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ABSTRACT

Let D be the unit disk. Kutzschebauch and Studer (Bull. Lond. Math. Soc. 51 (2019) 995-
1004) recently proved that, for each continuous map A : D — SL(2,C), which is holomorphic
in D, there exist continuous maps E, F : D — sl(2,C), which are holomorphic in I, such that
A = efel’. Also they asked if this extends to arbitrary compact bordered Riemann surfaces. We
prove that this is possible.

1. Introduction

Let X be a compact bordered Riemann surface’, and let X be the interior of X. Denote by
SL(2, C) the group of complex 2 x 2 matrices with determinant 1, and by s[(2, C) its Lie algebra
of complex 2 x 2 matrices with trace zero. We prove the following.

THEOREM 1.1. Let A: X — SL(2, CLbe a continuous map, which is holomorphic in X.
Then there exist continuous maps E, F' : X — sl(2,C), which are holomorphic in X, such that
A=¢ePef on X.

Let D be the closed unit disk in C. For X =D, Theorem 1.1 was recently proved by
Kutzschebauch and Studer [11, Theorem 2]. In [11] also, the question is asked if Theorem 1.1
is true in general, and it is noted that there is some problem to adapt in a straightforward way
the proof of [11] to the general case. The problem is that X need not be simply connected.
Our proof of Theorem 1.1 is nevertheless some adaption of the proof given in [11] for the case
X =D.

Let A(X) be the algebra of complex-valued functions which are continuous on X and
holomorphic in X. The first step in our proof of Theorem 1.1 is the following.

LEMMA 1.2. Leta,b € A(X) with {a = 0} N {b = 0} = 0 and, moreover, {a = 0} # X. Then
there exist g,h € A(X) such that b+ ga = e".

Recall that (by definition) the Bass stable rank of a commutative unital ring R is equal to 1,
if, for all a,b € R with aR + bR = R, there exists g € R such that b + ga is invertible. Although
not used in the present paper, let us note the following immediate corollary of Lemma 1.2.
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COROLLARY 1.3. The Bass stable rank of A(X) is equal to 1.7

That the Bass stable rank of AL@) is one is an important ingredient of the proof of
Theorem 1.1 given in [11] for X = D. As pointed out there, this makes it possible to limit
to matrices of the form (¢ ) with {a = 0} = (). In the same way, Lemma 1.2 makes it possible

to limit to matrices of the form (Fc’ %), and, for matrices of this form, it is possible to adapt

the proof from [11] to the case of non-simply connected X.

Let M(2,C) be the algebra of all complex 2 x 2 matrices, and GL(2,C) the group of its
invertible elements. Then, in the same way as in [11, Corollary 1], the following corollary can
be deduced from Theorem 1.1.

COROLLARY 1.4. Let A: X — GL(2,C) be continuous on X, holomorphic in X, and null-
homotopic. Then there exist continuous maps E, F': X — M(2,C), which are holomorphic in
X, such that A =eFef on X.

The study of the question ‘how many exponentials factors are necessary to represent
a given holomorphic matrix’ was started by Mortini and Rupp [14]. In the case of an
invertible 2 x 2 matrix with entries from A(D), they proved that four exponentials are sufficient
[14, Theorem 7.1]. Then Doubtsov and Kutzschebauch [6, Proposition 3] improved this to
three exponentials. Eventually Kutzschebauch and Studer obtained that two exponentials
are sufficient, which cannot be further improved, by an example Mortini and Rupp [14,
Example 6.4]. This example shows that, under the hypotheses of Theorem 1.1 or Corollary 1.4,
in general there does not exist a continuous B : X — M(2,C) with A = e®. As noted in [6], to
find such B with values in sl(2,C) is impossible already by the fact that not every matrix in
SL(2,C) has a logarithm in s[(2,C).

NOTE: After this paper was written and the preprint was posted in the arXiv [12], I got to
know the preprint [2, Theorem 1.3] with a substantial generalization of Theorem 1.1. This
generalization, in particular, contains Theorem 1.1 with SL(n,C) in place of SL(2,C), for
arbitrary n > 2 (see [2, Example 1.4 (1)]).

2. A sufficient criterion for the existence of a logarithm

A matrix ® € M(2,C) will be often considered as the linear operator in C? defined by
multiplication from the left by ® (considering the vectors in C? as column vectors). The
kernel and the image of this operator will be denoted by Ker ® and Im @, respectively. For
® € M(2,C) and A € C, we often write A — ® instead of A\I — ®. A matrix ® € M(2,C) will be
called a projection, if it is a linear projection as an operator, that is, if ®2 = &.

LEMMA 2.1. Let X be a topological space and let B : X — SL(2,C) be continuous. Suppose
there exists a continuous complex-valued function A\ on X such that, for all { € X:

(a) eM9 is an eigenvalue of B(();
(b) eM&) £ e=AQ),

tIf X is the closure of a bounded smooth domain in C, this was proved by Corach and Suaréz [5, Theorem 2.3].
Actually they proved the stronger result that, if K is an arbitrary compact subset of C, then the Bass stable
rank of the algebra of functions which are continuous on K and holomorphic in the inner points of K is equal
to 1. That the Bass stable rank of A(D) is equal to 1 was obtained before in [4, 10]. I do not know if there
already exists a published proof of Corollary 1.3 for arbitrary compact bordered Riemann surfaces.
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Then there exists a uniquely determined map F : X — 5[(2,C) such that B = e on X and,
for all ¢ € X, X\(C) is an eigenvalue of F(¢). This map is continuous. If X is a complex space'
and B, )\ are holomorphic, then F is even holomorphic.

Proof. Existence: Since e*(¢) is an eigenvalue of B(¢) and det B(¢) = 1, e (%) is the other
eigenvalue of B((), which is distinct from e*(¢), by condition (b). Therefore

C? = Ker (em - B(()) @ Ker (e—m - B(g)) forall ¢ € X,

where ‘@’ means ‘direct sum’ (not necessarily orthogonal). Let P : X — M(2,C) be the map
which assigns to each ¢ € X the linear projection from C? onto Ker(e¢) — B(()) along
Ker(e=*%) — B(¢)). Then

B=¢"P+e M- P), (2.1)
which implies
1 e N
P:e)‘—e—AB_eA—e—AI' (2.2)

This shows that P is continuous on X and, if X is a complex space and B, A are holomorphic,
then P is even holomorphic on X. Now

F:=\P—\I-P) (2.3)

has the desired properties.

Uniqueness: Let ¢ € X and © € sl(2,C) such that ¢® = B(¢), and A\(¢) is an eigenvalue of
©. Then © and B(¢) commute. By (2.2), also © and P({) commute. Therefore © = aP({) +
B(I — P(¢)) for some numbers «, 8 € C, which then are the eigenvalues of O, that is, either
a=A) and 8 =—=X\((),or o« =—=A(¢) and 8 = A({). « = —A(¢) and 8 = A({) is not possible,
since otherwise, by condition (b) and by (2.1), we would have

© = NP+ O = P(Q)) # AOP(C) + O — P(O) = BC).
Therefore o = A(¢) and 8 = —\(¢). Hence, by (2.3),
O = MOP(C) = X = P(Q) = F(O). -

3. Proof of Lemma 1.2 and Theorem 1.1

In this section, X is a compact bordered Riemann surface, where we assume (as always
possiblet) that X is a bounded smooth domain in some larger open Riemann surface X ,
and X is the closure of X in X. The boundary of X will be denoted by 9X. If we speak about
an open subset U of X, then we always mean that U is a subset of X which is open in the
topology of X (and in general not open in X). For K C X, let K be the closure of K (in X or
in X).

If U is an open subset of X, then we denote by A(U) the algebra of continuous complex
valued functions on U which are holomorphic in U N X.

To prove Theorem 1.1, we begin with the observation that

0?01 =% forall ©,% € GL(2,C). (3.1)

By a complex space we mean a reduced complex space in the terminology of [8], which is the same as an
analytic space in the terminology of [3, 13]. For example, each Riemann surface is a complex space.

fOne can take for X a non-compact open neighborhood of X in the double of X (for the definition of the
double of X, see, for example, [1, I1. 3E]).
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This shows that conjugation does not change the number of exponential factors needed to
represent a given matrix. As in [11], we will use this observation several times.

Next we recall some known facts (Lemma 3.1, its Corollary 3.2 and Lemma 3.3), for
completeness with proofs.

LeEMMA 3.1. Let a be a continuous (0,1)-form on X (that is, a continuous section over X of
the holomorphic cotangential bundle of X') which is C> in X. Then there exists a continuous
function w : X — C which is C* in X such that Ou = o in X.

Proof. As observed by Forstneric, Fornzess and Wold in [7, Section 2, formula (8)] (together
with corresponding references), to solve the d-equation on Riemann surfaces, one can use the
following know fact: There exists a 1-form, w, defined and holomorphic on (X x X)\ A, where

A is the diagonal in X x X , such that, if A : U — C is a holomorphic coordinate on some open
set U C X, then, on (U x U) \ A, w is of the form

1
(6 = (e + 06 Jah(©), (G € (U x D)\ (32)

where ¢}, is a holomorphic function on U x U. Since X is compact, and « is continuous on X,
then it is clear that the function u : X — C defined by

1
u(n) = /C _eem e, ne X,

T 2mi

is continuous on X. To prove that, in X, u is C* and solves the equation Ou = «, we consider a
point £ € X and take an open neighborhoods V _and U of £ such that VCU,UCX and there
exists a holomorphic coordinate h : U — C of X. Further choose a C*°-function x : X — [0, 1]
such that y = 1 in a neighborhood V. Then v = u1 + us + us, where

) = gz [ @lCm )

us() = =0 M(Ow(Com) A al0),
271 cex\v

us() = (1= x(O)w(¢,m) A al0).
271 cex\v

Then us and ug are holomorphic in V. Therefore it remains to prove that u, is C*° and duy = a,
in V. By (3.2), u1 = uj + uf, where

/ _ 1 dh(Q) A a(Q) nd o (n) = o
4= 5 [ By w0 = [ o) Aa()

Since 6, is holomorphic, u} is holomorphic. Further

(o h ) = 5 " A (G e,

211 w—z

Therefore, as is well known (see, for example, [9, Theorem 1.2.2]), uj o h™! is C* and d(u] o
h=1t) = (h1)*a, in h(V), which implies that u} is C*° and du) = o, in V. O

COROLLARY 3.2. Let Uy,Us be non-empty open subsets of X with Uy UU, = X, and let
f € A(Uy NUy). Then there exist f1 € A(Uy) and fo € A(Us) with f = fi — fo on Uy N Us.
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Proof. For K C X, we denote by 0K the boundary of K with respect to the topology of

X (Which is, in general smaller than the boundary in X ). Since U; and Us are open subsets
of X and U; UU; = X, we have

U \U2NU \ Uy = 0.

Therefore we can find a C> function x : X — [0,1] with x = lin an X-neighborhood of U, U, \ Us,
and x =0 in an X- neighborhood of Uy \ U;. Then we have well-defined continuous functions
: Uy — C and ¢y : Uy — C which are C* in X NU; and X N Us, respectively, such that

{(1—x)f on Uy N U, {—xf on Uy N Uy,
c1 = and ¢y = 0

0 on Ul\Ug, on UQ\Ul.
Then
f:Cl — C2 on U1 mUQ, (33)
dey = —0xf=0c; on XNU NUs. (3.4)

Relation (3.4) shows that there is a well-defined continuous (0,1)-form on X, «, which is C*
in X, such that

a=0dc;jon XNU;, for j=1,2. (3.5)
By the preceding lemma, we can find a continuous function v : X — C which is C* in X

such that du =« in X. Set f; =c¢; —u, j =1,2. Then, by (3.5), f; € A(U;) and, by (3.3),
fzfl—fQOHUlﬁUQ. O

LEMMA 3.3. For each a € A(X), either {a =0} = X or 9X N {a = 0} is nowhere dense in
0X.

Proof. Assume 90X N {a =0} is not nowhere dense in dX. Then there exist £ € X and
an open subset U of X with ¢ € U and a =0 on U NJX. Then (by definition of a bordered
Riemann surface), we have an open subset V of X with £ € V, and a homeomorphism ¢ : V —
{z € C||z| <1, Imz > 0}, which is biholomorphic from V \ X onto {z € C||z| <1, Imz >
0} and such that ¢(V NdX) =] —1,1[. Then the continuous function a o ¢! is holomorphic
in {z€C||z] <1,Imz > 0} and has the real value 0 on | — 1, 1[. Therefore, by the Schwarz
reflection principle, there is a holomorhic function @ on {z € C| |z| < 1} with

@=aop ' on {zeC||z| <1,Imz>0}. (3.6)

Since a =0 on ¢~ (] —1,1[) = VN X, from (3.6) we get @ =0 on | — 1,1[. Therefore a =0
on {z € C||z| < 1}. Again by (3.6) this implies that a = 0 on V' \ 0X. Hence (X is connected)
{a=0}=X. O

The first step in the proof of Lemma 1.2 is the following lemma.

LEMMA 3.4. Let a,b e A(X) such that {a =0} N{b=0} =0. Then there exist finitely
many closed subsets K1, ..., Ky of X such that

K,NK,=0 forall 1<jk</{withj#k, (3.7)

{a=0} CKjU...UKy, (3.8)
and, for some open disks D1, ...,Dy contained in C\ {0},
b(KJ) QDJ fOl‘]:L,g (39)
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Proof. If {a =0} = (), the claim of the lemma is trivial. Therefore we may assume that

{a =0} #0.
First let 9X N {a = 0} = (. Since X is compact and {a = 0} has no accumulation points in
X, and since {a =0} # 0, then {a = 0} consists of a finite number of points &;,...,& € X.

Then b(&1) #0, ..., b(&) # 0, and Ky := {&1}, ..., K¢ := {&} have the desired properties.
Now let X N{a =0} # 0. Fix a metric p(-, ) on X. For a subset K of X we denote by

diam K the diameter of K with respect to this metric. Since X is compact, a,b are continuous
and {a =0} N{b=0} =0, we have
0 :=min (Ja(C)| + [b(¢)]) > 0,
cex
and we can find £ > 0 such that

‘b(() — b(n)| <@ forall ¢,ne€ X with p(¢,n) <e. (3.10)

We call a set A C 0X a closed Interval in 90X if there is a homeomorphic map ¢ from [0,1]
onto A.

Since X is compact, 0X is the union of a finite number of pairwise disjoint Jordan curves.

STATEMENT 1. Let I' be one of these Jordan curves. Then there exists a finite number of
closed intervals Ay, ..., A, in I' such that

AjNA,=0 for 1<j,k<qwithj#Ek, (3.11)
I'nN{a=0} C A U...UA,, (3.12)
An{a=0}#0 forj=1,....q, (3.13)
diam(A;) <e for 1<j<gq, (3.14)

Proof of Statement 1. If ' N {a = 0} = (J, the claim of the statement is trivial. Therefore we
may assume that I' N {a = 0} # 0.

Since I is a Jordan curve, we have a homeomorphism ¢ from T := {z € C||z| =1} onto I.
Since {a =0} # X, {a =0} NT is nowhere dense in I' (Lemma 3.3). Therefore we can find
0 <t <ty <...<t, <27 such that

a(p(e)) #0 for k=1,...,p, (3.15)
and
dlam¢( t”’t”“]) <efork=1,...,p—1, and
diam (¢>( ilty 2”) u¢( Otﬂ)) <e. (3.16)
By (3.15), we can find ¢ > 0 such that t, + 0 < tx41 fork=1,...,p—1,t, + 0 < 2w, and
a((b(e“)) #O0fort; <t<tj+oandr=1,...,p. (3.17)

Define closed intervals in I', Ay, ..., A, by
A, = ¢(ei[t“'+”’t“‘+1]) fork=1,...,p—1, and A, = ¢(ei[tp+”’27r]) U ¢( it )
Then it is clear that
A, NAN=0 forall ks,A€{1,...,p} with k # A, (3.18)
from (3.16) it follows that
diam A, <e for k=1,...,p, (3.19)
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and from (3.17) it follows that
'n{a=0}CA;U...UA,. (3.20)

Let {k1,...,Kq} be the set of all k € {1,...,p} with A, N{a=0}#0 (such k exist, as
I'n{a=0}#0}), and define Aj = A, for j=1,...,¢. Then (3.11) is clear by (3.18). (3.12)
and (3.13) hold by (3.20) and the definition of the set {k1,...,xq}. (3.14) is clear by (3.19).
Statement 1 is proved.

From Statement 1, we obtain a finite number of closed intervals Ay, ..., A, in X such that
ANA=0 for 1< jk<rwith j#Ek, (3.21)
0XN{a=0} CAU...UA,, (3.22)
An{a=0}#0 forj=1,...,r (3.23)
diam(Aj) <e for j=1,...,m (3.24)

By (3.21) and (3.24), we can find open subsets U; of X, j =1,...,r, with

Aj g Uj for 1 <] § T, (325)
U;jNU,=10 forall<jk<rwithj#k, (3.26)
diam (U;) <e for j=1,...,7. (3.27)
Note that then, by (3.23),
Un{a=0}#0 forj=1,...,r (3.28)
Set K; =U; for j =1,...,r. Then, by (3.22) and (3.25),
{a=0}NOXUK U...UK,)={a=0}N (K U...UK,). (3.29)

STATEMENT 2. N :={a=0}N (X \ (X UK; U...UK,)) is finite.

Proof of Statement 2. Assume N is infinite. Since X is compact, then N has an accumulation
point £ € X. Since {a = 0} is closed, £ € {a = 0}. As {a = 0} N X is discrete in X, this implies
that £ € 90X N {a = 0} and further, by (3.22) and (3.25), that £ € Uy U... U U,. In particular,
with respect to the topology of X, ¢ is an inner point of X U K| U...U K,., which is not
possible, for € is an accumulation point of N and therefore, in particular, an accumulation
point of X \ (0X UK, U...UK,). Statement 2 is proved.

Let & 41, . .., & the distinct points of N, and define K; = {¢;} for j = r +1,...,£. We claim
that Ki,..., K, have the desired properties (3.7)—(3.9).

Indeed, (3.7) follows from (3.26) and the fact that &.11,...,& are pairwise distinct and lie
in N and, hence, outside K7 U...U K,. By (3.29),

{a=0}NOXUK,U...UK,)C K U...UK,,
and, by definition of K, 1,..., Ky,
{a=0}N(X\(OX UK U...UK,))=N=K, ;1 U...UK,.

Together implies (3.8). To prove (3.9), we first note that by (3.28) and the definition
of Kyq1,...,Ky, for each je{l,...,¢}, we have a point & € K; with a(¢;) =0. Since,
by definition of 6, |b(§;)| > 6, setting D; = {z € C||z — b(§;)| < 6}, we obtain open disks
Dy,...,D, CC\ {0}. Since diam K; < e for j=1...,¢ (for 1 < j < r this holds by (3.27),
and for r + 1 < j < ¢, we have diam K; = 0), now (3.9) follows from (3.10). O
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Proof of Lemma 1.2. If {a = 0} =), we set g = (1 —b)/a. Then b+ ga=1=¢€" on X, and
the claim of the lemma is proved.

Now let {a = 0} # (). By Lemma 3.4, we can find finitely many closed subsets K1, ..., K, of
X and open disks Dy, ..., D, in C\ {0} satisfying (3.7)-(3.9). Choose open subsets W7y, ..., W,
of X such that

W,NW,=0 forall 1<jk<£¢withj#Fk, (3.31)
bW;) CD; forj=1,...,0 (3.32)

Since D; € C\ {0}, we can find holomorphic functions log; : D; — C with ¢'°% * = z for z €
D;.Set W =W, U...UW,and V = X \ {a = 0}. Then, by (3.30) and (3.8), VUW = X, and,
by (3.31) and (3.32), we can define f € A(W) setting f = log; ob on W;. Then

b=¢/ onW. (3.33)

Since a # 0 on V and f € A(W), we have f/a € A(V NW). Therefore, by Corollary 3.2, we
can find v € A(V) and w € A(W) with f/a = v — w, that is,

fHaw=av on VNW.
Therefore, we have a function h € A(X) with

h=f+aw on W. (3.34)

The series fo “}:’j/ bjf’l converges uniformly on the compact subsets of W to some s € A(W),

and, by (3.34) and (3.33), we have
e —b=e/TW _h=pe™ —b=0be™ —1) on W.
Together this implies that, on VNW = W\ {a = 0},

el —b:7za“w‘ _ Z

p=1 u:O

btk tl 7ia”w“ bw
(p+1)! PR

Therefore, we have a function g € A(X) with g = eh'a*b
V = X\ {a = 0}, it is clear that

b—i—ga:b—i—e

Since {a = 0} is nowhere dense in X, it follows by continuity that b+ ga = €’ on all of X. [
Proof of Theorem 1.1. For f € A(X), we denote by Re f and |f| the functions X > ¢ —
Re f(¢), and X 3 ¢ — | f(¢)], respectively. By ASEZO)(X) and A" 0 (X), we denote the sets
of continuous maps from X to SL(2,C) and sl(2, C), respectively, which are holomorphic in X.
Now let A € ASH2C)(X) be given.
If A=1 or A= —1I, the claim of Theorem 1.1 is trivial. Therefore it is sufficient to consider
the following three cases.

(I) A is of the form (¢ %) with {¢ = 0} # X.
(IT) A is of the form ({ ) with {b =0} # X.
(IT1) A is of the form ({ ) where neither {a =1} ={d=1} =X nor {a= -1} ={d =
-1} =X.



914 JURGEN LEITERER

By observation (3.1), Case (II) can be reduced to Case (I), since

0 1\ [(a b\/0 1\ ' [(d 0
1 0/\0 d/\1 O S \b a)’
Consider Case (III). Since det A = 1, then a # 0 and d = a~! on X. Moreover, then {a —a~! =

0} # X, for otherwise we would have {a* = 1} = X, that is, either {a =1} = {d =1} = X or
{a=-1}={d=-1} = X. As

G620 ) (e )

this shows, again by (3.1), that also Case (III) can be reduced to Case (I).

Z) where {¢c =0} # X. Since also {c=0}N{a=0} =0

(the values of A are invertible), then we can apply Lemma 1.2, which gives g, h € A(X) with

a+ gc=e" on X. Then
1 g A 1 g _1_ el x
0 1 0 1 T\lx %)

Therefore, again by observation (3.1), finally we see that A = (ecl ) with h,b,c,d € A(X) can
be assumed.

The remaining part of the proof is an adaption of the proof given in [11] for X = D. Chose
d > 0 so large that, on X,

So, we may assume that A = (CCL

Re (e’ +e"7d) >0, (3.35)
1

‘(1 +eh2G)? _gem 1‘ <3 (3.36)

and define

h—9§¢ 0 ed ed~hp
E = ( 0 5 o h) and B = (eh_(;c eh_éd) .
Then

Eec A'?O(X), BeACOX), and A=e’BonX. (3.37)

It follows from (3.36) that log((1 + €"~2°d)? — 4e~2%) is well defined, where, since |log z| < 1
if |z — 1] < 1/2,

|log ((1+€"°d)* —4e )| <1 on X. (3.38)
Since
(tr B)? e?d 25 2 _
4 —IZT((I‘FB} 25d) _46 25)’

this implies that also log(% — 1) is well defined, where

2
log ((“f) - 1) =20~ log4 +1og (1 +¢"%d)* ~4¢") on X. (3.39)

Set
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Then, by (3.39),

log 4 1
¢ = exp (6 = Og ) exp (2 log ((1 + eh—25d)2 - 46—25))

Since |e* — 1] < 1if |2] < 1/2 and therefore, by (3.38),

1
exp (2 log ((1 + eh_%al)2 — 46_26>> — 1‘ <1,

this shows that

Rep >0 on X. (3.40)
Since ¢? = % — 1, we see that, for each ¢ € X,
tr B(¢ tr B(¢
0.0 = "2 o) ama 0.0 = TP (g

are the eigenvalues of B((), where 0, (() # 6_(¢) (as ¢(¢) #0). Since det B({) =1 and
therefore 6_(¢) =64 (¢)~1, it follows that 6, (¢) # 0,(¢)~! for all ¢ € X. Since, by (3.35),
also Re(tr B) > 0, it follows from (3.40) that Ref; > 0 on X. Therefore A\ = logf, is well
defined. So, we have found a function A € A(X) with the property that, for all ¢ € X, e*<)

(=0,(¢)) is an eigenvalue of B(¢) and A(¢) # —A(¢) (as 64(C) # 04(¢)~"). This implies by
Lemma 2.1 that there exists F € A*'?C)(X) with B = e’ By (3.37) this completes the proof
of Theorem 1.1.
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Open access funding enabled and organized by Projekt DEAL.

References

L. AuLFORS and L. SARIO, Riemann surfaces (Princeton University Press, Princeton, NJ, 1960).
. A. BRUDNYI, ‘On exponential factorizations of matrices over Banach algebras’, Preprint, 2010,
arXiv:2010.12903.

3. H. CARTAN, ‘Espaces fibrés analytiques’, Symposium International de Topologia Algebraica (Universidad
National Auténomica de Mexico and UNESCO, 1958) 97-121.

4. G. CoracH and F. D. SUAREZ, ‘Stable range in holomoprhic functions algebras’, Illinois J. Math. 29 (1985)
627-639.

5. G. CoracH and F. D. SUAREZ, ‘Extension problems and stable rank in commutative Banach algebras’,
Topology Appl. 21 (1985) 1-8.

6. E. DouBTsov and F. KUTZSCHEBAUCH, ‘Factorization by elementary matrices, null-homotopy and products
of exponentials for invertible matrices over rings’, Anal. Math. Phys. 9 (2019) 1005-1018.

7. J. E. Fornass, F. FORSTNERIC and E. F. WoLD, ‘Holomorphic approximation: the legacy of Weierstrass,
Runge, Oka-Weil, and Mergelyan’, Advancements in complex analysis. from theory to practice (eds D.
Breaz and M. Th. Rassias; Springer, Cham, 2020) 133-192.

8. H. GRAUERT and R. REMMERT, Coherent analytic sheaves (Springer, Berlin 1984).

9. L. HORMANDER, An introduction to complex analysis in several variables, 3rd edn (North-Holland,
Amsterdam, 1990).

10. P. W. Jongs, D. MARSHALL and T. H. WOLFF, ‘Stable rank of the disc algebra’, Proc. Amer. Math. Soc.
96 (1986) 603—-604.

11. F. KuTzZSCHEBAUCH and L. STUDER, ‘Exponential factorizations of holomorphic maps’, Bull. Lond. Math.
Soc. 51 (2019) 995-1004.

12. J. LEITERER, ‘On holomorphic matrices on bordered Riemann surfaces’, Preprint, 2010, arXiv:2010.02581.

N =



916 JURGEN LEITERER

13. S. LoJasiEwICz, Introduction to complex analytic geometry (Birkhduser, Basel, 1991).

14. R. MortiInI and R. RuPP, ‘Logarithms and exponentials in the matrix algebra M3 (A)’, Comput. Methods
Funct. Theory 18 (2018) 53-87.

Jiirgen Leiterer

Institut fiir Mathematik
Humboldt-Universitét zu Berlin
Rudower Chaussee 25

Berlin D-12489

Germany

leiterer@mathematik.hu-berlin.de

The Bulletin of the London Mathematical Society is wholly owned and managed by the London Mathematical
Society, a not-for-profit Charity registered with the UK Charity Commission. All surplus income from its
publishing programme is used to support mathematicians and mathematics research in the form of research
grants, conference grants, prizes, initiatives for early career researchers and the promotion of mathematics.


mailto:leiterer@mathematik.hu-berlin.de

	1. Introduction
	2. A sufficient criterion for the existence of a logarithm
	3. Proof of Lemma 1.2 and Theorem 1.1
	References



