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Abstract

We investigate the relation between dilatation and conformal symmetries in the statistical mechanics 
of flexible crystalline membranes. We analyze, in particular, a well-known model which describes the 
fluctuations of a continuum elastic medium embedded in a higher-dimensional space. In this theory, the 
renormalization group flow connects a non-interacting ultraviolet fixed point, where the theory is controlled 
by linear elasticity, to an interacting infrared fixed point. By studying the structure of correlation functions 
and of the energy-momentum tensor, we show that, in the infrared, the theory is only scale-invariant: the 
dilatation symmetry is not enhanced to full conformal invariance. The model is shown to present a non-
vanishing virial current which, despite being non-conserved, maintains a scaling dimension exactly equal 
to D − 1, even in presence of interactions. We attribute the absence of anomalous dimensions to the sym-
metries of the model under translations and rotations in the embedding space, which are realized as shifts of 
phonon fields, and which protect the renormalization of several non-invariant operators. We also note that 
closure of a symmetry algebra with both shift symmetries and conformal invariance would require, in the 
hypothesis that phonons transform as primary fields, the presence of new shift symmetries which are not 
expected to hold on physical grounds. We then consider an alternative model, involving only scalar fields, 
which describes effective phonon-mediated interactions between local Gaussian curvatures. The model is 
described in the ultraviolet by two copies of the biharmonic theory, which is conformal, but flows in the 
infrared to a fixed point which we argue to be only dilatation-invariant.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

Asymptotic scale invariance plays a crucial role in quantum field theory, from statistical me-
chanics to models of fundamental interactions. In several cases, the asymptotically-emergent 
scaling symmetry is enlarged to full conformal invariance, which opens the way to powerful 
techniques such as bootstrap equations [1,2] or, in two dimensions, methods based on the infinite 
Virasoro algebra [3]. These approaches give access to high-precision non-perturbative calcula-
tions and, in some cases, even to exact solutions. Understanding the conditions under which 
conformal symmetry arises is thus of great importance, and has motivated extensive investiga-
tions [4].

Particularly general results were established for two- and four-dimensional field theories 
assuming unitarity, or, in Euclidean space, the corresponding property of reflection positiv-
ity [2,5–7]. In the two-dimensional case, Zamolodchikov and Polchinski proved that unitary 
scale-invariant field theories are always conformal under two mild assumptions: the existence of 
a well-defined energy-momentum tensor and the discreteness of the spectrum of operator dimen-
sions [5,6]. In four-dimensional space, a similar result is expected to hold [4], as indicated by per-
turbative proofs to all orders [8–10] and corroborated by non-perturbative evidences [4,9,11–13]. 
Some analogue derivations were argued to be applicable to unitary theories in any even dimen-
sion D = 2n [14].

These arguments, however, cannot be extended straightforwardly to arbitrary dimensions 
(possibly odd or non-integer) or to models lacking unitarity or reflection positivity. In addition, 
several derivations break down when the energy-momentum tensor and its two-point function 
are not well defined, which can happen in sigma models relevant for string theories [6,15,16]. 
Models with scale but without conformal invariance, in fact, exist and have been explicitly iden-
tified [4,6,15–22], or indirectly conjectured based on holographic analyses [23–25]. Although 
unphysical in the context of fundamental interactions, models defined in general dimension D
and without unitarity or reflection positivity are recurrent in statistical mechanics. Analyses of 
the relation between scale and conformal invariance in more general classes of theories are thus 
crucial for several physical applications (see Refs. [2,6,26–31] for some of the results and meth-
ods).

If we try to consider, roughly speaking, how likely it is for a scale-invariant model to exhibit 
conformal symmetry, we can often run into a dilemma. On the one hand, dilatation invariance is 
not a sufficient condition for the extended conformal invariance and, therefore, a generic scale-
invariant theory can be expected to lack conformal symmetry. On the other hand, there exist 
arguments suggesting that, for interacting field theories, scale invariance should imply conformal 
invariance generically [2,19,21,31]. A formulation of this reasoning starts from the structure of 
the energy-momentum tensor Tαβ and its trace T α

α . In local and scale-invariant theories, dilatation 
symmetry implies that T α

α = ∂αV α , where V α is a local field, the ‘virial current’. Conformal 
invariance arises instead whenever V α = jα + ∂βLαβ where jα is conserved (∂αjα = 0) and 
Lαβ is a tensor field [6]. Although the requirements for conformal symmetry are stronger and 
not automatically satisfied a priori, possible candidates for the virial current are constrained, 
because V α must have a scaling dimension exactly equal to {V α} = D − 1 in order to match 
the dimensions of the energy-momentum tensor {Tαβ} = D [2,19,21,31].1 All vector currents are 
usually expected to acquire anomalous dimensions in presence of interactions, unless they are 

1 More precisely, the change of a symmetric energy-momentum tensor under infinitesimal dilatations reads i[S, Tαβ ] =
xρ∂ρTαβ + DTαβ + ∂σ ∂ρYασβρ where Yασβρ = −Yσαβρ = Yβρασ [6,11]. The first two terms, xρ∂ρTαβ + DTαβ
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conserved. Consistent candidates for V α in a generic theory can thus be expected to be conserved 
currents, which implies conformal invariance [2,19,21,31].

A basis from which we can formulate similar arguments is provided by the results of 
Refs. [26,29,30] which, instead of analyzing the energy-momentum tensor, used non-perturbative 
renormalization group techniques. Refs. [29,30] showed that, for critical scalar and O(N) mod-
els, scale implies conformal invariance if no vector eigenoperator with scaling dimension −1
exists.2 This vector quantity plays a role analogue to the space integral of the virial current. 
Ref. [26], instead, used a generalization of Wilson’s renormalization group to argue that, for 
a general fixed point theory, two- and three-point functions are consistent with the constraints 
imposed by conformal invariance provided that (i) there exists no vector eigenoperator with di-
mension −1, (ii) interactions are sufficiently local, (iii) the real parts of operator dimensions are 
bounded from below, and (iv) some surface effects are negligible.3 With the same logic used for 
the virial current, the existence of vectors with dimension tuned to −1 appears to be unlikely in 
generic interacting field theories, suggesting that scale implies conformal invariance in a broad 
class of models. The argument can actually be improved further by a reasoning based on conti-
nuity: even if a vector happens by coincidence to have scaling dimension −1 in D-dimensional 
space, conformal invariance can still be inferred by continuation from neighbouring dimensions 
D + δD. A scenario without conformal invariance thus requires the existence of a vector present-
ing dilatation eigenvalue exactly equal to −1 throughout a continuous interval of dimensions in 
the neighbourhood of D, which seems even more unlikely [29].

Although genericity arguments hint at a general explanation of conformal invariance, they 
cannot set a fully definite answer. The same reasonings, for example, could be read from a dif-
ferent point of view: it might be the case that scale without conformal invariance is recurrent 
in several field theories, and vectors with dimension −1 or currents with dimension D − 1 are 
not unlikely as a first expectation suggests. With this reversed perspective, the arguments could 
be regarded as proofs that these vectors are common even in interacting theories. Moreover, in 
some classes of theories there exist mechanisms ensuring the non-renormalization of some vec-
tor fields: for example, this can happen in presence of BRST invariance [21]. In these models, 
a non-trivial virial current without anomalous dimensions arises naturally, without the need of a 
fine tuning.

For given field theories, it is usually not necessary to argue from genericity. For example, 
in the Ising and in the O(N) model, the presence of conformal invariance can be proved by 

describe the scaling law of an eigenoperator with dimension D, while the third, inhomogeneous term is generated by 
renormalization. In scale-invariant theories, where T α

α = ∂αV α , the scaling law for the virial current must read, therefore, 
i[S, V α] = xρ∂ρV α + (D − 1)V α + lα + ∂ρYσα

σρ , with ∂αlα = 0 (see also Ref. [11]). The inhomogeneous terms 
lα + ∂ρYσα

σρ have precisely the form of the combination of a conserved current and a total divergence, which are 
irrelevant to the discussion of scale and conformal invariance. This justifies considering V α as a scaling operator of 
dimension D −1. It is usually possible to choose an improved energy-momentum tensor in such way that Yασβρ = 0 and 
the canonical scaling laws holds (see however Ref. [11] for a more detailed discussion).

2 Redundant operators, whose insertion is equivalent to an infinitesimal change of variables, are allowed: even if their 
dimension is exactly equal to −1, they do not destroy conformal invariance but, rather, modify the transformation of fields 
under the elements of the conformal group [30]. This is consistent with the fact that the scaling dimension of redundant 
operators can actually be chosen at will, by suitable design of the specific renormalization group transformation [32]. 
The dimensions of non-redundant operators are, instead, intrinsic quantities, invariant under redefinitions of the RG.

3 In Ref. [26] the vector operator dimension is reported as +1, because length units are used instead of inverse-length 
units. Similarly, the lower bound in the real part of operator dimensions is expressed there as an upper bound.
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setting bounds on the dilatation spectrum [29–31]. Also, powerful tools are available to analyze 
perturbative theories explicitly [4,6,8,9,27,28,33].

It is interesting, however, to explore the genericity arguments in more depth. In this direction, 
Ref. [21] identified and analyzed an interacting scale invariant model which is not conformal: the 
theory of SU(N) gauge fields coupled to massless fermions at the Banks-Zaks fixed point. As 
it was shown, the model is conformal when regarded as a gauge theory, but presents a nontriv-
ial virial current V α when gauge fixed. The scaling dimension of V α was shown to be exactly 
equal to {V α} = D − 1, to all orders in perturbation theory, which was traced to BRST invari-
ance of the theory. Other scale-invariant but nonconformal theories were identified in the context 
of turbulence [22], sigma models [6,15,16,18], topologically-twisted theories [23,24], Wess-
Zumino models with scale-invariant renormalization-group trajectories [20], or were recognized 
by holographic analysis [4,23–25]. Finally, we note that Ref. [34] recognized the presence of 
scale-invariance without conformal symmetry in an analysis at classical level of symmetric su-
perfluids characterized by shift-invariant actions.

In this paper, we analyze the relation between scale and conformal symmetry in the statis-
tical mechanics of fluctuating crystalline membranes, a theory which is relevant for biologi-
cal layers and for free-standing samples of atomically-thin two-dimensional materials such as 
graphene [35–49]. The theory of two-dimensional solids in three dimensions, or more generally, 
of D-dimensional crystalline membranes embedded in d-dimensional space has been studied 
extensively. For temperatures lower than a transition temperature Tc, these membranes present 
a ‘flat phase’ where the embedding-space O(d) symmetry is spontaneously broken and the state 
of the system is macroscopically planar [38–43]. As it was crucially recognized, in this broken-
symmetry phase, the large-distance behavior of fundamental degrees of freedom, the phonon 
fluctuations, is controlled by an interacting scale-invariant theory [40,42,49].

Here, we show that the asymptotic infrared behavior of the flat phase presents only scale 
invariance, and not the full conformal symmetry. In particular, we verify that the theory gen-
erates a virial current V α which cannot be reduced to a combination of a conserved current 
and a total derivative. Despite being non-conserved, the V α is shown to have scaling eigenvalue 
{V α} = D − 1 to all orders in perturbation theory, without anomalous dimensions. This absence 
of renormalization is traced to the fact that V α is not invariant under the spontaneously-broken 
embedding-space translations and rotations, which are realized as shifts of the phonon fields. 
A similar result is found for the ‘GCI model’ in dimension D = 4 − ε, a distinct field theory 
which is expected, however, to become equivalent to the conventional model at the physical di-
mensionality D = 2 [48]. Even for this alternative theory, the infrared behavior is shown to be 
scale invariant but nonconformal. A consequence of our analysis is that methods of conformal 
field theory (CFT), such as the conformal bootstrap, cannot be straightforwardly applied to the 
flat phase of crystalline membranes.

The membrane models analyzed in this work can be viewed as a generalization of the lin-
earized theory of elasticity, a model which was identified by Riva and Cardy as an example of 
scale-invariant but non-conformal field theory [17,19,50]. The main difference is that the Riva-
Cardy model describes an elastic medium confined in D dimensions, while solid membranes are 
allowed to fluctuate in an embedding space with higher dimension d > D. While linearized elas-
ticity is a Gaussian, non-interacting theory, transverse fluctuations in the additional d − D space 
dimensions make membrane theory an anharmonic model, which realizes scale invariance via an 
interacting RG fixed point. The presence of interactions makes membrane theory an interesting 
platform to test the genericity arguments on scale and conformal invariance.
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2. Scaling and renormalization in crystalline membranes

This section introduces one of the two membrane models analyzed in this work and describes 
its renormalization within the ε-expansion. In addition to methods based on dimensional regular-
ization, which were often used in the literature [40,42,48,49], in Sec. 2.5 we discuss an approach 
based on bare renormalization group equations, expressing the response of the theory to varia-
tions of an ultraviolet cutoff.

2.1. Model

Analyses in this work focus on a well-known theory for the flat phase of crystalline mem-
branes [35–38,40–42,46,47,49]. This theory can be viewed as the most general membrane model 
which, with the scaling properties characteristic of the flat phase, is renormalizable by power 
counting in the ε-expansion.

For a derivation, it is convenient to start from a more accurate model and to obtain the effec-
tive theory by dropping all irrelevant interactions [40]. We thus start from a general description 
of a continuum D-dimensional crystalline membrane embedded in a higher-dimensional space. 
Introducing a coordinate x ∈ RD to label mass elements of the elastic medium, fundamental 
degrees of freedom in the theory are coordinates r(x) ∈ Rd specifying the location of all ele-
ments, identified by x, in the d-dimensional embedding space. At leading order in powers of 
deformations and their gradients, the configuration energy can be written as [39–42]

H = 1

2

∫
dDx[κ(∂2r)2 + λ(Ūαα)2 + 2μŪαβŪαβ ] . (1)

Here

Ūαβ = 1

2

(
∂αr · ∂βr − δαβ

)
(2)

is the strain tensor, a measure of the local deviation of the metric gαβ = ∂αr · ∂βr from the 
Euclidean metric δαβ . At zero temperature, ‘ground states’ of the model are given by r = xαeα , 
where eα are any set of D mutually orthogonal unit vectors in d-dimensional space. These states 
spontaneously break the embedding-space translational and rotational symmetries [51]. For T >

0, statistical properties such as correlation functions are calculated by functional integration with 
the Gibbs weight e−H/T through a partition function

Z[J] =
∫

[dr]e−H/T +∫
dDxJ·r . (3)

We only focus on the flat phase4 and, in particular, on the limit of small temperatures T → 0. 
In this broken-symmetry phase, as in the zero-temperature case, the system is macroscopically 
planar and extended: the thermal average of coordinates is 〈r(x)〉 = ξxαeα . A stretching factor 
ξ < 1 in general appears due to a ‘hidden area’ effect: due to transverse fluctuations in the out-
of-plane direction, the projected in-plane area is smaller than its curvilinear size. Equivalently, ξ
can be viewed as a renormalization of the order parameter for the flat phase: thermal fluctuations 
reduce the degree of order in the layer [39,41,42,47,52,53].

4 A crucial prediction of the theory is that the flat phase is stable in a finite window of temperatures 0 < T < Tc even 
in dimension D = 2. This is possible because the system violates the assumptions of the Mermin-Wagner theorem [38,
39,41].
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To study fluctuations, it is convenient to expand the coordinates r(x) as r = {[ξxα +
T uα/(ξκ)]eα + √

T/κ h}, where uα and h are, respectively, in-plane and out-of-plane phonon 
displacement fields.5 Defining

Uαβ = 1

2

(
∂αuβ + ∂βuα + ∂αh · ∂βh + T

ξ2κ
∂αuγ ∂βuγ

)
, (4)

the reduced Hamiltonian H ′ = H/T takes the form, up to an overall energy shift,

H ′ = H

T
= 1

2

∫
dDx

[
(∂2h)2 + T

ξ2κ
(∂2uγ )2 + λ0UαβUαβ + 2μ0UαβUαβ + 2σ0Uαα

]
,

(5)

where λ0 = T λ/κ2, μ0 = T μ/κ2, σ0 = (Dλ + 2μ)(ξ2 − 1)/(2κ).
An analysis of tree-level propagators and canonical dimensions of interactions shows that the 

theory has D = 4 as upper critical dimension [40,42]. This implies, in analogy with theories of 
critical behavior, that the perturbative expansion is well defined (free of infrared divergences) 
only for D ≥ 4 or in D = 4 − ε for ε infinitesimal, that is within the framework of an ε-
expansion [54,55]. For any finite ε, instead, the perturbation theory in D < 4 develops infrared 
problems [55] at an order ≈ 2/ε. At the same time, power counting shows that near D = 4, 
the terms in Eq. (5) of the type (∂2uγ )2, (∂u)4, and (∂u)2(∂h)2 are irrelevant in the sense of 
canonical dimensional analysis.6

Similarly to critical phenomena [54], universal exponents controlling the leading scaling be-
havior can be captured within the ε-expansion by an effective renormalizable field theory where 
all canonically-irrelevant interactions are dropped. For the flat phase of crystalline membranes, 
the corresponding effective theory can be shown [40,42] to be7

H = 1

2

∫
dDx[(∂2h)2 + λ0(uαα)2 + 2μ0uαβuαβ + 2σ0uαα] , (6)

where uαβ = (∂αuβ + ∂βuα + ∂αh · ∂βh)/2 is a linearized version of the strain tensor. Eq. (6)
differs in form from Eq. (5) by the neglection of (∂2uγ )2 and by the replacement Uαβ → uαβ in 
all terms of the Hamiltonian.8

5 This definition of displacement fields differs by a rescaling from the conventions of elasticity theory. In particular, 
the units of measurements of the fields are dim(uα) = (D − 3) and dim(h) = (D − 4)/2 in terms of inverse-length units.

6 The power-counting dimensions of displacement fields are determined by the small-momentum behavior of their 
propagator: if the Gaussian two point function scales with momentum k−σ , the dimension is (D − σ)/2. The power-
counting dimensions are respectively {uα} = (D − 2)/2, {h} = (D − 4)/2. Note that {uα} is different from the naive 
units of measurements, because λ0 and μ0 are themselves dimensionful.

7 The coefficients λ0, μ0, and σ0 in the effective theory are different, in general, from the corresponding parameters 
in Eq. (5) because they get renormalized by neglected irrelevant interactions [54]. We use the same symbols, however, to 
lighten the notation. The neglected nonlinearities are suppressed by one power of T in the limit T → 0, so the quantitative 
difference between the two sets of constants is small in the low-temperature region.

8 The replacement Uαβ → uαβ is performed not only in interaction terms, but also in the term linear in strain σ0uαα . At 
first it could seem that this replacement neglects a contribution to the Gaussian part of the energy functional proportional 
to σ0∂αuγ ∂αuγ which is not irrelevant, but formally marginal by power counting. Actually, substituting Uαα → uαα

in all terms is necessary, in order to preserve the invariance of the theory under the symmetry transformations (7), 
which represent linearized versions of the underlying invariance under O(d) transformations in the embedding space. In 
practical calculations, it is possible to start with σ0 = 0 at tree level and to calculate σ0 order by order in perturbation 
theory as a counterterm to quadratic ultraviolet divergences via the ‘renormalization condition’ 〈∂αuα〉 = 0. Since H is 
invariant under (7), the counterterm generated is proportional to uαα and not to Uαα .
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Fig. 1. Feynman rules for the elasticity theory of crystalline membranes. Solid and wiggly lines represent propagators 
of the h and of the uα field respectively. The model has a three-leg vertex, corresponding to interactions of the form 
(∂u)(∂h)2 and a four-leg vertex corresponding to (∂h)4.

The effective theory (6) is one of the two main models investigated in this work and is assumed 
as a starting point in all further discussions. In the past, it has been the subject of extensive 
investigations (see for example [35–49]).

To renormalize the theory, Ward identities associated with rotational invariance in the embed-
ding d-dimensional space play a crucial role [40,42]. In the transition from Eq. (5) to Eq. (6), 
the procedure of neglecting non-renormalizable interactions has broken the original O(d) sym-
metry of the model explicitly. However, the underlying rotational symmetry is still presents in 
a deformed, linearized form: the effective theory (6) is, in fact, invariant under the continuous 
transformations defined, for any set of D vectors Aα in (d − D)-dimensional space, by

h → h + Aαxα ,

uα → uα − (Aα · h) − 1

2
(Aα · Aβ)xβ .

(7)

These transformations can be recognized as deformed versions of the broken embedding-space 
rotations. In addition, the model is manifestly invariant under rigid translations in the embedding 
space (h → h + B, uα → uα + Bα), in-plane rotations (h → h, uα → uα + ωαβxβ with ωαβ =
−ωβα) and O(d − D) rotations of the field h.

2.2. Feynman rules, doubly-soft Goldstone modes and cancellation of tadpole diagrams

The effective theory defined in Eq. (6) has a perturbative expansion described by the Feynman 
rules illustrated in Fig. 1.

Let us define more precisely the role of the ‘tension’ term σ0uαα in the Hamiltonian. When 
free boundary conditions are used (as it is implicit throughout all steps of our analysis), the 
value of σ0 is only relevant to the discussion of zero modes and completely decouples from the 
behavior of finite-wavelength fluctuations [35,42] and, therefore, from the Feynman rules. Any 
term linear in the trace of the strain tensor uαα , in fact, can be removed from the Hamiltonian by 

7
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a change of variables of the form uα → uα +�xα . Physically, the presence of a finite σ0 describes 
the ‘hidden area’ effect, the reduction in projected area due to transverse thermal fluctuations [39,
41,42,47,52].

Consistently with the derivations of Sec. 2.1 we can choose to set σ0 as a function of other 
parameters of the theory in such way that the phonon displacement field has 〈∂αuα〉 = 0. This 
choice of σ0 separates phonon fluctuations from zero-modes associated with the macroscopic 
compression of the projected area, ensuring that uα is only a superposition of fluctuations.9

A convenient feature of this convention is that it the tadpole diagrams are precisely cancelled 

by equal and opposite terms coming from the contribution proportional to σ0 in the bare Hamil-
tonian, as it can be shown by explicit calculation.10 Tadpoles connected via wiggly lines, instead, 
are not one-particle irreducible (1PI) and should be excluded. They contribute to the calculation 
of the minimum of the free-energy, which here is set to ∂αuα = 0 by definition.

The cancellation of tadpoles reflects the fact that the transverse displacements h are massless 
Goldstone fields associated with the spontaneously-broken O(d) invariance in the embedding 
space [51]. The breakdown of translation and rotation symmetries implies in particular that h is 
doubly-soft: not only its inverse propagator vanishes for k → 0, but also, it must vanish faster 
than k2. The tree-level inverse propagator and all diagrams of non-tadpole type for the h-field 
self-energy, in fact, scale as k4 up to powers of k−ε and resum to k4−η∗ for k → 0 [35,38,40,46], 
preserving the softness of the infrared behavior. Only tadpole diagrams could give a ‘mass’, 
by generating contributions proportional to k2 in the self-energy. Their exact cancellation is, 
therefore, consistent with the expected infrared physics.

That the self-energy must vanish faster than k2 can be derived from Ward identities associated 
with the symmetry transformations (7) [42], or from a direct inspection of diagrams. For any self-
energy diagram which is 1PI [54], and not of the tadpole type, all internal wiggly and dashed lines 
can be replaced by a single non-local interaction

= −
[

2λ0μ0

λ0 + 2μ0
P T

αβP T
γ δ + μ0(P

T
αγ P T

βδ + P T
αδP

T
βγ )

]
k1αk2βk3γ k4δ , (8)

9 For discussions of the equation of state ξ = ξ(T ) and more generally for stress-strain relations in presence of applied 
external tension, see Refs. [41,42,47,52,53].
10 The value of σ0 which ensures 〈∂αuα〉 = 0 can be calculated by arguments analogue to the theories in Refs. [47,52,53]
and reads, in the notation adopted here

σ0 = − 1

2
(λ0 + 2μ0/D)〈∂αh(x) · ∂αh(x)〉 .

.

8
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where P T
αβ = δαβ − qαqβ/q2 is the projector transverse to the momentum transfer q. This inter-

action, can be equivalently derived by integrating out the uα fields in favor of an effective theory 
for h [35,38,46,53]. Due to transverse projectors, it is always possible to factorize two powers of 
the momentum k for each of the two external leg [46], leading to diagrams which scale as k4 up 
to powers of k−ε .

2.3. Renormalization within the dimensional regularization scheme

For explicit calculation of renormalization-group functions, schemes based on dimensional 
regularization were often used [40,42,48,49].

A convenient feature of this framework is that the counterterm σ0uαα in Eq. (6) is not 
needed and can be safely set to zero: if σ0 = 0 at tree level, it remains zero in the renormalized 
theory [42]. This simplification follows from the specific prescriptions of dimensional regular-
ization, which automatically remove divergences of power-law type [54].

We can thus consider a bare Hamiltonian

H = 1

2

∫
dDx

[
(∂2h)2 + λ0(uαα)2 + 2μ0uαβuαβ

]
. (9)

All counterterms which can possibly arise in renormalization must be operators invariant under 
the symmetries of the theory, and with relevant or marginal power-counting dimensions. As it 
can be shown [40,42], Eq. (9) already contains all possible interactions, and the renormalized 
Hamiltonian, equipped with all necessary counterterms, takes the same form up to a redefinition 
of coefficients:

H̃[h, uα] = 1

2

∫
dDx

[
Z(∂2h)2 + MεGλ(uαα)2 + 2MεGμuαβuαβ

]
. (10)

In Eq. (10), M is an arbitrary wavevector scale, and Z, Gλ, and Gμ are functions of the dimen-
sionless renormalized coupling constants λ̃, μ̃. Comparing Eq. (6) and (10) shows that bare and 
renormalized quantities are related as [40,42]:

h = √
Zh̃, uα = Zũα, λ0 = MεGλ

Z2 , μ0 = MεGμ

Z2 ,

H̃[h̃, ũα] = H[h, uα]. (11)

Renormalization group equations follow, as usual, from the fact that bare correlation functions 
are independent of M [40,42]. After introduction of the RG functions

η = ∂ lnZ

∂ lnM

∣∣∣
λ0,μ0

, βλ = ∂λ̃

∂ lnM

∣∣∣
λ0,μ0

, βμ = ∂μ̃

∂ lnM

∣∣∣
λ0,μ0

, (12)

renormalization group equations read[
∂

∂ lnM

∣∣∣
λ̃,μ̃

+ βλ

∂

∂λ̃

∣∣∣
M,μ̃

+ βμ

∂

∂μ̃

∣∣∣
M,λ̃

+
(n

2
+ �

)
η

]
〈h̃i1(x1)..h̃in (xn)ũα1(x

′
1)..ũαn(x

′
n)〉

= 0 . (13)

RG functions at one-loop order have been explicitly calculated in Refs. [40,42,49], and read:

9
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βλ = −ελ̃ + dc

16π2

(
λ̃2 + λ̃μ̃ + 1

6
μ̃2

)
+ 5

8π2

λ̃μ̃(λ̃ + μ̃)

λ̃ + 2μ̃
,

βμ = −εμ̃ + dc

96π2 μ̃2 + 5

8π2

μ̃2(λ̃ + μ̃)

λ̃ + 2μ̃
,

η = 5

16π2

μ̃(λ̃ + μ̃)

λ̃ + 2μ̃
,

(14)

where dc = d − D is the number of components of the h field. An extension to two loops has 
been recently derived in Ref. [49].

Scaling behavior emerges at fixed points (λ̃∗, μ̃∗), where βλ = βμ = 0. At these points, RG 
equations express dilation symmetry of correlation functions, characterized by an anomalous di-
mension η∗ = η(λ̃∗, μ̃∗). In particular, it can be shown that the two-point function of the h in 
momentum space scales with the wavevector k as G(k) ≈ k−4+η∗ , while the interacting propa-
gator of the field uα behaves as Dαβ(k) ≈ k−6+D+2η∗ . This scaling behavior is often described 
qualitatively as an infinite stiffening of the bending rigidity κ → κ(k) ≈ κk−η∗ and a softening 
of effective elastic moduli λ → λ(k) ≈ k4−D−2η∗ , μ → μ(k) ≈ k4−D−2η∗ .

2.4. RG flow and fixed points

The structure of the renormalization group flow is illustrated in Fig. 2, which portraits the one-
loop β-functions (14). For membranes with generic elastic constants, RG trajectories connect 
the Gaussian fixed point P1, which is ultraviolet-stable, to an infrared-attractive interacting fixed 
point P4 [40,41]. After extrapolation of the ε-expansion to D = 4 − ε → 2, this is the case of 
interest for fluctuating two-dimensional materials, and, thus, it is the only case which will be 
analyzed in the rest of this paper.

A different behavior arises for peculiar membranes with either vanishing shear modulus 
(μ0 = 0) or vanishing bulk modulus (B0 = λ0 + 2μ0/D = 0). In fact, for these special values of 
the bare elastic constants, the theory presents enhanced symmetries [42]. For μ0 = 0, the model 
is invariant under the shift uα → uα + sαβxβ for any traceless matrix sαβ . For vanishing bulk 
modulus B0 = 0, the theory is instead invariant under uniform compression (uα → uα + �xα) or, 
more, generally under the transformation uα → uα +τα for any vector field τα satisfying the con-
formal Killing equation ∂ατβ + ∂βτα = 2δαβ(∂γ τγ )/D [42,56].11 The lines μ0 = 0 and B0 = 0, 
therefore, cannot be in the basin of attraction of P4, a fixed point where these enhanced symme-
tries are absent. The infrared behavior of membranes with zero shear and zero bulk modulus is 
instead controlled by two different fixed points, P2 and P3.12

11 This symmetry is not equivalent to the usual notion of conformal invariance intended in CFT: the conformal trans-
formation, here, does not act on the coordinates x, but, rather, acts as a shift of the field itself. In two dimensions with 
λ0 + μ0 = 0, the linear model of in-plane displacement fields is also conformal in the standard CFT sense if uα is 
regarded as a collection of scalars (see Sec. 5 and Ref. [17]).
12 The line μ0 = 0 corresponds, to all orders in perturbation theory, to the line μ̃ = 0, as it can be verified by inspecting 
the structure of Feynman diagrams. The curve in the (λ̃, μ̃) plane corresponding to B0 = 0, instead, is less straightforward 
to express explicitly. In Ref. [42], which used a renormalized bulk modulus as fundamental coupling constant, this 
line corresponds simply to B̃ = 0. However, defining minimal subtraction with λ̃ and μ̃ as couplings reshuffles the 
parametrization of renormalization constants in a non-trivial way. At leading order in perturbation theory the curve 
B0 = 0 corresponds to the line λ̃ + μ̃/2 = 0. Already at two loop order, however, the coordinates of the fixed point P3
can be seen to lie outside of this line. In Ref. [49], this was interpreted as an artifact of the renormalization scheme. It is 
likely in fact that the RG-invariant manifold B0 = 0 is not a straight line, but, rather, a curve (λ̃, μ̃) plane.

10
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Fig. 2. Renormalization group flow for the flat phase of crystalline membranes at one-loop order.

Table 1
Coordinates of fixed points and corresponding anomalous dimensions at leading order in the ε-expansion.

λ̃∗ μ̃∗ η∗
P1 0 0 0
P2 16π2ε/dc 0 0
P3 −48π2ε/(dc + 20) 96π2ε/(dc + 20) 10ε/(dc + 20)

P4 −32π2ε/(dc + 24) 96π2ε/(dc + 24) 12ε/(dc + 24)

The lines μ0 = 0 and B0 = 0 mark the boundaries of the overall region of stability for the 
elastic medium: μ0 ≥ 0, B0 ≥ 0. Physically, the line μ0 = 0 has been proposed to be associ-
ated to fixed-connectivity fluid membranes [40], or possibly to generic fluid membranes [42]. 
A difficulty, however, is that the elastic energy associated with transverse waves is exactly zero 
for vanishing shear modulus, and higher-derivative terms of the form (∂2u)2, neglected in the 
theory, could play a role [57]. The line B0 = 0, instead, has a physical counterpart, for example, 
in two-dimensional twisted kagome lattices [56].

Coordinates of fixed points at one-loop order are reported in Table 1 (for results at two-loops 
order see Ref. [49]).

2.5. Bare renormalization group equations

To derive an alternative set of RG equations, we can introduce a cutoff scale � and consider 
the Hamiltonian

H� = 1

2

∫
dDx

[
(∂2h)2 + c1

�2

(
∂α∂2h

)2 + c2

�4

(
∂2∂2h

)2 + λ�ε (uαα)2

+ 2μ�εuαβuαβ + 2σ�2uαα

]
. (15)

Eq. (15) is almost identical to the model discussed in Sec. 2.3, with three differences. The 
propagator of the h field, G0(k) = 1/k4, is replaced here by a cutoff propagator G0�(k) =

11
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1/(k4 + c1k
6/�2 + c2k

8/�4). This is sufficient to regularize all ultraviolet divergences in per-
turbation theory, both in dimension four and in dimension D = 4 − ε within the framework of 
the ε-expansion.13 A second difference is in the normalization of couplings: in Eq. (15) all di-
mensionful interactions are expressed by factorizing corresponding powers of the cutoff scale, 
in such way that the coefficients c1, c2, λ, μ, and σ are dimensionless.14 Finally, the ‘tension’ 
term σuαα , which vanishes in dimensional regularization, is non-zero in general, and has been 
reintroduced in the expression of the Hamiltonian (effects of σ have been discussed in Sec. 2.2).

To study scaling behavior, we can write bare RG equations [54] expressing the equivalence 
between changes of the cutoff and renormalizations of coupling constants:[

∂

∂ ln�

∣∣∣
λ,μ

+ β̄λ

∂

∂λ

∣∣∣
�,μ

+ β̄μ

∂

∂μ

∣∣∣
�,λ

+
(n

2
+ �

)
η̄

]
〈hi1(x1)..hin(xn)uα1(x

′
1)..uα�

(x′
�)〉

= 0 , (16)

or, for 1PI correlation functions with n external h lines[
∂

∂ ln�

∣∣∣
λ,μ

+ β̄λ

∂

∂λ

∣∣∣
�,μ

+ β̄μ

∂

∂μ

∣∣∣
�,λ

−
(n

2
+ �

)
η̄

]
�

(n,�)
i1..inα1..α�

(k1, ..,kn,k′
1, ..,k′

�) = 0 .

(17)

Eqs. (16) and (17) are a consequence of the perturbative renormalizability of the ε-expansion, 
which follows from power-counting arguments in analogy with other field theories [54]. As usual, 
the RG functions β̄λ, β̄μ, and η̄ cannot depend on �, because they are dimensionless and � is 
the only scale in the problem. It follows that β̄λ, β̄μ, and η̄ depend only on the dimensionless 
bare couplings λ and μ, and, implicitly, on the specific form of regularization, expressed via the 
coefficients c1 and c2 (parameters which we choose to keep fixed as the cutoff is lowered).

In this setting, perturbative RG equations are closely analogue to Wilson’s exact renormal-
ization group equations. The main difference is that in most formulations of Wilson’s RG the 
lowering of an UV cutoff is compensated by the flow of coupling constants exactly. Here, in-
stead, after a change of � and subsequent renormalizations, the physics is preserved up to small 
corrections which vanish roughly as �−2 in the limit of � large. In more detail, adapting an 
analogue result for the critical scalar field theory [54], we expect that 1PI correlation functions 
behave for large � as

�(n,�) = k1β1 ..knβnk
′
1γ1

..k′
�γ�

∑
m,p,q≥0

m+p+q=L−1+ n
2 +�

�
(n,�)β1..βnγ1..γ�

Ls,mpq μmλp

(
λμ

λ + 2μ

)q

εs , (18)

where, schematically,

�
(n,�)
Ls,mpq =

N(n,�,L,s)∑
k=0

�
(n,�)
Ls,mpq,k(ln�)k + �−2 × (powers of ln�) + ... (19)

13 In analogy with theories of critical phenomena [54], we define the ε-expansion as a simultaneous (double series) 
expansion in ε and in the perturbative coupling constant. At any finite order in this expansion, propagators and vertices 
behave with the same scaling of corresponding tree-level functions up to powers of ln k, where k is the momentum 
scale. From the point of view of power counting and UV divergences, the ε-expansion is thus identical to the theory in 
dimension D = 4.
14 Despite the different normalization, we use the same symbols for elastic coefficients λ and μ in order to lighten the 
notation.

12
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Perturbative renormalizability implies that the bare RG equations (16) and (17) are exact for the 
part which does not vanish in the limit � → ∞ [54]. As a result, fixed points and anomalous di-
mensions of the perturbative renormalization group describe exactly the exponent of the leading 
scaling behavior, and only misses corrections due to strongly-irrelevant operators, separated by 
a large gap in the dilatation spectrum.

2.6. Comment on reflection positivity

Although we could not develop a detailed derivation, we expect that the membrane model 
discussed in this section is not reflection-positive. In the ultraviolet limit, where interactions can 
be neglected, the theory reduces to

HUV = 1

2

∫
dDx

[
(∂2h)2 + (λ0 + μ0)(∂αuα)2 + μ0∂αuβ∂αuβ

]
, (20)

the combination of dc copies of a higher-derivative scalar theory and a Gaussian vector model. 
These non-interacting theories were analyzed in Refs. [17,19,58] and were shown to lack reflec-
tion positivity or, equivalently, unitarity in Minkowski space. We find it likely, therefore, that 
also the full interacting model is not reflection-positive. A conclusive result requires, however, 
an analysis of the infrared region [59]. We leave this question to further investigations.

3. Gaussian-curvature interactions

In addition to the theory of elasticity, we discuss the relation between scale and conformal 
invariance in an alternative model, discussed in detail in Ref. [48] (see also Ref. [49]). The start-
ing point in the derivation of this model is the observation that the Hamiltonian depends on the 
in-plane displacement fields uα quadratically. As a result, integration over uα can be computed 
analytically, and gives an effective interaction of a form already introduced in Eq. (8) [35,38,46]. 
In the case D = 2, which is the dimension of interest physically, the geometrical structure of 
the effective interaction simplifies because, due to the presence of a single transverse direction, 
P T

αβP T
γ δ = P T

αγ P T
βδ = P T

αδP
T
βγ . As a result, the interaction becomes separable [44], and can be 

decoupled by introducing a scalar field via a Hubbard-Stratonovich transformation [48].
It follows that, for D = 2, the physics of h-field fluctuations can be captured by an alternative 

local field theory:

H =
∫

dDx

[
1

2
(∂2h)2 + 1

2Y0
(∂2χ)2 + iχK

]
, (21)

where χ is a scalar field mediating interactions and

K(x) = −1

2
(δαβ∂2 − ∂α∂β)(∂αh · ∂βh) = 1

2
[(∂2h · ∂2h) − (∂α∂βh · ∂α∂βh)] . (22)

As it can be shown, K(x) is an approximate version of the Gaussian curvature of the mem-
brane [38]. Eq. (21) thus expresses, qualitatively, a theory for membrane fluctuations with long-
range interactions between Gaussian curvatures. In the following, Eq. (21) will be referred to as 
the ‘Gaussian curvature interaction’, or ‘GCI’ model.

The theory is controlled by a single coupling, the Young modulus Y0 = 4μ0(λ0 + μ0)/(λ0 +
2μ0), which is proportional to both the shear coefficient μ0 and the two-dimensional bulk coeffi-
cient λ0 + 2μ0/D = λ0 + μ0. Perturbative expansions can be computed from the Feynman rules 
in Fig. 3.
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Fig. 3. Feynman rules for the effective model. Solid and curly lines represent, respectively, propagators of the h and of 
the χ field.

As discussed in Ref. [48], the long-wavelength behavior of the theory can be studied by 
perturbative techniques within an ε-expansion near D = 4, dimension in which the model is 
renormalizable.

Renormalization is particularly simple because, as an analysis of power counting shows, there 
are only two primitive divergences: the amplitude and the coupling constant renormalization [46,
48]. The vertex function, instead, is superficially UV-convergent. These properties follow directly 
from the special form of the vertex function γ (k1, k2, k3), which, in any 1PI diagram, allows to 
factorize two powers of each external momentum, reducing the degree of divergence. We note 
that a similar result emerges in Galileon theories, which can include terms of the same form of 
the interaction iχK in Eq. (21). Also in these theories, vertex non-renormalization plays a crucial 
role [60].

Due to the considerations above, the renormalized action can be written as

H̃ =
∫

dDx

[
Z

2
(∂2h)2 + 1

2ZY YMε
(∂2χ)2 + iχK

]
, (23)

where M is an arbitrary scale, Y is the dimensionless renormalized coupling, and Z, ZY are 
divergent factors. After introduction of

β(Y ) = ∂Y

∂ lnM

∣∣∣
Y0

, η(Y ) = ∂ lnZ

∂ lnM

∣∣∣
Y0

, (24)

the relations between bare and renormalized quantities

h = √
Zh̃ , χ = Z−1χ̃ , Y0 = Mε ZY Y

Z2 (25)

imply the RG equations[
∂

∂ lnM
+ β(Y )

∂

∂Y
+

(n

2
− �

)
η(Y )

]
〈h̃i1(x1)..h̃in (xn)χ̃(x′

1)..χ̃ (x′
�)〉 = 0 . (26)

For the renormalized 1PI functions with n external h legs and � external χ lines in momentum 
space, the corresponding RG relations read[

∂

∂ lnM
+ β(Y )

∂

∂Y
−

(n

2
− �

)
η(Y )

]
�̃(n,�) = 0 . (27)

The β function presents, in the ε-expansion, an infrared-stable interacting fixed point at Y = Y∗
with Y∗ = O(ε) [48,49]. This fixed point controls the asymptotic infrared behavior. In particular, 
the propagator of the h field behaves as G(k) = [�(2,0)(k)]−1 ≈ k−4+η∗ , and the two-point func-
tion of the mediator field as D(k) = [�(0,2)(k)]−1 ≈ k−D−2η∗ . More generally �(n,�) behaves 
with overall momentum scale as �(n,�) ≈ kD+�η∗+n(ε−η∗)/2. The exponent has been calculated at 
two-loop order in Refs. [48,49] and reads
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η∗ = 2ε

dc + 4
− dc(2 − dc)

6(dc + 4)3 ε2 + O(ε3) . (28)

This exponent differs from anomalous dimensions of all fixed points in Table 1 [49]. The GCI 
model, although equivalent to Eq. (6) for D = 2, becomes a distinct theory in generic dimension, 
and provides a separate dimensional continuation to D = 4 − ε.

Finally, let us discuss the shift symmetries of the GCI model. The Hamiltonian density is 
invariant under the transformations h → h + A + Bαxα , where A and Bα are vectors in dc-
dimensional space. The theory is also invariant under the shifts χ → χ + A′ + B ′

αxα , which 
change the energy density by a total derivative.

To conclude, we note that, the GCI model behaves in the UV as two copies of the biharmonic 
theory, which is not reflection-positive [58]. Thus, we find it likely that the full theory will also 
lack reflection positivity.

4. Energy-momentum tensor in scale-invariant and conformal field theories

Let us briefly discuss the relation between scale, conformal invariance, and the structure of the 
energy-momentum tensor. In any local Euclidean-invariant model, rotational symmetry implies 
the existence of an energy-momentum tensor Tαβ which is symmetric and conserved [2,3,6]. As 
shown in Ref. [6], scale invariance requires that the trace is expressible as a total divergence,

Tαα = ∂αVα , (29)

where Vα is a local ‘virial current’ without explicit coordinate dependence. Conformal invariance 
requires instead a stronger condition [6]: that

Tαα = ∂α∂βLαβ , (30)

or, equivalently, that the virial current Vα can be expressed as Vα = Jα + ∂βLαβ , where Jα is 
a conserved current (with ∂αJα = 0). In dimension D = 2, two alternatives should be distin-
guished: if Lαβ = δαβL the system displays invariance under the full infinite-dimensional group 
of local conformal maps. If, instead, Tαβ = ∂α∂βLαβ but Lαβ is not expressible as δαβL the the-
ory is invariant under the global conformal group (it is ‘Möbius invariant’), but not under the 
infinite Virasoro symmetry [6,50].

A remark is that in scale- and conformally-invariant theories the relations (29) and (30) are 
usually not satisfied identically, but only up to operators which can be identified as generators 
of infinitesimal field redefinitions [27,28,30]. Examples of such operators are E · h, Eαuα , E ·
∂βh and Eα∂βuα , where E(x) = δH/δh(x) and Eα(x) = δH/δuα(x) are variational derivatives 
of the action, defining the equations of motion. When inserted in correlation functions, these 
operators produce contact terms and generate local changes of field variables which contribute 
to the transformation law of fields under scale and conformal maps [27,28,30]. Further, when 
referring to the operators E and Eα , we will tell simply “equation of motion E” instead of “E is 
the variational derivative of the action such that E = 0 is the equation of motion”.

5. Scale vs. conformal invariance in linear elasticity theories

Before analyzing the complete theories, let us examine the membrane and the GCI model at 
the level of a non-interacting, free-field approximation.

For membrane theory, starting from the Hamiltonian defined in Eq. (9) and neglecting all 
interactions between the fields h and uα we obtain:
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H ′′ = 1

2

∫
dDx

[
(∂2h)2 + (λ0 + μ0)(∂αuα)2 + μ0∂αuβ∂αuβ

]
. (31)

Fluctuations of h are thus described by the free bi-harmonic model H(h) = ∫
dDx(∂2h)2/2. It 

is a well-known result that this model is conformally-invariant in general dimension [50,61]. An 
explicit calculation, in fact, shows that the theory admits a symmetric energy-momentum tensor 
with trace

T (h)
αα = 1

2
(4 − D)(∂2h)2 = 1

2
(4 − D)

[
h · ∂2∂2h + ∂α∂βLαβ

]
, (32)

and Lαβ = 2(∂αh ·∂βh) −δαβ(∂γ h ·∂γ h) −δαβ(h ·∂2h). This form is consistent with that expected 
for a conformal theory [50]: the trace can be reduced to a total second derivative, up to the term 
h · ∂2∂2h, which vanishes with the equation of motion ∂2∂2h = 0 and can be identified as the 
generator of local field rescaling. Since Lαβ �= δαβL, the biharmonic theory in dimension D = 2
is invariant under the global conformal group but not under the infinite Virasoro symmetry [50].

The theory for uα fluctuations,

H(u) = 1

2

∫
dDx[(λ0 + μ0)(∂αuα)2 + μ0∂αuβ∂αuβ ] (33)

is the well-known theory of linear isotropic elastic media. As it was shown in Refs. [17,19], this 
model provides a physical realization of a scale-invariant but nonconformal field theory.

The lack of conformal invariance can be seen by showing that uα cannot be a primary field 
nor a descendant [19]. That uα is not primary follows from the fact that its two-point function is 
inconsistent with constraints imposed by conformal invariance. Any primary vector field yα of 
dimension �y in a CFT, in fact, presents a propagator with a specific tensor structure [2,19,21]:

〈yα(x)yβ(x′)〉 = A

|x − x′|2�y

(
δαβ − 2

(xα − x′
α)(xβ − x′

β)

|x − x′|2
)

(34)

in real space and

〈yα(k)yβ(−k)〉 = A′

kD−2�y

(
δαβ + (D − 2�y)

(�y − 1)

kαkβ

k2

)
(35)

in momentum space. Explicit calculation of the propagator of uα , which has dimension �u =
(D−2)/2, shows that its two-point function is inconsistent with Eq. (35), unless elastic constants 
are tuned in such way that Dλ0 +(D+4)μ0 = 0. That uα is not descendant follows from a simple 
dimensional analysis: for D ≥ 2, uα is the field with lowest possible dimension, and there exists 
no candidate operator with dimension {uα} −1 of which uα could be a derivative. The conclusion 
is therefore that the theory is scale invariant but lacks conformal symmetry [19].

In D = 2, the field dimension becomes �u = 0, and the propagator behaves as ln |x − x′|, but 
it can still be shown that the theory lacks conformal invariance [17].

These results are confirmed by an inspection of the energy-momentum tensor: the theory 
admits an improved symmetric energy-momentum tensor Tαβ with trace

Tαα = ∂αVα ,

Vα = 1

2
(Dλ0 + (D + 2)μ0)uα∂γ uγ − 1

2
(D − 2)μ0uγ ∂αuγ − μ0uγ ∂γ uα , (36)
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up to terms which vanish with the equations of motion. For generic λ0 and μ0, the virial cur-
rent cannot be reduced to the form Vα = jα + ∂βLαβ , with ∂αjα = 0, implying the absence of 
conformal invariance.

Conformal symmetry is only recovered in special cases. When Dλ0 + (D + 4)μ0 = 0, the 
virial current reduces to the form Vα = ∂βLαβ , and the theory becomes conformal with uα(x) as 
a primary field. The corresponding model is unphysical as an elasticity theory, being outside of 
the stability region μ0 ≥ 0, B0 = λ0 + 2μ0/D ≥ 0, but it is relevant for gauge-fixed electrody-
namics [19].

For λ0 + μ0 = 0 another, ‘twisted’, form of conformal invariance appears. In this case, the 
symmetry of the theory is enhanced from O(D) to O(D)×O(D), and we can choose to regard 
uα as a set of scalar fields rather than a vector field [17,21]. The Hamiltonian is identical to 
D copies of free scalar field theory, and is, therefore, conformal.15 The possibility to consider 
uα as a collection of scalars, however, is destroyed in the full membrane model, which breaks 
O(D)×O(D) symmetry even for λ0 + μ0 = 0.

As mentioned in Sec. 2.4, a form of embedding-space conformal invariance appears for zero 
bulk modulus B0 = λ0 + 2μ0/D = 0. In this case, Eq. (33) is invariant under the shift of dis-
placement fields uα → uα + τα , where τα is a conformal Killing vector with ∂ατβ + ∂βτα =
2δαβ(∂γ τγ )/D [42,56]. This symmetry differs from the usual definition of conformal invariance 
in CFT, because transformations act as shifts of the fields and not as shifts of the coordinates x.

Finally, Ref. [50] showed that in two dimensions the elasticity model for any choice of λ0 and 
μ0 presents a hidden conformal symmetry which emerges when displacement fields are repre-
sented as gradients of scalar potentials: uα = ∂αφ + εαβ∂βω, where φ and ω are respectively a 
scalar and a pseudoscalar field. This representation maps Eq. (33) to two copies of the biharmonic 
theory, which is conformal in general dimension.

The GCI model defined in Eq. (21), similarly, reduces to two decoupled biharmonic theories 
in the non-interacting limit Y0 → 0.

6. Scale vs. conformal invariance in membrane theory

6.1. Inconsistency between vector two-point function and conformal selection rules

To analyze whether conformal invariance holds in membrane theory, let us examine the 
two-point function Dαβ(k) of the vector field uα in momentum space.16 If we choose a renor-
malization scale M  |k| of the order of the magnitude of a given momentum of interest, the 
renormalized propagator D̃αβ(k) = Z−2Dαβ(k) is accurately captured by renormalized per-
turbation theory and, thus, for ε small, can be approximated by the corresponding tree-level 
contribution. After calculation at scales |k|  M , the result can be rescaled to any wavelength 
via scaling relations. We thus deduce that the correlation function at an arbitrary k in the infrared 
region takes approximately the form

D̃αβ(k)  1

M2η∗k6−D−2η∗

[
P L

αβ(k)

λ̃∗ + 2μ̃∗
+ P T

αβ(k)

μ̃∗

]
, (37)

15 The virial current in Eq. (36) no longer holds for this twisted theory. In fact, Eq. (36) was derived by including 
improvement terms needed to make Tαβ symmetric. If λ0 + μ0 = 0 and uμ is assumed to transform as a scalar, Tαβ is 
already symmetric and the improvement must not be performed [17].
16 We are grateful to S. Rychkov for attracting our attention to the advantage of such analysis.
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where P L
αβ = kαkβ/k2 and P T

αβ = δαβ − kαkβ/k2 are longitudinal and transverse projectors. In 
particular, the fixed point values of the renormalized couplings can be used to estimate, at the 
leading order in the ε-expansion, the tensor structure of Dαβ(k).

We can now compare Eq. (37) with Eq. (35), the special form of the two-point function of 
a primary vector field. Near D = 4, the scaling dimension of uα is �u = (1 + η∗ − ε)  1 and 
thus, Eq. (35) implies that a vector consistent with conformal symmetry should have a two-point 
function which is almost purely longitudinal. In contrast, taking the O(ε) values of the couplings 
at the fixed point P4, μ̃∗ = 96π2ε/(dc + 24), λ̃∗ = −μ̃∗/3, we see that in D̃αβ(k) longitudinal 
and transverse components have the same order of magnitude. This consideration, in analogy 
with Ref. [19] shows that uα cannot be a conformal primary field.

6.2. Analysis of the virial current

For an alternative analysis, let us consider the structure of the energy-momentum tensor. An 
explicit calculation gives17

Tαβ = −1

2
δαβ

[
(∂2h)2 + λ0(uγ γ )2 + 2μ0uγ δuγ δ

]
+ 2∂α∂βh · ∂2h − ∂αh · ∂β∂2h − ∂βh · ∂α∂2h

+ 1

D − 1

[
δαβ∂γ h · ∂γ ∂2h + δαβ∂γ ∂δh · ∂γ ∂δh + (D − 2)∂γ h · ∂α∂β∂γ h

− D∂α∂γ h · ∂β∂γ h
]

+ 2λ0uγγ uαβ + 4μ0uαγ uβγ − 1

2
(Eαuβ + Eβuα)

+ λ0∂γ

[
(δαβuγ − δβγ uα − δαγ uβ)uδδ

]
+ 2μ0∂γ

[
uγ uαβ − uαuβγ − uβuαγ

]
,

(38)

which is symmetric and locally conserved. The conservation law for Tαβ , in particular, reads

∂αTαβ = −E · ∂βh − Eα∂βuα − 1

2
∂α(Eβuα − Eαuβ) (39)

where

E = δH
δh

= ∂2∂2h − ∂α(λ0uββ∂αh + 2μ0uαβ∂βh) ,

Eα = δH
δuα

= −λ0∂αuββ − 2μ0∂βuαβ , (40)

are equations of motion of the h and the uα field. In contrast with the free-field approximation 
discussed in Sec. 5, the theory at finite λ0 and μ0 is neither conformal nor scale invariant. The rea-
son is that coupling constants are dimensionful, with dimension {λ0} = {μ0} = ε, and introduce 
a characteristic length in the problem. Dilatation symmetry emerges only asymptotically, in the 

17 In order to obtain an improved energy-momentum tensor which is symmetric identically, without the use of equations 
of motion, we define Tαβ as the response of the Hamiltonian to the infinitesimal transformation h(x) → h′(x) = h(x′), 
uα(x) → u′

α(x) = (
δαβ + (∂αεβ − ∂βεα)/2

)
uβ(x′), xα → x′

α = xα + εα , including a local rotation of uα in reaction to 
the antisymmetric part of ∂αεβ . For this reason the conservation law, Eq. (39), includes the term −∂α(Eβuα −Eαuβ)/2, 
an operator which, inserted in correlation functions, acts as a generator for local rotations of the uα field.
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infrared region, when the theory becomes controlled by a fixed point. Adapting a method which 
was widely used in other field theories [27,28], we examine this region by expanding Tαα on a 
basis of renormalized composite operators, [(uαα)2], [uαβuαβ ], [uαuββ ], and [uβuαβ ], defined 
by suitable subtractions in such way that, order by order in perturbation theory, their insertion 
into renormalized correlation functions is ultraviolet-finite (free of poles in ε for ε → 0).

Detailed derivations, illustrated in appendices A and B show that the relation between the 
bare fields uαβ , uαα , (∂2h)2, uαuββ , uβuαβ and the corresponding renormalized operators is 
almost completely determined by the RG functions βλ, βμ, η, and by amplitude and coupling 
constant renormalizations (Z, Gλ and Gμ) which can be calculated from correlation functions 
without operator insertions. In particular, we can obtain relations for two distinct types of op-
erators. A first type is the group of composite fields O1 = (∂2h)2/2 + λ0(uαα)2 + 2μ0uαβuαβ , 
O2 = λ0(uαα)2/2, O3 = μ0uαβuαβ , O4 = ∂2uαα , O5 = ∂α∂βuαβ , O6 = uαα , which are invariant 
under all symmetries of the Hamiltonian. For these operators, the analysis is closely analogue to 
derivations in Ref. [27] (see appendix A): we can express, to all orders in perturbation theory, the 
scale-invariance breaking effects in Tαα in terms of renormalized composite fields multiplied by 
RG functions.

A second type is constituted by the operators uαuββ and uβuαβ , which break the shift symme-
try uα → uα + Bα and the invariance under the approximate embedding-space rotations defined 
in Eq. (7). As shown in appendix B, their explicit renormalization relation reads (in a non-
minimal scheme):

uαuββ = Mε(Dλ̃ + 2μ̃)

Dλ0 + 2μ0
[uαuββ ] + b1∂α[∂βh · ∂βh] + b2∂β [∂αh · ∂βh] + b3∂

2[uα]
+ b4∂α∂β [uβ ] , (41)

uβuαβ − 1

D
uαuββ = Mεμ̃

μ0

{
[uβuαβ ] − 1

D
[uαuββ ]

}
+ b′

1∂α[∂βh · ∂βh] + b′
2∂β [∂αh · ∂βh] + b′

3∂
2[uα] + b′

4∂α∂β [uβ ] .

(42)

where bk and b′
k , k = 1, .., 4 are ultraviolet divergent coefficients. These relations can be in-

terpreted as ‘non-renormalizations’, in the sense that the product of bare couplings with bare 
operators is equal to the product of renormalized couplings and renormalized operators. Eqs. (41)
and (42) are much simpler than the general relations expected by symmetry and power count-
ing: counterterms with the schematic form u3 are absent and mixing of operators of the type 
u(∂h · ∂h) and u∂u is exactly determined in terms of the elementary renormalization constants 
Z, Gλ, and Gμ. Although appendix B presents a more complete proof, the particular simplicity 
of the renormalization relations can be directly understood from the structure of Feynman rules: 
in almost any diagram, we can factorize a power of the momentum of each external line. Dia-
grammatic corrections, therefore, tend to be shift-symmetric even if the inserted operators uαuββ

and uβuαα are not. This, in particular, protects the ‘diagonal’ renormalization (the generation of 
counterterms proportional to the inserted composite fields uαuββ and uβuαβ ) and implies the 
simple normalization formulas (41) and (42). A similar non-renormalization property associated 
with shift invariance occurs in Galileon theories [60].

For the following analysis, it is also useful to note that the composite operator Eαh2 is not 
renormalized: [Eαh2] = Eαh2. In fact, power counting shows that the product (h(x) · h(x)) at 
coincident points does not generate UV divergences. As a result [h2] = h̃ · h̃ = Z−1h2, where Z
is the field-amplitude renormalization. On the other hand, Eα(x′)h2(x′) is a redundant operator 
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which vanishes with equations of motion and acts as the infinitesimal generator of the field redef-
inition uβ(x) → uβ(x) −εδαβδ(x −x′)h2(x). Since uα renormalizes as ũα = Z−1uα , insertion of 
Eα(x′)h2(x′) can be equivalently represented as the generator of the infinitesimal transformation 
ũα(x) → ũα(x) − εδαβδ(x − x′)[h2(x)], which is finite and, thus, does not require subtractions.

Collecting results, we obtain the following equivalent expressions for the trace Tαα:

Tαα = (ε − η)

(
1

2
(∂2h)2 + λ0(uαα)2 + μ0uαβuαβ

)
− Eαuα + 1

2
βλM

ε
[
(uαα)2

]
+ βμMε[uαβuαβ ]
+ ((D − 2)λ0 + 2μ0)∂α(uαuββ) − 4μ0∂α(uβuαβ) + a1∂

2uαα + a2∂α∂βuαβ

= − (η − ε)

2
E · h − (1 + η − ε)Eαuα + 1

2
βλM

ε[(uαα)2] + βμMε[uαβuαβ ] + ∂αVα ,

(43)

with

Vα = −1

4
(η − ε)Eαh2 + ((2 − η)λ0 + 2μ0)uαuββ − 2(2 + η − ε)μ0uβuαβ

+ 1

2
(ε − η)∂β

(
−δαβ(h · ∂2h) + λ0

2
δαβh2uγγ + μ0h

2uαβ

)
+ a1∂αuββ + a2∂βuαβ

(44)

or, after expansion in the basis of renormalized operators [uαuββ ], [uβuαβ ],

Vα = −1

4
(η − ε)Eαh2 + ((2 − η)λ̃ + 2μ̃)Mε[uαuββ ]

− 2(2 + η − ε)μ̃Mε[uβuαβ ] + ∂βLαβ ,

Lαβ = 1

2
(ε − η)

[
−δαβh · ∂2h + 1

2
λ0δαβh2uγγ + μ0h

2uαβ

]
+ b1δαβ(∂γ uγ )

+ b2(∂αuβ + ∂βuα) + b3δαβ(∂γ h · ∂γ h) + b4∂αh · ∂βh .

(45)

In Eqs. (43), (44), and (45), a1, a2, and bi , (i = 1, .., 4) are UV-divergent coefficients generated 
by renormalization.

In order to analyze scale and conformal invariance in the asymptotic infrared region, we as-
sume that all renormalized operators remain finite18 when λ̃ and μ̃ approach their fixed point 
values λ̃ → λ̃∗ and μ̃ → μ̃∗. Since βλ = βμ = 0 at the IR fixed point, the scale-invariance break-
ing terms βλM

ε[(uαα)2]/2 +βμMε[uαβuαβ ] can be dropped from the expression of Tαα and the 
scaling symmetry of the theory, known from RG arguments, becomes manifest. In particular, we 
can define a dilatation current Sα = xβTαβ − Vα [6] which is locally conserved and presents a 
conservation law

∂αSα = −xβ

(
E · ∂βh + Eα∂βuα

) − (η∗ − ε)

2
E · h − (1 + η∗ − ε)Eαuα , (46)

consistent with the form expected for fields of dimension �h = {h} = (η∗ − ε)/2 and �u =
{uα} = (1 + η∗ − ε) [27,28]. More generally it is possible to show that, for general λ̃ and μ̃, 

18 See Ref. [28] for a related analysis.
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the Ward identity generated by the dilatation current is equivalent to the RG equation (see ap-
pendix A), similarly to the case of scalar field theory [27].

The vanishing of β functions, however, is not sufficient to imply the conformal invariance 
of the model due to the presence of the non-zero virial current Vα . An algebraic analysis of 
terms in Eq. (44) shows that Vα cannot be written as the total derivative Vα = ∂βlαβ of a local 
operator lαβ . This remains true even in the scale-invariant infrared limit because, as Eq. (45)
shows, contributions proportional to Eαh2, [uαuββ ], [uβuαβ ] do not vanish as λ̃ and μ̃ approach 
their fixed point value. It follows that it is impossible to construct a conformal current with the 
form [6]

Cμ,α = (2xμxβ − δμβx2)Tαβ − 2xμVα + 2lμα (47)

and the conservation law

∂αCμ,α = −(2xμxβ − δμβx2)(E · ∂βh + Eγ ∂βuγ ) + 2xβ(Eβuμ − Eμuβ)

− 2xμ (�hE · h + �uEαuα) (48)

expected for a scenario in which h and uα are conformal primary fields.
It is also impossible to reduce Vα to the form jα + ∂βlαβ where jα is a conserved current. 

If Vα = jα + ∂βlαβ was true, the total derivative ∂αVα should reduce to a combination Ored +
∂α∂βlαβ , where Ored is a redundant operator, removable by field redefinition. Working within 
dimensional regularization, we can assume that the Ored has the form Eαχα + E · F, where χα

and F are local functionals of the field, and we can neglect contributions arising from the Jacobian 
of the transformation. The only candidates for Ored with power-counting dimension 4 near D = 4
are then linear combinations of the form f1(h

2)E · h + f2(h
2)Eαuα + f3(h

2)Eα(h · ∂αh), where 
f1(h

2), f2(h
2), f3(h

2) are functions of h2. We checked by explicit calculation that ∂αVα cannot 
be reduced to such a combination up to a total second derivative ∂α∂βlαβ .

We can thus conclude that the form of the virial current is inconsistent with the structure 
expected in a conformal theory. Therefore, the theory must exhibit only scale invariance and not 
the enhanced conformal symmetry. This confirms the result expected from the inconsistency of 
conformal selection rules illustrated in Sec. 6.1 and also excludes the possibility that conformal 
invariance is realized in a more general way, with a transformation law of uα differing from that 
of a primary field.

As a remark, we note that the arguments above rely essentially on the ‘non-renormalization’ 
relations (41), (42), which allowed to control contributions to the energy-momentum tensor in 
the limit (λ̃, μ̃) → (λ̃∗, μ̃∗) via subtracted fields. In fact, when λ̃ and μ̃ approach their fixed 
point values, the bare couplings λ0 and μ0 diverge.19 We assume, instead, that subtracted quanti-
ties remain finite.20 Differently from the scale-invariance breaking terms, which vanished as βλ, 
βμ → 0, there is no analogue cancellation of conformal-breaking terms at the fixed point.

To conclude, we notice that, due to the use of dimensional regularization, the role of the 
‘tension’ counterterm σuαα described in Sec. 2.2 remained hidden. The symmetric energy-
momentum tensor corresponding to this term is proportional to (∂h)2 and thus, breaks the 
rotational invariance in the embedding space. The effects of these terms on the relation between 

19 Since, in absence of a cutoff, the bare couplings are the only scales in the problem, the theory can become scale 
invariant at all wavelengths only if λ0 and μ0 → ∞.
20 This is indicated by analogy with the theory of critical phenomena [54,55]. We assume that the finiteness of renor-
malized quantities at the fixed point remains valid in the case of composite operators.
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scale and conformal invariance can be analyzed by generalizing the bare RG equations of Sec. 2.5
to composite operators.

6.3. Scaling dimension of the virial current

Having obtained that the membrane theory is not conformal, let us comment on the naturalness 
of having vector operators with dimension exactly equal to D − 1. The absence of anomalous 
dimensionality is a direct consequence of the ‘non-renormalization’ relations (41), (42). In fact, 
it can be seen by applying RG equations that both uαuββ and uβuαβ scale at the IR fixed point 
with the same dimension and that the naive dimension Mε{uαuββ} = D − 1 remains true in the 
long-wavelength region.21 This dimension can also be interpreted as the sum of the infrared di-
mensions of uα , which is 1 + η∗ − ε by the RG equations (13), and uαβ which, as shown in 
appendix A has dimension 2 −η∗. The ‘non-renormalization’ properties imply that the combina-
tion of uα and uαβ into a single operator does not generate any new divergences and, therefore, 
anomalous dimensions.

The existence of non-conserved currents with dimension exactly D − 1 can thus be traced to 
the shift-symmetries of the model, which are responsible for the absence of renormalizations.

7. Symmetry argument for the absence of conformal invariance

The derivation in Sec. 6 suggests an important role of the shift symmetries of the model. In 
fact, an argument for the absence of conformal invariance can be directly deduced by consid-
ering the structure of the symmetries. The Hamiltonian of membrane theory is invariant under 
translations and rotations of the internal coordinates x and under embedding-space translations 
and rotations, which are realized as shifts of the uα and h fields. The corresponding generators, 
written as operators acting on functionals of h and uα , can be written as22

Pα = −i

∫
dDx

[
∂αh · δ

δh
+ ∂αuβ

δ

δuβ

]
, (49)

Jαβ = i

∫
dDx

[
(xα∂βh − xβ∂αh) · δ

δh
+ (xα∂βuγ − xβ∂αuγ )

δ

δuγ

+ uβ

δ

δuα

− uα

δ

δuβ

]
,

(50)

t = −i

∫
dDx

δ

δh
, tα = −i

∫
dDx

δ

δuα

, (51)

Rα = i

∫
dDx

[
xα

δ

δh
− h

δ

δuα

]
, Rαβ = i

∫
dDx

[
xα

δ

δuβ

− xβ

δ

δuα

]
, (52)

where bold symbols denote vectors in dc-dimensional space. The generators Pα and Jαβ of 
internal-space transformations satisfy the commutation relations of the Euclidean algebra: 

21 More rigorously, these terms are not exactly scaling eigenoperators, because they mix under renormalization with 
total derivatives of lower-dimensional fields. This mixing has a direct connection to a general property of the virial current 
which, in general scales according to a non-canonical current algebra, which can include the mixing with total-derivative 
operators and conserved currents [11]. Here, to simplify the discussion, we describe fields as having dimension D − 1
meaning that they scale up to total derivatives.
22 See also Ref. [51] for a discussion of the symmetries of membrane theory. A detailed analysis of linearly realized 
symmetries in the biharmonic model and in higher-derivative linear theories was given in Ref. [61].
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[Pα, Pβ ] = 0, [Pγ , Jαβ ] = i(δαγ Pβ − δβγ Pα), [Jαβ, Jγ δ] = i(δαγ Jβδ + δβδJαγ − δαδJβγ −
δβγ Jαδ). For shift symmetries, we have, instead [ti , tj ] = [t, tα] = [t, Rαβ ] = [tα, tβ ] =
[tα, Rβ ] = [tα, Rβγ ] = [Rα, Rβγ ] = [Rαβ, Rγδ] = 0, where ti denotes the i component of the 
vector t in dc-dimensional space. The only nonzero commutators between the embedding-space 
generators are [ti , Rj

α] = iδij tα and [Ri
α, Rj

β ] = iδijRαβ . Mixed commutators between shift gen-
erators and internal-space transformations have a simple form: in the commutation with Jαβ , 
the generator t, which has no internal-space index, transforms as a scalar, tα and Rα as vectors, 
and Rαβ as a second-rank tensor. Commutators between internal translations and shifts read 
[Pα, t] = [Pα, tβ ] = 0, [Pα, Rβ ] = −iδαβ t, [Pγ , Rαβ ] = −i(δγαtβ − δγβtα).

At the IR fixed point, the theory acquires an additional dilatation symmetry. We can represent 
the corresponding generator as

D = −i

∫
dDx

[
(xα∂αh + �hh) · δ

δh
+ (

xα∂αuβ + �uuβ

) δ

δuβ

]
, (53)

where �h and �u define the scaling dimension of fields. An analysis of the commutation rela-
tions between D and the generators (49)–(53) shows that the algebra is not closed for general 
values of �h and �u. All commutators are linear combinations of generators a part from one:

[D,Rα] =
∫

dDx

[
(�u − �h)h

δ

δuα

− (�h + 1)xα

δ

δh

]
, (54)

which is not an element of the algebra. The only way to close the symmetry group without 
adding new generators is to assume that the field dimensions �u and �h are related by �u =
2�h + 1, in such way that [D, Rα] = i(�h + 1)Rα . This relation, in fact, is satisfied: it is exactly 
equivalent to the rotational Ward identity for scaling exponents [40,42,44] which, in the RG 
language, arises from the link between h and uα amplitudes in the renormalization relations 
h = √

Zh̃ and uα = Zũα . In a more conventional notation, �h and �u are parametrized by a 
single anomalous dimension as �h = (η∗ − ε)/2 and �u = 1 + η∗ − ε.

After fixing scaling dimensions as �h = � and �u = 2� + 1, let us suppose that the theory 
is conformal and that h and uα are both primary fields. In this case the symmetry group would 
contain additional special conformal generators whose action can be represented as

Kα = −i

∫
dDx

{[
(2xαxβ − δαβx2)∂βh + 2�xαh

]
· δ

δh

+
[
(2xαxβ − δαβx2)∂βuγ + 2(2� + 1)xαuγ

] δ

δuγ

+ 2(δαγ xβ − δαβxγ )uβ

δ

δuγ

}
.

(55)

The introduction of Kα , however, breaks the closure of the algebra. In particular the commutator

[Kα, t] = 2�

∫
dDx xα

δ

δh
(56)

requires the introduction of a new generator

t′α = −i

∫
dDx xα

δ

δh
. (57)

In turn, [Kα, t′β ] requires to add a symmetry under

t′′αβ = −i

∫
dDx

[
2(1 + �)xαxβ − δαβx2

]
· δ

δh
. (58)
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For general anomalous dimensionality � the process can be iterated to obtain new shift sym-
metries. On physical grounds, however, we do not expect these symmetries to hold: shifting 
h → h + Bαxα without a compensating shift of uα is not a symmetry of the Hamiltonian23 and 
we do not see reasons why it should emerge in the IR.

This argument indicates, consistently with the analysis in Sec. 6, that h can not be interpreted 
as the primary fields of a conformal field theory.

8. ‘Gaussian curvature interaction’ model: scale without conformal invariance

Differently from elasticity theory, the GCI model is exactly conformal in the Gaussian ap-
proximation, and therefore, in the ultraviolet region. In fact, the Hamiltonian (21) reduces in the 
weak-coupling limit Y0 → 0 to two copies of the biharmonic theory, which is exactly scale and 
conformal invariant [50,61]. In this section we show that, instead, conformal symmetry is broken 
in the infrared region: the IR fixed point theory is only dilatation-invariant.

With calculations illustrated in appendix C and some further algebraic steps, it can be shown 
that the model admits a symmetric energy-momentum tensor Tαβ with trace

Tαα = − (η − ε)

2
E · h + ηEχ − β(Y )

2Y 2 M−ε[(∂2χ)2] + ∂αVα (59)

where

E = ∂2∂2h + i(∂2χ∂2h − ∂α∂βχ∂α∂βh) , E = 1

Y0
∂2∂2χ + iK (60)

are, respectively, the equations of motion of the h and the χ field, and [(∂2χ)2] denotes the 
renormalized insertion of (∂2χ)2. The expression for Tαα includes a non-zero ‘virial current’

Vα = − i

2

{
(D − 3 + 2η)∂αχ(∂βh · ∂βh) + 2(1 − η)∂βχ(∂βh · ∂αh)

} + ∂βLαβ , (61)

where Lαβ is a local tensor field.
At the IR fixed point Y = Y∗, assuming that the renormalized operator [(∂2χ)2] remains fi-

nite, the term −β(Y )M−ε[(∂2χ)2]/(2Y 2) becomes zero due to the vanishing of the β-function 
β(Y∗) = 0. We can thus introduce a dilatation current Sα = xβTαβ − Vα which is locally con-
served:

∂αSα = −xβ(E · ∂βh + E∂βχ) − (η∗ − ε)

2
E · h + η∗Eχ . (62)

Whether the scaling symmetry is enhanced to the full conformal invariance depends on the 
structure of the virial current. It is useful, therefore, to examine insertions of the composite 
field Pμ,αβ = ∂μχ(∂αh · ∂βh), an elementary building block from which the nontrivial terms 
in Eq. (61) can be constructed. The renormalization of Pμ,αβ has a particularly simple form. In 
fact, let us consider an arbitrary diagram γ for a 1PI correlation function with n external h lines, 
� external χ lines, and one insertion of Pμ,αβ . The diagram can be of one of the three types 
illustrated in Fig. 4: in diagrams of the groups (a) and (b) one of the elementary fields contained 
in the composite operator is directly connected with external lines, while in diagrams of type (c) 
all inserted lines enter as loop propagators.

23 The shift symmetry h → h + Bαxα is realized, instead, in the ‘Gaussian curvature interaction’ model.
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Fig. 4. Examples of 1PI diagrams of type (a), (b), and (c).

The Feynman rules of the theory imply that the degree of superficial divergence [54] is

δ(γ ) = 3 + DL − 4Ih − 4Iχ + 4v − 2n − 2� + aγ , (63)

where Ih and Iχ denote the number of internal h and χ propagators, v the number of vertices, and 
L the number of loops. The coefficient aγ is aγ = 1 for diagrams of type (a) and (b) and aγ = 0
for type (c). Using the topological relations L = 3 + 2v − Ih − Iχ − n − �, 2Ih + n = 2v + 2, 
and 2Iχ + � = v + 1, we see that the degree of divergence in the ε expansion is

δ(γ ) = 3 − 2n − 2� + aγ . (64)

It follows that the only counterterms needed for the renormalization of Pμ,αβ have the schematic 
form ∂3χ , ∂χ∂2χ , ∂h ·∂2h. These composite operators can always be represented as total deriva-
tives (see Eq. (B.2)).

We can conclude that insertions of the composite fields ∂αχ(∂βh · ∂βh) and ∂βχ(∂αh · ∂βh), 
which contribute to the virial current, are finite up to total-derivative counterterms. Therefore, the 
“bulk” of the virial current is unrenormalized: we can set ∂αχβ(∂βh · ∂βh) = [∂αχβ(∂βh · ∂βh)]
and ∂βχ(∂αh · ∂βh) = [∂βχ(∂αh · ∂βh)], up to gradients of the form ∂βlαβ which do not affect 
the relation between scale and conformal invariance [6].

Let us check that Vα cannot be reduced completely to the combination Vα = jα + ∂βL′
αβ of 

a conserved current jα and a total derivative. If this was the case, ∂αVα should reduce to the 
combination Ored + ∂α∂βlαβ of a redundant operator Ored and a total second derivative. Within 
dimensional regularization, candidates for Ored can be taken as linear combinations of operators 
proportional to the equations of motion E and E and, in order to match the power-counting 
dimension of ∂αVα , must have the form f1(h

2, χ)(E · h) + f2(h
2, χ)E, where f1 and f2 are 

functions. We checked from the explicit expression Vα that it is impossible to rewrite ∂αVα as 
a combination of this type up to a total second derivative ∂α∂βlαβ . Since contributions to Vα do 
not renormalize, we expect that this result remains robust at the IR fixed point. We are lead to the 
conclusion that the GCI model exhibits scale without conformal invariance.

Let us, then, investigate the scaling properties of the operators composing Vα . Since Pμ,αβ

is not renormalized, it does not acquire anomalous exponents. Therefore the naive dimension 
{Pμ,αβ} = 3 + 2{h} + {χ} = 3 + 2(D − 4)/2 + 0 = D − 1 remains valid at the IR fixed point 
(footnote 21). This scaling relation can also be understood in terms of the infrared dimensions 
of fields. The renormalization relations discussed in Sec. 3, h = √

Zh, χ = Z−1χ̃ , imply that 
h and χ scale in the long-wavelength limit with dimensionalities {h} = (D − 4 + η)/2 and 
{χ} = −η. The absence of divergences in the insertion of Pμ,αβ implies that the naive relation 
{Vα} = 3 + 2{h} + {χ} remains valid in the IR and, in fact, it can be seen that the anomalous 
exponent η cancels out leaving an exact canonical dimension.

The absence of nontrivial anomalous dimensions can be traced, as in the case of membrane 
theory, to the shift symmetries of the model. These symmetries are manifested in momentum 
space as a special property of Feynman rules: for each external line connected to interaction 
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vertices, it is always possible to factorize two powers of the corresponding momentum. The 
result is a suppression of the degree of UV divergence [46,48], which, in the power counting 
formula (63) is expressed by the terms −2n − 2�. This explains why candidates for the virial 
current, which must have dimension D − 1, arise naturally.

9. Summary and conclusions

To summarize, we analyzed two models for the scaling behavior of fluctuations in crys-
talline membranes: a widely-studied effective field theory based on elasticity and an alternative 
model, involving only scalar fields, which describes long-range phonon-mediated interactions 
between local Gaussian curvatures. For both models, we argued that the infrared behavior is 
only scale-invariant: the asymptotic dilatation symmetry is not promoted to conformal invari-
ance. An analysis of the energy-momentum tensor of the two theories reveals, in both cases, the 
presence of non-trivial virial currents which, despite being non-conserved, maintain a scaling 
dimension equal to D − 1, without corrections from interactions. We traced the origin of this 
non-renormalization to the shift symmetries of the theory, which forbid the generation of several 
counterterms which would be allowed by a first power-counting analysis. These results suggest a 
mechanism to elude a general reasoning according to which non-conserved currents with dimen-
sion D − 1 are unlikely at generic interacting fixed points and thus, that conformal invariance 
should be an almost inevitable consequence of scale invariance in presence of interactions. As a 
complementary analysis, in the case of the nonlinear elasticity theory of membranes, we present 
a simple argument, based only on the structure of symmetries, which suggests an inconsistency 
between conformal invariance and the invariance of the model under shifts. The results derived in 
this paper are not in contradiction with general theorems and derivations on the relation between 
scale and conformal symmetries for two reasons. First, we expect that the models investigated in 
this work are not reflection-positive. Secondly, we studied fixed points in D = 4 −ε, a dimension 
in which, to our knowledge, the connection between scaling and conformality is not yet firmly 
established.
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Appendix A. Invariant composite operators in membrane theory

This appendix illustrates the renormalization of operators entering the expansion of the trace 
of the energy-momentum tensor. Let us start by analyzing the set of composite fields

O1 = 1

2
(∂2h)2 + λ0(uαα)2 + 2μ0uαβuαβ , O2 = 1

2
λ0(uαα)2 , O3 = μ0uαβuαβ ,

O4 = ∂2uαα , O5 = ∂α∂βuαβ , O6 = uαα , (A.1)

which are invariant under all symmetries of the theory, including translations in the embedding 
space h → h + B, uα → uα + Bα , and the linearized rotations in Eq. (7). According to general 
renormalization theory [54], the insertion of invariant operators of power-counting dimension 
� is renormalized by a linear combination of operators with the same symmetries and with 
dimension equal or lower to �. From the scaling of h and uα tree-level propagator, it follows 
that the power-counting dimension of a general operator of the schematic form ∂khnu� is k +
n(D−4)/2 +�(D−2)/2, which reduces to k+� in the ε-expansion at D = 4 −ε. The composite 
fields in Eq. (A.1) are a basis for the most general invariant operator with dimension ≤ 4 and are, 
therefore, closed under renormalization. It is possible to find a matrix Zij of divergent coefficients 
such that bare and finite, renormalized operators, are related as Oi(x) = Zij [Oj (x)].

In analogy with derivations in Ref. [27], it is possible to set strong constraints on renormaliza-
tion by forming combinations which are a priori known to be finite and free of UV divergences.

The renormalization of O1 can be fixed by the following argument. The expression for a 
general correlation function G(n,�) in terms of a functional integral over uα and h,

G
(n,�)
i1..inα1..α�

(x1, ..,xn;x′
1, ..,x′

�) =
∫

[dh][duα]
{

e−Hhi1(x1)..hin(xn)uα1(x
′
1)..uα�

(x′
�)

}
,

(A.2)

must be invariant under change of variables. If we choose a field redefinition h → (1 + ε/2)h, 
uα → (1 + ε)uα the Hamiltonian H changes to first order by ε

∫
dDxO1(x) while the string of 

fields in the correlator varies by an overall factor (n/2 + �)ε. Invariance of the functional integral 
then implies∫

dDxG
(n,�)

O1(x),i1..inα1..α�
(x1, ..,xn;x′

1, ..,x′
�) =

(n

2
+ �

)
G

(n,�)
i1..inα1..α�

(x1, ..,xn;x′
1, ..,x′

�) ,

(A.3)

where

G
(n,�)

O1(x),i1..inα1..α�
(x1, ..,xn;x′

1, ..,x′
�)

=
∫

[dh][duα]
{

e−HO1(x)hi1(x1)..hin(xn)uα1(x
′
1)..uα�

(x′
�)

}
(A.4)

denotes correlation functions with O1(x) insertion. From Eq. (A.3), we see that 
∫

dDxG
(n,�)

O1(x)
is 

already finite after the renormalization of elementary fields, h = √
Zh̃, uα = Zũα , without the 

need of a new operator renormalization. The only divergences in O1 must be total derivatives, 
which vanish after space integration. We thus conclude that O1 can be renormalized as

O1 = [O1] + a1∂
2[uαα] + b1∂α∂β [uαβ ] , (A.5)
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where a1 and b1 are divergent coefficients.
We can deduce additional constraints from the fact that derivatives of renormalized correlation 

functions with respect to λ̃ and μ̃ are finite [27]. Denoting as G(n,�) and G̃(n,�) bare and renor-
malized correlation functions with n external h fields and � external uα fields, we find, using 
Eq. (11),

∂G̃(n,�)

∂λ̃
= ∂

∂λ̃

(
Z− n

2 −�G(n,�)
)

= −
(n

2
+ �

) ∂ lnZ

∂λ̃
G̃(n,�) + Z− n

2 −�

[
∂ lnλ0

∂λ̃

∣∣∣
M,μ̃

∂

∂ lnλ0
+ ∂ lnμ0

∂λ̃

∣∣∣
M,μ̃

∂

∂ lnμ0

]
G(n,�)

= finite . (A.6)

The derivatives ∂/∂ lnλ0 and ∂/∂ lnμ0 generate, respectively, insertions of − 
∫

dDxO2(x) and 
− 

∫
dDxO3(x). Moreover, as shown above, the counting factor n/2 + � can be written via the 

insertion of 
∫

dDxO1.
As a result, Eq. (A.6) is equivalent to∫

dDx

[
∂ lnZ

∂λ̃
G̃

(n,�)

O1(x)
+ ∂ lnλ0

∂λ̃

∣∣∣
M,μ̃

G̃
(n,�)

O2(x)
+ ∂ lnμ0

∂λ̃

∣∣∣
M,μ̃

G̃
(n,�)

O3(x)

]
= finite , (A.7)

where G̃(n,�)

O(x)
denotes correlation functions of renormalized fields with an insertion of the bare 

operator O(x):

G̃
(n,�)

O(x)
= 〈O(x)h̃i1(x1)..h̃in (xn)ũα1(x

′
1)..ũα�

(x′
�)〉 . (A.8)

Isolating operators from correlation functions and removing space integration, we can re-express 
Eq. (A.7) as the statement that the combination

∂ lnZ

∂λ̃

∣∣∣
M,μ̃

O1(x) + ∂ lnλ0

∂λ̃

∣∣∣
M,μ̃

O2(x) + ∂ lnμ0

∂λ̃

∣∣∣
M,μ̃

O3(x) (A.9)

is finite up to total derivatives. Assuming that amplitude, coupling, and operator renormalizations 
are all defined within the minimal subtraction scheme [27,54], this implies

∂ lnZ

∂λ̃

∣∣∣
M,μ̃

O1(x) + ∂ lnλ0

∂λ̃

∣∣∣
M,μ̃

O2(x) + ∂ lnμ0

∂λ̃

∣∣∣
M,μ̃

O3(x)

= 1

λ̃
[O2(x)] + aλ∂

2[uαα] + bλ∂α∂β [uαβ ] , (A.10)

so that, up to the total-derivative terms, the right-hand side is equal to the tree-level contribution 
of the left hand side. A consequence of Eq. (A.10) is that

∂G̃(n,�)

∂ ln λ̃

∣∣∣
M,μ̃

= −
∫

dDxG̃
(n,�)

[O2(x)] , (A.11)

where G̃(n,�)

[O2(x)] is the correlation function of renormalized fields with insertion of the renormal-
ized operator [O2(x)]. An analogue relation was derived for scalar field theory in Ref. [27].

Identical arguments can be used to deduce that

∂ lnZ

∂μ̃

∣∣∣
M,λ̃

O1(x) + ∂ lnλ0

∂μ̃

∣∣∣
M,λ̃

O2(x) + ∂ lnμ0

∂μ̃

∣∣∣
M,λ̃

O3(x)

= 1

μ̃
[O3(x)] + aμ∂2[uαα] + bμ∂α∂β [uαβ ] , (A.12)
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a relation which follows from the finiteness of ∂G̃(n,�)/∂μ̃. A relation similar to Eq. (A.11) holds:

∂G̃(n,�)

∂ ln μ̃

∣∣∣
M,λ̃

= −
∫

dDxG̃
(n,�)

[O3(x)] . (A.13)

As a particular case of Eqs. (A.10) and (A.12), let us take the linear combination βλ× (A.10)+
βμ× (A.12), where βλ and βμ are the RG β-functions. Using that [42]

βλ

∂ lnZ

∂λ̃

∣∣∣
M,μ̃

+ βμ

∂ lnZ

∂μ̃

∣∣∣
M,λ̃

= ∂ lnZ

∂ lnM

∣∣∣
λ0,μ0

= η , (A.14)

βλ

∂ lnλ0

∂λ̃

∣∣∣
M,μ̃

+ βμ

∂ lnλ0

∂μ̃

∣∣∣
M,λ̃

= ∂ ln(λ0/M
ε)

∂ lnM

∣∣∣
λ0,μ0

= −ε , (A.15)

and

βλ

∂ lnμ0

∂λ̃

∣∣∣
M,μ̃

+ βμ

∂ lnμ0

∂μ̃

∣∣∣
M,λ̃

= ∂ ln(μ0/M
ε)

∂ lnM

∣∣∣
λ0,μ0

= −ε , (A.16)

we find

εO2 + εO3 = ηO1 − βλ/λ̃[O2] − βμ/μ̃[O3] + a∂2[uαα] + b∂α∂β [uαα] (A.17)

with divergent coefficients a and b. This relation can be rewritten in a more explicit notation by 
setting [O2] = Mελ̃[(uαα)2]/2, [O3] = Mεμ̃[uαβuαβ ]. In this basis, Eq. (A.17) becomes

ε

2

(
λ0(uαα)2 + 2μ0uαβuαβ

)

= ηO1 − 1

2
βλM

ε[(uαα)2] − βμMε[uαβuαβ ] + a∂2[uαα] + b∂α∂β [uαα] . (A.18)

As a final remark, we note that Eqs. (A.5), (A.10), and (A.12) imply that the operator 
O6 = uαα does not enter the renormalization of O1, O2, and O3. This is due to the use of dimen-
sional regularization, implicit in the derivations above. This regularization scheme automatically 
removes ultraviolet divergences of power-law type, implying that operators of dimension 4 do 
not mix under renormalization with operators of dimension 2.

With results derived above, it is possible to show that the Ward identity for broken dilatation 
invariance is equivalent to the RG equations (13). (An analogue result was derived for scalar field 
theory in Ref. [27,28]). Away from fixed points, the dilatation current Sα = xβTαβ − Vα is not 
conserved: the RG flow functions βλ and βμ act as sources for the violation of the conservation 
law of Sα

∂αSα = βλ

2
Mε[(uαα)2] + βμMε[uαβuαβ ] − xβ

(
E · ∂βh + Eα∂βuα

)
− (η − ε)

2
E · h − (1 + η − ε)Eαuα . (A.19)

Renormalized correlation functions with insertions of ∂αSα(x), which are relevant for the Ward 
identity, can be expressed more explicitly by using that the operators E · ∂βh, Eα∂βuα , E · h, 
Eαuα , proportional to equations of motion, generate the contact terms [27,28,30]
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G̃
(n,�)
E(x)·h(x)(x1, ..,xn;x′

1, ..,x′
�) =

n∑
p=1

G̃(n,�)δ(x − xp)(xm,x′
k) ,

G̃
(n,�)
Eα(x)uα(x)(xm,x′

k) =
�∑

p=1

δ(x − x′
p)G̃(n,�)(xm,x′

k) ,

G̃
(n,�)
E(x)·∂βh(x)

(xm,x′
k) =

n∑
p=1

δ(x − xp)
∂

∂xpβ

G̃(n,�)(xm,x′
k) ,

G̃
(n,�)
Eα(x)∂βuα(x)(xm,x′

k) =
�∑

p=1

δ(x − x′
p)

∂

∂x′
pβ

G̃(n,�)(xm,x′
k) .

(A.20)

Using Eqs. (A.11) and (A.13), and integrating over space, we obtain∫
dDx ∂αG̃

(n,�)
Sα(x)

=
[ ∂

∂ lnρ
+ βλ

∂

∂λ̃

∣∣∣
M,μ̃

+ βμ

∂

∂μ̃

∣∣∣
M,λ̃

+ n

2
(η − ε)

+ �(1 + η − ε)
]
G̃(n,�)(ρx1, .., ρxn;ρx′

1, .., ρx′
�) = 0

(A.21)

a relation equivalent to the RG flow equation (13).
For completeness, we also discuss the composite field uαβ . By symmetries and power count-

ing its renormalization has the form

uαβ = Z2[uαβ ] + 1

D
(Z′

2 − Z2)δαβ [uγγ ] , (A.22)

where Z2 and Z′
2 are divergent coefficients. The factors Z2 and Z′

2, moreover, are determined to 
all orders by the following argument. Let us consider the stress field σαβ = λ0δαβuγγ + 2μ0uαβ . 
This composite operator can be viewed as the conserved current associated with the shift symme-
try uα → uα +Bα and it has a conservation law ∂βσαβ = −Eα which is identical, up to a sign, to 
the equations of motion of the uα field. By a general property, the renormalization of the equation 
of motion operator is dual to that of the corresponding field: since uα renormalizes as uα = Zũα , 
then ZEα is a finite operator. It follows, as a result, that Z(∂βσαβ) is finite. However, this also 
implies that Zσαβ is finite by itself, because any divergence in Zσαβ would inevitably appear in 
the derivative. To see this more precisely, note that the infinite part Zσ div

αβ of Zσαβ , if any, should 

be a linear combination of uαβ and δαβuγγ satisfying the equation ∂α(Zσ div
αβ ) = 0 identically. It 

can be checked that the only possibility is Zσ div
αβ = 0 and, therefore, that the full tensor Zσαβ is 

finite. Using Eq. (A.22) and Eq. (11), we see that the combinations of renormalization constants

GμZ2

Z
,

(Gλ + 2Gμ/D)

Z
Z′

2 (A.23)

are free of poles in ε. This implies that we can choose

Z2 = Zμ̃

Gμ

, Z′
2 = Z(Dλ̃ + 2μ̃)

DGλ + 2Gμ

. (A.24)

The scaling dimensions of the scalar and traceless components of uαβ are then {uαα} =
D − 2 + η′

2 and {uαβ − δαβuγγ /D} = D − 2 + η2, where η′
2 = ∂ lnZ′

2/∂ lnM|λ0,μ0 and 
η2 = ∂ lnZ2/∂ lnM|λ0,μ0 . At the fixed point P4 all components scale with the same dimension 
{uαβ} = 2 − η∗.
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Appendix B. Renormalization of non-invariant currents

Besides invariant operators, expansion of the trace Tαα includes the vector fields uαuββ and 
uβuαβ , which break the shift symmetry uα → uα + Bα and the linearized embedding-space 
rotational symmetry. This appendix shows that these vectors are non-renormalized, up to total 
derivatives.

As a first step, it is convenient to analyze the tensor Jγ,αβ = uγ σαβ , where σαβ = λ0δαβuδδ +
2μ0uαβ is the stress field, which is also the conserved current associated with the symmetry un-
der uα → uα + Bα . A priori, the renormalization of uγ σαβ involves the mixing of all composite 
fields of dimension 3 symmetric under α ↔ β and invariant under h → h + B. (In dimensional 
regularization there is no mixing with operators of lower dimension). Renormalization is however 
simplified by the following considerations. Taking the derivative ∂αJγ,αβ = −Eβuγ + ∂αuγ σαβ

gives the sum of two simple terms. The first, −Eβ(x)uγ (x), vanishes with equations of motion 
and acts, when inserted in a correlation function, as the generator of the infinitesimal field redef-
inition uα(x′) → uα(x′) + εδαβδ(x − x′)uγ (x). This transformation, being linear, can be equiv-
alently represented in terms of renormalized fields as ũα(x′) → ũα(x′) + εδαβδ(x − x′)ũγ (x′), 
a change of variables which preserves the finiteness of correlation functions. It follows that in-
sertions of −Eβuγ in renormalized functions are finite, and do not require renormalization. It 
is, in fact, a general property that operators of the form Eφφ are not renormalized [27]. The 
second term in ∂αJγ,αβ , ∂αuγ σαβ , requires subtractions but, being invariant under shifts of the 
uα field, it can only mix with composite fields which are symmetric under both h → h + B and 
uα → uα + Bα .

We can thus conclude that the UV-divergent part J div
γ,αβ of Jγ,αβ must have the property that 

∂αJ div
γ,αβ is invariant under shifts of all fields. This, however, implies in turn that J div

γ,αβ must be 

shift-invariant by itself. To derive this result, let us denote as εJ div
μ,γ,αβ the variation of J div

γ,αβ

under an infinitesimal uniform translation uα → uα + εδαμ. By power counting it must be a field 
of dimension 2 and, therefore, must have the form

J div
μ,γ,αβ = a

(1)
ρσ,μ,γ,αβMεuρuσ + a

(2)
ρ,σ,μ,γ,αβ∂ρuσ + 1

2
a

(3)
ρσ,μ,γ,αβ(∂ρh · ∂σ h) , (B.1)

where a(1), a(2), and a(3) are invariant tensors (linear combinations of products of Kronecker 
symbols). At the same time, by the arguments above, it must satisfy the equation ∂αJ div

μ,γ,αβ = 0

identically. It can be checked that the only possibility is J div
μ,γ,αβ = 0, which implies that J div

γ,αβ is 
invariant under shifts.

The conclusion of this argument is that any counterterm entering the renormalization of Jγ,αβ

must be a tensor of dimension 3 invariant under translations of both the h and the uα fields. These 
tensors have the schematic form ∂∂u and ∂h · ∂∂h and, since

∂μ∂νh · ∂ρh = 1

2

[
∂ν(∂μh · ∂ρh) + ∂μ(∂νh · ∂ρh) − ∂ρ(∂μh · ∂νh)

]
, (B.2)

they can always be represented as total derivatives. Therefore, general counterterms needed for 
the renormalization of Jγ,αβ have the form

1

2
Bρ,μν,γ,αβ∂ρ(∂μh · ∂νh) + Cρσ,μ,γ,αβ∂ρ∂σ uμ , (B.3)

where Bρ,μν,γ,αβ and Cρσ,μ,γ,αβ are invariant tensors with divergent coefficients. The renormal-
ization of Jγ,αβ in minimal subtraction can thus be written in the form
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Fig. B.5. Some of the first divergent 1PI diagrams with insertion of Jγ,αβ . Dotted lines denote the operator insertion. In 
diagrams (a) and (b), the undifferentiated field uγ is connected directly to external lines. In diagrams (c), (d), and (e), 
instead, it enters as a loop line.

[Jγ,αβ ] = Jγ,αβ + 1

2
Bρ,μν,γ,αβ∂ρ(∂μh · ∂νh) + Cρσ,μ,γ,αβ∂ρ∂σ uμ . (B.4)

The final result for the renormalization of Jγ,αβ has the following diagrammatic interpretation. 
Among 1PI correlation functions with insertion of Jγ,αβ = uγ σαβ , there are two types of diver-
gent Feynman diagrams: the undifferentiated uγ field can be either connected to external legs 
or joined to loop lines (see Fig. B.5). In all diagrams of the second type, like (c), (d), and (e) of 
Fig. B.5, it is possible to factorize one power of the momentum of each external solid and wiggly 
line, as it follows directly from the structure of the interaction vertices. The corresponding diver-
gences contribute to shift-invariant counterterms of the type ∂∂u and ∂(∂h · ∂h) in Eq. (B.4), but 
cannot generate renormalizations proportional to Jγ,αβ .

Counterterms of the same form of Jγ,αβ can only arise from diagrams of the first type, like 
(a) and (b) in Fig. B.5, which contribute to correlations which are not shift-invariant. Since the 
undifferentiated uγ field is contracted with external lines, the loop part in this class of diagrams 
is entirely determined by the insertion of σαβ , whose renormalization was studied in appendix A. 
The arguments above show that the UV divergences of λ0 and μ0 are precisely cancelled to 
all orders by these loop contributions, so that Jγ,αβ is finite (up to counterterms introduced in 
Eq. (B.4)).

Taking two independent traces over the components of Jγ,αβ we finally obtain relations for 
the renormalization of the vector fields uαuββ and uβuαβ . With a non-minimal renormalization 
choice, we can set

uαuββ = Mε(Dλ̃ + 2μ̃)

Dλ0 + 2μ0
[uαuββ ] + b1∂α[∂βh · ∂βh] + b2∂β [∂αh · ∂βh] + b3∂

2[uα]
+ b4∂α∂β [uβ ] , (B.5)

uβuαβ − 1

D
uαuββ = Mεμ̃

μ0

{
[uβuαβ ] − 1

D
[uαuββ ]

}
+ b′

1∂α[∂βh · ∂βh] + b′
2∂β [∂αh · ∂βh] + b′

3∂
2[uα] + b′

4∂α∂β [uβ ] .

(B.6)

Appendix C. Energy-momentum tensor and operator renormalization in the GCI model

Starting from the explicit expression of its Hamiltonian, Eq. (21), it can be shown that the 
GCI model admits the following symmetric energy-momentum tensor

Tαβ = −1

2
δαβ(∂2h)2 + 2∂α∂βh · ∂2h − ∂αh · ∂β∂2h − ∂βh · ∂α∂2h
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+ 1

D − 1

{
δαβ∂γ h · ∂γ ∂2h + δαβ∂γ ∂δh · ∂γ ∂δh + (D − 2)∂γ h · ∂α∂β∂γ h

− D∂α∂γ h · ∂β∂γ h
}

− 1

2Y0
δαβ(∂2χ)2 + 1

Y0

{
2∂α∂βχ∂2χ − ∂αχ∂β∂2χ − ∂βχ∂α∂2χ

}
+ 1

(D − 1)Y0

{
δαβ∂γ χ∂γ ∂2χ + δαβ∂γ ∂δχ∂γ ∂δχ + (D − 2)∂γ χ∂α∂β∂γ χ

− D∂α∂γ χ∂β∂γ χ
}

− i

2
δαβ

{
(∂γ h · ∂δh)∂γ ∂δχ − (∂γ h · ∂γ h)∂2χ

}
+ i

{
(∂βh · ∂γ h)∂α∂γ χ + (∂αh · ∂γ h)∂β∂γ χ

− (∂αh · ∂βh)∂2χ − (∂γ h · ∂γ h)∂α∂βχ
} + i

2
∂γ

{
(∂αh · ∂βh)∂γ χ − (∂αh · ∂γ h)∂βχ

− (∂βh · ∂γ h)∂αχ + (δαγ ∂βχ + δβγ ∂αχ − δαβ∂γ χ)(∂δh · ∂δh)
}

. (C.1)

The identity for the trace, Eq. (59), can be derived from Eq. (C.1) by some algebraic steps and by 
the following results for the renormalization of the invariant operators (∂2h)2 and (∂2χ)2/Y0.

Within dimensional regularization, symmetries and power counting imply that the set of com-
posite operators

O1 = 1

2
(∂2h)2 − 1

Y0
(∂2χ)2 , O2 = 1

2Y0
(∂2χ)2 ,

O3 = 1

2Y0
((∂2χ)2 − (∂α∂βχ∂α∂βχ)) = 1

2Y0
∂α∂β(∂αχ∂βχ − δαβ∂γ χ∂γ χ) ,

O4 = 1

Y0
∂2∂2χ , O5 = E = 1

Y0
∂2∂2χ + i

2
((∂2h)2 − (∂α∂βh · ∂α∂βh))

(C.2)

is closed under renormalization. The set (C.2), in fact, is a complete basis for all composite 
fields which are invariant under the symmetries of the GCI Hamiltonian (including the shifts 
h → A + Bαxα , χ → χ + A + Bαxα) and which have operator dimension 4 in the ε-expansion. 
A residual mixing with the softer field O6 = ∂2χ , which has dimension 2, is removed by dimen-
sional regularization.

The operator O4 is directly related to the elementary field χ and, therefore, has a simple 
multiplicative renormalization O4 = ZZ−1

Y [O4]. Similarly O5, which is equal to the equation of 
motion of the χ field, renormalizes in a multiplicative way as O5 = Z[O5]. We also note that the 
last three operators in the set (C.2), O3, O4, and O5, are expressible as exact second derivatives 
of lower-dimensional fields. In particular, this implies that [O3] is a linear combination of O3, 
O4, and O5, without a mixing with O1 and O2.

To study the renormalization of O1 we note that, when integrated over all space, it is equiv-
alent to the variation of the Hamiltonian under the infinitesimal rescaling h → (1 + ε/2)h, 
χ → (1 − ε)χ . Therefore insertions of O1 at zero momentum have the only effect to generate a 
factor (n/2 − �) in front of correlation functions, where n is the number of external h fields and 
� is the number of χ lines. An immediate consequence is that O1 is finite up to total-derivative 
operators which vanish at zero momentum. Since the only total-derivative fields which can enter 
as counterterms are O3, O4, and O5, we conclude that O1 can be renormalized to all orders as 
O1 = [O1] + a1[O3] + b1[O4] + c1[O5], where a1, b1, and c1 are divergent coefficients.

33



A. Mauri and M.I. Katsnelson Nuclear Physics B 969 (2021) 115482

The renormalization of O2 is constrained by the fact that the derivative of renormalized corre-
lation functions with respect to Y is finite. Since, by Eq. (25), bare and renormalized correlation 
functions with n external h lines and � external χ lines are related as G(n,�) = Zn/2−�G̃(n,�), we 
obtain that

−
(n

2
− �

) ∂ lnZ

∂Y

∣∣∣
M

G̃(n,�) + Z�−n/2 ∂ lnY0

∂Y

∣∣∣
M

∂G(n,�)

∂ lnY0
= finite . (C.3)

The action of ∂/∂ lnY0 on bare correlation functions generates insertion of O2 at zero momen-
tum. The factor (n/2 + �), moreover, can be represented via the zero-momentum insertion of 
O1.

Using the relations

∂ lnZ

∂Y

∣∣∣
M

= η(Y )

β(Y )
,

∂ lnY0

∂Y

∣∣∣
M

= − ε

β(Y )
, (C.4)

we obtain that
η(Y )

β(Y )
O1 + ε

β(Y )
O2 (C.5)

is finite up to total derivatives. It follows that the renormalization of O2 has the form (in the 
minimal subtraction scheme)

O2 = −1

ε
η(Y )[O1] − β(Y )

εY
[O2] + a2[O3] + b2[O4] + b3[O5] , (C.6)

where a2, b2, and c2 are new divergent coefficients. Since [O2] = [(∂2χ)2]/(2MεY) in minimal 
subtraction, we can rewrite this renormalization relation as

ε

2Y0
(∂2χ)2 = −η(Y )[O1] − β(Y )

2Y 2 M−ε[(∂2χ)2] + εa2[O3] + εb2[O4] + εb3[O5] . (C.7)

As a further consequence, we note that

∂G̃(n,�)

∂ lnY

∣∣∣
M

= 1

2MεY

∫
dDx G̃

(n,�)

[(∂2χ(x))2] . (C.8)

This relation can be used to prove the equivalence between dilatation Ward identities and the RG 
equations (26), in analogy with Ref. [27] and appendix A.
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