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Abstract

Booth (Solar Phys. 296, 108, 2021; hereafter B21) is essentially a critique of the Hilbert
transform techniques used in our paper (Leamon et al., Solar Phys. 295, 36, 2020; here-
after L.20) to predict the termination of solar cycles. Here we respond to his arguments; our
methodology and parameter choices do extract a mathematically robust signature of termi-
nators from the historical sunspot record. We agree that the attempt in L20 to extrapolate
beyond the sunspot record gives a failed prediction for the next terminator of May 2020,
and we identify both a possible cause and remedy here. However, we disagree with the B21
assessment that the likely termination of Solar Cycle 24 is two years after the date predicted
in L20, and we show why.

Keywords Solar Cycle - Observations

Booth (2021), hereafter B21, is essentially a critique of the Hilbert transform techniques
used in our paper (Leamon et al., 2020, hereafter L20) to predict the termination of so-
lar cycles, and by extension, the predictions of the amplitude of Solar Cycle 25 made by
(MclIntosh et al., 2020, hereafter M20).

As a reminder, a solar cycle “terminator,” also referred to as “the termination event” is
not Solar Minimum, and it is not the beginning of Solar Cycle 25. Rather, it is the end
of Solar Cycle 24, when the magnetic imprint of the old solar cycle finally vanishes from
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Figure 1 The C23 terminator date is obtained via Hilbert transform of increasingly long time intervals of the
SSN record. The dashed horizontal line in the bottom panel indicates the observed date, February 2011.

the Sun’s surface. As described by Mclntosh et al. (2019), the cancellation of (the last) old
cycle polarity at the equator leads to a rapid emergence of a new cycle magnetic flux in
mid-latitudes, that is, a rapid growth of sunspot emergence and associated eruptive activity,
and a sharp increase in radiative output, most noticeable in coronal Iron lines in the EUYV,
and the F10.7 solar radio flux.

The termination of Solar Cycle 23 occurred in February 2011. L20 predicted (at date of
submission in October 2019) that the termination of Solar Cycle 24 would occur in May
2020—an extremely short cycle of only 9.25 years. That forecast is clearly premature.

The main points raised by B21 all refer to important features of practically deploying the
Hilbert transform on physical time-series that are noisy, of finite length, and not intrinsically
zero crossing. These properties of the Hilbert transform are well known and are widely re-
ported in the literature (Boashash, 1992; Pikovsky et al., 2002). Nevertheless, understanding
these points is essential in understanding the applicability of the Hilbert transform and its
uncertainties, and so we welcome the opportunity to elaborate on them further here.

1. Multiple cycles of the time series are required. In his comment, B21 mistakenly refers
to a 1945 (or thereabouts) start date for our Hilbert transform of SSN. In .20, we used a start
date of 1820 as shown in Figure 3 of that paper. B21 then finds that the results of the Hilbert
transform, thats is, the end date, are indeed sensitive to variations in the start date when 1945
is used. Since a 1945 start date would imply a record extending over only 67 cycles (rather
than 18 cycles if we go back to 1820), the B21 finding of a sensitivity to the start date is
not surprising. However, this does not establish whether 18 cycles are enough to eliminate
sensitivity to the start date, so inspired by B21 we address this here. There are two steps to
our prediction, (i) the Hilbert transform of the SSN record and (ii) the extrapolation at the
edge. Figures 1 and 2 investigate the fidelity of both these steps. In Figure 1, we plot our
determination of the occurrence date of the previous terminator as we vary the start date of
the SSN record used to perform the Hilbert transform. We can see that the terminator value,
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Figure 2 (Top) The original C24 prediction of May 2020, per L20’s extrapolation of fit from January 2017
to September 2019. (Bottom) The predicted C24 terminator date is obtained via Hilbert transform of increas-
ingly long time intervals of the SSN record. Note that the predicted date varies with the cycle phase of the
start date. A visual inspection suggests that if (as) the Terminator is imminent (the dashed horizontal line
of August 2021 in the bottom panel), then the most accurate predictions come from start dates close to the
terminators (phase close to &) of other cycles—the terminators of last few cycles are indicated in red.

which is identified as the point where the Hilbert phase intersects —s here, is rather robust,
even when a quite short SSN record is used. In Figure 2, we plot our prediction for the next
terminator as we vary the start date of the SSN record used. This now requires extrapolation
at the edge. We can see a clear solar cycle variation in the predicted value; as the SSN record
used for the Hilbert transform is successively increased through each solar cycle, it cycles
through a systematic bias on the predicted terminator date. This systematic bias can arise as
we are estimating the analytic phase using the discrete Hilbert transform (DHT) over a finite-
length data interval. The DHT is computed (see Marple, 1999) in a manner that assumes a
periodic structure, in the same manner that the discrete Fourier transform approximates the
continuous one. If the DHT is performed over an SSN time series that is not a whole number
of solar cycles, then a systematic bias will be introduced. This only becomes important close
to the edge: in Figure 3, we plot the Hilbert phase time series evaluated with SSN start dates
at different points in the solar cycle. Thus values for terminators that have already occurred
can robustly be obtained from the DHT without sensitivity to the start (or end) date of the
SSN record used. Predicting the next terminator, which requires an extrapolation at the edge,
will be subject to this bias. We can minimize this bias by choosing a start date that coincides
with a (known) terminator and obtain an uncertainty estimate by generating an ensemble of
predictions, which each use a different, known terminator as the SSN start date. Modeling
of the systematic bias plotted in Figure 2 may also improve the fidelity of the prediction but
is beyond the scope of this Reply.

In L20, we perform a Hilbert transform of the SSN record to obtain a relationship be-
tween time and solar cycle phase. This relationship maps the irregular (in time) solar cycle
onto a regular [0, 277 ] interval in phase; effectively, it provides a regular “clock” for the solar
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Figure 3 Showing the edge effects of different start dates. Hilbert phase for start dates 1850 (black), 1855
(red), and 1860 (green), for the whole record (bottom) and the last two solar activity cycles (top). Note that the
only deviation is in the last ~ 4 years, and most pronounced for the red curve, 1855 was close to minimum,
1850 was close to maximum, and 1860 was at maximum.

cycle. Having used the 18 cycles of SSN to obtain this mapping or clock, we can use the
same time-to-phase mapping to overplot other quantities on a single clock or epoch (Chap-
man et al., 2020) to explore solar cycle climatology. These quantities, such as F10.7 and
hemispheric sunspot numbers as in L20, may only be available for a few solar cycles, but
crucially we do not perform the Hilbert transform directly on them; instead, we use the time-
phase mapping obtained from the longer SSN record as the single time-to-phase mapping
for all compared quantities. In L20 the signature of changes in several different quantities
provides information on the timing of the terminators.

2. Signal phase is always relative. The Hilbert transform as its output gives an amplitude
and phase that vary in time. The amplitude and phase refer to a zero crossing, oscillatory
signal. Before a Hilbert transform can be computed on the SSN, it is therefore necessary
to subtract a constant value or slowly time-varying trend. The Hilbert transform is then
performed on the background subtracted signal. Considering the subtraction of a constant
value By (referred to in B21 as the “centralizing constant”) as is done in L.20, the absolute
phase obtained from the Hilbert transform will clearly vary with the choice of By since the
value of By determines the zero crossings of the background subtracted signal. Importantly,
the relative phase (between events occurring on successive cycles, i.e., the terminators) will
be robust against the choice of By, provided that each cycle is zero crossing; so that each
cycle is interpreted by the Hilbert transform as a single transit through 27 of phase. To
predict when the next terminator will occur, it is the time interval between one terminator
and the next that is the required quantity that we seek to determine in L20. In plots of phase
versus time, we can set the zero phase to be any convenient value relative to that of the
terminators that have already occurred; here in L20, it is set to —, and it is noted that this
is indeed the phase at which terminators have been seen to occur previously.
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Figure 4 The variation of delta terminators versus By. Each colored line represents (the length of) one solar
cycle. There is little variation of AT (= T; 1 — T;) for By 2~ 40-100, as marked by the vertical dotted lines.
The dashed vertical line is 76.2, the value used in L20 (mean of SSN 1947-2019). For comparison, the mean
of the whole sunspot record from 1749-2021 is 81.7.

3. Obtained phase differences and their timings are reasonably robust against variation
in the “centralizing constant” within a sensible range of values, and this uncertainty can be
estimated. Only a purely sinusoidal signal will produce phase differences that are indepen-
dent of the choice of By. Unavoidably, any real-world signal of interest will be composed
of multiple frequencies, and the relative phases of these modes will in part determine when
zero crossings occur and hence the specific timings/phases of events such as terminators.
However, by repeating the analysis for a range of B, we can estimate the variation in the
time intervals between one terminator and the next, and this was done for the analysis in
L20; we show the results here in Figure 4. The choice of By = 76.2 used in L20 falls within
the range of B, for which the delta (terminators) does not change much. This translates into
our overall uncertainty estimates.

4. Hilbert transforms incur edge effects. It is well known [e.g., Appendix A2 of Pikovsky
et al., 2002] that the result of the Hilbert transform will be less reliable at the edge of a
finite-length time series, and the errors will be a systematic drift rather than a random scat-
ter. Global effects have been discussed in point 1 above. We explicitly analyze the local
effect of extrapolating beyond the end date in Figure 6 of L20 as noted in B21. We use
past cycles where the Hilbert transform can be computed far from the edge of the data to
hindcast what this uncertainty may be. However, this remains one of the challenges of for-
ward prediction using this method. We have used a linear extrapolation throughout in L.20.
Whilst we appreciate, as pointed out by B21, that a nonlinear extrapolation may be more
accurate, the difference between linear and nonlinear extrapolation is rather small compared
to the systematic error introduced by the edge effects of the Hilbert transform. Of course,
as time passes and more data is added, the procedure will become more accurate, and we
attempted to quantify this in Figure 6 of L20. We just note that whilst the uncertainty in the
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prediction improves as the event is approached (and then passed), the operational value of
the prediction diminishes.

The M20 prediction of 2331%; maximum sunspot number was based on L20’s predicted
date of 2020.37. It was always our intention to write an update once the terminator occurred.
Were it to occur imminently, say in September 2021, Cycle 24 would still be a relatively
short cycle at approximately 10.5 years in length, which would give a (downwardly) revised
prediction of &~ 195 % 17. Finally, unlike the conclusion of B21, it is improbable that the
Cycle 24 terminator will occur (more than) two years after the date predicted in L20, the
average minimum-—terminator separation is 23 &= 5 months, and we are already almost at 23
months from the SIDC-proclaimed date of December 2019.
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