertices in the bottom row, labelled, from left to right
by 1,2,... K, with vertex i joined to vertex j if ¢ and j belong to the same block of p. The
representation of a partition by a diagram is not unique; for example the partition

p={{1,1,3,4,5,6},{2,2',3,4,5,6'}}

can be represented by the diagrams:

If p1, p2 € Ag, then the composition pj o ps is the partition obtained by placing p; above ps and

identifying each vertex in the bottom row of p; with the corresponding vertex in the top row
of po and deleting any components of the resulting diagram which contains only elements from
the middle row. The composition product makes A; into an associative monoid with identity

121 l [

Let z be an indeterminant and R = Z[z]. The partition algebra Ax(z) is the R—module freely
generated by Ag, equipped with the product

p1p2 = 2'p1 o pa, for p1,ps € Ag,
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where ¢ is the number of blocks removed from the middle row in constructing the composition

p1 o p2. Let A, _1(z) denote the subalgebra of Aj(z) generated by A, 1. A presentation for
2 2

A (2) has been given by Halverson and Ram [[1R] and East [Ea].

Theorem 2.1 (Theorem 1.11 of [HR]). If k =1,2,..., then the partition algebra Ay(z) is the
unital associative R—algebra presented by the generators

p17p1+%7p27p2+%7 <o s DEky 515,825 -+ 5 Sk—1,
and the relations
(1) (Cozeter relations)
(i) s2=1, fori=1,...,k—1.
(it) sisj = sjsi, if j #i+1.
(iii) SiSi+15i = Si+15iSi+1; fO?” 1= 1, ey k— 2.
(2) (Idempotent relations)
(i) p? = zp;, fori=1,... k.
.. 2 o . _
(ii) pH% = Diy 1 fori=1,...,k—1.
(iii) SiDiyL = Py 151 = Diy 1, fori=1,...k—1.
() 8ipipi+1 = pipi+18i = PiPiy1, fori=1,....k — 1.
(3) (Commutation relations)
(i) pipj = pjpi, fori=1,...k and j=1,... k.
(ii) PiyiPji1 =P 1Py L, fori=1,...k—1andj=1,...,k—1.
(1) pipjy 1 = pj apis for j# 60+ 1.
(iv) sipj = pjsi, for j #i,i+ 1.
(v) SiPjr1 =Dy 180, forj#i—1,i+1.
(vi) sipisi = piy1, fori=1,... k—1.
(vii) SiP;_18i = Si-1D;y LSi-1, fori=2,...k—1.
(4) (Contraction relations)
(i) Piy1PiPipt = Pig 1, forj=1i,i+1.
(i) pip;_1pi = pi, for j =i,i+1.
The above relations also imply that:
Pip 18Py L = Pig 1Pix1y Ly
PiSiPi = PiDi+1 = Pi+15iPi+1;
PiPiy 1Pi+1 = PiSi,
Pi+1Piy 1Pi = Pi+15i-

In Theorem 2.1, the following identifications have been made:

i i+l J
:ll >< 11 and pjzl...l 11
and )
i i+1
por=] ] B
We also let & denote the symmetric group on k letters which is generated by si,...,s5_1. If

u € S C A(z), and p € A(z), we will sometimes write p* = upu=t. Let * : Ap(z) — Ax(2)
denote the algebra anti-involution which, given p € Ay, for i = 1,...k, interchanges 7 and 4’
3
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in p. Then * reflects each element of the diagram basis for Ag(z) in the horizontal axis, and
satisfies

ut =" (for u € &)
and
P =pi (fori=1,... k) and p;+%:pj+% (for j=1,...,k—1).
Restricting the map * from Ay (z) to A,_1(z), gives an algebra anti involution of A, _1(z) which
2 2

we also denote by .

3. JucYs—MURPHY ELEMENTS

In this section we recursively define a family of Jucys-Murphy elements in A(2) and A, 1 (2).
2

It will be shown in §5 that the recursive formula given below is equivalent to the combinatorial
definition of Jucys—Murphy elements given by Halverson and Ram [IR].

Let (0;:i=1,2,...) and (L; : ¢ =0,1,...) be given by

L() = 0, L1 = P1, g1 = 1, and, g9 = 81,

and, fori=1,2,...,
(3.1) Liyy = =silip; 1 =Py Lisi+ pp i Lipiap; s + siLisi + oiga,
where, for i =2,3,...,
(3.2) 0iy1 = 8i-15,0:8;5;-1 + siD;_1Li—1sip;_18i +p; 1 Li-1sip; 1

- Sz‘pi,%LiqSiflpH%pz‘pi,% - pi,%pipi%SiALiflpi, 18-

Define (O’H_% :i=1,2,...) and (Li+% :1=0,1,...) by

L%:(), 0%:1, and, O'H_%:l,
and, fori=1,2,...,
(3.3) Livi=—Lipjy1 —pip 1 Litpi i Lipipg 1 +sily_1si+ 05,1,

where, for i =2,3,...,

(34) o1 =sic1si0;_1sisi +p; 1 Licasip_1si+ sip;_1Licisip; 1
- pi_%Li—18i—1pi+%pz‘pi_% - Sipi_%pz‘pi+%8¢—1L¢—1p2~_%8i-
Rewriting the last summand in (3.4) as
Sz’pi,%pipi%Sifle‘flpi,%Si = Siflppr%Siflsipippr%SiflLiflsiSiflpiJr%Sifl
= Si—lpi.;_%Si—lsz‘pi+1pi+%Si—lsiLi—lsi—lpi+%31‘—1
= Si—lpzur%8i—1Pi+1Si—18ipi_%Lz‘—lsi—lpiJr%Si—l
= SiflpH%pipi,%Liqszelp”%szel,

the expression (3.4) becomes

(3.5) i1 = 8i-18i0;_18i8i-1 + D 1 Li—18i-1p; 18i-1 + sicapy 18i-1Lioip; 1
- pi_%Li—lsi—1Pi+%Pil),~_% - Si—lpi.;_%pipi_%Li—lsi—lp,q_%31‘—1-
Using induction, it follows that if ¢ = 0,1,..., then Tl € .Ai+%(z), and Li+% IS .Ai+%(z).
Observe that if i = 0,1,..., then (L;)* = L; and (041)* = 0441. The fact that (L, 1) =L, 1
2 2

and (0;,1)* = 0;,1 will be shown in Proposition 3.3.
2

+3
4
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Example 3.1. In terms of the diagram presentation for A3(z), we have:

a1 o 1oL X
e | DO T LK

and

Using the above expressions for Lo and o3, we can write L3 as
IR0 U S S NS B
P ) D BN B AR
LT ] T
IR o et e ™
Ko XK XK [ X

Ly =

+ +

The relations given in the next proposition are fundamental for subsequent calculations.

Proposition 3.2. Fori=1,2,..., the following statements hold:

(1) OitaPiy 1 = PiyLs

(2) 8i410i41D; 3 = Piy 1Si410i41,

(3) oiv1pipiy 1 = silipgy 1,

(4) oiv1Pit1pi 1 = Lipiy 1,

(5) Pip1Libig1 =pig1

Proof. (1) We consider each of the terms on the right hand side of the definition

Oit1Pitl = $i-18i038i8i—1P;y 1 + Sipi_%Li—lsipi_%sipi+% +Pi_%Li—18ipi_%Pi+%
- Sipi_%Li—lsi—lpi+%pipi_%pi_}_% - Pi_%PipH%Sz—lLi—lpi_%SipH%,
beginning with the argument by induction:
Si—lsz‘Uz‘SiSz‘—lpiJr% = Si—lsiaz‘pi_%sisi—l = Si—lsz‘pi_%sisi—l = PH%-
From the fact that P;4 1 commutes with L; 1, sipi_lLi_lsipi_;sipH; = pi_;Li_lpi_lpH; and
2 . 2 2 2 2 2 2
Pi1Li—1sip;_1piy1 =p; 1Liap; 1p;y 1, while
sipi_%Li_lsi_lpH%pipi_%pH% = Sipi_%Li—lsi—lpi+%pi_% = pi_%Li_lpi_%pH%
and, from the relation Di_1PiP;y 1Si—1 = D;_1DiSi—18iD;_15i, We obtain
2 2 2 2
Pi_1pip; 1Si—1Li—ip; 18ip; 1 =p; 1piSi—18ip;_18iLi—1p;_18ip; 1
2 2 2 2 2 2 2 2
= pi_%si—lpi—lsipi_%SiLi—lpi_%sipi+%
= pi,%piqsz‘pi,%SiLiqpi,%Ssz%
= pi,%pi_lpi,%Li_lpi,%pH%
= pi_%Lz‘—mi_%pH%-
5
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Substituting the terms obtained above into the definition of ;11p,, 1, we observe that all terms
2
vanish except for p;, 1, which completes the proof of (1).
2
(2) The definition (3.2) gives

3i+10i+1pi+% = 3i+13i713i0i3i3i71pi+% + 3i+13ipi,%Li713ipi,%SipiJr%
+ 8i+1pi_%Li—18ipi_%p,~+% - 3i+13ipi_%Li—lsi—lpi_;_%pipi_%pi_:,_%

- Sz‘+1p,~_%Pipi+%Si—lLi—lpi_%SipiJrg-
Now consider each of the terms on the right hand side of the above equality. Firstly,

3i+13i—13i0i3i3i—1pi+% = Sz‘+1Si—l818i+10i8i+18i81‘—1pi+%
= Si—15i415i5i+10i8i+15iP; 3 Si—1
= 3i—13i3i+13i0'ipi+%3i+13i3i—1
= 8i-18iSi+1P;_18i0iSi+18iSi-1 (by induction)
= Siflsipi,%3i+13i0i3i+13i3i71
= p”%8i7182‘81+18i0i82‘+18i8171
= pi+%3i—13i+13i3i+1Ui3i+13i3i—1

= Piy19i+18i-18i0iSiSi—1-

Next, use the fact that SiP;,3Si and p, 1 commute to observe that
2 2
sit18iP; 1 Lic1sip;_18ip; 3 = siv18ip;_ 1 Licasip;_1(8ipsy35i)si
= 8i+18¢pi,%Li7182‘(8¢pi+gsz‘)pi,%8i
= 3i+13ipi_%Li—lpi+%3ipi_%3i
= 3i+13ipi+%pi,%Li713ipi,%Si

= DPiy18i+1 Sz’pi,%quSipi,%Si,
and that

3i+1pi,%Li713ipi7%pi+% = 3i+1pi,%Li713ipi+%pz;%
= sit1P; 1 Lic1(sipy 3 si)sip 1
= Sz‘+1p,~_%(SipiJr%Si)Lz‘—lSz‘pi_%
= 8i+1(SipHgSi)pi,%LiqSipi,%
= Pi+%8i+18i8ipi_%Lz‘—1Sipi_%

=P 18P 1 Li1sip; 1.
2 2 2
Since p,; , 3 commutes with A, 1(2), we see that
2 2

8i+18ipi,%Li—lsi—lpi%PiPi,%PHg = 8i+18ipi+gpi,%Li—lsi—1pi+%pipi,%
= PH%Sz‘+18ipi_%Li—l$i—1pi+%pipi_%-
6
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For the last term, we use the fact that (sipH%si) and i} commute to see that

3i+1pi_%pipi+%si—lLi—lpi_%SipH_% = Si—l—lpi_%pipi.;_%Si—lLi—lpi_%(Sip,‘+%3i)3i
= Sz‘+1pi_%pipi+%Si—lLi—l(SipiJr%Si)pi_%Si
= 8i+1pi,%pz‘pi+%82‘71(82‘}?”%8@)%71}?@,%8@
= Sit1P;_1PiP;y L (Si—lsipi+%Sisi—l)si—lLi—lpi_%Si
= Sz‘+1p,~_%(Si—lsz‘pi—lpi_%piJr%SiSi—l)Si—lLi—lpi_%Si
= Si41D;—1 (Siflsippr%Sisifl)pippr%SiflLiflpi,%32‘
= 3i+1pi_%Sipi+gsi3i—1pipi+%Si—lLi—lpi_%Si
= pi_%8i+18ipi+gSz‘Si—lpipH%Si—lLi—lpi_%Si
= pi_%pﬂ_%3i+13223i71pipi+%SiflLiflpi_%Si

=Ditl Sz‘+1pi,%Szf1pz‘pi+%8¢f1szlpi,%Sz-

Putting the above together, we have

Si+10i41D;4 3 = Py 18i+18i-18i0i8iSi—1 + Py 18i418iP; 1 Lz’flsipz;%si
TPl 3i+1pi,%Li713ipi,% — Pit1Sitl Sz’pi,%LiqSiflpH%pz‘pi,%

- pi+%3i+1pi_%Si—lpipi+%3i—lLi—lpi_%3i = Pt L Si+10i41,

which completes the proof of (2).
(3) We consider the terms on the right hand side of the equality

Oit1PiPiy L = Si—18i0i8i8i—1PiP;y L + 8iP;_ 1 Lim18ip; _18iPiP;y 1
+pi_%Li_18ipi_%p¢pi+% - Sipi_%Li—lsi—lpi+%pipi_%pz‘pﬂ_%

- pi,%pz‘ppr%Sz‘flLiflpi,%Sz‘pz‘pH% )
beginning with

8i—-18i0i8i8i-1PiP;y L =8i-15i0iPi—15iSi—1P; 1
= Sz’flSiJz‘pz‘flpi,%SiSiq

18iSi—1 (by induction)

2
= 8i8i—18ili—18isi—1p; 1
2

= 5;-188i—1L;—1p;_

= 8iSi—1Li-18i-1pP;, 1.
For the second term, we have

Sipi,%Liflsipi,%SipipiJr% = Sipi,%Liflsipi,%pmsz‘pﬂé
= Sipi,%Li—lpz‘Sipi,%SipH%
= Sip;_ 1 Li—lpipi_ %pzq_% )
7
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and for the third,
pi_%Li_lsipi_%pipH% = pi_%siLi_lpi_%pipH%
= Dy 1Si0iPiD;_1PiDiy 1 (by induction)
= pi,%SiUz’pijL%
= $i0iP;y 1 (by item (2)).

Using the relation p;p, 1p; = p;, we see that the fourth term satisfies
2

S¢pi,%Liflsiqpﬂépipi,%pipwé = Sipi,%LiflsHpH%,
while, for the fifth term,

Pi—1PiPiy i Sic1Lic1p;18ipip; 1 = P 1pipiy 1 SiciLioap;_1piv1sip
= pi,%pz‘pﬂépiﬂsiflLiflpi,%Sz'ppr%
= pi_%Sipi+1si_1Li_1pi_%p,~+%
= p,‘_%Sz‘si—lLi—lpi_%pi—Hpi_,_%
= Sz‘SiApH%Liflpi,%piﬂpi%
= SiSi—lLi—lpi_%piJr%-

Combining the above terms, we obtain

Oit1PiPi 1 = Sisi—lLi—lsi—lpiJr% + Sz‘pi_%Li—lpipi_%pH% T804 1
=8P 1Lic1sicip 1 = sisiciLicap 1P 1 = silipy
which completes the proof of (3).
(4) We consider each of the terms on the right hand side of the expression

Tit1Pi+1Pjp L = Si—18i0iSiSi—1Pi+1D; 1 + Sipi_%Li—lsipi_%sipi+1pi+%
+ pi_%Li—mpi_%lepH% - Sipi_%Lz‘—lSi—lpi+%pipi_%pi+1p,~+%
— P LPiD;y L 82‘71Lif1pi,%8¢pi+1pi+%-
Firstly,

Si—lsiaisisi—lpi-i-lpi_t,_% = Si—lsiUipiSiSi—lpiJr%
= Sz’flSiJz‘pz‘pi,%SiSFl
= Sz’flsz‘Liqpi,%sisi,l (by induction)
= si—18ili-18i8i-1p; 4 1
= si—1Li18i-1p; 1

For the second term,

SiD;18iLi1P; 18iDi41Piy L = SiD;_18i0iDiP; _18iPit1Piy 1 (by induction)
= SiSi0iD; | APiD; 1 SiPit1P;y L (by item (2))
= Uipi+%pipi,%pi3ipi+%
= Uipi+%pisipi+%
= O’Z‘pi+% .
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For the third term,
P 1Li 18;p; 1piy1p; 1 = p;_1Li 1pisip;_1p, 1
173 i—g Pl g 173 =gty
= pi,%Liqpipi,%pH%-

For the fourth term, we use the relation 8i-1Pj4 LPiPi_ LPi+1Piy L = SiPy 1 Pi-1PiP; 1Piy 1 in

Sipi,%LHsz‘qu%pipi,%pmpH% = Sipi,%Liflszpi,%piflpipi,%pﬂé
= Sipi_%SiLi—lpi_%pi—lpipi_%pi_;_%
= SiD;_18i0iDiD;_ LPi—1PiP;_1P;1 1 (by induction)
= Sz‘pi,%siffipiflpipi,%pij%
= $iSi0iP; 1Pi—1PiP;_1P;1 1 (by item (2))
= Uipi—lpi_%pi_;_%
= Sz‘fle‘—lpi,%pH% (by item (3)).

For the final term, we use the relation D;_1DiD; 18i—1 = P;_18iPi—1P;_18; in
2 2 2 2

Di_ %pipw%szelLHpi,%SipmpH% = DP;-18iPi-1P;_1 sili—1p;_ 18iPit1P;4 1
= D LSiPi—1D;_1Si0iPiP; 18iPit1P;y L (by induction)
=D;_ 1 SiPi—1P; 1 Si0PiD; %piSiPH%
=DP;_ 1 SiPi—1D;_ 1 S0 ipipH%
= Pi_ LSiPi-15i10iD; | 1PiP; | L (by item (2))
= P;15iPi-15i0iP;y 1
=DP;_ %piflgipzqr%
=Pt Lic1si-1piy 1 (by item (3)).

Putting the above together,

Oit1Pi+1Pip L = SiflLiflsiflpiJr% T OiPi 1 +pi,%Li71pipi,%pi+%
= sic1Licap_1pi 1 =Py 1 Licisicapi = Lipg 1,
which proves (4).
(5) Parts (1) and (3) give

pH%LipH% = pi+%3iLipi+% = DPiy LOi41DiPiy 1 = Py LDiPiy L = Pig L

as required. O
Proposition 3.3. Ifi=1,2,..., then
(1) (0i+%)* = Ot ds
(2) (L) = Ly
Proof. (1) We show that the summand p; 1L; 18;1p; 1pip;,_1 in (3.4) is fixed under the x
2 2 2
anti-involution on A, 1(z), using Proposition 3.2, as follows:
2
Pi,%Lz‘—lsi—lpH%Pim,% = Pi,%PiUz‘Si—lpH%pipi,% = pi,%pmisipi,%SiSi—lpipi,%
= P 1PiD; 10i8i-1DiP; L = P;_LDiP;y 10iPi—1P; 1 = pi_%pipi+%8i—1Li—1pi_%-
9
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(2) Given that (JH%)* =01, it suffices to show that the summand pH%LipipH% in (3.3) is

fixed under the * anti-involution on A, 1(z). Using Proposition 3.2,
2

Piy1Lipipi 1 =D 1Dit 101D 1 = Py 1Piv1Silip 1 =D 18ipilip; 1 = p;apilip; 1,
2 2 2 2 2 2 2 2 2 2

gives the required result. U

Proposition 3.4. Ifi=1,2,..., then O 180 = 8i0;4 1 = Oiy1.

Proof. After checking the case i = 1, the statement follows from induction and the equality
pi_%pz‘pi+%8i—1Li—1pi_% = pi_%Li—lsi—lpH%pipi_%,

which was established in the proof of Proposition 3.3. O

The following observation is made for later reference.

Lemma 3.5. Ifi=1,2,..., then

SiSi+10i418i4+18iP;y L = 8i+1pi+%Li8ipi+gpi+1p,~+% = 04 1Si41D;4 L

Proof. On the one hand,
SiSi+10i+4+15i+15iP;1 1 = 8iSi+10i4+18i+1P; 4+ L = SiSi+1P; 4 30i4+1S5i+1
+1 +1 +3
= SiPi 30418141 = Si0i18i+1P; L = 03 1Si41D;1 1,

and on the other,

3i+1pi+%Li3ipi+%pi+1pi+% = 3i+1pi+%pi+10i+13ipi+%pi-i-lpi_i_%

= Si+1Piy 1Pi+10;4 1Py 3Pit1Piq 1 = Si41Piy LPi41P; 4 30,4 1Pit1Piq 1

= SiPiy 35iSi+1Pi 1P 3044 LPi+ 1Py 1 = SiPyy 35iPi+2P; 4 30,1 1Pi+1Piq L
= SiPiy 35104 LPi42P;y 3Pi+1Piq 1 = SiPiy 30it1Pi42Pi4 3Pi+1Piy L

= SiPi4 30i415i41Pi+1P; 1 = Si0i+18i4+1P;y LPit1P;q 1

= Si0i+18i+1Pip L = O3 1Sit1Piy L,

as required. O

We are now in a position to prove the first commutativity result of this paper.

Theorem 3.6. The elements 0,41 and o, 1 satisfy the following commutativity relations:
+ 7,—‘,—2

(1) O'i-i—lpi_% = pi_%ai-i-l = pi_%Li—lsipi_% fO’I”i = 2,3, e
(2) Oif1Di—1 = Di—10i+1 = Si—10iPi+15iSi—1 fori=2,3,....
(3) Tit1D; 3 = Pi_30it1 fori=3,4,....

(4) Oi4+15i—2 = Si—204+1 fOT 1= 3,4, e

(5) oit1pi—2 = pi—20it1 fori=3,4,....

(6) i1 1Pi-1 = Pi-10;, 1 fori=23,....

(7) 01 1P 3 =D 3041 fori=3,4,....

(8) Opt18i—2 = 8i—20;, 1 fori=3,4,....

(9) 0;+1Pi-2 = Pi-20;, 1 fori=3,4,....

10
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Proof. (1) Using Lemma 3.5,
Oit1P;-L = —Sipi,%quszelp”%pipi,% —pi,%piPH%82‘71L2‘71pi,%82‘pi,%
+Pi_%Li—18ipi_% + 8i-18i038i8i-1P; 1 + Sz‘pi_%Li—lsipi_%Sipi_%
= —pi_%pz‘pH%Si—lLi—lpi_%Sz‘pi_% +pi_%Li—13ipi_% + Sz‘pi_%Li—lsmi_%Sz‘pi_%
= —pi,%pipi%SiflLiflpi,%pH% +pi,%L1‘718ipi,% + Sz‘pi,%Liqu‘pi,%pH%
= —Pi_%PiPH%Si—1Pi+%Li—1pi_% +pi_%Li—18ipi_% + Sipi_%Lz‘—wipi_%pH%
= _pi_%pipi_%pi_;_%l/i—lpi_% +pi_%Li—13ipi_% + Sipi_%Li—lpi_%pi_;_%
= —pifépH%Liflpi,% +pi,%L1718ipi,% +pi,%Liflpi,%pi+%
= pi,%Liqsz‘pi,% = pi,%SiLiqpi,% = D;-10i41,
as required.
(2) We first show that
(i) $iP;_1Li—18i1Dy 1pip;_1Pi-1 = sip; 1 Li1sip; _1sipi-1,
(1) p;_1pip;y1sialioap;_1sipicn = p;_ 1 Licasip;_1pi-1,
(iii) $5-15i038iSi—1Di—1 = Si—15i0iDi+15i5i—1 = Pi—15i—15;075;5;—1.
The left hand side of (i) gives
Sipi_%Li—lsi—lpi+%p1pi_%pi—1 = Sipi_%Li—lsi—lpiJr%Sz‘—lpz‘—1 = Sipi_%Li—lsipi_%Sipi—l,
which is the right hand side of (i). Using the relation Piy18i-18; = Si—15;p;_1, the left hand
2 2
side of (ii) gives
pi_%pz‘piJr%Si—1Lz‘—1pi_%8ipi—1 = Pi—1PiP;1 10 1PiP;_1Pi-15i
= pi,%pipﬁéffi,%pisiqsi
= pi_%piai_%pi+%3i—13ipi—l
=DP;,_1Di0;, 15;-15iP; 1Pi—1
2 2 2
= pi,%pmisz’pi,%pifl
=p;_1L;_18;p;_1pi_1,
2 2
as required. The item (iii) follows from the relation s;_18;pj+1 = pi—18i—18;. Next, using the
definition (3.2),
Oi41Pi—1 = 5i-15i078;8;—1Pi—1 + Sipi_%Li—lsipi_%Sipi—l + pi_%Li—lsipi_%pi—l
- Sz‘pi,%Lz’flsz‘flpﬂépipi,%pifl - pi,%pz‘pH%Si*lLi*mi,%Sz'piq
= $i—-15i045;Si—1Pi—1-
Since the right hand side of the last expression is manifestly fixed under the * anti-involution
on A;11(z), the proof of (2) is complete.
(3) We first show that
) $iP; 1P; 3 Li-28i—28i-1p; 1Pip; 1p; 3 = 8iP;_18i—2Li—28i-28i-1P; 1PiP;_1P; 3,
) siD;_1Si-2Li—op; 38i1Diy 1Pip; 1P; 3 = SiDi 1p; 3 Li-opi-1D; 38i-1D; 1PiD; 1D; 3,
) Sipi_%Ui—lsz‘—lpi+%?ipi_%pi_g = Si—lsip,‘_%Li—23i—1pi_%3i3i—1pi_%a
(i) p;_1pip;y 18i-1D; 3 Li-oSi-op; 18iD; 3 = Dy LPiDiy 15i-10i-1P; 15iD; 3,
) pi,%pz’piJr%Sz’flszszifzpi,gpi,%Sz’pi,g = pi,%pz‘pH%Siflsiszifzsifzpi,%Sipi,g,
)

b;_ %pippr% Siflpi,gLifzpiflpi,%pi, 1 Sipi,g = Si718182‘71pi,%Li72 Szelpi,gsiflsisiflpi,%
11
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pi-1 Szszi&pi,gSz‘pi,%pi,g =Di-1 si—oL;_98;_25ip;_ 1p;-3,

Di_ %pi,gLi723i723ipi,%pi7 8 =P; 10i-18iP;_1P; 3.

2

(ix) sip;,_18i—2Li 28; 25ip;_18ip;_3 = 8;P;_15;_2L; op; 38D, 15;p; 3,
2 2 2 2 2 2 2
) SiP; 103-18iP; _18;P; 3 = Sipi_lpi_éLi—23i—23ipi_lSipi_ﬁ-
) 2 2 2 2 2 2 2

Siflsisiflpi,%Li723i72p2‘7%pi71pi,%SiSiflpi,% = 32‘710'2‘,%32‘713@'29@; gpi,% .

(xii) s;—18ip;_3Pi—1D;_15i—2Li_op; 38;-18iSi—1D;_3 = P;_3P;_15i5i—10,_35i_1.
2 2 2 2 2 2 2

For the left hand side of (i),

Sipi_%p,’_%Li—23i—23i—1pi+%pipi_ P8 = Sipi_%pi_gLi—zsz’—zsz‘—lpi_gpi+%pipi_%

= Sipi,%pi,gLifzpi,%8%282‘7129”%29@'29@-,% = Sipz;%pi,%Lif23i723i71pi+%pipi7%a

and for the right hand side of (i),

SiP; 1 Si—2Li—28i—28i-1p;, 1PiP;_LP;3 = SiD;_1 Si—2Li 28i 28i1p;_ 3P4 LDiD;— 1

= Sipi_%31’—2Li—2p,’_%Si—23i—1pi+%pipi_% = Sz'pi_%Si—zpi_%Li—28i—28i—1pi+%pz‘p,~_%

= Sip;_ %pi_%Li—23i—23i—1pi+%pipi_% .

For the left hand side of (ii),

Sipi_%3i72Li72pi_ 381D 1PiP;_LP; 3 = Sipi_%sifQLif2pi_ 38i—1P;_3P;1 LPiD;—1

= sz-pi,%siszz-fzpi,%pi,gpi+%pipi,% = Sipi,%3i72pi,%Li72pi,%pijL%pipif%

= Sip,'_%pi_%Li—Qpi_%pi+%pipi_% = Sipi_%pi_%pi+%pipi_% = pi_%pi_%pi+%7

and for the right hand side of (ii),

Sipi_%pi_gLi—zpi—wi_ 88i-1P; 4 LDiP; 1P 3 = Sipi_%pi_gLi—zpi—wi_ 88i—1P;_3P; 1PiP; 1

Sz‘pi_%pi_%Lz‘f2piflpi_%pi_%pi+%pipi_% = Sipi_%pi_%Lz’f2piflpi_%pi+%pi_%pipi_%
Sipifépi,%Lif2pi71pi,%pi+%pi7% = Sipi,%Li72pi7%pi71pi,%p2‘7%pi+%

= Sipi_%Li—Qpi_%pi_%pi+% = pi—%pi—%pi—i—%'

For the left hand side of (iii),

Sz'pi_%Ui—lsi—lpiJr%pipi_%pi_% = SiUz'—lsi—lpi_gpi+%pz‘p,~_%pi_g
= Sz‘Uz'flSiflpH%pz‘pi,%pi,% = Uiflsisiflpi%pipi,%pi,g
= Uiflpi,%sisiflpz‘pi,%pi,g = Siflpi,%Sz‘fldz‘flsz‘piApi,%pi,g

= Si—lpi_%Si—la'i—lpi—lpi_%sipi_% = Si—lpi_%Li—23i—13ipi_%pi_%a

and for the right hand side of (iii),

Si—lsipi_%Li—Qsi—lpi_%3i3i—1pi_% = Si—lpi_%Li—23i3i—13ipi_%Si—lpi_%

= Siflpi,%Li723i713ipi,%3i71pi,g = Siflpi,gLiﬁSFlSz‘pi,gpi,%-

For the left hand side of (iv),

pi,%pipi%Szelpi,ngfzszfzpi,%Sipi,g = pi,%pipi%Siflpi,ngfzszfzpi, 3p;_18i

= pifépipy}f»%‘si*lpif%pifési = pi,%pi,%piPH%,

and, for the right hand side of (iv),

Pi,%PiPH%Si—lUi—lpi,%Sipi,g = pi,%pz‘pi+%si—10i—1pi, gpi,%si

= pi_%pipi_i_%si—lpi_%pi_%si = pi_%pi_%pipzq_%-
12
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For the left hand side of (v),
pi_%pz‘piJr%Si—lsi—zLi—zpi_gpi_%Sz‘pi_g = pi_%pipiJr%Si—lsi—zLi—zpi_gpi_gpi_%%
and, for the right hand side of (v),
pi,%pippr%Sz’flsz‘szzezSifzpi,%Sz‘pi,g = pi,%pipH%817181‘72[@728@'—229@-,%pi,%si
=D;_1PiP;y1Si—1Si—2Li—op;_3p;_18;.
2 2 2 2
For the left hand side of (vi),
pi_%pipiJr%Si—lpi_gLi—zpi—lpi_%pi_%sz‘pi_g = pi_%pipiJr%Si—lpi_ng‘—zpi—lpi_%pi_%sz‘
= P;_1DiSi—18iP;_18ip;_3Liopi—1p;_3p;_18i
2 2 2 2 2
= P;_18iPi—1P;_1P;_3Pi—15;Li_2p;_3p;_18;
2 2 2 2 2
= p,‘_%Sz‘si—lpipi_%Si—lsiLi—2pi_%pi_%3i
= 3i3i71p2‘+%pipi+%pi,%SiflsiLif2pi,%3i
= Sisiflppr%pi,%3i71L242p2‘7%a
and, for the right hand side of (vi),
3i—13i3i—1pi_%Li—23i—1p,‘_gSi—lsisi—lpi_% = Si—lsz‘si—lpi_%Li—23i—1pi_%3i3i—13ipi_%
= Siflsisiflpi,ng‘fzszelSz‘pi,%Sz‘flpi,gSz‘ = Siflsisiflpi,%Li7282‘718ipi,%pi,%81
= 8i—1$i$i—1Pi+%pi_%Lz‘—zsi—lsz‘pi_gsi = Sz‘si—lpH_%pi_%Li—23i—1p,‘_%-
For the left hand side of (vii)
D;_18i—2Li op; 38ip;_1p;_3 =p;_18i2L; op; 38;p;_ 1
2 2 2 2 2 2 2
and for the right hand side of (vii)
Di_18i—oLi 28i—28ip;,_1p; 3 =p;_18i—2L; 28; op; s8ip; 1 =p;_18;i2Li op;, 38ip; 1.
2 2 2 2 2 2 2 2 2
For the left hand side of (viii),
piflpiféLi723i723ipiflpi7§ = piflpif§L2423i72p2;§3ip2;1
2 2 2 2 2 2 2 2
= pi,%pi,%sipi,% = pi,%pi,%piJr%,
and for the right hand side of (viii),
pi_%gi—lsipi_%pi_% = pi_%ai—lpi_%sipi_% = pi_%pi_%sipi_% = pi_%pi_%pﬂ_%-
For the left hand side of (ix),
Sipi,%32‘72Li723i723ipi,%3ipi,% = Sipi,%SifZLi723i72pi,%3ipi,%3i
= 8ip;_18i—2L;i op; 38ip; 18;
2 2 2
and for the right hand side of (ix),
$iD;_18i—2Li op; 38ip;_18ip;_3 = Sip;_18;—2L; op; 38ip;_15i.
2 2 2 2 2 2 2
For the left hand side of (x),

Sipi_%o'i—lsipi_%sipi_% = Sipi_%ai—lpi_%sipi_%si = pi—%pi—%pi—i—%’

13
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and for the right hand side of (x),

Sip;_ %pi_%Li—23i—23ipi_%Sipi_% = 8ip;_ %pi_%Li—QSi—ﬂ?i_%Sipi_%si

= Sipi,%pi,%sipi,%si = pp%pif%pzur%-
Starting with the left hand side of (xi),

8i-18i8i-1P;_3 Li—28i—2p;_1Di—1P;_38iSi-1P;_3

= 81‘7181'8@'7129@-,%Li7282‘71pi,g82‘7181'722%'7129@-,gSiSiflpi,g
= Si—lsisi—lpi_%Si—lLi—2pi_%Si—lpi—2pi_%3i3i—1pi_%

= Si—lsisi—lpi_%Si—la'i—lpi—lpi_%pi—QSi—lpi_%Sisi—lpi_%
= 82‘7181'81'7129@-,gSiflﬂiflpiflsiasiflpi,%Sz‘Siflpi,g

= Si—lsisi—lsi—la'i—lpi_%pi—lpi_%Si—25i—13i5i—1p,’_g

= Si—lsia'i—lpi_%3i—23i—13i3i—1pi_%

= 817181'0@7182‘728@'7132‘29@-,gsz‘flpi,g

= Si—lﬂi,gsi—lsipi,gpi,%,
as required. Considering the left hand side of (xii),

Szelsz‘pi,gpiflpi,%8i72Li72pi,gSiflsz‘Siqpi,g
= Si—lsz’pi_%pi—lsi—Qsi—lpi_%Si—lLi—2pi_%Si—lsisi—lpi_%
= Siflsipi,%Siflpif2pi,gLif23i71pi,%Siflsisiflpi,g
= Siflsipi,%Siflpif2pi7gpifla'iflsiflpi,%Siflsisiflpi,%
= Si—lsipi_%3i—1£i—2pi—10i—13i—1pi_%Si—lsisi—lpi_%
= Si—lsisi—lsi—ﬂ?i_%pi—lpi_%O'i—lsi—lsi—lsisi—lpi_g
= 82‘7181'8@'718@72}7@,%02‘718171817181'8@—129@-,g
= Si—lsisi—lo'i_%Si—lpi_%si—lsisi—lpi_%
= 8i—18i5i—10;_38;-18;P; _3P; 155
2 2 2

=P;_15iS;-10; 3S;-1P;_3

2 2 2
= pi_%Sisi—lsi—Qpi_lUi—lsi—l

2

=P;_3P;_188;-10;_3S;-1,
2 2 2

as required. Now, after substituting the expressions

Li 1= _pZ;%Lif23i72 - 32‘72Li72pi,% +pi,%Li72pz‘flpi,% +si2Lli 28i 2+ 0;1

and

0; = 8;-28;-10;-18;-18j—2 + Si—lpi,gLi—zsi—lpi,%Si—l + pi,gLi—28i—1pi,g

- Si—lpi_%Li—28i—2p,~_%m—1p,~_g - pi_gpi—lpi_%si—2Li—2pi_

14
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into the definition (3.2), and simplifying the resulting expression using items (i)—(x), we obtain
the equality

Ui+1pi_% = Si—lsz’si—Qsi—lai—lSi—lsi—23i3i—1pi_% + pi_%pi_gLi—zpi—lpi_%sz‘pi_%
+ Sz‘pi_%pi_%Liﬁpplpi_gsipi_%si - 8i71818i71p,~_gL1728i72p,~_%pz‘flpi_gsisiqpi_g
- Sz‘flsz’pi,gpzelpi,%Siszifzpi,gsiflsi«siflpi,g,

in which the two terms with negative coefficients survive from the expansion of s;_1s;0;s;5;_1p;_s.
2

By items (xi) and (xii), the two terms with negative coefficients in the last expression are in-

terchanged by the x map on A;41(z). Since

$i-18i8i-28i—10i-18i-18i-28iSi—1D;_3 = P;_35i~15i5i-28i-10i-15i-15i-25iSi—1,

the right hand side of the above expression for Oit1P;_3 is fixed under the * anti-involution on
A;11(z). This completes the proof of (3).
(4) We show that after substituting the expression
Li 1= _pZ;%Lif23i72 - 32‘72Li72pi,% +pi,%Li72pz‘flpi,% +si2Lli 2si 2+ 0i1

into the definition (3.2), conjugation by s; o permutes the summands of ;41 as follows:
(1) (sipi_%pi_%Li—zsi—zsz‘—lpiJr%pipi_%)SH = sz'pi_%pi_%Li—zsi—zsz‘—lpiJr%pipi_%7
(ii (Sipi_%Si—zLi—zpi_%Si—lpiJr%pipi_%)SH = Di 1PiDiy 15i-1P; 3 Li-2si-op; 18i,
(sip;_1P; 3 Liopio1p;_38i-1Pyy 1pip; 1)* 7 = sip;_1p; s Li2si-28ip;_15i,
(iv (Sipi,%8172L1728i7281‘71pi+%pz’pi,%)81’2 = 8i-18i8i-1P;_3 Li-28i-ap;_1pi-1P;_38iSi-1,
(8ip;_10i18iapyy 1pip; 1) = p;_18i2Liop; ssip; 1,
(Pi1p;sLivopiap;_ssip; 1)"™> = pi_1p; s Liopioap;_ssip; 1,
(Sipi,%32‘72Li723i723ipi,%Si)si72 = Siflsisiflpif%Lif23i71pi7%3@'7132‘3@'71’
(viii (Sipi,%ffiqsz‘pi,%si)si” = Di10i-18iP;

(ix (Sz'—1Sipi_%Li—2$i—1pi_gSz'Si—l)‘(“*2 = pi_,si—2Li—28i—28ipi_%,

(%) (5i-15i8i—28i—10i—18i—18i-28i5i—1)""2 = 8;_15;5i—28i—10i—15;—15;—25;Si—1-

The item (i) follows from the relation s;_op;, s = p, s and
2 2

Sipi_%pi_%Li—QSi—Qsi—lpi+%pipi_%32’—2 = Sipi_%pi_%Li—23i—13i—23i—1pi+%pz’pi_%
= Sipi_%pi_%Li—28i—28¢—11?,~+%pipi_%-
For the left hand side of (ii),

(Sipi,%SifQLif2pi,%SiflpijL%pipi,%)Si72 = Si-25iP;_1Si~2Li-op; 35i-1P;; 15i-1Pi-1D;_1Si-2
= 31’—231'17,'_%3i—23i—1pi+%Si—lLi—2pi_%pi—lpi_%3i—2
= 3i—23i3i—23i—1p,’_%pi_i_%Si—lLi—2pi_%pi—lpi_%3i—2
= Siszelpi,gpzqr%SiflLif2pi,gpzelpi,%Sifz
= pi_%Sisi—lpi_%Si—lLi—Qpi_gpi—lpi_%Si—2
= Pi_%Sisi—lpi_g81’—101'—11%'—11%_%pi—lpi_%si—2
= pi,%Sisiflpi,%Sz’flffiflpiflpi,%siﬁ
= Pi,%Sisi—lsi—lai—lpi,%pz’—lpi,%Sz’—z
= pi_%sigi—lpi_%si—%

15
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and, for the right hand side of (ii),

pifépipzqr%Siflpi,%Li723i72pi,%3i = P;_1PiD;i1 18i-1P;_3Di—20i-1P;_15i
= pi,%pz‘flsiqpi%Si71pi,gpz‘720i71pi,%8i = pi,%pz’flpi,gpz;zsifm“%Sz‘flﬂz‘flpi,%si
= pi_%pi—lpi_%pi—Qsi—lpH_%Si—lo'i—lpi_%si = Pi_%pi—lsi—28i—1p,~+%81’—101'—11%_%&
= pi_%pi—lsi—Qsi—lpH_%Si—la'i—lpi_%32’ = pi_%pi—lsi—23i—1pi+%pi+%Si—la'i—lsi

= pi,%piflpi,%sifzsiflpij%8i710i718i = pi,%3i723i71pi+%3i710i713i

= pi_%8i—2$i—1$i-18ipi_%m—1 = pi_%si—Qsipi_%Uz’—l = pi_%SiUi—lpi_%Si—m

where the last equality follows from s;_9p, 1051 = 05_1p, 15, 2.
2 2
For the left hand side of (iii),

(Sipi_%pi_gLi—zpi—lpi_%Si—lpiJr%Pipi_ V) = sip 1p; s Liopioap;_sSiap; 1P 18i2

= Sz‘pi,%pi,gLifzpiflpi,gsz‘pi,%sisz’flpz’pi, 18i-

= 8ip;_1p;_3Liopi—1p;_38iD;_1Pi—18iD;_18;—2
2 2 2 2 L

= 8ip;_1P;_3L;i 28ip;i 1p;_3D;_1Di—18iD;_15i—2
2 2 Tty =3

= 8iD;_1p;_3Li 28;8; 1DiD;_38i-18iP;_18i—2
2 2 =3 =3

= 8;p;_3L; 9p;_18;Si 1DiP;_35i-15iD;_1Si—2
2 2 L) =3

= Sipi_%Li—23i3i—1pi+%pipi+%pi_%Si—lsisi—Q

= pi_%Li—23i—1pi+%pi_%si—lsisi—2

= pi,ng‘fzsiflpi,gSiflsz‘pi,%Szez

= Pi,gpi—lﬂi—lsi—lpi,gsi—18ipi,%8i—2

= pi_%pi—lpi_%Ui—lsi—lsi—lsipi_%«%—2

= pi,gpz‘flpi,%ffiqsz‘pi,%sz;z,

and for the right hand side of (iii),

8ip;_1p;_3Li 28; 28;p;_18; = 8;p;_18;p;_3L; 28; op;, 15;
2 2 2 2 2 =3
= Si—lpH_%Si—lpi_%Li—Qsi—Qpi_%31’ = pi_%Li—23i—1pi+%3i—13i—2pi_%Si
= pi,%Li723iflpi+%pi,g3@'7132‘7231' = pi,gpiﬂmflsiflpﬁ%pi,%81718i7281‘
= Pi,gpi—lﬂi—lsi—lpﬂéppgSi—l$i—28i = Pi,gpi—lpi,%Ui—lsi—lppr%si—lsi—zsi
= P,_3Di—1D;_10i—18iP; _18i8;—28; = P, _3Di—1D; _103—18iP; _18i—2.
2 2 =3 K> T3

2
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From the left hand side of (iv), we obtain

)5i72 —

Si—
= (Sipi,%Sz’fzsz‘flLifzSif182‘7281'—129@4%pz‘pi, )Fi=2

(sip;_18i-2li-28i-28i-1P; 1PiP; 1

NI

= (Sz‘Si—28i—1pi_%Li—28i—18i—28i—1pi+%pipi_%)si’Q
= SiSi—lpi_gLi—28i—18i—28i—1pi+%pipi_%si—2
= Sisiflpi,gLi723i723i713i72pi+%pipi,%32‘72
= SiSi—lpi,gLi—28i—28i—1pi+%pz‘si—ﬂ?i,%8i—2
= Sisi—lpi_%Li—23i—23i—1pi+%pisi—lpi_%Si—l
= SiSiflpi,gLifzsifzsipi,%SiSiflpiSiflpi,%Sifl
= Sz‘Siqu‘pi,gLz’fzszfzpi,%Sz‘pz‘flpi,gsifl
= Si—lsisi—lpi_%Li—23i—2pi_%Sipi—lpi_%si—l
= Sz‘flsiszelpi,gLifzsifzpi,%piflpi,%Siszel
which is identical to the right hand side of (iv).
From the left hand side of (v), we obtain
(8iP;_10i-18i-1D; 1PiP;_1)™7% = $i-28i0i-18i-1P;_3D;y LPiD;_LSi-2
= Sigi_%si—lpi+%pipi_%pi_% = pi_%o}_%sisi—lpipi_%pi_%
= pi_%o}_%sipi—lpi_%pi_% = pi_%ai—lsipi—ﬂ?i_%pi_%
=P;_L0i-1Pi-2P; 38iP; 1 = P;_1Si—2Liop; ssip; 1.,
which is identical to the right hand side of (v).
The item (vi) follows immediately from the relation Si-2P; 3 = P;_38i-2 = D; 3.
From the left hand side of (vii), we obtain
(Sipi_%Si—2Li—2$z‘—28ipi_%Si)si’2 = 3i—23i3i—23i—1pi_%Si—lLi—23i—23ipi_%3i3i—2
= 8i8i-1P;_3Si—1Li—28i-28ip;_18iSi-2 = 8i8i-1P;_3Si-1Li—28i-28i-1p; 18i-18i-2
= 8i8i-1P;_3Si-1Li—28i8i-1p;_38i-18i = 8i8i-1P;_38iLi-28i-18:p;_3i-15i

38;-15i5i—1,

= Sisi—lsipi_%Li—ZSi—lpi_éSisi—lsi = Sz‘—lsisi—lpi_%Li—28i—1p,~_2

2

which is identical to the right hand side of (vii).
From the left hand side of (viii),

(Sipi_%Ui—lsz‘pi_%Si)si’Q = 8i-28iP;_10i-18i-1D; 4 18i-15i-2
= 3@'7232‘0'2‘713@'71]9@;%pi+%3i713i72 = UZ-,%SiSi—lpi,%pH%Si—lSzez
= O'i_%3i3i—1pi+%pi_%3i—13i—2 = O'i_%pi_%Sz‘si—lsi—lsi—ﬂ)i_%
= O'i_%pi_%sisi—ﬂ)i_% = pi_%ai_%si—Qsipi_% = pi_%ai—lsipi_%a
which is identical to the right hand side of (viii).
From the left hand side of (ix),
(Siflsipi,%Lif23i71pi,%3i3i71)8i72 = Sz’fzsz‘flpi,%Lifzsisiflsipi,%82‘718@'72
= Pi,%8i—281‘—1Lz‘—28i81‘—18i8i—18i—2pi,% = pi,%8i—2Li—2Si—18i81‘—18i8i—18i—2pi,%
= pi_%si—2Li—23i3i—2pi_%a

17
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which is identical to the right hand side of (ix).

The equality (x) follows from the fact that s;_2s;_15;8;—28i—1 = S;—15iSi—28i—15;.

(5) By (2) and (4), 041 commutes with (s;_2,p;—1), and so with p;_o = s;_op;—18;—2.
(6) By Proposition 3.4, and (2),

04 1Pi-1 = Si0i+1Pi—1 = Pi-15i0i+1 = Pi-10,4 1.

(7)—(9) Can be proved using the same argument as part (6). O

Theorem 3.7. The elements Li11 and L; 1 salisfy the following commutation relations:
2

(1) Li+1pi+% 1LZ+1pr_1L,p,+1pl+ fori=1,2,....
(2) Liy1p; = piLiy1, fori=1, 2

(3) Li+1pi_% :pi_%Li-i-l: fO?”iZQ,?),....

(4) Li+18i_1 = Si—lLi-i-l; fO’I” 1= 2, 3, e

(5) Livipi—1 = pi—1Liq1, fori=2,3....

(6) LH%pi:piLH%,fori:1,2,....

(7) LH_1pi 1=p; 1Li+%,f0ri:2,3,....

(8) L 18- 1fs, 1Lz+%,f0ri:2,3,....

(9) L H%pz 1= pi_ 1LZ+%,f0ri:2,3....

Proof. (1) Using Proposition 3.2,

Livipip1 = =silipiy 1 = iy 1 Lisipi 1 +pi 1 Livigapi 1+ silisip 1+ 0iap; 1
= —=silipj 1 = pipiLipi ) APt Libiapi 1+ silip 1 P L
= =silipj 1 = pip1 P Lipivapi L+ silipi L+ P
= pi+%Lipi+1p,~+%,

as required.
(2) From Proposition 3.2, we obtain o;1p; = Oit1PiP;y 1D = siLipH%pi. Thus

Litapi = =siLip; 10i = piy 1 Lisipi + piy 1 Lipiv1p;y 1pi + siLlisipi + 0iv1pi
= (0it1pi = silip;y 1pi) + (g 1 Liviv1pi 1pi — Py 1 Lisipi) + siLipitasi
= (Ui+1pi - Ui—l—lpi) + (pH_l L; iSiDi — pH_lL Szpz) + 55 szz-‘,—lsza

and the statement now follows from the fact that the right hand side of the above expression is
fixed under the x anti-involution on A;41(z2).
(3) We first show that

(i) pl+1L iSiP;_1 = Dy 10iSi,
(i) s sz“rlpz L= zpz_%Lz 1PiP;_ 1Py 1,
(iii) pz+ zpz+1pz+lp2;% = pH%pi,%Liqpipi,%pH%,
(iv) Uz+1pzf_ =D;_ 10i+1-
18
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(i) The definition (3.1) gives

PipiLisip; 1 = —pip1sicalioap;_1sip; 1 = piyip; 1 Licasioisip; 1
+pi+%pi,%L2‘71p2‘pi,%3z‘pi,% +pi+%8i71Li7182‘718¢pi,% +pi+%02‘8ipi,%
= —pH%SiflLi—lpi,%pH% —pH%pi,%LiflpH%SiflSi
PP 1 Licapip 1P 1 P Sic1Licapi 18i-18i TPy 10isip; 1
= —pH%pi,%Liflpi,% —pH%pi,%LiilSzflSi
T Pipap 1 Licap; 1 AP ap; 1 Lic1sio18i + Py 108D 1
= Py 10iSi;

where the last equality follows from Proposition 3.2.
(i) The definition (3.1) gives

SiLz’pH%Pi_% = _Sisi—lLi—lpi_%piJ,_% - Sipi_%Li—lsi—lpiJr%pi_%
+ Sipi_%Li—lpipi_%pH_% + SiSi—1L¢—18i—1pi+%p,~_% T 80P 1P 1
= —SiSiflLiflpi,%pHE - Sz‘pi,%Liqu%pi,%
+ Sipi,%Liqpipi,%pH% + 8@8i71Li71pi+%pi,% TPy 1P L
= Sipi_%Li—lpipi_%pi_;_%

since pb;_1 Li71pi, L=Dp;, 1.
2 2 2
(iii) The definition (3.1) gives

pi+%Lz’pi+1p,~+%pi_% = —pi+%8i71Li71pi_%pi+1p,~+% - pi+%pi_%Li718i71pi+1pi+%pi_%

TP 1P 1 Licapip; 1piapiy 1 + Py 1 siciLicisicapip 1p; 1
+ pi+%0'ipi+1pi+%pi_%

= —pi+%Si—lLi—1pi_%pi+1p,~+% - pi+%pi_%Li—1pi_%pi+1pi+%
DD L Licapip; 1pi1Piy 1 + Py 1 Sic1Licap; 1Piapiy L
TP 1D LPit1Piy L

= TPy 1P 1Pit 1Py L +pi+%pi_%Li_lpipi_%pmpi%
+ pi+%pifépi+lpi+%

= pH%pi,%Li_lmpi, 1Pi+1Pj4 L

(iv) Was demonstrated in Theorem 3.6.
Now, using

siLi—1si—1p;_1 = —sisi—1Li1p;,_1 —p,_1Li 18 18ip;,_1 + sip,_1Li 1pip;,_15ip;_1
2 2 2 2 2 2 2
+ Sz’Sz‘fle‘ASi*lSz‘pi,% + 8i0isip; 1
= —Sisi—lLi—lpi,% - pi,%Li—lsi—wi + Sipi,%Lz’—lpz‘pi,%pH%
+ sisi—1Li—18i-18ip;_1 + p; 10484,
2 2

19
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we obtain
Li+1p,~_% = _SiLipH_%pi_% - pi+%Lz’8ipi_% +pi+%Lz’pz’+1pi+%p,~_% + SiLiSipi_% +Oit1p; 1
= —Sipi,%Liflpipi,%pH% ~ Pi1L0iSi +pH%pi,%Liﬂpipi,%piﬂpﬂé
+ SiLiSz‘pi,% + Oit1p;_1
= p,~+%pi_%Li—1p1p,~_%pz’+1p,~+% + Sisi—lLi—lsi—lsipi_% T Oi+1p; L.

Since the right hand side of the last expression is fixed under the * anti-involution on A;1(z),
the proof of (3) is complete.
(4) We show that after substituting the expression
L; = _pi,%Liflsifl - Sz’fle’flpi,% +pi,%Li71pipi,% +si—1Li15i1 + 0y
into the definition (3.1), conjugation by s;_; permutes the summands of L;y; as follows:
(i) Si-1Diy 1P L Lic1sic18isi-1 = Py 1p; 1 Lic1si-isi,
(11) Si—lpi+%3i—lLi—lpi_%Sisi—l = Sipi_%Li—lsi—lpiJr%,
(iii) Si—lpi+%p,~_%Li—lpipi_%sisi—l = pi+%pi_%Li—18i—1pi+1pi+%7
(iv) Siflpzqr%SiflLiflsiflsiSifl = SipZ;%LiflsiflSia
(v) 8i-1P;1 10i8iSi-1 = 8iP; 1 Li—18i1p; 10ip; 1,
(vi) Si—lpi+%l),~_%Li—lpipi_%PiJrlpiJr%Si—l = p,~+%Pi_%Li—lpipi_%PinH%7
) Si—lpi_i_%Si—lLi—lsi—lpi-i-lpi_;_%Si—l = Sipi_%Li—lpz’pi_%Si,
) 8i-1D;y LOiDi+1P;1 18i-1 = 8iP;_1 Li-1sip;_15i,
) si—15iSi—1Li—15i—15i8i—1 = 8iSi—1Li—15;-15i,

(vii
(viii
(ix
(x) Si—lpi_%Lz’—1Sz’p,~_%Si—1 = Pi_%Lz’—wipi_%-
For item (i),
Sz’—lPH%pi_%Lz’—lsi—lsisi—l = p,’+%pi_%Lz’—13i$i—13i = p,~+%p,~_%Li—1Si—18i-
For item (ii),
Si—1P; 18i—1Liap;_18i8i—1 = $ip;_18iLi—1p;_18iSi—1
2 2 2 2
= Sipi,%Liflsipi,%SiSifl = Sipi,%LiflsiflpiJr%-
For item (iii),
Si—lpi+%pi_%Li—1pipi_%Sisz'—l = Pi+%p,~_%Li—1pi8i«9i—1pi+% = Pi+%Pi_%Li—18i—1pi+1pi+%-
For item (iv),
$i-1P;1 18i—1Li—18i-18:8i-1 = $ip;_18iLi—18i-18i8i-1
= Sipi,%LiflsiSiflsiSifl = Sz’pi,%Lz‘flsz’flsi-
For the left hand side of item (v),
SiflpijL%JiSiSifl = Sz‘flﬁisipi,%sifl = Ui,%sz’pi,%,
and for the right hand side of item (v),
sz‘pi,%LHsz‘qu%pipi,% = Sipi,%Liflsipi,%sz-squipi,% = Sipi,%Liflsipi,%Sipiflpifé
= Sipi,%SiLi—lpi,%pi—lsipi,% = Sipi,%SiUipipi,%pi—lsipi,% = Sipi,%smisi—lpi—lsipi,%
= SiSiUz'PH%SiqSipi—lpi_% = Ui$i—18ipi_%l%—1pi_% = Ui_%sipi_%-

20
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The item (vi) follows from the relation s;_1p, 1 =p, 1s;—1 =p, 1. For item (vii),
2 2 2

SzelpH%Sz’flLiqSi*lPiﬂpH%Siq = Sipi,%SiLiflpiJrlSipi,%Si = Sipi,%Liflpipi,%Si-

For item (viii),
Siflp”%ﬂz‘pwlp”%sifl = Siflo'isipi,%Sipi+1pi+%3i71 = 04,;8z’pi,%pipi+%szel

= Ui_%sipi_%pisi—lsipi_%si = O'i_%sipi_%pi—lsipi_%si = Ui_%sipi_%sipi—lpi_%si

= Ui_%sipi_%sipi—lpi_%si = U,'_%Si—lpi+%3i—1pi—1pi_%3i = Si—lpi_:,_%si—la'i_%pi—lpi_%Si

= 8iP;_18i0;_1Di—1D;_15; = Sip;_18;Li 1p;_15;.

2 2 2 2 2
(ix) Follows from the Coxeter relations, and (x) from the relation s;_1p, 1 =p, 151 =p; 1.
2 2 2
(5) By parts (2) and (4), L;+1 commutes with (p;, s;—1), and so with p;_1 = s;_1p;S;—1.
(6) From item (3) of Proposition 3.2, Oi 1 1Di = Si0i41PiDiy 1Di = LipH%pi, and
L@Jr%pz‘ = —pH%Lz’pi - Lz‘pH%pi + p”%Lipz’pH%pi + Sz‘Li,%Sz‘pz‘ 041
= —Pi+%Lz’pz’ - Lipi+%pz' + pi+%Lz’pi + SiLi_%pi—i-lsi + Lipi+%pz'
= SiLi_%leSi-
Since siLF%piHsi = sipi+1Li7%si, this completes the proof of (6).
(7) We show that
(3.6) Li+%p2‘7% = —pi,%Liqpipi,%pH% _piJr%pi,%Liflpipif%
+ Sisi—lLi_%pi_,_%si—lSi T 8i8i-10;_1P; 1 15i-18i.

From the definition (3.3),

(3.7) Lijipi 1= (_Lipi—l—% —PiprLitpipiLipip 1 + sl 1si+ Uz’+%)pi—%'
Using part (1) the first three summands in the right hand side of (3.7) are transformed as:
Lipi+%pi,% = pi,%Liflpipi,%pH% and pH%Lipi,% = pH%pi,%Liflpmi,%,
and
pi+%Lipipi+%pi_% = pi+%piLipi_%pi+% = pi+%pipi_%Li_1pipi_%p,~+%
= pi+%piLi71pifépi+% = Liflpi,%pijL%-
Next,

sil; 18ip;_1 = —8;L;i 1p;_18;p;_1 — 8;p;_1L;_18;p; 1 + 8;p; _1L; 1p;_1p;_18;p;_1
2 2 2 2 2 2 2 2 2
+ Sisi—lLi_%Si—lsipi_% + Sidi_%sipi_%
= —SiLiflpi,%pH% - Sz‘pi,%Liflsz‘pi,% + Sipi,%Lzelpiflpi,%pH%
+ Sz'SiflLi,%SiflSipi,% T 8i8i-10;_18i-18iD;_1
=—Lip;_1p; 1 —sip;_1Li—1sip;_1 +p;, 1 Liapi1p; 1D, 1
2 2 2 2 2 2 2
+ SisiflLi,%piJr%SiflSi T 8i8i-10;_1D;; 18i-18i.

Substituting each of the above into (3.7), and using part (1) of Theorem 3.6 gives (3.6). The
right hand side of (3.6) being fixed under the * anti-involution on A, 1(z), the proof of (7) is
2

complete.
(8) We show that, after substituting the expression

L, v=-p;,_1Li1—Lip, 1+ +p;,_1Liapiap;_ 1 +8i—1L, 18,1+ 0, 1
2 2 2 2 2 2 2
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into the definition (3.3), conjugation by s; 1 permutes the summands of L, 1 as follows:
2

(i) 32‘71(pijL%pi,%LiflSifl)Sifl = pH%pi,%Lplpipi,%pipH%,
) Si—lpi+%8i—1Li—1pi_%8i—1 = Sz‘p,‘_%Li—lsz‘pi_%7
) Si-1Pi 1D 1 Licapip;_1sio1 =P 1 Licapivg 1,
) 32‘71(pijL%SiflLiflSifl)Sifl = SipZ;%Liflsia

(V) Si-1Piy10iSi-1 = OiPyy 1,
)
)
)

(Vi) si—1p; 1D 1 Lic1sioapip;y 18i-1 = Dy 1Py 1 Licasiapivgy 1,
(vii Si—lpi_u,_%Si—lLi—lpi_%pipiJ,_%Si—l = Sipi_%PiPH%Sz‘—le‘—wi_%Si,

Siflpzqr%SiflLiflsiflpipiJr%32‘71 = Sipi,%Liflpiflpi,%Sia
(ix) $i-1D; L Li-18i-1D; 1Pip;_18i-1 = D1 Lic18ioap; 1pip; 1.
The left hand side of (i) is
Si—l(pi+%pi_%[/i—13i—1)3i—1 = Piypibi 1 Liz
and the right hand side of (i) is
pH%pi,%Liilpipi,%pipH% = pH%pi,%LiilpmH% = pH%pi,éLH-
The left hand side of (ii) is
81‘71}?2%81'71[/@'71}?@,%8@71 = Sipi,%SiLiflpi,% = Sipi,%Liflsipi,?
which is the same as the right hand side of (ii). The left hand side of (iii) is

8i—1Pi+%Pi_%Li—1pz‘Pi_ 18i-1 =Py 1P 1 Li—1pip;_

1,
2

which is the same as the right hand side of (iii). The left hand side of (iv) is
32‘—1(pi+%3i—1Li—13i—1)3i—1 = Sipi_%SiLz‘—l = Sipi_%Lz‘—wu
which is the same as the right hand side of (iv). The left hand side of (v) is
Siflppr%aisifl = Sz’f1pi+%0i,% = Si710i,%pi+% = Uz'pH%,
which is the same as the right hand side of (v). The left hand side of (vi) is
SiflpH%pi,%Lz’flsiflpz‘p”%&fl = p”%pi,%Lz‘flsiqpiszelsipi,%Si
= pi+%pi,%L2‘71p2‘718ipi,%8i
= pi+%p,~_%Li—1pi—1pi_%,
which is the same as the right hand side of (vi). The left hand side of (vii) is
SzflpH%82‘71L2‘71pi,%pipi+%8i71 = Sz'pi,%SiLiflpi,%pipH%Siq
= Sipi_%Li—lsipi_%pipi+%3i—1 = Sz‘pi_%piUiSi—lpH%8i—18ipipi+%8i—1
= Sz‘pi,%pmi,%pw%siflsimsiflsmi,%Si = Sz’pi,%pzﬂi,%pi%pz‘pi,%si
= SiP;_1PiP;110;_1PiP;_15; = sz-pi,%pzpw%szelLHpi,%Si,
which is the same as the right hand side of (vii). The left hand side of (viii) is
Siflppr%SiflLiflsiflpipiJr%Sifl = Sz‘pi,%Sz‘Lz‘flSiflpz'SiflSipi,%Sz'
= Sipi,%Li—lsisi—lpisi—lsipi,%Sz‘
= Sipi_%Li—lpi—lpi_%Su
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which is the same as the right hand side of (viii). Since the statement (ix) is evident from the

relation s;_1p, 1 =p, 15,_1 = p,_1, the proof of part (8) is complete.
2

1
(9) By parts (6) and (8 ) i} commutes with (p;, s;—1), and so with p;_1 = s;_1p;si—1. O

Theorem 3.8. Ifi=1,2,..., then
(1) Liy1 commutes with A; 1(z), and oiy1 commutes with A;_1(z),
2 2
(2) L 1 commutes with Ai(z), and o;, 1 commutes with A;_1(z).
2 2

Consequently, the family of elements (L;, Li+% :1=0,1,...) is pairwise commutative.
Proof. (1) Observe that L; commutes with -’41—%(2) and Ly commutes with "41+% (z), while o9
commutes with .,417% (z) and o3 commutes with .,427% (z). Since
L;y1 commutes with (31—1,2%—1,2%',]9@-,%,pi+%>, if i > 2, and
0;11 commutes with (32‘—2,pi—z,pi—l,pi,%,pi,%% ifi >3
it suffices to show that

(2), if i > 2, and
(ii) oj41 commutes with A, o( ), if i >3

(i) Liy1 commutes with A,

l\.’:lw

n

If ¢ > 2, then induction on i shows that L;;; commutes with 4;_o(2), while, if ¢ > 3, the fact
that LZ+1 commutes with p, s follows from induction on 7, and the fact that ;11 commutes
2

with p, 3. Similarly, if i > 3, then induction on i shows that o;1; commutes with 4;_3(2), and
that, 1f z > 4, then 0541 commutes with p,

2
(2) Observe that L0+% commutes with Ap(z) and L1+§ commutes with 4;(z), while T141

commutes with Ag(z) and o, 41 commutes with A;(z). Since

L, 1 commutes with (s; 1,p;—1,pi,p;_1), if i > 2, and
2 2

0,1 commutes with (si_g,pi_g,pi_l,pi_%>, ifi>3

D=

it suffices to show that

(i) L, i} commutes with A, 3(2), if i > 2, and

1—2

\\/ \\/

(ii) 041 commutes with A, _ ( ), if ¢

If + > 2, then induction on i shows that L, 1 commutes with A; o(2), while, if i > 3, the fact
2
that L; +1 commutes with p,_ 3 follows from induction on 7, and the fact that o, +1 commutes
with p,_s. Similarly, if 7 > 3, then induction on i shows that o, 1 commutes with .,4 3(z), and
2

that, 1f z 4, then 0,1 commutes with p,_s. O
2 2

Proposition 3.9. Fori=1,2,..., the following statements hold:
(1) (Liyy + Liv)pivs = pisi(Lig 1 + Liga) = 2pig1,
(2) (Li+ Ly )iy = pipr(Li+ Ly 1) = 2p
(3) (LZ;% tLit+ L+ Liy1)si = Si(LZ;% +Li+ L+ Liy1).
Proof. (1) It suffices to observe that:
(1) Lipiy 1pit1 = CisaPi1,
(11) pH— 1 szz—l—l = pH— 1 szz—}—lpH_ 1p7,+17
(111) pH— zpsz_lpH—l = p,+1L SiPi+1,
(iv) s —18iPi+1 + siLiSipit1 = ZPit1,
(V) Oy 1pz+1 = SszpZ+ 1p2+1
23
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With the exception of (iv), each of the statements above is evident from the defining relations
or from what we have already shown. Since (L1 + L1)p; = zp1,
2
(3.8) sili_18ipit1 + silisipit1 = Si(Li_%pi + Lipi)s; = 28ipiSi = 2Dit1,
gives (iv) by induction.
(2) Using the expression (3.8), we have
ZpH_% = szq_%pi—l—lpﬂ_%

= Diy 1 (sily_18iDiv1 + Sz‘Lz‘Sipz‘+1)p,~+%

= Pip i Ly 18ipivipiy 1 + P 1 Lisipiap g 1

=L 1pi1pipi 1 P Lipipi 1

=L 1pi1 t o1 Lipipg o,
which yields

(L; + LH%)pH% = Lipjy 1 —pipiLipyt — Lipgp s + Py 1 Lipipy 1
T8l 1pi 1 0o 1P
= Pipl tapir — L n L api1 4
= P41
(3) Since 0j418; = iyl = 8i0it1, We have

(L,

ict T Li+ Liys + Liga)si = L_1si + Lisi — py 1 Lisi — Lipg 1 +p; 1 Lipipy
+82‘Li7% +0'i+%81' —piJr%Li — SZ-LZ-pH%
TP 1Lipivipi g + sili + 0isi
=si(Li_1 + Li+ Ligs + Ligy),

2

as required. O

Theorem 3.10. If £k =0,1,..., then

(1) the element Gyl = L% + Ly +L1+% +-- +Lk+% is central in Ak+%(z),

(2) the element zpy1 = L1+ L1+ Ly 1 + -+ Liyy is central in Ay 1(2).
2 2

Proof. (1) We first show that Zhy commutes with pq,...pr and PrylseeosPyyt Ifi=1,...,k,

then p; commutes with z; 1 and with Li+% + Liy1+ -+ Lk+%. Since p; also commutes with
=3

L, + Li—l—%’

suppose that i = 1,...,k — 1. Since s; commutes with z;,_1, L,

L, 1 + L;, it follows that p; commutes with z, e Similarly, since p; 41 commutes with z;_1,
2 2 2
and with L;41 + LH% + ... Lk+%’ it follows that Pitl commutes with Zhyl- Next,
1+ L; +Li+l + L;11, and with
2 2
LH% +Lio+---+ Lk+%’ it is evident that s; commutes with Zhpl- As .Ak+%(z) is generated
by p1,- ., Dk, Prilsess Dyl and s1,...,S,_1, we conclude that %y is central in Ak+%(z).
(2) Given that 2, 1 is central in A, , 1(z), it suffices to observe that s commutes with z;1. [
2 2

Proposition 3.11. Fori=1,2,..., the following statements hold:
(1) (Li+ Liy 1+ Liva)oigs = oipa(Li + Lo + Liga),
(2) (Lioy + Lit Lig1)o;, 1+ Lit L),

2

1= Uz‘+%(L

Proof. (1) Since 0;4; commutes with
Zit1 = Zi—1 + Li—% + L; + Li+% + Li+1,
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and 0,41 also commutes with 2,1 + L, 1 € A, _1(2), it follows that ;11 commutes with
2 2
L; + LH% + Liy1.

(2) Given that o,,1 =1, we may suppose that ¢ = 2,3,.... Since 0, 1 commutes with
2 2

Zigl =23+ Li 1+ Li,% +L; + LH%,
and o;,1 also commutes with z;_s + L; 1 € A; 1(2), it follows that o;, 1 commutes with
2 2

2
L;%—{—LZ’—FLZ-JF%. ]

(2

4. A PRESENTATION FOR PARTITION ALGEBRAS

In this section, we rewrite the presentation for Ay (z) given by [[H1R] in Theorem 2.1 in terms
of the elements 0;,0,, 1,p;,p; 1.
2 2

Theorem 4.1. If k = 1,2,..., then Ag(z) is the unital associative algebra presented by the
generators

pl,pH%,pz,---,pk,%,pk,ﬂz,%%,ﬂ&---,O'k,%,ffk,
and the relations:
(1) (Involutions)
(a) Ui2+% =1, fori=2,....k—1.
(b) ot 4 =1, fori=1,....k—1.
(2) (Braid-like relations)
(a) is105,1 =05 100, if §# i+ 1.
(b) oio; =0ojo;, if j #1+ 1.
(c) 0410541 =0,,10;,1, ifj#£i+1.

(d) $iSit18i = Sit18iSi+1, fori=1,...,k—2, where
0041, Zfe = 17
S¢ = .
Opy 10041, ifl=2,....k—1,

are the Cozeter generators for Gy,.
(3) (Idempotent relations)
(a) p? = zp;, fori=1,... k.
(b) pir% :pir%,fori:l,...,k—l.
(c) Oit1Pipl = Pigp 1041 = Pig 1, fori=1,... k—1.
(d) 041Dl =Piyl0;41 :pi_}_%,fm"i:l,...,k'—l.
(¢) 0 1PiPit1 = Oipapipisr, fori=1,....k — L.
(f) PiPi+10;, 1 = PiDi410i+1, Jori=1,... k-1
(4) (Commutation relations)
(a) pipj = pjpi, fori,j=1,... k.
(b) Pip1Pjpt = PjiiDiy L, fori,j=1,...,k—1.
(¢) Piy1pj = PiPiy L, Jorj #ii+ 1.
(d) oip; = pjo; if j#i—1,i.
(¢) oipjp1 =pji 106 if 7.
(f) oip1pj = pioiy1, 5 #ii+ 1
(9) 0311 =Pja0i 1, ifj#i— L
(h) T4 1Di0; 1 = Oit1Dit10i41, fori=1,... k—1.
(i) O’i_’_%pi_%di_’_% = Uipi+%0'i7 fori=2,... k—1.
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(5) (Contraction relations)
(a) Piy1PjPiy L = PiyLs forj=1d,i+1.
(b) pip;_1pi = pi, for j =i i+ 1.

Proof. We first show that the relations given in the statement above are a consequence the
presentation given by by [HR] in Theorem 2.1.

(1a), (1b) Follow from Proposition 4.2.

(2a) To see that ;11 and Titd commute, we use Proposition 3.4 and Proposition 4.2 to obtain

(4.1) O'i+1:0'i+%8i28i0'i+% and O'i+%0'i+1:0'i+10'i+%:3i (forizl,...,k—l)

where s; is a Coxeter generator for &5, C Ay(z). Theorem 3.8 shows that o; commutes with

11 commutes

2

with A;_1(2), and hence with o9,...,0y_1. In general however, ¢; and o, 1 do not commute.
2

Ajf% (2), and hence that o; commutes with Opplse-es0; 3. From Theorem 3.8, o,

(2b), (2¢) Theorem 3.8 shows that ¢;41 commutes with o3,...,0;-1 and that 0, 1 commutes
2
with Ul—}—%""?(ji—g'
(2d) Follows from (4.1), whereby for j = 1,...,k — 1, each product 0, , 10,11 = s; is a Coxeter
2
generator for & C Ai(2).
(3a), (3b) Are included in the set of relations given by [ITR].
(3¢), (3d) That oy41p; 11 = p; 10441 = p;, 1 is given in Proposition 3.2. Proposition 3.4 shows
2 2 2
(3e), (3f) Proposition 3.4 and Proposition 4.2 show that

PiPit1 = SiDiDit1 = 0, 104 1PiPit1 and O; 1DiPit1 = Oit1PiPi+1-
+2 +2

(4a)—(4c) Are included in the set of relations given by [HR].
(4d), (4e) By Theorem 3.8, o; commutes with A, 3(z), and hence with py,...p;—o and with
2

Piyl,---,P;_3. Proposition 3.2 shows that o; commutes with p, 1.

2 2
(4f), (4g) By Theorem 3.8, 041 commutes with A4;_1(z), and hence with p1,...p;—1 and with
PrylsososPi s From (3d), it follows that iyl commutes with Piy1-

(4h) Proposition 3.4 and Proposition 4.2 show that
Pi = SiPi418i = 034 LOi41Pi+10i+10;1 1 and Oi4-1Pi0; L = Oit1Pi+10i+1-
(41) Proposition 3.2 shows that p, 1s;0; = sioip; 1. Proposition 3.4 and Proposition 4.2,
2 2
together with the fact that o; 1 commutes with p, 1 give
2
Pi—10i410;4 10 = 03410, 10iP; | 1 and Pi 101107 =0, 107D 1.

Multiplying both sides of the last expression by ¢;0,, 1 on the left, and using Proposition 4.2
2

once more shows that
Oi04y 1P; 1034107 = 030, 10, 10iP; 1 = P; 1 and 041D 1034 L = OiDyy 10,

as required.
(5a), (5b) Are included in the set of relations given by [HR].
Next, we derive the relations given by [[R] in Theorem 2.1 from the relations (1a)—(5b)
above.
(1i) By the relations (1a), (1b) and (2a),

— ) 2 _ - _
Ti10341 = 0;,10;,1 and (JH%UH_l) =1, fori=1,...,k—1.
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Thus, writing s; = T3 1001, fori=1,...,k— 1, we recover (1i).
(1ii) If j # i + 1, then, by (2b) and (2¢),
S$iS5 = O'i+%0'i+10'j+%0'j+1 = O'j+%0'j+10'i+%0'i+1 = 85454,
as required.
(1iii) Is equivalent to (2d) with s; = 0, 10441, for i =1,...,k — 1.
2
(2i), (2ii) Are identical to the relations (3a) and (3b).
(2iii) With s; = 04410, 1, the relations (3c) and (3d) give
2

SiPiyl = 034 10i+1Piq 1 = 03 1P 1 = Pyl
and

pH_%Si = pi+%0'i+10'i+% = pi+%ai+% = pi+%a
as required.
(2iv) With s; = 04410, 1, the relations (2a), (3e) and (3f) give

2
SiPiPi+1 = O-i+10-i+%pipi+1 = PiPi+1 and PiPi+18i = pipi+10'i+10'i+% = PiPi+1,
as required.
(31)-(3iii) Are identical to the relations (4a)-(4c).
(3iv) If j # 4,7 + 1, then the relations (4d) and (4f) give
$iPj = 03y 10i+1Pj = 034 1Pj0it1 = PjTi1 10i+1 = PjSis
as required.
(3v) If j #i —1,i+ 1, then the relations (4e) and (4f) give
$iPjt+l = Oip 10i41Pj L = O3y 1P+ 10i41 = Py 101 10i+1 = Pj1 155,

as required.
(3vi) From the relations (1b) and(4h),

2 2
$iPiSi = Oi410;1Di0; 4 10it1 = 07 11Pi410541 = Pit1;

as required.
(3vii) From the relations (4e), (4g) and (1a), (1b),

Sipi_%si = 0i+%0i+1p,~_%0i+10i+% = Uz'Ui_%pH%Ui_%Uz’ = Si—lpi+%8i—17

as required.
(4i), (4ii) Are identical to the relations (5a) and (5b). O

Proposition 4.2. Ifi=0,1,..., then (o,,1)* =1 and (0441)* = 1.
2

Proof. Given that i 181 = 8i0; 1 = Oiy1, We obtain

2 _ . 2 _ 2
01 = (8i0i41)" = 074 1-

It therefore suffices to show that O'i2+1 = 1. By definition o1 = 1, so we proceed by induction.
After taking the square of the right hand side of the definition (3.2), the proposition will follow
from the relations:

(4.2) (p;_ %pipH%Si—lLi—lpi,%SiV = (p;_ 1PiP;y L si—1Li—1p;_ 1 i) (p;_ 1 Lz’—18ipi,%);

(4.3) (pi,%pz’pHéSi—lLi—lpi,%Si) (Sipi,%Li—lsi—lpi+%l)z’pi,%)
= (pi_%pz'ppr%Si—le’—mi_%Si) (8i—15i045iSi-1);

27



JACO370_source [04/11 19:28] SmallExtended, MathPhysSci, Numbered, rh:Standard 28/39
(44)  (pi1pipiy1sialioap;_1si)(sip;_ 1 Liasip;_1si)

= (5-15i045iSi—1) (Sipi_%Li—lsipi_%Si)Q

(45)  (sip; 1 Licasicapiy 1pip; 1) (P 1pipiy 1 sic1lioap;_15i)

1
2
= (Sipi_%Li—lsi—lpi+%pipi_%)(Si—lsiaisisi—l)§

(4.6) (sz‘pi,%Li71sz‘f1pi+%pipi,%)2 = Py Licasip;_1)(sip;_1 Licasioap; 10ip; 1);
(4.7) (sip;_1Li—18i—1p; 10iD;_1)(P;_1Li—15ip;_1) = (8i—15i045i5i—1)(P;_1 Li—15ip;_1);
2 +2 2 2 2 2 2
(4.8) (p;_1Li—1sip;_1)(p;_1pip;  18i—1Li—1p;_18;) = (p;_1 Li—15ip;_1)(8i—15i045iSi—1);
2 2 2 +2 2 2 2

(4.9) (Sz‘pi_%Li—lsi—lpi+%pipi_%)(sipi_%Li—lsipi_ 1 5;)
= (pi,%Liflsipi, 1 ) (Sz’pi,%Liqu‘pi,%Sz);

(4.10) (pi,%Liflsz‘pi,%)Z = (817181‘02‘81'82‘71)(Sz'pi,%Lz‘flsz‘flpﬂépipi,%)%
(4.11) (8i-18i0388i—1)(P;_1Pip; 18i—1Li—1p;_18;) = (8ip;_1Li—18:p; 18:)%;

2 +2 2 2 2
(412) (SiflsiO'iSiSi,l)Q = 1;

(4.13)  (sip; 1 Li1sip;_180) (P 1pipyy 1Si-1Lio1p;_15i)
= (Sipi_%Li—lsipi_%si) (pi_%Li—lsipi_%)§

(414)  (sip;_ 1 Licasip;_1si)(sip; 1 Lic1sioipgy 1pip; 1)
= (Sipi,%Liflsipi,%Si) (8i—15i035i8i—1)-

From the left hand side of (4.2), using the fact that pi_1Liap,_1 = p;
2 2

,_1, together with
2
Piy 18i-1Pip L = Pi_1Piy L1, We obtain

(pi,%pipH%SiqLiflpi,%Si)Z =P 1PiPiy 1 SiciLicap1piasicaLlioap; isi

= pi_%pipiJr%Si—lpiJr%Li—lpi_%Li—lpi_%

= pi+%Pi_%Li—1pi_%Li—1pi_%

=P 1Pyl

Similarly, from the right hand side of (4.2), we obtain
(pi_%pz‘pH%Sz‘—le‘—lpi_%Si)(pi_%Li—lsipi_%) = Pi_%PiPH%Sz‘—le‘—1pi+%p,~_%Li—lsipi_%
= pi_%pip,q_%Si—lLi—lpH_%pi_%Li—lsz‘pi_%
= pi,%pipi%8i71pi+%Liqpi,%LiflSipi,%
=P 1Pib 1Py Licp 1 Licasip;_y
=P 1Pt
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which demonstrates (4.2). Now consider the left hand side of (4.3)

(Pi— 1P 1si-1Lioap;_18i)(sip;_1 Li1si1p; 1pip;_1)
=p;_ %pipi.;_%Si—lLi—lp,‘_%Li—lsi—1p2‘+%pipi_%
= pi_%pipi+%8i_1Li_1pi_%pi_loipiJr%pipi_%-

From the right hand side of (4.3), we obtain

(P10 18i—1Li1p;_18:)(8i-18i048i8i-1) = (P;_1Li—18;-1p; 1piP;_15i)(5i-150:5;S;-1)
2 +2 2 2 +2 2
= Pi- 1 Li18i-1P;y 1DiSiSi-1D; 4 10i8iSi—1
= Pi- 1 Li18i-1P; 4 18i-1Pi+1P;4 LOi8iSi-1
= Pi_%Lz‘—lsipi_%Sipi+1pi+%01‘8i8i—1
= pi,%Liflsz‘pi,%pz’Sz‘pH%Uz'SiSiq
= pi,%SiLiflpz;%pipijL%JiSiSifl
= pi_%SiLi—lpi_%pipi+%0'i_%Si—lsisi—l
= pi_%SiLz‘flpi_%piUi_%pH%SFlSiSi*l
=p;_18iLi 1p;_1pio;_18;i 18ip;_1
2 2 2 2
p— i_7 N _ ,_7 ‘ 4_7
D %SzLi 1P 1Pi0iSip; 1
=p_18;Li1p;_1Li18ip;_1
2 2 2
= (p;_18iLi—1p;_1)(p;_1Li—15ip;_1).
T3 T3 T3 L)

Now,

(4.15) (pifésiLiflpifé)(piféLiflsipifé) =p; 1 Lic1sip;_1silioap; 1
= P;_1Pi0;iSiP; 18;0;PiP; 1
2 2 2
= pi_%piUz‘Si—lpiJr%8i—10ipipi_%
= pi,%pioi,%ppr%di,%pipi,%
2
= pi,%pz’(%,%) pi+%pip2;%
= pi_%a

which completes the proof of (4.3). From the left hand side of (4.4),

(Pi1pipiy1si-1Licap;_1si)(sip; 1 Licasip;_18i) = p;_1Licasiap; 1pip; 1 Licasip;_1si
= pi_%Li—lsi—lpi+%pipi_%piaisipi_%Si
= pi,%LiflsiflpijL%piJisipi,%32‘
= pi,%Liflsiflppr%pio'isiflppr%32‘71
= pi_%Li—lsi—lpi+%pi0'i_%pi+%Si—l
=Pt Li18i-1p;y 1PiD;y 10;_18i-1
= pi,%Lz‘flsiflUi,%pH%Sifl
= pi,%pi(az‘)%”%sz‘q
= pi_%pipi_i_%si—l-
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The right hand side of (4.4) gives

(8i-15i045i5i—1)(8ip;_1Li—18ip;_15;) = 8;—15;04p;, 15i—15iLi_15:D;_15;
L) L) i+3 =3
= 8i-18i0iP; 1 18i-18iLi—18ip; 18
= Si—lsz‘si—lai_%pzq_%Si—lsiLi—lsipi_%si
= P;_18i8;i-10;_18;-15;Li_18;p;_18;
2 2 2
= p, 150, 1(5i-1)%(5:)°L; 15
pifg 91 i—1 i zflpZ;E i
=P;_18i0;, 10:P;P; 18;
2 2 2
= pi,%SiSiflpipi,%Si
=P;_1Pi-15P; 15
2 2
= P 1Pi-18i-1P;; 15i-1

= p,‘_%pz‘pi%sifl,
which demonstrates (4.4). The left hand side of (4.5) gives

(sipj_1Li—18i1D; 10,1 )(@;_1pip; 181 Li1p;_18;) = sip;_1Li_18i1p; 15 1Li—1p;_18;
2 2 2 2 2 2 2 2 2

= Sz‘pi,%Liflsz‘pi,%silziflpi,%Si
= Sipi_%SiLi—lpi_%Li—lsipi_%31‘
= Siflpi_;_%Siflo'ipipi_%piaisiflpi_yé3@'71
= S;_ ., 10, 1P;0:. 1D., 18;_

i 1p2+§ Zigpz Z,§p2+§ i—1

2

= 82‘71(0@-,%) p”%sz‘fl

= Si-1Piy L Si-1,
while the right hand side of (4.5) gives

(Sz‘pi_%Li—lsi—lpi+%pipi_%)(Si—lsiaisisi—l) = Sz‘pi_%Li—lsi—lpi+%pipi_%Sia'isisi—l
= Sipi,%Liflsiflppr%pisisiflppr%UZ',%32‘3@'71
= Sipi,%LiflsiflpijL%piJrlSiflpiJr%Uz',%sisifl
= Sz‘pi_%Li—lsz‘—w”%Si—lpi+1pi+%%_%3i«9i—1
= sip;_1Li18ip;_18ipiv1p;y 10, 18isio1
= Sipi,%SiLzelpi,%pz‘sz’pi%%,%swiq
= Si—lpi+%3i—10'ipipi_%pipi+%0'i_%3i3i—1
= Siflpi%%,%pz‘ppr%O'Z-,%Sisz;l
= Sz’flffi,%pH%piPH%UF%SmA
= Sz‘—ll)H%(%f%)Qsz‘—l

= Si-1Piy 15i-1,
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which demonstrates (4.5). The statement (4.6) is equivalent to (4.2) which has already been
verified. The right hand side of (4.7) comes to

(sip;_1Li—18i—1p; 1pip;_1)(p;_1Li—1sip;_1) = sip;, _1Li_18i—1p;, 18i—1Di—1p;_1Li—15ip; 1
2 +3 2 2 2 2 +3 =3 =3
=sip;,_1L;_18ip;,_18ipi—1p;_1L; 18;p; 1
2 2 2 L)
=8i1p;jp1Si—1Li1p;_18ipi—1p;_1Li 18:p;_1
+3 2 2 L)
=8 1P; 1 8i—1Li—1p;_1pi—18;p;_18;Li 1p;_1
it3 =3 =3 =3
= Si—lpH_%Si—lLi—lpi_%pi—lsi—lpi_i_%Si—lLi—lpi_%
= SzelpH%Sz‘flffipz‘pi,%pipi%Si710z’pz’pi,%
= Si—lp,q_%0'2‘_%pipi_%pipi+%0"_%pipi_%
= Si—lpzq_%O'i_%pipi_i_%o"_%pipi_%
= Sifmi,%pH%pipH%U-,;pz‘pi,%
_ 2
= si-1Piy 1 (0, 1) Pip; 1

= Si—lp,q_%pipi_% )

while

(82‘7182‘02‘81'8@'—1)(piféLi—lsipi,%) = SiflsiJiSipi,%Liflsipi,%
= Si—lsia'isipi_%sil/i—lpi_%
= 8i-18i0i8i-1P;1 1 Si-10:PiP; 1
= Si71SiJi7%pi+%Ji7%p2‘pi,%
_ 2
= 8i-18iP; 4 1(0;_1)"Pip; 1

= Si—lp,q_%pipi_% )

as required. Since the statement (4.8) is equivalent to (4.7), we consider (4.9). Using the relation
b;_ 1 SiD;— 1= b;_ %pi_}_% )

(sip; 1 Licapiy 18i-1Pi 1Pip;1)(8iP;_ 1 Li1sip;_15i)
= 8Pt Lim1p; 18i-1pi 1Py 1 Lic1sip;_1si
= Sipi_%Li—lp,ur%Si—lpi+%pi_%Li—1pi_%
= Sz‘pi,%szlpH%SzelpH%pi,%
= pi+%pi,%Li71pi7%

=P lPi 1
On the other hand,

(Pi- 1 Licasip;_1)(sip;_1 Licasip;_18i) = P 1 Lic1sipg 1p; 1 Licisip;_1si
=Pitl (pif%Li—lpifl)g

2
=Piylbi L
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The left hand side of (4.10) is given by (4.15), and the right hand side by

(Siflsioisisifl)(Sipi,%LiflsiflpiJr%pipi,%) = 82‘718101'82‘8@'718@29@-,%Liflszelp”%siflpiflpi,%
= Si—lsio'isisi—lsipi_%Li—lsipi_%Sipi—lpi_%
= 82‘7181'01'8@8@'718@29@-,%SiLiflpi,%Sz‘piflpi,%
2
= 817181'0@'8@(82‘—1) pi+%Si—lffipipi,%sipiqpi,%
= 8;-18;8;—-10; _1P. 10, 1D;P. 1P;—1S;P; 1
1—19¢9¢—1 Z_5p1+§ _Epzpz_apz 1 Zpl_?
— . c. 2. ) .
= Sz—lpi_%szsz—l(a'i_%) pzpi_%pz—lszpi_%
= pi,%Sisiflpz‘pi,%piflsz‘pi,%
:pi7%>

as required. Considering the left hand side of (4.11),

(si-181038i8i-1)(D;_1PiD; 1 Si—1LicaD; _18i) = Si-18i018iP; _18iPit1P; 1 18i-10iPiP; 15
= Siflsiaisiflpi_;_%Siflpi+1pi+%Sifloipipi_%si
= Sz’flsidi,%pH%Si71pi+1pi+%%,%pipi,%Sz‘
= Sz‘—lpH%Si—lUi_%piniJr%Ui_%Pipi_%sz‘
= SiD;_LSiDi+ 1Py 1 (Ui_%)2pz‘p,~_%sz‘
= Sipi,%sipwlp”%pipi,%si
= Sipi,%szw
which, by (4.15), is equal to the right hand side of (4.11). Since (4.9) is equivalent to (4.13),
while (4.14) is equivalent to (4.4), the proof of the proposition is complete. O

We record for later reference further consequences of the presentation given in Theorem 2.1.

Proposition 4.3. Fori=1,2,..., the following statements hold:

(1) pit10i+1Pi+1 = Lipit1,
(2) Pit10;, 1Piy1 = (z — Ly 1)piy1,
(3) piJr%o-iJrlpiJr% = piJr%piJr% .

Proof. (1) From Proposition 3.2, we obtain p;  1p;+10541 = p; 1 L;. Thus
2 2

Pit10i+1 = Pit1Piy 1Pi410i+1 = Piv1Pyy 1 Li and pip10iv1pivt = pivipiy 1 Lipiv1 = Lipita,

as required.
(2) We first compute
Pi+18iP;_1PiP;y L si—1Li—1p;_ 18iPit1 = SiPiP;_1PiP;iy L Si—1 Li 1p;_ 18iDit1

= SiPiPiy L Si—lLi—lpi_%Sipi—i-l
= SipipiJr% OiPi—1P; %pisi
= SiPiPiy L0iSi-1PiSi
= Sipipi+% o %pisi
= Ui— %pi-l-l-
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Now observe that peo,, 1p2 = (2 — L1)p2 and hence, by induction,
2 2

Pit10,;, 1Pi41 = 8iSi—1Pi0; _1PiSi—15; +pz‘+1pi,1Li718¢pi,lsz‘pi+1
+2 2 2 2
+ pi+13ipi7%Li713ip2;%pi+l - pz‘+1pi,%Liflsiflpi+%pz‘pi,%pi+1
- pz‘+18ipi_%pz‘p,~+%Sz‘—le‘—lpi_%Sz‘pz‘+1
= Siflsipio'i_%pisisifl +pi_%Li71pi+1 + Lz’flpz‘_%pzﬁrl
- pi,%Liflpiflpi,%piH —0;_1Pi+1
= (Z - L,‘_%)pi—l—l-

(3) Observe that Py 102Dy 1 = Poy 181Dy 1 = Py 1Py 1 and, by induction,

Pi138i-1810i8iSi-1P;y 3 = Si—1Pj4 3 8i0iSiPiy 3 Si—1
= Si-15i8i41P; 1 Si410iSi41P;1 1 SiSi415i—1
= $i-18i8i+1P;1 10iP;4 1 8iSi418i-1
= $i-18i8i+1P;1Piy 1 SiSi+15i-1
=Py 1Py 3

Therefore, using the definition (3.2) and the fact that Pi_1Liap,_ 1 =p,_
2 2

1,
2
Pip30i41P;4 3 = Piy 3P L + Py 38D 1Lic1sip;_18ip;ys
+ pi%pi_%Li—lsz‘pi_%pH% - p,~+%Sz‘pi_%Li—lsi—lpi+%pz‘p,~_%pi+g
~ Pi+3P;_1PiP;y 1 si—1Li—1p;_ 18iP;4 3
= pi-i—%pi—i—% + pi+%sipi+%pi_%Li—lsipi_%si
+ pi_%Li—lpi_i_%Sipi_;_%pi_% - pH_%SipH_%pi_%Li—lsi—1Pi+%pipi_%
- pi,%pipi+%siflLHpi,%pHgsmHg
= pi+%pi+% + pi+%pi+%pi7%Li—lsi—lpzur%si—l
+ pi_%Li—lpi+%pi+%pi_% - pi+%pi+%pi_%Li—lsi—lpi+%pipi_%
- pifépipijL%SiflLiflpi,%pijL%piJr%
=Py 3Py s
as required. O
The next statement gives an alternative recursion for the family (L, y1:i=0,1.. .) for use
2
in §5.
Theorem 4.4. Ifi=1,2,..., then
Ligv = —=Lipjyr =piali+ (2= Li_1)pi 1+ sily_1si+ oy
Proof. By Propositions 3.2, Proposition 3.4 and Proposition 4.3,

pH%Lz‘pz‘pH% = pH%pz‘HJz‘sz‘pH% = pH%pz‘HJH%piﬂpH% =(z— Lz;%)p”%-
Substituting the above expression into the definition of L; , 1 given in (3.3) provides the required
2

statement. 0
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5. SCHUR—WEYL DUALITY

In this section we use Schur—Weyl duality to show that the family (L., 1,L;11:i=1,2,...)

defined above, and the Jucys—Murphy elements given by Halverson and Ram [I[1RR] are in fact
equal.
Let n = 1,2,..., and V be a vector space over C with basis v1,...,v,. If r = 1,2,..., the

tensor product

VI =VeVe -V has basis {vi, @i, @ - @, |1 <dgy...yip <},

r factors

and is equipped, via the inclusion &,, C GL,(C), with the diagonal &,,~action
w(vil X vig &R ® U’i,«)w — 'U(il)uﬁl X ,U(’ig)’w71 R R U(ir)w717 for w e 671

Let A,(n) = A.(2) ®z,) C, where z acts on C as multiplication by n. The action of A,(n) on
V@ is given (§3 of [HR]) by

u(vi; @iy @ -+ QU ) = L, Qu; K- Qu; for u € G,,

vi(l)u (2)u—1 (ryu—1’

and for k=1,...,7r —1,

Vi, @iy @ -+ @y, if iy = igpq1,
pk+%(vi1 RV, @ -+ Ry, ) { “n i2 i

0 otherwise,

and for k=1,...,r,
n
pk(vi1®'”®vik—l®vik®vik+l®.”®Uir)zzvi1®'”®vikfl®vj®vik+1®”.®vir'
=1

The A, 1(n)-action on V" is obtained in §3 of [[1R] from the action of A,41(n) on V! by
2
restricting to the subspace V®" ® v,, and identifying V" with V" @ v,,. The next statement
asserts that &, and A,(n) act as commuting operators on V&,
Theorem 5.1 (Theorem 3.22 of [[IR]). Letn,r € Zsqo. Let S, denote the irreducible &, -module
indexed by \.
(1) As (C&,,, A, (n))-bimodules
vere @ Sy e AMn),
AEA,(n)
where A € flr(n) is an indexing set for the irreducible A,(n)-modules, and the vector spaces

AMn), for X\ € A.(n), are irreducible A,(n)-modules.
(2) As (CS&,_q, Ar+% (n))-bimodules

Ver = @ Sp1® A;\Jr%(n)a
)\EAT+%(n)

where X € /Alwrl (n) is an indexing set for the irreducible A, 1(n)-modules, and the vector spaces
2 2

A;\Jr% (n), for A € AH% (n), are irreducible AH_% (n)-modules.

By Theorem 3.6 of [HR], the homomorphism A,(n) — Endg, (V®") in Theorem 5.1 is an
isomorphism whenever n > 2r.

If1<i4,j<n,lets;; €6, denote the transposition which interchanges 7 and j. The next
oir1]li=1,...,7—1) on V&,
34

statement gives the action of the group (o, 1,
2
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Proposition 5.2. Ifk=1,2,..., and vy, ® - Qv , € VOktL then

(5.1) Uk-ﬂ,—%(”h ® @ Vi yy) = Sigipgy @ ® Sipipy (Vi) @ - @ Uy, ) @ Uiy, © iy
k— 1‘]?actors

and

(5-2) Uk+1(vi1 Q- ® Uik+1) = Sip ikt @@ Sig ikt (vil Q- Qv @ Uik-+1)~

k+ 1 factors

Proof. The proposition is true when k£ = 1. If £ = 2,3,..., observe that the linear endomor-
phisms defined, for v;;, ® --- ® Vg, € V®k+1, by

9k+% U ®@ @ Vi1 77 Siginga @ ® Sig ik (Uil ®--® Uikﬂ) ® vy, @ Vit

k — 1 factors

and

9k+1 U ®@ @ Vi1 77 Siginga @ ® Sig ik (Uil @ Qv @ Uik+1)

k + 1 factors

commute with the diagonal action of &, on V®*+1 Thus, by Theorem 5.1, 9k+% and 641,
lie in the image of the map Ag,q(n) — Endg, (V®**1). Observe also that the action of 0k+%
on V¥ +! commutes with the action of Aj_i(n) on V1 and the action of ;1 on V&k+1
commutes with the action of Ak_%(n) on V1 Since Apy1(n) is generated by Ak_%(n)

®k+1)

together with <0k+%,ak+1,pk,pk+%>, to show that the map Ap;1(n) — Endg, (V sends

Oyl 0 and Ok41 +> 041,

k+3

it now suffices to verify that, as operators on V®F+1,

(i) 92+% =07, =1,

(ii) 9k+%9k+1 = 9k+19k+% = S,
(iif) 9k+%pk+% = pk+%9k+% = Pry o
(iv) O 1DkP+1 = OkpaDkPE+ 1

(v) PrPr410) 4 1 = PrPre1Okia,

(Vi) O 1Pk 1 = Ok paprr1Oiras

(Vll) 9k+%pk7%9k+% = O-kkar%o-ka

where s, in item (ii) acts on V®* by place permutation. Since each of (i)(vii) can be verified
by inspection, the proof of the proposition is complete. Il

Proposition 5.3. Ifk=1,2,..., and v;; ® --- ®v;, € Ve then

n

(5:3) Ly 1(viy ® - @wy) = nviy @--- @y, — D s @ @80 ® @ v, ) D,
j=1
and
n
(5.4) Li(vi, @ - @i ) = Y 80,5 @+ @ 8450, @ Qv _,) Qv
j=1

35
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Proof. Identify V®* as the subspace V& ® Z?:l v; C V®k+1 Then

n
pk+10k+%pi+1(vi1 ® - QU @ Up) = Pl ZJH%(% R ® v, QUy)
7j=1

n
= Pht1 ) Sing © o ® 81,30 @ @0y, _,) ® vy, D0
j=1

n
=Y s @ @i @ @ ui_,) ® v, D g
jl=1

By Proposition 4.3, as operators on V®F,
Pr104q 1Pi41 (Vi ® -~ @y @ vp) = (0 = Ly 1)piga (i @ -+ @ vjy, © )
n

(n — Li_%)(vh @ - Qv ®W),
/=1

and the statement (5.3) follows. Next,

n
pk—f—lo'k—f—lpk—i—l(vh X RV, @ Un) = Pk+1 Z Uk—i—l(vh Q- QU @ Uj)
j=1

n
= Pk+1 Zﬂk+%(vil X QU QU ® vik)
Jj=1

n
= Dk+1 E Sigips Q- Sigips (Uil XUy ® Uj) & vy,
7=1

n
= Sigin @ @ Sip g (Vg © - BV, B V;) Dy,
jl=1

By Proposition 4.3, as operators on V®F,

Pk 10k+1Pk+1(Vi, ® -+ @ Vi, ® V) = Lppry1(vi, ® -+ @ vj, @ vp)

n
= Lp(vi, @ - @, @ vy),
/=1

which yields (5.4). O

As in §3 of [HR], let k, be the central element which is the class sum corresponding to the
conjugacy class of transpositions in C&,,,

n

Kp = E Si,j-

1<i<j<n

For ¢ =1,...,n, we also define

n

Kne = § Si,55

1<i<j<n
Lj 7L

so that K, ., = Kn—1.
36
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Proposition 5.4. Let n = dim(V') and r € Zg. If z,_1 € A, _1(n) and z. € A.(n) are the
2 2
central elements defined by Theorem 5.10, and vy, @ --- @ v;, € VE", then

. “ee . = . PR . — n — . “ e .

1 s T s
(5.5) 2zr(vi, ® ® v;,) = kin(viy ® ® v;,) ((2) Tn) (vi, ® ® vi,),
and, if r =2,3,..., then,

(5.6) Z, 1(v) @ Q) = K, (Vi @ @ ;) — ((g) —rn+1)(v,~1®'--®vir).

Proof. The proof is by induction on r. Let ¢ = 1,...,n. Since z; = py,

KnU; = E 54,V + E Si,jV; + E 54.00;

1>7 j>1 .t
JilF#

=0+ () -
= o+ () -

which verifies (5.5) when 7 = 1. Now observe that if v;, ® --- ® v;, € V¥, then the diagonal
action of k, and Ky ;, on V® allows us to write

n
Fon (Vig ® -+ - ®Uik) = K”Jk(vil Q- ®Uik) + Z Sipj @ @ Sikd(vil Q- ®Uik—1) @ vy,
j=1
JF Uk

and

By, (vy ® - ® vik) = kn(vi, ® -+ ® vik—l) © vy,
n
= S @ @ siy (v ® - @ vy ,) @ U,
j=1
J#ik

Assuming that (5.5) holds for »r = 1,...,k — 1, we obtain

Zk_%('l)il ®"'®U¢k) = Zk,1(1)h ®"'®Uik) +Lk_%(7)i1 & - ®vik)
= fin(viy ® - ® vy _,) @iy, — ((5) = (k= Dn)(vy, @ -+ @ vy,

n
+nvy @ Qv — Zsik,j ® - ® 85,5V, @ QUi _,) ® U,
j=1

= Kn(’l)il SRR ®,Uik71) ®Uik — ((3) — k?TL+ 1)(Ui1 & e ®v7«k)
n
- Z Sin,j ® @ 84y (Vi @ - QU _,) @ vy,
j=1
J#ik
= "in,ik(vh Q- ®'Uik) — ((Z) — kn + 1)('Ui1 K - - ®'Uik),
37
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which verifies (5.6) for r = k. Next, since (5.6) holds for r = 2,3, ..., k, we obtain
Zk(vil ®--® Uik) = Zkf%(vil ®--® Uik) + Lk(vil ®--® Uik)
= ’in,ik(Uh QK- ® Uik) — ((g) — kn + 1)(1),'1 R Uik)

n
+) s @ @iy (v @ Q) QU
j=1
= K, (Vi @ - @ v;,) — ((3) — k‘n)(vil ® - Q)

n
+ D 50 @ @iy @ Q) ®
j=1
J#ik
= rin(vi, ® - ®@v5,) — ((5) = kn)(vi, ® -+ @ vy,),
which verifies (5.5) for r = k. O

Let Z € Ap(n) and Z, 1 € A, 1(n) denote the central element defined by Halverson and
2 2
Ram in §3 of [IIR]. Then the Jucys—Murphy elements of [[IR] are given by
M, =2, _1—Zp and My =2y -2, 1 for k=1,2,....
2 2

2

Theorem 5.5. if k=1,2,..., then M; 1 =L, 1 and Mgy = Lgy1 as elements of Ag11(n).
2 2

Proof. By Theorem 3.6 of [[11}], the homomorphism Ay (n) — Endg, (V®*) is an isomorphism
whenever n > 2k. Since the coefficients in the expansions of Zy, Z; /1 and 2,2, 1, in terms of
2 2

the basis of diagrams for Ag;(n), are polynomials in n, and the map Ag(n) — Endg, (V&F)

is an isomorphism for infinitely many values of n, to prove the theorem, it suffices to compare

the action of z; and Zj (resp. 2,1 and Z, 1) on V@ for an arbitrary choice of n. Identifying
2 2

V@ with the subspace V& @ v, C V®**L and k,,_; with ,,, then Theorem 3.35 of [[11X]
states that, as operators on V&,

(5.7) Z = kn— ((3) — kn) and Zk+% =tn—1— ((5) — (k+1)n+1).

Comparing (5.7) with the action of z; and 2,1 on V® in (5.5) and (5.6) completes the
2
proof. O

Remark 5.6. Whereas L1 = 0 and Ly = py, in [HR], the first three Jucys—Murphy elements
2
are My = M1 = 1, and M; = p; —1. Thus, although z; = Z; as elements of A;(n), Theorem 5.5
2
cannot be extended to the case k = 0.
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