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Abstract This novel investigation unfolds the mathematical model of peristaltic flow in an elliptic

duct having ciliated walls. The current assessment is carried out by considering a heated Newtonian

viscous fluid in this ciliated elliptic duct. A detailed heat transfer study combined with various phys-

ical aspects of peristalsis is provided. We have incorporated the appropriate and useful transforma-

tions that simplify this mathematical problem into its non-dimensional form with relevant non-

dimensional boundary conditions over the surface of ciliated elliptic duct. Finally, the exact math-

ematical results are computed for this interesting problem. A thorough graphical assessment is also

included for a complete understanding of mathematical results. The axially symmetric flow beha-

viour is noted for both velocity and temperature profiles in this elliptic duct having ciliated walls.
� 2021 THE AUTHORS. Published by Elsevier BV on behalf of Faculty of Engineering, Alexandria

University. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/

licenses/by-nc-nd/4.0/).
1. Introduction

The mechanism of fluid movement inside a duct having

deformable sinusoidal walls is termed as Peristalsis. These sys-
tematically contracting and relaxing walls of duct move the
fluid in axial direction. The major engineering and industrial

applications of this peristaltic flow phenomenon has made it
a very keen topic of interest. Some industrial applications of
peristalsis involve the shifting of some fluids like noxious, cor-
rosive, slurry and aggressive chemicals etc. There are many

physiological applications as well that include food displace-
ment in digestive tract, blood circulation that involve small
scale vessels and urine movement etc [1]. The problems of peri-

staltic flow phenomenon are being studied by many researchers
due to its applicability. Barton and Raynor [2] had disclosed a
mathematical study that addresses the topic of peristaltic
movement in tubes. Pozrikidis [3] had interpreted mathemati-

cally the two-dimensional flow inside a channel having deform-
able sinusoidal walls. Siddiqui and Schwarz [4] had provided
the mathematical model that discloses the axis-symmetry flow

of a non-Newtonian fluid across a geometry having sinusoidal
xandria
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Nomenclature

ðX;
�
Y
�
;Z
�
Þ Cartesian coordinate system

a0; b0 Ellipse half axesðb0 < a0Þ
k wavelength
c Velocity of propagation
l viscosity

Cp Heat capacity
e Eccentricity of ellipse
/ Occlusion (amplitude to radius ratio)

Br Brickmann number
b Wave number for metachronal wave
ðU
�
;V
�
;W
�
Þ Velocity components

d Wave amplitude

T
�
w Duct’s wall temperature

Dh Hydraulic diameter of ellipse
k Thermal conductivity
T
�
b Bulk temperature

d Aspect ratio
q Density
a Eccentricity of elliptical motion of cilia

t time
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deformable walls. The already available recent literature
involves the mathematical models for peristaltic flow that

include various geometries like cylinder [5], curved tube [6],
asymmetric geometry [7], rectangular duct [8] and elliptic duct
[9]. Fig. 1.

In many industrial problems, where space is a salient fea-

ture in designing the duct and the main target is a finer cooling
result for heat exchanger then an elliptic duct is preferable than
circular one [10]. This happens due to a long circumferential

length of an elliptic duct than the circumferential length of a
circular one even if both have same cross-sectional areas.
Abdel Wahid et al. [11] had disclosed an experimental study

for the flow of heat with laminar flow properties across an
elliptic duct. Maia et al. [12] had presented the mathematical
model that interprets the flow of heat inside a duct with elliptic
cross-section. Ragueb and Mansouri [13] had examined math-

ematically the flow of heat with viscous dissipation across an
elliptic duct by utilizing numerical approach for solution. Fur-
ther, some current investigations that interpret the mathemat-

ical analysis of flow and heat transfer across elliptic ducts are
given [14–16].

The combine mathematical analysis of peristaltic flow and

cilia generated metachronal wave is also a topic of huge inter-
est. Cilia are basically threadlike tiny structures (just like hairs)
that are attached to the duct surface and their systematic as
Fig. 1 Side and front view representation of Elliptic duct having

represent the envelope model of cilia tips [20].
well as rhythmic action generates a propagating wave that
assists the flow. There are certain physiological flow problems

that include the role of cilia like locomotion, food displace-
ment in digestive system, respiration and circulation etc [17].
Blake [18] had investigated mathematically an improved model
of the cilia developed flow inside tubes. Akbar and Khan [19]

had investigated mathematically the flow of heat and fluid
transportation inside a cylindrical tube having ciliated as well
as sinusoidal deformable walls. Akbar and Butt [20] had pre-

sented a mathematical model that interprets the flow of heat
for a non-Newtonian fluid across a tube having ciliated sinu-
soidal walls. The peristaltic flow analysis combined with cili-

ated walls effect is mathematically investigated by many
researchers by considering distinct geometrical models like
asymmetric ciliated channel [21], cylindrical geometry having
ciliated walls [22] and curved tube with ciliated walls [23] etc.

Further, some of the recent and interesting studies that high-
light the significance of peristaltic flow through ciliated geome-
tries are referred as [24–27]. This literature review clearly

shows that there is not even a single research article that
addresses the important topic of peristaltic flow through an
elliptic duct having ciliated walls. Thus our main motivation

in this work is to present a mathematical analysis that exami-
nes the peristaltic flow of a heated Newtonian viscous fluid
through an elliptic duct having ciliated walls.
ciliated sinusoidal walls. The following mathematical equations
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This work first time introduces a mathematical model for
peristaltic flow through an elliptic duct having ciliated walls.
The motivation behind our work is to interpret the peristaltic

flow mechanism inside a ciliated elliptic duct, since the already
available literature work only provides the peristalsis activity
for ciliated cylindrical, asymmetric channels etc. The signifi-

cance of considering an elliptic cross-sectional duct rather than
a circular duct is evident from the fact that if we have two dif-
ferent ducts with same cross sectional area, i,e. one circular

duct and the other elliptic duct then the elliptic duct will have
greater circumferential length as compared to the circular one
and it provides a better estimation for heat transfer analysis,
finer cooling effects etc. Further, if we consider the biological

point of view then we know that cilia exist in different kind
of mammals and they play a vital role in many of biological
propulsion processes. Moreover, it is not necessary that all

the biological structures must have a circular cross-section,
for instance it is more appropriate to consider the cross-
section of an upper ureter to be elliptic. Also the cross-

sectional area alters from a circular to an elliptic one during
the contraction of a roller pump. The above highlighted exam-
ples point up the physical as well as practical applications of

current study. A heated Newtonian viscous fluid is considered
to interpret this mathematical problem. Further, a thorough
mathematical analysis is presented that explains the vital heat
transfer characteristics for the present problem. The various

aspects of peristaltic flow mechanism are also taken into
account. The developed problem is simplified and reduced to
its dimensionless form by applying useful transformations.

Finally, the dimensionless mathematical equations are exactly
solved according to given dimensionless boundary conditions.
In order to facilitate the readers for a deeper understanding of

the present problem, we have also elaborated our work by add-
ing a detailed graphical assessment.

2. Mathematical formulation

The present problem is modelled for an elliptic duct with cili-
ated walls. The geometrical model for an elliptic duct having

ciliated sinusoidal walls is given as

Y
�
¼ b0 þ b0/Cos

2p
k
ðZ
�
�c t

�Þ
� �

¼ f
�

Z
�
; t
�� �

;Z
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k
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�
�c t
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; ð1Þ

Further, we can represent the axial as well as radial veloc-

ities for the cilia tips as follows
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By combining Eq. (1) and Eq. (2), we get

W
�
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Here W
�

and V
�

provide the mathematical expressions for
effective as well as recovery strokes of cilia respectively. The
movement of cilia tips (shown in Fig. 2) is considered as an

elliptical path movement for a complete cycle of effective
and recovery strokes. It is evident that the cilium remains rigid
during effective stroke while it loosely retreats near the duct

surface during its recovery stroke.
The problem is modelled for an incompressible, viscous

flow with following mathematical governing equations
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Fig. 2 The motion of a cilium.
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The dimensional mathematical form of boundary condi-
tions for an elliptic duct having ciliated walls is

W
� ¼ � 2p

k

� �
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b
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The mathematical relation between fixed and moving frame
that transfers this problem from an unsteady flow to a steady

one is given as

x
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�
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�
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�
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�
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The non-dimensional variables incorporated in the present
study are provided as
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The elliptic duct considered in this problem has hydraulic
diameter given as

Dh ¼ pb0
EðeÞ ; ð12Þ

In Eq. (12) e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d2

p
is ellipse eccentricity and EðeÞ (i.e.

elliptic integral of 2nd kind) is provided by [28].
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Z p=2

0
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1� e2Sin2a1

q
da1; ð13Þ

First using Eq. (10) and then the dimensionless variables

provided in Eq. (11) in Eqs. (4–8), finally the simplified partial
differential equations that govern the flow and heat transfer
are achieved by using the long wavelengthðk ! 1Þ.
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@x
¼ 0; ð14Þ

@p

@y
¼ 0; ð15Þ

dp

dz
¼ @2w

@x2
þ @2w

@y2
; ð16Þ

@2h
@x2

þ @2h
@y2

þ Br

@w

@x

� �2

þ @w

@y

� �2
" #

¼ 0; ð17Þ

With following non-dimensional mathematical conditions
over the boundary of elliptic duct having ciliated walls are

defined as

w ¼ �1� 2p/abCosð2pzÞ
1� 2p/abCosð2pzÞ ; for

x2

a2
þ y2

b2
¼ 1: ð18Þ

h ¼ 0; for
x2

a2
þ y2

b2
¼ 1; ð19Þ
The values of a and b are given as

a ¼ EðeÞ
p

1

d
þ /Sinð2pzÞ

� �
; b ¼ EðeÞ

p
1þ /Sinð2pzÞ½ �
3. Exact solution

We have considered a polynomial type solution of the velocity

profile given as

wðx; yÞ ¼ C1x
4 þ C2y

4 þ C3x
2y2 þ C4x

2 þ C5y
2 þ C6; ð20Þ

After using this polynomial expression for velocity profile

in Eq. (16), we get following three equations by comparing

coefficients of x2; y2; x0; y0

12C1 þ 2C3 ¼ 0;

2C3 þ 12C2 ¼ 0;

2C4 þ 2C5 ¼ dp

dz
;

Further using the polynomial expression given in Eq. (20)
in the corresponding boundary condition provided in Eq.

(18) and comparing coefficients of x4; x2; x0, we get these three
equations

C1a
4 þ C2b

4 � C3a
2b2 ¼ 0;

�2C2b
4 þ C3a

2b2 þ C4a
2 � C5b

2 ¼ 0;

C2b
4 þ C5b

2 þ C6 ¼ �1� 2p/abCosð2pzÞ
1� 2p/abCosð2pzÞ ;

These are six equations ði� viÞ with six constants and we
have solved these equations simultaneously to get values of
these constants given as

C1 ¼ 0;C2 ¼ 0;C3 ¼ 0;C4 ¼
b2 dp

dz

2ða2 þ b2Þ ;C5

¼ a2 dp
dz

2ða2 þ b2Þ ;C6

¼ � a2b2 dp
dz

2ða2 þ b2Þ þ
1

2p/abCos 2pzð Þ � 1
; ð21Þ

These constants given in Eq. (21) are substituted in Eq. (20)
and here is the simplified form of velocity solution that exactly
satisfies Eq. (16) and the relevant conditions (18) over the

boundary of elliptic duct having ciliated walls

w x; yð Þ ¼ �1� 2p/abCosð2pzÞ
1� 2p/abCosð2pzÞ þ

1

2

a2b2

ða2 þ b2Þ

� dp

dz

x2

a2
þ y2

b2
� 1

� �
; ð22Þ

The dimensionless flow rate q zð Þ is calculated by integrating
velocity Eq. (22) over an elliptic cross section

q zð Þ ¼ � a3b3 dp
dz

� �
p

4ða2 þ b2Þ þ
abp

�1þ 2p/abCosð2pzÞ ; ð23Þ

The mathematical result of pressure gradient is obtained by
using Eq. (23)
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dp

dz
¼

4ða2 þ b2Þ
R 1

0

abdz�Q

p þ ab
�1þ2p/abCosð2pzÞ

0
@

1
A

a3b3
; ð24Þ

The pressure rise for one wavelength is obtained by

DP ¼
Z 1

0

@p

@z
dz; ð25Þ

Now adopting the same manner that is utilized to get veloc-
ity solution, we get this exact temperature solution that satisfy
both Eqs. (17) and (19)
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¼
�a2b2Br

dp
dz

� �2 x2
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þy2
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�1

� �
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� �þa4b2ð4b2�x2þ6y2Þ	 


12 a2þb2
� �2ða4þ6a2b2þb4Þ

ð26Þ
Fig. 3 (continued)

4. Comparison with cylindrical ciliated tube

The present study is compared with a cylindrical ciliated tube
[29] and the major observations are provided as follows

� An increase in the velocity profile is noted for both the cil-
iated ducts having elliptic or cylindrical cross-section with
increasing Q.

� A parabolic flow profile is observed for both cases.

� A decline in the drag force is anticipated for an elliptic duct
in comparison to a circular one.

� A lower pressure drop is observed for an elliptic duct in

comparison to a circular one.
� An increase in the heat transfer coefficient is noted for an
elliptic duct.
Fig. 3 (a) velocity plot for Q (2-dimensional). (b) velocity plot

for Q (3-dimensional).
5. Result and discussion

For a better analysis of this present problem, we have pre-

sented the graphical assessment of results obtained in exact
solution section. This section incorporates both 3D-plots as
well as 2D-plots of velocity and temperature solutions. In

Figs. 3-5, the graphical solutions are presented to interpret
the flow behaviour for distinct values of dimensionless param-
eters. It is evident from these graphical results of velocity that

the flow behaviour in this elliptic duct is axial symmetric flow.
Further, a maximum value of velocity profile is observed in the
Fig. 4 (a) velocity plot for b (2-dimensional) (b) velocity plot for

b (3-dimensional)..



Fig. 4 (continued)

Fig. 5 (a) velocity plot for a (2-dimensional). (b) velocity plot for

a (3-dimensional).

Fig. 5 (continued)

6 L.B. McCash et al.
middle of this elliptic duct and it gradually decreases toward
the ciliated walls of elliptic duct. Thus an axially symmetry
flow behaviour is observed for peristaltic flow in an elliptic

duct having ciliated walls. Fig. 3 provides the velocity beha-
viour for increasing Q and it is clear from Fig. 3(a) (a 2-
dimensional velocity plot) that velocity is an increasing func-

tion of Q. The 3D-plot of velocity for increasing Q is given
in Fig. 3(b) and it is evident that velocity is low at the walls
of duct while it gains maximum value in the centre of duct.

Fig. 4 depicts the graphical result of velocity for distinct values
of wave number b. Fig. 4(a) shows that velocity is here an
increasing function of wave number. Since a rise in the flow
is observed in the middle of duct for increasing b but an oppos-

ing behaviour is noted towards the walls of ciliated duct. Fig. 4
(b) also shows this opposing behaviour of velocity at middle of
duct and near ciliated walls. Since velocity is increasing in the

middle of duct and eventually gains maximum value but at the
same time it is declining near ciliated walls of duct. Fig. 5
reveals that velocity is also an increasing function of a. It

unfolds that the increasing eccentricity of the elliptic motion
of cilia also increases the main flow. Both the Fig. 5(a) (2-D
plot) and (5b) (3D-plot) depicts an increasing velocity in the

centre of duct but declining velocity near ciliated walls of duct.
Figs. 6-9 are presented to analyse the flow of heat in this cili-
ated elliptic duct having sinusoidal walls. Here again an axial
symmetry heat transfer is observed just like velocity profile.

Also it is depicted by these graphs of temperature that temper-
ature is high in the middle of duct and it decreases smoothly
towards the walls and becomes zero. Thus the flow of heat

in an elliptic duct having ciliated walls is axially symmetric.
Fig. 6 depicts the flow of heat for increasing Q and it is dis-
closed from Fig. 6(a) that temperature is an increasing func-

tion of Q. Fig. 6(b) shows maximum temperature at the
centre of duct and it declines smoothly towards ciliated walls
of elliptic duct. Fig. 7 is plotted to analyse the effect of Br
Fig. 6 (a) Temperature plot for Q (2-dimensional). (b) Temper-

ature plot for Q (3-dimensional).



Fig. 7 (a) Temperature plot for Br (2-dimensional). (b) Tem-

perature plot for Br (3-dimensional).

Fig. 7 (continued)

Fig. 6 (continued)

Fig. 8 (a) Temperature plot for b (2-dimensional). (b) Temper-

ature plot for b (3-dimensional).

Fig. 8 (continued)
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on temperature profile. It is noted in Fig. 7(a) that temperature
is an increasing function of Br. Fig. 7(b) displays that the flow

of heat is high at the middle of duct and decreases towards
walls. Fig. 8 depicts the effect of b on flow of heat. It is evident
from Fig. 8(a) that temperature is an increasing function of b.
The heat transfer rate is maximum in the central region of this
elliptic duct and minimum at the ciliated walls, as shown in
Fig. 8(b). Fig. 9 provides the effect of a on temperature profile

and it is clearly observed in Fig. 9(a) that temperature is an
increasing function of a. That is the eccentricity of elliptic
motion of cilia play a vital role in the enhancement of the flow
temperature. Further, Fig. 9(b) shows a maximum temperature

in the centre that gradually decreases and becomes zero at the
ciliated walls. The temperature graphical outcomes reveal that



Fig. 9 (continued)

Fig. 9 (a) Temperature plot for a (2-dimensional). (b) Temper-

ature plot for a (3-dimensional).

Fig. 10 (a) dp
dz
ford: (b) dp

dz
for/: (c)dp

dz
forQ:

Fig. 10 (continued)

8 L.B. McCash et al.
the coefficient of heat transfer has increased for the case of an
elliptic duct. Fig. 10(a-c) are the graphical solutions of pressure

gradient that are plotted against axial coordinate. Fig. 10(a)

depicts that dp
dz
is an increasing function of d: It is evident from

Fig. 10(b) that dp
dz
is an increasing function of / for 0 � z � 0:5

while at the same time it is decreasing function of / for
0:5 � z � 1. Thus there a rise in the value of pressure gradient
for an expanding sinusoidal wave but at the same time it decli-

nes for a contracting sinusoidal wave at the elliptic duct walls.
Further, this decline in the pressure gradient eventually assists
the flow and thus the fluid is propelled along the axial coordi-

nate of duct due to contraction of peristaltic wave. Fig. 10(c)

reveals that dp
dz
is a decreasing function of Q: In Fig. 11 (a-b),

the graphical solutions of DP are plotted against Q. The elliptic

duct has a lower pressure drop as compared to the circular



Fig. 10 (continued)

Fig. 11 (a) DP against Q for d: (b) DP against Q for/:

Fig. 11 (continued)

Fig. 12 (a) Streamlines plot for Q ¼ 0:01. (b) Streamlines plot

for Q ¼ 0:03. (c) Streamlines plot for Q ¼ 0:05. (d) Streamlines

plot for Q ¼ 0:07.
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duct. Fig. 11(a) depicts that DP is an increasing function of d in
the peristaltic pumping region while it is decreasing a function

of d in the co-pumping segment. Similarly, Fig. 11(b) depicts
that DP is varying directly with / in the peristaltic pumping
section while it varies inversely with / in the co-pumping

region. In Fig. 12(a-d), the graphical results are presented for
streamlines. These streamlines depict a side-view of flow in this
elliptic duct. It is revealed that the closed contours are increas-
ing in size with increasing flow rate.



Fig. 12 (continued)

Fig. 12 (continued)

Fig. 12 (continued)
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6. Conclusions

The present problem is modelled for an elliptic duct with cili-
ated walls. We have conveyed a thorough analysis for flow of
heat and various physical characteristics of peristaltic flow

mechanism. Our motivation in this novel work was to combine
the effects of peristalsis and cilia in a duct with elliptic cross-
section. The key findings of our current investigation includes
� The exact solution section provides a complete methodol-
ogy to solve the partial differential equations with bound-

ary conditions over the surface of an ellipse having
ciliated walls.

� It is evident from the graphical results of velocity that the

flow behaviour in this elliptic duct is axial symmetric flow.
� A maximum value of velocity profile is observed in the mid-
dle of this elliptic duct and it gradually decreases toward the

ciliated walls of elliptic duct.
� The flow of heat in an elliptic duct having ciliated walls is
axially symmetric.

� Temperature is high in the middle of duct and it decreases

smoothly towards the walls and becomes zero.
� The streamlines depict a side-view of flow in this elliptic
duct. It is noted that the closed contours are increasing in

size with incrementing value of Q.
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