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Abstract

We investigate the relation between dilatation and conformal symmetries in the statistical mechanics
of flexible crystalline membranes. We analyze, in particular, a well-known model which describes the
fluctuations of a continuum elastic medium embedded in a higher-dimensional space. In this theory, the
renormalization group flow connects a non-interacting ultraviolet fixed point, where the theory is controlled
by linear elasticity, to an interacting infrared fixed point. By studying the structure of correlation functions
and of the energy-momentum tensor, we show that, in the infrared, the theory is only scale-invariant: the
dilatation symmetry is not enhanced to full conformal invariance. The model is shown to present a non-
vanishing virial current which, despite being non-conserved, maintains a scaling dimension exactly equal
to D — 1, even in presence of interactions. We attribute the absence of anomalous dimensions to the sym-
metries of the model under translations and rotations in the embedding space, which are realized as shifts of
phonon fields, and which protect the renormalization of several non-invariant operators. We also note that
closure of a symmetry algebra with both shift symmetries and conformal invariance would require, in the
hypothesis that phonons transform as primary fields, the presence of new shift symmetries which are not
expected to hold on physical grounds. We then consider an alternative model, involving only scalar fields,
which describes effective phonon-mediated interactions between local Gaussian curvatures. The model is
described in the ultraviolet by two copies of the biharmonic theory, which is conformal, but flows in the
infrared to a fixed point which we argue to be only dilatation-invariant.
© 2021 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.
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1. Introduction

Asymptotic scale invariance plays a crucial role in quantum field theory, from statistical me-
chanics to models of fundamental interactions. In several cases, the asymptotically-emergent
scaling symmetry is enlarged to full conformal invariance, which opens the way to powerful
techniques such as bootstrap equations [1,2] or, in two dimensions, methods based on the infinite
Virasoro algebra [3]. These approaches give access to high-precision non-perturbative calcula-
tions and, in some cases, even to exact solutions. Understanding the conditions under which
conformal symmetry arises is thus of great importance, and has motivated extensive investiga-
tions [4].

Particularly general results were established for two- and four-dimensional field theories
assuming unitarity, or, in Euclidean space, the corresponding property of reflection positiv-
ity [2,5-7]. In the two-dimensional case, Zamolodchikov and Polchinski proved that unitary
scale-invariant field theories are always conformal under two mild assumptions: the existence of
a well-defined energy-momentum tensor and the discreteness of the spectrum of operator dimen-
sions [5,6]. In four-dimensional space, a similar result is expected to hold [4], as indicated by per-
turbative proofs to all orders [8—10] and corroborated by non-perturbative evidences [4,9,11—13].
Some analogue derivations were argued to be applicable to unitary theories in any even dimen-
sion D =2n [14].

These arguments, however, cannot be extended straightforwardly to arbitrary dimensions
(possibly odd or non-integer) or to models lacking unitarity or reflection positivity. In addition,
several derivations break down when the energy-momentum tensor and its two-point function
are not well defined, which can happen in sigma models relevant for string theories [6,15,16].
Models with scale but without conformal invariance, in fact, exist and have been explicitly iden-
tified [4,6,15-22], or indirectly conjectured based on holographic analyses [23-25]. Although
unphysical in the context of fundamental interactions, models defined in general dimension D
and without unitarity or reflection positivity are recurrent in statistical mechanics. Analyses of
the relation between scale and conformal invariance in more general classes of theories are thus
crucial for several physical applications (see Refs. [2,6,26-31] for some of the results and meth-
ods).

If we try to consider, roughly speaking, how likely it is for a scale-invariant model to exhibit
conformal symmetry, we can often run into a dilemma. On the one hand, dilatation invariance is
not a sufficient condition for the extended conformal invariance and, therefore, a generic scale-
invariant theory can be expected to lack conformal symmetry. On the other hand, there exist
arguments suggesting that, for interacting field theories, scale invariance should imply conformal
invariance generically [2,19,21,31]. A formulation of this reasoning starts from the structure of
the energy-momentum tensor T, and its trace 7. In local and scale-invariant theories, dilatation
symmetry implies that 7. = 9, V®, where V¢ is a local field, the ‘virial current’. Conformal
invariance arises instead whenever V* = j* 4 E),gL"”6 where j¢ is conserved (9, j* = 0) and
L*F is a tensor field [6]. Although the requirements for conformal symmetry are stronger and
not automatically satisfied a priori, possible candidates for the virial current are constrained,
because V* must have a scaling dimension exactly equal to {V¥} = D — 1 in order to match
the dimensions of the energy-momentum tensor {Tog} = D [2,19,21,3 1].l All vector currents are
usually expected to acquire anomalous dimensions in presence of interactions, unless they are

I More precisely, the change of a symmetric energy-momentum tensor under infinitesimal dilatations reads i[S, Top] =
xP8pTup + DTog + 3% 0P Yyopp Where Yoopp = —Youpp = Ygpao [6,11]. The first two terms, x¥9,Tyg + DTyg
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conserved. Consistent candidates for V¢ in a generic theory can thus be expected to be conserved
currents, which implies conformal invariance [2,19,21,31].

A basis from which we can formulate similar arguments is provided by the results of
Refs. [26,29,30] which, instead of analyzing the energy-momentum tensor, used non-perturbative
renormalization group techniques. Refs. [29,30] showed that, for critical scalar and O(N) mod-
els, scale implies conformal invariance if no vector eigenoperator with scaling dimension —1
exists.” This vector quantity plays a role analogue to the space integral of the virial current.
Ref. [26], instead, used a generalization of Wilson’s renormalization group to argue that, for
a general fixed point theory, two- and three-point functions are consistent with the constraints
imposed by conformal invariance provided that (i) there exists no vector eigenoperator with di-
mension —1, (ii) interactions are sufficiently local, (iii) the real parts of operator dimensions are
bounded from below, and (iv) some surface effects are negligible.> With the same logic used for
the virial current, the existence of vectors with dimension tuned to —1 appears to be unlikely in
generic interacting field theories, suggesting that scale implies conformal invariance in a broad
class of models. The argument can actually be improved further by a reasoning based on conti-
nuity: even if a vector happens by coincidence to have scaling dimension —1 in D-dimensional
space, conformal invariance can still be inferred by continuation from neighbouring dimensions
D + 5 D. A scenario without conformal invariance thus requires the existence of a vector present-
ing dilatation eigenvalue exactly equal to —1 throughout a continuous interval of dimensions in
the neighbourhood of D, which seems even more unlikely [29].

Although genericity arguments hint at a general explanation of conformal invariance, they
cannot set a fully definite answer. The same reasonings, for example, could be read from a dif-
ferent point of view: it might be the case that scale without conformal invariance is recurrent
in several field theories, and vectors with dimension —1 or currents with dimension D — 1 are
not unlikely as a first expectation suggests. With this reversed perspective, the arguments could
be regarded as proofs that these vectors are common even in interacting theories. Moreover, in
some classes of theories there exist mechanisms ensuring the non-renormalization of some vec-
tor fields: for example, this can happen in presence of BRST invariance [21]. In these models,
a non-trivial virial current without anomalous dimensions arises naturally, without the need of a
fine tuning.

For given field theories, it is usually not necessary to argue from genericity. For example,
in the Ising and in the O(N) model, the presence of conformal invariance can be proved by

describe the scaling law of an eigenoperator with dimension D, while the third, inhomogeneous term is generated by
renormalization. In scale-invariant theories, where Ty = 84 V¥, the scaling law for the virial current must read, therefore,
i[S,V¥]=xP3,V* + (D — HV* + 1% + BpY““Up, with 9,/% = 0 (see also Ref. [11]). The inhomogeneous terms
1% 4+ 9PY°% p have precisely the form of the combination of a conserved current and a total divergence, which are
irrelevant to the discussion of scale and conformal invariance. This justifies considering V¢ as a scaling operator of
dimension D — 1. It is usually possible to choose an improved energy-momentum tensor in such way that Yy, = 0 and
the canonical scaling laws holds (see however Ref. [11] for a more detailed discussion).

2 Redundant operators, whose insertion is equivalent to an infinitesimal change of variables, are allowed: even if their
dimension is exactly equal to —1, they do not destroy conformal invariance but, rather, modify the transformation of fields
under the elements of the conformal group [30]. This is consistent with the fact that the scaling dimension of redundant
operators can actually be chosen at will, by suitable design of the specific renormalization group transformation [32].
The dimensions of non-redundant operators are, instead, intrinsic quantities, invariant under redefinitions of the RG.

3 In Ref. [26] the vector operator dimension is reported as +1, because length units are used instead of inverse-length
units. Similarly, the lower bound in the real part of operator dimensions is expressed there as an upper bound.
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setting bounds on the dilatation spectrum [29-31]. Also, powerful tools are available to analyze
perturbative theories explicitly [4,6,8,9,27,28,33].

It is interesting, however, to explore the genericity arguments in more depth. In this direction,
Ref. [21] identified and analyzed an interacting scale invariant model which is not conformal: the
theory of SU(N) gauge fields coupled to massless fermions at the Banks-Zaks fixed point. As
it was shown, the model is conformal when regarded as a gauge theory, but presents a nontriv-
ial virial current V¢ when gauge fixed. The scaling dimension of V¢ was shown to be exactly
equal to {V¥} = D — 1, to all orders in perturbation theory, which was traced to BRST invari-
ance of the theory. Other scale-invariant but nonconformal theories were identified in the context
of turbulence [22], sigma models [6,15,16,18], topologically-twisted theories [23,24], Wess-
Zumino models with scale-invariant renormalization-group trajectories [20], or were recognized
by holographic analysis [4,23-25]. Finally, we note that Ref. [34] recognized the presence of
scale-invariance without conformal symmetry in an analysis at classical level of symmetric su-
perfluids characterized by shift-invariant actions.

In this paper, we analyze the relation between scale and conformal symmetry in the statis-
tical mechanics of fluctuating crystalline membranes, a theory which is relevant for biologi-
cal layers and for free-standing samples of atomically-thin two-dimensional materials such as
graphene [35—49]. The theory of two-dimensional solids in three dimensions, or more generally,
of D-dimensional crystalline membranes embedded in d-dimensional space has been studied
extensively. For temperatures lower than a transition temperature 7, these membranes present
a ‘flat phase” where the embedding-space O(d) symmetry is spontaneously broken and the state
of the system is macroscopically planar [38—43]. As it was crucially recognized, in this broken-
symmetry phase, the large-distance behavior of fundamental degrees of freedom, the phonon
fluctuations, is controlled by an interacting scale-invariant theory [40,42,49].

Here, we show that the asymptotic infrared behavior of the flat phase presents only scale
invariance, and not the full conformal symmetry. In particular, we verify that the theory gen-
erates a virial current V* which cannot be reduced to a combination of a conserved current
and a total derivative. Despite being non-conserved, the V¥ is shown to have scaling eigenvalue
{V*} = D — 1 to all orders in perturbation theory, without anomalous dimensions. This absence
of renormalization is traced to the fact that V¢ is not invariant under the spontaneously-broken
embedding-space translations and rotations, which are realized as shifts of the phonon fields.
A similar result is found for the ‘GCI model’ in dimension D =4 — ¢, a distinct field theory
which is expected, however, to become equivalent to the conventional model at the physical di-
mensionality D = 2 [48]. Even for this alternative theory, the infrared behavior is shown to be
scale invariant but nonconformal. A consequence of our analysis is that methods of conformal
field theory (CFT), such as the conformal bootstrap, cannot be straightforwardly applied to the
flat phase of crystalline membranes.

The membrane models analyzed in this work can be viewed as a generalization of the lin-
earized theory of elasticity, a model which was identified by Riva and Cardy as an example of
scale-invariant but non-conformal field theory [17,19,50]. The main difference is that the Riva-
Cardy model describes an elastic medium confined in D dimensions, while solid membranes are
allowed to fluctuate in an embedding space with higher dimension d > D. While linearized elas-
ticity is a Gaussian, non-interacting theory, transverse fluctuations in the additional d — D space
dimensions make membrane theory an anharmonic model, which realizes scale invariance via an
interacting RG fixed point. The presence of interactions makes membrane theory an interesting
platform to test the genericity arguments on scale and conformal invariance.
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2. Scaling and renormalization in crystalline membranes

This section introduces one of the two membrane models analyzed in this work and describes
its renormalization within the e-expansion. In addition to methods based on dimensional regular-
ization, which were often used in the literature [40,42,48,49], in Sec. 2.5 we discuss an approach
based on bare renormalization group equations, expressing the response of the theory to varia-
tions of an ultraviolet cutoff.

2.1. Model

Analyses in this work focus on a well-known theory for the flat phase of crystalline mem-
branes [35-38,40-42,46,47,49]. This theory can be viewed as the most general membrane model
which, with the scaling properties characteristic of the flat phase, is renormalizable by power
counting in the e-expansion.

For a derivation, it is convenient to start from a more accurate model and to obtain the effec-
tive theory by dropping all irrelevant interactions [40]. We thus start from a general description
of a continuum D-dimensional crystalline membrane embedded in a higher-dimensional space.
Introducing a coordinate x € RP to label mass elements of the elastic medium, fundamental
degrees of freedom in the theory are coordinates r(x) € R¢ specifying the location of all ele-
ments, identified by x, in the d-dimensional embedding space. At leading order in powers of
deformations and their gradients, the configuration energy can be written as [39—-42]

1 D 2.2 7 2 7 7
H:E dPx[k(3°1)° + A(Uge)” + 20 UqpUag] - ()
Here
- 1
Ugp = 3 (0o - 0T — 80ip) (2)

is the strain tensor, a measure of the local deviation of the metric g8 = dur - dgr from the
Euclidean metric 8,g. At zero temperature, ‘ground states’ of the model are given by r = x,e,,
where e, are any set of D mutually orthogonal unit vectors in d-dimensional space. These states
spontaneously break the embedding-space translational and rotational symmetries [51]. For T >
0, statistical properties such as correlation functions are calculated by functional integration with
the Gibbs weight e~ #/T through a partition function

Z[J] = f [drle=H/T+/dxr 3)

We only focus on the flat phase4 and, in particular, on the limit of small temperatures 7 — 0.
In this broken-symmetry phase, as in the zero-temperature case, the system is macroscopically
planar and extended: the thermal average of coordinates is (r(x)) = £xye,. A stretching factor
& < 1 in general appears due to a ‘hidden area’ effect: due to transverse fluctuations in the out-
of-plane direction, the projected in-plane area is smaller than its curvilinear size. Equivalently, &
can be viewed as a renormalization of the order parameter for the flat phase: thermal fluctuations
reduce the degree of order in the layer [39,41,42,47,52,53].

4 A crucial prediction of the theory is that the flat phase is stable in a finite window of temperatures 0 < 7 < T, even
in dimension D = 2. This is possible because the system violates the assumptions of the Mermin-Wagner theorem [38,
39,41].



A. Mauri and M.I. Katsnelson Nuclear Physics B 969 (2021) 115482

To study fluctuations, it is convenient to expand the coordinates r(x) as r = {[§xy +
Tuqg/(&x)]ey + /T /k h}, where u, and h are, respectively, in-plane and out-of-plane phonon
displacement fields.” Defining

1 T
Ua,g = 5 (8auﬁ + 3/3ua + 9 h - 3/311—}- ETxaauyaﬁuy> s @
the reduced Hamiltonian H' = H/ T takes the form, up to an overall energy shift,
,_H 1 D 02, Lo 0
H = T = > d”x | (0“h)~ + ETK(B uy)” + AoUggUap + 210UapUnp + 200U |

(&)

where Ao = TA/k2, o = Tu/k2, o9 = (DA +21)(E2 — 1)/ (k).

An analysis of tree-level propagators and canonical dimensions of interactions shows that the
theory has D = 4 as upper critical dimension [40,42]. This implies, in analogy with theories of
critical behavior, that the perturbative expansion is well defined (free of infrared divergences)
only for D >4 or in D =4 — ¢ for ¢ infinitesimal, that is within the framework of an e-
expansion [54,55]. For any finite ¢, instead, the perturbation theory in D < 4 develops infrared
problems [55] at an order &~ 2/¢. At the same time, power counting shows that near D = 4,
the terms in Eq. (5) of the type (82uy)2, (du)*, and (du)%(dh)? are irrelevant in the sense of
canonical dimensional analysis.®

Similarly to critical phenomena [54], universal exponents controlling the leading scaling be-
havior can be captured within the g-expansion by an effective renormalizable field theory where
all canonically-irrelevant interactions are dropped. For the flat phase of crystalline membranes,
the corresponding effective theory can be shown [40,42] to be’

1
M= / AP xX[(87h)2 + 20 (ttae)? + 2t0tapttas + 2000aa] ©)

where uqg = (dyutg + dgug + dyh - 9gh)/2 is a linearized version of the strain tensor. Eq. (6)
differs in form from Eq. (5) by the neglection of (E)zuy)2 and by the replacement Uyg — uqg in
all terms of the Hamiltonian.®

5 This definition of displacement fields differs by a rescaling from the conventions of elasticity theory. In particular,
the units of measurements of the fields are dim(uy) = (D — 3) and dim(h) = (D —4)/2 in terms of inverse-length units.

6 The power-counting dimensions of displacement fields are determined by the small-momentum behavior of their
propagator: if the Gaussian two point function scales with momentum k~7, the dimension is (D — ¢)/2. The power-
counting dimensions are respectively {uy} = (D — 2)/2, {h} = (D — 4)/2. Note that {uy} is different from the naive
units of measurements, because Ag and pq are themselves dimensionful.

7 The coefficients Ao, 140, and og in the effective theory are different, in general, from the corresponding parameters
in Eq. (5) because they get renormalized by neglected irrelevant interactions [54]. We use the same symbols, however, to
lighten the notation. The neglected nonlinearities are suppressed by one power of 7 in the limit 7 — 0, so the quantitative
difference between the two sets of constants is small in the low-temperature region.

8 The replacement Uyg — ugp is performed not only in interaction terms, but also in the term linear in strain ogugq - At
first it could seem that this replacement neglects a contribution to the Gaussian part of the energy functional proportional
t0 00y uy dyty which is not irrelevant, but formally marginal by power counting. Actually, substituting Uyy — Uqa
in all terms is necessary, in order to preserve the invariance of the theory under the symmetry transformations (7),
which represent linearized versions of the underlying invariance under O(d) transformations in the embedding space. In
practical calculations, it is possible to start with oy = 0 at tree level and to calculate oq order by order in perturbation
theory as a counterterm to quadratic ultraviolet divergences via the ‘renormalization condition’ (dyuy) = 0. Since H is
invariant under (7), the counterterm generated is proportional to ugy and not to Ugyg -
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Fig. 1. Feynman rules for the elasticity theory of crystalline membranes. Solid and wiggly lines represent propagators
of the h and of the uy field respectively. The model has a three-leg vertex, corresponding to interactions of the form
(8u)(8h)2 and a four-leg vertex corresponding to (8h)4.

The effective theory (6) is one of the two main models investigated in this work and is assumed
as a starting point in all further discussions. In the past, it has been the subject of extensive
investigations (see for example [35-49]).

To renormalize the theory, Ward identities associated with rotational invariance in the embed-
ding d-dimensional space play a crucial role [40,42]. In the transition from Eq. (5) to Eq. (6),
the procedure of neglecting non-renormalizable interactions has broken the original O(d) sym-
metry of the model explicitly. However, the underlying rotational symmetry is still presents in
a deformed, linearized form: the effective theory (6) is, in fact, invariant under the continuous
transformations defined, for any set of D vectors A, in (d — D)-dimensional space, by

h—h+Ayx,,

1 (7N
Uy —> Uy — (Ay -h) — E(Aa “Apg)xg .

These transformations can be recognized as deformed versions of the broken embedding-space
rotations. In addition, the model is manifestly invariant under rigid translations in the embedding
space (h — h + B, uy — uy + By), in-plane rotations (h — h, uy — uy + wepxg with wep =
—wgy) and O(d — D) rotations of the field h.

2.2. Feynman rules, doubly-soft Goldstone modes and cancellation of tadpole diagrams

The effective theory defined in Eq. (6) has a perturbative expansion described by the Feynman
rules illustrated in Fig. 1.

Let us define more precisely the role of the ‘tension’ term opugq in the Hamiltonian. When
free boundary conditions are used (as it is implicit throughout all steps of our analysis), the
value of oy is only relevant to the discussion of zero modes and completely decouples from the
behavior of finite-wavelength fluctuations [35,42] and, therefore, from the Feynman rules. Any
term linear in the trace of the strain tensor i, in fact, can be removed from the Hamiltonian by
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a change of variables of the form u, — u, + €x,. Physically, the presence of a finite o describes
the ‘hidden area’ effect, the reduction in projected area due to transverse thermal fluctuations [39,
41,42,47,52].

Consistently with the derivations of Sec. 2.1 we can choose to set og as a function of other
parameters of the theory in such way that the phonon displacement field has (9,uy) = 0. This
choice of oy separates phonon fluctuations from zero-modes associated with the macroscopic
compression of the projected area, ensuring that u,, is only a superposition of fluctuations.’

A convenient feature of this convention is that it the tadpole diagrams are precisely cancelled

O 6. 0

! + i + + ..

by equal and opposite terms coming from the contribution proportional to o in the bare Hamil-
tonian, as it can be shown by explicit calculation.'” Tadpoles connected via wiggly lines, instead,
are not one-particle irreducible (1PI) and should be excluded. They contribute to the calculation
of the minimum of the free-energy, which here is set to dyu, = 0 by definition.

The cancellation of tadpoles reflects the fact that the transverse displacements h are massless
Goldstone fields associated with the spontaneously-broken O(d) invariance in the embedding
space [51]. The breakdown of translation and rotation symmetries implies in particular that h is
doubly-soft: not only its inverse propagator vanishes for k — 0, but also, it must vanish faster
than k2. The tree-level inverse propagator and all diagrams of non-tadpole type for the h-field
self-energy, in fact, scale as k4 up to powers of k~¢ and resum to k4 fork — 0 [35,38,40,46],
preserving the softness of the infrared behavior. Only tadpole diagrams could give a ‘mass’,
by generating contributions proportional to k* in the self-energy. Their exact cancellation is,
therefore, consistent with the expected infrared physics.

That the self-energy must vanish faster than k2 can be derived from Ward identities associated
with the symmetry transformations (7) [42], or from a direct inspection of diagrams. For any self-
energy diagram which is 1PI [54], and not of the tadpole type, all internal wiggly and dashed lines
can be replaced by a single non-local interaction

el

_ [ 20010

T pT T pT T pT
mpaﬁpya + 'uO(PDlyPﬁ(S + Paé\Pﬁy)i| klak2ﬁk3yk45 s (8)

9 For discussions of the equation of state £ = £(7') and more generally for stress-strain relations in presence of applied
external tension, see Refs. [41,42,47,52,53].

10" The value of o which ensures (dy ) = 0 can be calculated by arguments analogue to the theories in Refs. [47,52,53]
and reads, in the notation adopted here

1
00 = —5()»0 +2p0/ D) (3 (x) - 9 h(x)) .
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where PDZB =8up — qaqp/ g? is the projector transverse to the momentum transfer q. This inter-
action, can be equivalently derived by integrating out the u,, fields in favor of an effective theory
for h [35,38,46,53]. Due to transverse projectors, it is always possible to factorize two powers of
the momentum k for each of the two external leg [46], leading to diagrams which scale as k* up
to powers of k~¢.

2.3. Renormalization within the dimensional regularization scheme

For explicit calculation of renormalization-group functions, schemes based on dimensional
regularization were often used [40,42,48,49].

A convenient feature of this framework is that the counterterm oguy, in Eq. (6) is not
needed and can be safely set to zero: if o9 = 0 at tree level, it remains zero in the renormalized
theory [42]. This simplification follows from the specific prescriptions of dimensional regular-
ization, which automatically remove divergences of power-law type [54].

We can thus consider a bare Hamiltonian

1
H=3 f dPx [(azh)2 + o (Uae)? +2M0Maﬂ”aﬂ] : ©)

All counterterms which can possibly arise in renormalization must be operators invariant under
the symmetries of the theory, and with relevant or marginal power-counting dimensions. As it
can be shown [40,42], Eq. (9) already contains all possible interactions, and the renormalized
Hamiltonian, equipped with all necessary counterterms, takes the same form up to a redefinition
of coefficients:

7/ 1 D 212 & 2 £

Alh.ug] = 5 / dPx [Z(B h)? + M°G (ttg)® + 2M Guuaﬂuaﬂ] . (10)
In Eq. (10), M is an arbitrary wavevector scale, and Z, G;, and G, are functions of the dimen-
sionless renormalized coupling constants A, L. Comparing Eq. (6) and (10) shows that bare and
renormalized quantities are related as [40,42]:

M®G;, MG,
= Ta Hno = ZZ )

HIh, iiy] = H[h, ug]. an

h=+/Zh, ug = Zily, Xo

Renormalization group equations follow, as usual, from the fact that bare correlation functions
are independent of M [40,42]. After introduction of the RG functions

BN

dlnZ
= ’ ﬁ)‘. =
105140 dlnM

T 39lnM

_
X0 10 ’ w JolnM

n (12)

9
A0, 140

renormalization group equations read

0 0 0 n ~ ~ ~ ’ ~ ’
[8 InM ‘X,ﬂ + :3)»5 M. + 'Buﬁ‘M} + (E + Z) ni| (hll (Xl)'-hzn (Xn)uozl (Xl)-~uan (Xn)>
=0. (13)

RG functions at one-loop order have been explicitly calculated in Refs. [40,42,49], and read:
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where d. = d — D is the number of components of the h field. An extension to two loops has
been recently derived in Ref. [49].

Scaling behavior emerges at fixed points (i*, ftx), where By = B, = 0. At these points, RG
equations express dilation symmetry of correlation functions, characterized by an anomalous di-
mension 7, = n(h, fix). In particular, it can be shown that the two-point function of the h in
momentum space scales with the wavevector k as G (k) ~ k~%_ while the interacting propa-
gator of the field u, behaves as Dyg (k) ~ k=6+D+21« This scaling behavior is often described
qualitatively as an infinite stiffening of the bending rigidity x — « (k) & kk~"* and a softening
of effective elastic moduli A — A(K) &~ k*= P2 1 — p(K) ~ kD=2«

2.4. RG flow and fixed points

The structure of the renormalization group flow is illustrated in Fig. 2, which portraits the one-
loop B-functions (14). For membranes with generic elastic constants, RG trajectories connect
the Gaussian fixed point P, which is ultraviolet-stable, to an infrared-attractive interacting fixed
point P4 [40,41]. After extrapolation of the e-expansion to D =4 — ¢ — 2, this is the case of
interest for fluctuating two-dimensional materials, and, thus, it is the only case which will be
analyzed in the rest of this paper.

A different behavior arises for peculiar membranes with either vanishing shear modulus
(o = 0) or vanishing bulk modulus (Bg = Ag + 2o/ D = 0). In fact, for these special values of
the bare elastic constants, the theory presents enhanced symmetries [42]. For po = 0, the model
is invariant under the shift uy, — uy + sugxg for any traceless matrix sqg. For vanishing bulk
modulus By = 0, the theory is instead invariant under uniform compression (u#y, — Uy + £x4) O,
more, generally under the transformation u, — u, + 7, for any vector field 7, satisfying the con-
formal Killing equation 9,7 + 9Ty = 2845(d, T,,)/D [42,56]."" The lines yo = 0 and By =0,
therefore, cannot be in the basin of attraction of P4, a fixed point where these enhanced symme-
tries are absent. The infrared behavior of membranes with zero shear and zero bulk modulus is
instead controlled by two different fixed points, P, and P3.'”

1 This symmetry is not equivalent to the usual notion of conformal invariance intended in CFT: the conformal trans-
formation, here, does not act on the coordinates x, but, rather, acts as a shift of the field itself. In two dimensions with
Ao + 1o = 0, the linear model of in-plane displacement fields is also conformal in the standard CFT sense if uy is
regarded as a collection of scalars (see Sec. 5 and Ref. [17]).

12' The line 1o = 0 corresponds, to all orders in perturbation theory, to the line ji = 0, as it can be verified by inspecting
the structure of Feynman diagrams. The curve in the i) plane corresponding to By = 0, instead, is less straightforward
to express explicitly. In Ref. [42], which used a renormalized bulk modulus as fundamental coupling constant, this
line corresponds simply to B = 0. However, defining minimal subtraction with A and ji as couplings reshuffles the
parametrization of renormalization constants in a non-trivial way. At leading order in perturbation theory the curve
Bg = 0 corresponds to the line A + fi/2 = 0. Already at two loop order, however, the coordinates of the fixed point P3
can be seen to lie outside of this line. In Ref. [49], this was interpreted as an artifact of the renormalization scheme. It is
likely in fact that the RG-invariant manifold By = 0 is not a straight line, but, rather, a curve ():, 1) plane.

10
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Fig. 2. Renormalization group flow for the flat phase of crystalline membranes at one-loop order.

Table 1
Coordinates of fixed points and corresponding anomalous dimensions at leading order in the e-expansion.
5\* Lk UES
Py 0 0 0
P, 1672¢/d, 0 0
P3 —4872¢/(d, + 20) 9672¢/(d, + 20) 10e/(de + 20)
Py —3272¢/(d, +24) 9672 /(d; + 24) 12¢/(d; + 24)

The lines po = 0 and By = 0 mark the boundaries of the overall region of stability for the
elastic medium: wg > 0, By > 0. Physically, the line g = 0 has been proposed to be associ-
ated to fixed-connectivity fluid membranes [40], or possibly to generic fluid membranes [42].
A difficulty, however, is that the elastic energy associated with transverse waves is exactly zero
for vanishing shear modulus, and higher-derivative terms of the form (32u)?, neglected in the
theory, could play a role [57]. The line By =0, instead, has a physical counterpart, for example,
in two-dimensional twisted kagome lattices [56].

Coordinates of fixed points at one-loop order are reported in Table | (for results at two-loops
order see Ref. [49]).

2.5. Bare renormalization group equations

To derive an alternative set of RG equations, we can introduce a cutoff scale A and consider
the Hamiltonian

1 cl 2 o 2
Ha=5 / dPx [(azh)2 + 5 (00%h) + 5 (0%07h) " + 24" (ew)?

+2uA uqgutap + ZGAzuaaj| . (15)

Eq. (15) is almost identical to the model discussed in Sec. 2.3, with three differences. The
propagator of the h field, Go(k) = 1/k*, is replaced here by a cutoff propagator Goa (k) =

11
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1/(k* + c1k®/ A2 + k8 / A*). This is sufficient to regularize all ultraviolet divergences in per-
turbation theory, both in dimension four and in dimension D = 4 — ¢ within the framework of
the s-expansion.'® A second difference is in the normalization of couplings: in Eq. (15) all di-
mensionful interactions are expressed by factorizing corresponding powers of the cutoff scale,
in such way that the coefficients c1, ¢z, A, i, and o are dimensionless.'* Finally, the ‘tension’
term o Uy, Which vanishes in dimensional regularization, is non-zero in general, and has been
reintroduced in the expression of the Hamiltonian (effects of o have been discussed in Sec. 2.2).

To study scaling behavior, we can write bare RG equations [54] expressing the equivalence
between changes of the cutoff and renormalizations of coupling constants:

0 ~ 0 = 0 n _
[ Tina b TP g T (G ) n} (i (X1, (%0 it (K1)t (X))

=0, (16)

or, for 1PI correlation functions with n external h lines

- 0 n — | ~(,0 ’ ’
[BlnA " + ﬂxﬁ A + 'BM@‘A,A — (5 +Z) 77:| Fil»-inaluw(kl’ Ky KL K) =0
a7

Egs. (16) and (17) are a consequence of the perturbative renormalizability of the e-expansion,
which follows from power-counting arguments in analogy with other field theories [54]. As usual,
the RG functions f;, ,BM, and 1 cannot depend on A, because they are dimensionless and A is
the only scale in the problem. It follows that f;, ,BM, and 7 depend only on the dimensionless
bare couplings A and u, and, implicitly, on the specific form of regularization, expressed via the
coefficients c1 and ¢, (parameters which we choose to keep fixed as the cutoff is lowered).

In this setting, perturbative RG equations are closely analogue to Wilson’s exact renormal-
ization group equations. The main difference is that in most formulations of Wilson’s RG the
lowering of an UV cutoff is compensated by the flow of coupling constants exactly. Here, in-
stead, after a change of A and subsequent renormalizations, the physics is preserved up to small
corrections which vanish roughly as A2 in the limit of A large. In more detail, adapting an
analogue result for the critical scalar field theory [54], we expect that 1PI correlation functions
behave for large A as

q
¢ . 0B1-Buyi.. Al s
TR R IR DN Vv ST L (—A - 2M) e, (18)
m,p,q=0
m+p+q=L—14+5+L
where, schematically,
N(n,L,L,s)
T = > TEo (A + A7 x (powers of InA) + .. (19)

13 In analogy with theories of critical phenomena [54], we define the e-expansion as a simultaneous (double series)
expansion in ¢ and in the perturbative coupling constant. At any finite order in this expansion, propagators and vertices
behave with the same scaling of corresponding tree-level functions up to powers of Ink, where k is the momentum
scale. From the point of view of power counting and UV divergences, the e-expansion is thus identical to the theory in
dimension D =4.

14 Despite the different normalization, we use the same symbols for elastic coefficients A and u in order to lighten the
notation.

12
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Perturbative renormalizability implies that the bare RG equations (16) and (17) are exact for the
part which does not vanish in the limit A — oo [54]. As a result, fixed points and anomalous di-
mensions of the perturbative renormalization group describe exactly the exponent of the leading
scaling behavior, and only misses corrections due to strongly-irrelevant operators, separated by
a large gap in the dilatation spectrum.

2.6. Comment on reflection positivity

Although we could not develop a detailed derivation, we expect that the membrane model
discussed in this section is not reflection-positive. In the ultraviolet limit, where interactions can
be neglected, the theory reduces to

1
Hov =35 [ x [@02 4 G-+ o) @ute + podupdns | 20)

the combination of d. copies of a higher-derivative scalar theory and a Gaussian vector model.
These non-interacting theories were analyzed in Refs. [17,19,58] and were shown to lack reflec-
tion positivity or, equivalently, unitarity in Minkowski space. We find it likely, therefore, that
also the full interacting model is not reflection-positive. A conclusive result requires, however,
an analysis of the infrared region [59]. We leave this question to further investigations.

3. Gaussian-curvature interactions

In addition to the theory of elasticity, we discuss the relation between scale and conformal
invariance in an alternative model, discussed in detail in Ref. [48] (see also Ref. [49]). The start-
ing point in the derivation of this model is the observation that the Hamiltonian depends on the
in-plane displacement fields u, quadratically. As a result, integration over u, can be computed
analytically, and gives an effective interaction of a form already introduced in Eq. (8) [35,38,46].
In the case D = 2, which is the dimension of interest physically, the geometrical structure of
the effective interaction simplifies because, due to the presence of a single transverse direction,
Pogs PyT(S = PaTV PﬂT(S = PT ﬂTy. As a result, the interaction becomes separable [44], and can be
decoupled by mtroducmg a scalar field via a Hubbard-Stratonovich transformation [48].

It follows that, for D =2, the physics of h-field fluctuations can be captured by an alternative
local field theory:

1
H= /dD [ (*h)* + 7 —(@*x)? +ixK:| : @21)
0
where x is a scalar field mediating interactions and

K(x) = —%(5aﬂ32 — 3,98)(dzh - dgh) = %[(3211 -9%h) — (3, gh - 9y dph)] . (22)

As it can be shown, K(x) is an approximate version of the Gaussian curvature of the mem-
brane [38]. Eq. (21) thus expresses, qualitatively, a theory for membrane fluctuations with long-
range interactions between Gaussian curvatures. In the following, Eq. (21) will be referred to as
the ‘Gaussian curvature interaction’, or ‘GCI” model.

The theory is controlled by a single coupling, the Young modulus Yo = 4u0(Ao + to)/ (Ao +
2u0), which is proportional to both the shear coefficient 1o and the two-dimensional bulk coeffi-
cient Ag + 29/ D = Ao + . Perturbative expansions can be computed from the Feynman rules
in Fig. 3.

13
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k= —ki — ks

. k3 .
ik mm&?&mn “Mu<i(5jl’y(k1, ks, k3)
I Yo !
-0 k;

L4 q4
Yk, ko, ka) = kik3 — (ki - ko)? = kK3 — (k2 - ks)® = k3k{ — (k3 - k1)®

Fig. 3. Feynman rules for the effective model. Solid and curly lines represent, respectively, propagators of the h and of
the x field.

As discussed in Ref. [48], the long-wavelength behavior of the theory can be studied by
perturbative techniques within an e-expansion near D = 4, dimension in which the model is
renormalizable.

Renormalization is particularly simple because, as an analysis of power counting shows, there
are only two primitive divergences: the amplitude and the coupling constant renormalization [46,
48]. The vertex function, instead, is superficially UV-convergent. These properties follow directly
from the special form of the vertex function y (K1, ks, k3), which, in any 1PI diagram, allows to
factorize two powers of each external momentum, reducing the degree of divergence. We note
that a similar result emerges in Galileon theories, which can include terms of the same form of
the interaction i x K in Eq. (21). Also in these theories, vertex non-renormalization plays a crucial
role [60].

Due to the considerations above, the renormalized action can be written as

1
H= /dD [ (8%h)2 +W(82x)2+ixl(], (23)

where M is an arbitrary scale, Y is the dimensionless renormalized coupling, and Z, Zy are
divergent factors. After introduction of

BY) = (1) =22 4)
“omMly T T ammly
the relations between bare and renormalized quantities
- ZyY
h=+vZh, x=2z'%, Yo=M"* Zyz (25)
imply the RG equations
0 ~ ~ - -
[alnM +pY )— + (5 - 5) n(Y)} {hiy (x1)--hi, (X)X (X)) X (x7)) =0 . (26)

For the renormalized 1PI functions with n external h legs and ¢ external x lines in momentum
space, the corresponding RG relations read

8
[al—MJrﬂ( )——(5—6) n(Y)} Fr0 =0 @7)

The B function presents, in the e-expansion, an infrared-stable interacting fixed point at ¥ = Y,
with Y, = O(e) [48,49]. This fixed point controls the asymptotic infrared behavior. In particular,
the propagator of the h field behaves as G (k) = [[@0(k)]~! ~ k=4 and the two-point func-
tion of the mediator field as D(k) = [[®2 (k)]~! ~ k— P27+, More generally "9 behaves
with overall momentum scale as [0 & kD+E0:+1(=1)/2_The exponent has been calculated at
two-loop order in Refs. [48,49] and reads

14
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2¢ d.(2—4d.)
S de 4 6(de+4)3
This exponent differs from anomalous dimensions of all fixed points in Table 1 [49]. The GCI
model, although equivalent to Eq. (6) for D =2, becomes a distinct theory in generic dimension,
and provides a separate dimensional continuation to D =4 — ¢.

Finally, let us discuss the shift symmetries of the GCI model. The Hamiltonian density is
invariant under the transformations h — h + A + B, x,, where A and B, are vectors in d.-
dimensional space. The theory is also invariant under the shifts x — x + A’ + BJ,x,, which
change the energy density by a total derivative.

To conclude, we note that, the GCI model behaves in the UV as two copies of the biharmonic
theory, which is not reflection-positive [58]. Thus, we find it likely that the full theory will also
lack reflection positivity.

g2 +0(d) . (28)

T

4. Energy-momentum tensor in scale-invariant and conformal field theories

Let us briefly discuss the relation between scale, conformal invariance, and the structure of the
energy-momentum tensor. In any local Euclidean-invariant model, rotational symmetry implies
the existence of an energy-momentum tensor T,g which is symmetric and conserved [2,3,6]. As
shown in Ref. [6], scale invariance requires that the trace is expressible as a total divergence,

Ta(x = 8a Voz s (29)

where V, is a local ‘virial current’ without explicit coordinate dependence. Conformal invariance
requires instead a stronger condition [6]: that

Taa = aa 8ﬁLoz;3 ) (30)

or, equivalently, that the virial current V,, can be expressed as Vy = Jy + 0gLqyg, where Jy is
a conserved current (with 9, J, = 0). In dimension D = 2, two alternatives should be distin-
guished: if Lyg = 8up L the system displays invariance under the full infinite-dimensional group
of local conformal maps. If, instead, Tog = 04 0g Log but Lyg is not expressible as 544 L the the-
ory is invariant under the global conformal group (it is ‘Mobius invariant’), but not under the
infinite Virasoro symmetry [6,50].

A remark is that in scale- and conformally-invariant theories the relations (29) and (30) are
usually not satisfied identically, but only up to operators which can be identified as generators
of infinitesimal field redefinitions [27,28,30]. Examples of such operators are E - h, Equqy, E -
dgh and E,0guy, where E(x) = 6H/8h(x) and E,(x) = 6H/duy(x) are variational derivatives
of the action, defining the equations of motion. When inserted in correlation functions, these
operators produce contact terms and generate local changes of field variables which contribute
to the transformation law of fields under scale and conformal maps [27,28,30]. Further, when
referring to the operators E and E,, we will tell simply “equation of motion E” instead of “E is
the variational derivative of the action such that E = 0 is the equation of motion”.

5. Scale vs. conformal invariance in linear elasticity theories

Before analyzing the complete theories, let us examine the membrane and the GCI model at
the level of a non-interacting, free-field approximation.

For membrane theory, starting from the Hamiltonian defined in Eq. (9) and neglecting all

interactions between the fields h and u, we obtain:
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1
H = E/d’)x [(azh)2+(xo+M0)(aaua)2+uoaauﬁaauﬁ] . G1)

Fluctuations of h are thus described by the free bi-harmonic model H® = f dPx(3%h)?/2. 1t
is a well-known result that this model is conformally-invariant in general dimension [50,61]. An
explicit calculation, in fact, shows that the theory admits a symmetric energy-momentum tensor
with trace

1 1
T3 = 54— D)) = (4= D) [h- 0%0"h + s Lap | - (32)

and Lep = 2(3yh-dgh) —845(3, h- 3, h) — 8,4 (h-3h). This form is consistent with that expected

for a conformal theory [50]: the trace can be reduced to a total second derivative, up to the term

h - 329%h, which vanishes with the equation of motion 929%h = 0 and can be identified as the

generator of local field rescaling. Since Lqg 7# gL, the biharmonic theory in dimension D =2

is invariant under the global conformal group but not under the infinite Virasoro symmetry [50].
The theory for u, fluctuations,

w_1[4p >
H =3 d¥x[(Ao + o) (Butte)” + rodqugdyugl (33)

is the well-known theory of linear isotropic elastic media. As it was shown in Refs. [17,19], this
model provides a physical realization of a scale-invariant but nonconformal field theory.

The lack of conformal invariance can be seen by showing that u, cannot be a primary field
nor a descendant [19]. That u, is not primary follows from the fact that its two-point function is
inconsistent with constraints imposed by conformal invariance. Any primary vector field y, of
dimension Ay in a CFT, in fact, presents a propagator with a specific tensor structure [2,19,21]:

, A (o = xg)(xg — xp)
(Ve (X)yﬂ (x)) = m 5aﬁ - X — X,|2 34)
in real space and
A (D —2Ay) kokg
O 00— = 5 (P + =5 ) (35)

in momentum space. Explicit calculation of the propagator of u,, which has dimension A, =
(D —2)/2, shows that its two-point function is inconsistent with Eq. (35), unless elastic constants
are tuned in such way that Dio+ (D +4) o = 0. That u,, is not descendant follows from a simple
dimensional analysis: for D > 2, u, is the field with lowest possible dimension, and there exists
no candidate operator with dimension {¢,} — 1 of which u, could be a derivative. The conclusion
is therefore that the theory is scale invariant but lacks conformal symmetry [19].

In D =2, the field dimension becomes A, = 0, and the propagator behaves as In |x — x'|, but
it can still be shown that the theory lacks conformal invariance [17].

These results are confirmed by an inspection of the energy-momentum tensor: the theory
admits an improved symmetric energy-momentum tensor Tyg with trace

Tow = 801 Ve

1 1
Vo = E(Dko + (D +2)po)ugdyuy — §(D = 2)iolty Ity — Holty yUq (36)
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up to terms which vanish with the equations of motion. For generic Ao and g, the virial cur-
rent cannot be reduced to the form V, = jo + dgLyg, With 9y jo = 0, implying the absence of
conformal invariance.

Conformal symmetry is only recovered in special cases. When DAg + (D + 4)uo = 0, the
virial current reduces to the form V,, = dgLyg, and the theory becomes conformal with u, (X) as
a primary field. The corresponding model is unphysical as an elasticity theory, being outside of
the stability region wg > 0, By = Ao + 20/ D > 0, but it is relevant for gauge-fixed electrody-
namics [19].

For Ag 4+ wo = 0 another, ‘twisted’, form of conformal invariance appears. In this case, the
symmetry of the theory is enhanced from O(D) to O(D)xO(D), and we can choose to regard
uy as a set of scalar fields rather than a vector field [17,21]. The Hamiltonian is identical to
D copies of free scalar field theory, and is, therefore, conformal.'> The possibility to consider
uy as a collection of scalars, however, is destroyed in the full membrane model, which breaks
O(D)x0O(D) symmetry even for Ag + o = 0.

As mentioned in Sec. 2.4, a form of embedding-space conformal invariance appears for zero
bulk modulus By = A¢ + 210/ D = 0. In this case, Eq. (33) is invariant under the shift of dis-
placement fields uy — uy + 74, Where 7, is a conformal Killing vector with 9,75 + dgTy =
284p(0y 7))/ D [42,56]. This symmetry differs from the usual definition of conformal invariance
in CFT, because transformations act as shifts of the fields and not as shifts of the coordinates x.

Finally, Ref. [50] showed that in two dimensions the elasticity model for any choice of Ag and
1o presents a hidden conformal symmetry which emerges when displacement fields are repre-
sented as gradients of scalar potentials: uy = d4¢ + €40gw, where ¢ and w are respectively a
scalar and a pseudoscalar field. This representation maps Eq. (33) to two copies of the biharmonic
theory, which is conformal in general dimension.

The GCI model defined in Eq. (21), similarly, reduces to two decoupled biharmonic theories
in the non-interacting limit Yy — O.

6. Scale vs. conformal invariance in membrane theory
6.1. Inconsistency between vector two-point function and conformal selection rules

To analyze whether conformal invariance holds in membrane theory, let us examine the
two-point function Dyg(K) of the vector field u, in momentum space.' If we choose a renor-
malization scale M =~ |k| of the order of the magnitude of a given momentum of interest, the
renormalized propagator baf; k=2 _zDag (k) is accurately captured by renormalized per-
turbation theory and, thus, for ¢ small, can be approximated by the corresponding tree-level
contribution. After calculation at scales |k| >~ M, the result can be rescaled to any wavelength
via scaling relations. We thus deduce that the correlation function at an arbitrary K in the infrared
region takes approximately the form

1 Pip®  Pap®)
M2 f6=D=2n« | 3 4 o5 s |

Do (K) ~ (37)

15 The virial current in Eq. (36) no longer holds for this twisted theory. In fact, Eq. (36) was derived by including
improvement terms needed to make Ty, symmetric. If Ag + o = 0 and u,, is assumed to transform as a scalar, Tyg is
already symmetric and the improvement must not be performed [17].

16 We are grateful to S. Rychkov for attracting our attention to the advantage of such analysis.
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where Pof‘ﬂ =kokg/ k* and PoZB =0ap — kakp /k?* are longitudinal and transverse projectors. In
particular, the fixed point values of the renormalized couplings can be used to estimate, at the
leading order in the g-expansion, the tensor structure of Dyg(K).

We can now compare Eq. (37) with Eq. (35), the special form of the two-point function of
a primary vector field. Near D = 4, the scaling dimension of uy is A, = (1 + n, —€) =~ 1 and
thus, Eq. (35) implies that a vector consistent with conformal symmetry should have a two-point
function which is almost purely longltudmal In contrast, taking the O(¢) values of the couplings
at the fixed point Py, i, = 967%¢/(d. + 24), p—— /3, we see that in Daﬁ (k) longitudinal
and transverse components have the same order of magnitude. This consideration, in analogy
with Ref. [19] shows that u,, cannot be a conformal primary field.

6.2. Analysis of the virial current

For an alternative analysis, let us consider the structure of the energy-momentum tensor. An
explicit calculation gives'’

1
Top = =505 | (0P0) + Ro(1ty)* + 2paottysitys

+23,9gh - 3*h — 3yh - 953*h — dgh - 3,9%h
1
+ o (a1 - 0, 0%h + b, 051 - 0, 050 + (D = 2)2, - 3,050, h

— Diyd,h - 30,h] (38)

1
+ 2houyytgs + dloUayUpgy — E(Eau,g + Eguy)
+ 103y [(Sapity — Spyta — Saylup)itss]
+ 200y [u,,uaﬁ — UqUBy — u,guay] ,

which is symmetric and locally conserved. The conservation law for T,g, in particular, reads

1
¢ Typ =—E-0gh — Eq0guy — Eaa(Eﬂua — Equg) (39)
where
0H 2

E= Sh =9%0%h — 0o (Aouggdoh + 2pouepdgh) |

OH
Ey= P —A00qUpp — 21008Uap (40)

Ug

are equations of motion of the h and the u, field. In contrast with the free-field approximation
discussed in Sec. 5, the theory at finite Ao and j( is neither conformal nor scale invariant. The rea-
son is that coupling constants are dimensionful, with dimension {Ag} = {10} = €, and introduce
a characteristic length in the problem. Dilatation symmetry emerges only asymptotically, in the

17 In order to obtain an improved energy-momentum tensor which is symmetric identically, without the use of equations
of motion, we define Tyg as the response of the Hamiltonian to the infinitesimal transformation h(x) — b (x) = h(x'),
g (X) = uf (x) = (84p + (dn€p — dp€a)/2) ug(x), Xee = xl; = xq + €q, including a local rotation of uy in reaction to
the antisymmetric part of dy €. For this reason the conservation law, Eq. (39), includes the term —0q (Egug — Equg)/2,
an operator which, inserted in correlation functions, acts as a generator for local rotations of the uy field.
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infrared region, when the theory becomes controlled by a fixed point. Adapting a method which
was widely used in other field theories [27,28], we examine this region by expanding T, on a
basis of renormalized composite operators, [(tge)?], [ugpuepl, [uqupgl, and [ugugygl, defined
by suitable subtractions in such way that, order by order in perturbation theory, their insertion
into renormalized correlation functions is ultraviolet-finite (free of poles in ¢ for ¢ — 0).

Detailed derivations, illustrated in appendices A and B show that the relation between the
bare fields uqp, taas (37h)%, ugupg, uguap and the corresponding renormalized operators is
almost completely determined by the RG functions B;, B, n, and by amplitude and coupling
constant renormalizations (Z, G, and G, ) which can be calculated from correlation functions
without operator insertions. In particular, we can obtain relations for two distinct types of op-
erators. A first type is the group of composite fields Q1 = (3%h)?/2 + Ao(uae)® + 2poUggUag,
07 = A (ae)?/2, O3 = Hollapliag, O = Uy, Os5 = 0y dguap, O = Ugq, Which are invariant
under all symmetries of the Hamiltonian. For these operators, the analysis is closely analogue to
derivations in Ref. [27] (see appendix A): we can express, to all orders in perturbation theory, the
scale-invariance breaking effects in Ty, in terms of renormalized composite fields multiplied by
RG functions.

A second type is constituted by the operators uyugg and ugugg, which break the shift symme-
try uq — g + By and the invariance under the approximate embedding-space rotations defined
in Eq. (7). As shown in appendix B, their explicit renormalization relation reads (in a non-
minimal scheme):

ME(Dx +2/1)
Dxo + 210
+ b40y0p[ugl , (41)

1 M* i
Uplap — Hlallpp =

Ugligg = [uqupggl + b104[3gh - 9gh] + b29g[0h - dgh] + b382[ua]

1
{[”ﬁuaﬂ] - E[Mauﬂﬂ]} 42)

+ b 04[8gh - Bgh] + 53[0 h - dgh] + b30% (] + byadplup] .

where by and b, k = 1, .., 4 are ultraviolet divergent coefficients. These relations can be in-
terpreted as ‘non-renormalizations’, in the sense that the product of bare couplings with bare
operators is equal to the product of renormalized couplings and renormalized operators. Egs. (41)
and (42) are much simpler than the general relations expected by symmetry and power count-
ing: counterterms with the schematic form u> are absent and mixing of operators of the type
u(oh - 0h) and udu is exactly determined in terms of the elementary renormalization constants
Z, G;., and G . Although appendix B presents a more complete proof, the particular simplicity
of the renormalization relations can be directly understood from the structure of Feynman rules:
in almost any diagram, we can factorize a power of the momentum of each external line. Dia-
grammatic corrections, therefore, tend to be shift-symmetric even if the inserted operators uqu gg
and uguqq are not. This, in particular, protects the ‘diagonal’ renormalization (the generation of
counterterms proportional to the inserted composite fields uqugg and ugugg) and implies the
simple normalization formulas (41) and (42). A similar non-renormalization property associated
with shift invariance occurs in Galileon theories [60].

For the following analysis, it is also useful to note that the composite operator E,h? is not
renormalized: [Eyh?] = E4h?. In fact, power counting shows that the product (h(x) - h(x)) at
coincident points does not generate UV divergences. As a result [42] =h-h = Z~'h2, where Z
is the field-amplitude renormalization. On the other hand, E, (x’ )hz(x’ ) is a redundant operator
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which vanishes with equations of motion and acts as the infinitesimal generator of the field redef-
inition ug(X) — ug(x) —€dopd(x— x')h?(x). Since u, renormalizes as iy = Z~ 'ug, insertion of
Eq (x')h*(x) can be equivalently represented as the generator of the infinitesimal transformation
o (X) = g (X) — €80p8(x — X/ )[A%(x)], which is finite and, thus, does not require subtractions.
Collecting results, we obtain the following equivalent expressions for the trace Tyq:

1
Too = (e — 1) < (82h)2 + )\O(uaa) + MOuaﬂuaﬂ) — Equq + EﬂAMg [(“aa)z]

+ IBM uaﬂuaﬂ]
+ ((D = 2)A0 + 2140)8e (Uqupp) — 414080 (UpUap) + a10 Uaw + A200 dpttap

(n—e) 1 e 2 e
=— B E’h_(1+n_8)Eaua+§ﬂlM [(aa) 1+ BuM [uaﬁuaﬂ]+aava s

(43)

with
1
Vo = —Z(n — &) Egh® + (2 — 0o + 2p0)ugtigp — 22+ 1 — €) ol giap

1 Ao
+ 5(8 —1n)0g (—SQﬁ(h . 8211) + 750,/3}12111,), + /Lohzuaﬁ) + a10,4upp + azdguqg

(44)
or, after expansion in the basis of renormalized operators [uquggl, [uguqgl,
1 ~ -
Vo= =31 = ) Eah® + (2 = M)A + 20) M* [ugu gg]
—2Q2+n—e)aM*[uguepl + dgLag .
45)

1 1
Log = E(e —-n) I:—Sa/gh - 9%h + 5)»080[,3/’1214),], + /Lohzuaﬁi| + D184 (3yuy)
+ b2 (0qupg + 0gug) + b384p(0,h - 9, h) + bsdh - dgh .

In Egs. (43), (44), and (45), aj, a3, and b;, (i =1, .., 4) are UV-divergent coefficients generated
by renormalization.

In order to analyze scale and conformal i mvarlance in the asymptotic infrared region, we as-
sume that all renormalized operators remain finite'® when A and i approach their fixed point
values A — Ay and L — fiy. Since ﬂx = B, =0 at the IR fixed point, the scale-invariance break-
ing terms B M¢[ (Uge)? 1/2+ B M*[uqguqg] can be dropped from the expression of Ty and the
scaling symmetry of the theory, known from RG arguments, becomes manifest. In particular, we
can define a dilatation current Sy = xgTyp — Vi [6] which is locally conserved and presents a
conservation law

9o Se = —xp (E- 0gh+ Eqdpuy) —

(”*2_8)E-h— (14 1y — &) Eqity , (46)

consistent with the form expected for fields of dimension Ap = {h} = (7. —¢)/2 and A, =
{ug} = (1 + ny — ) [27,28]. More generally it is possible to show that, for general A and [,

18 See Ref. [28] for a related analysis.
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the Ward identity generated by the dilatation current is equivalent to the RG equation (see ap-
pendix A), similarly to the case of scalar field theory [27].

The vanishing of 8 functions, however, is not sufficient to imply the conformal invariance
of the model due to the presence of the non-zero virial current V,. An algebraic analysis of
terms in Eq. (44) shows that V,, cannot be written as the total derivative Vy, = dglyp of a local
operator /yg. This remains true even in the scale-invariant infrared limit because, as Eq. (45)
shows, contributions proportional to E h?, [ugu 81, [upugg] do not vanish as X and [ approach
their fixed point value. It follows that it is impossible to construct a conformal current with the
form [6]

Cpw = 2xxp — 8,px ) Tup — 2X, Vi + 2 1 (47)
and the conservation law

3 Cpa = —Q2xuxp —8,px>)(E - dgh + E) dgu,) +2x5(Egu, — E,up)
—ZXM (AhEh+ Aquﬂ/ioz) (48)

expected for a scenario in which h and u,, are conformal primary fields.

It is also impossible to reduce V,, to the form j, + dgles Where j, is a conserved current.
If Vo = jo + 9plap Was true, the total derivative 9, V,, should reduce to a combination Opeq +
04 0lep, Where Oreq is a redundant operator, removable by field redefinition. Working within
dimensional regularization, we can assume that the Op¢q has the form Ey x, + E - F, where x,
and F are local functionals of the field, and we can neglect contributions arising from the Jacobian
of the transformation. The only candidates for Oreq With power-counting dimension 4 near D =4
are then linear combinations of the form f1(h%)E-h+ f2(h?)Equa + f3(h%)Eq(h - 3,h), where
fi1(h?), fr(h?), f3(h?) are functions of h2. We checked by explicit calculation that d, V,, cannot
be reduced to such a combination up to a total second derivative dydglug.

We can thus conclude that the form of the virial current is inconsistent with the structure
expected in a conformal theory. Therefore, the theory must exhibit only scale invariance and not
the enhanced conformal symmetry. This confirms the result expected from the inconsistency of
conformal selection rules illustrated in Sec. 6.1 and also excludes the possibility that conformal
invariance is realized in a more general way, with a transformation law of u, differing from that
of a primary field.

As a remark, we note that the arguments above rely essentially on the ‘non-renormalization’
relations (41), (42), which allowed to control contributions to the energy-momentum tensor in
the limit (A, i) — (A, flx) via subtracted fields. In fact, when A and fi approach their fixed
point values, the bare couplings Ag and g diverge.'® We assume, instead, that subtracted quanti-
ties remain finite.”" Differently from the scale-invariance breaking terms, which vanished as §;,
By — 0, there is no analogue cancellation of conformal-breaking terms at the fixed point.

To conclude, we notice that, due to the use of dimensional regularization, the role of the
‘tension’ counterterm oug, described in Sec. 2.2 remained hidden. The symmetric energy-
momentum tensor corresponding to this term is proportional to (9h)? and thus, breaks the
rotational invariance in the embedding space. The effects of these terms on the relation between

19 Since, in absence of a cutoff, the bare couplings are the only scales in the problem, the theory can become scale
invariant at all wavelengths only if 1 and pg — oo.

20 This is indicated by analogy with the theory of critical phenomena [54,55]. We assume that the finiteness of renor-
malized quantities at the fixed point remains valid in the case of composite operators.
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scale and conformal invariance can be analyzed by generalizing the bare RG equations of Sec. 2.5
to composite operators.

6.3. Scaling dimension of the virial current

Having obtained that the membrane theory is not conformal, let us comment on the naturalness
of having vector operators with dimension exactly equal to D — 1. The absence of anomalous
dimensionality is a direct consequence of the ‘non-renormalization’ relations (41), (42). In fact,
it can be seen by applying RG equations that both uyugg and uguqg scale at the IR fixed point
with the same dimension and that the naive dimension M®{uyugg} = D — 1 remains true in the
long-wavelength region.”! This dimension can also be interpreted as the sum of the infrared di-
mensions of uy, which is 1 + 1, — & by the RG equations (13), and usg which, as shown in
appendix A has dimension 2 — 7,. The ‘non-renormalization’ properties imply that the combina-
tion of u, and uyp into a single operator does not generate any new divergences and, therefore,
anomalous dimensions.

The existence of non-conserved currents with dimension exactly D — 1 can thus be traced to
the shift-symmetries of the model, which are responsible for the absence of renormalizations.

7. Symmetry argument for the absence of conformal invariance

The derivation in Sec. 6 suggests an important role of the shift symmetries of the model. In
fact, an argument for the absence of conformal invariance can be directly deduced by consid-
ering the structure of the symmetries. The Hamiltonian of membrane theory is invariant under
translations and rotations of the internal coordinates x and under embedding-space translations
and rotations, which are realized as shifts of the u, and h fields. The corresponding generators,

written as operators acting on functionals of h and u, can be written as”
P, i/deah 5+a ) (49)
= — P ug——m
o o sh ol p 814/3 ’
. D ) 8 8
Jop=1 | d7x| (xg0h — xg0,h) - + (Xq0pUy — X0y uy) —l—uﬂ Ug— |
8ua dug
(50
1) )
t= dPx— to=—i [ dPx— 51
/ Yono 1/ Y it el
) ) 1)
R, =i [ d” —h— |, Rygp=i[d’|xg——xp—|, 52
« / x[ “5h &J o ’/ * [x"‘ sug P 5%,} 52)

where bold symbols denote vectors in d.-dimensional space. The generators P, and Jug of
internal-space transformations satisfy the commutation relations of the Euclidean algebra:

21 More rigorously, these terms are not exactly scaling eigenoperators, because they mix under renormalization with

total derivatives of lower-dimensional fields. This mixing has a direct connection to a general property of the virial current
which, in general scales according to a non-canonical current algebra, which can include the mixing with total-derivative
operators and conserved currents [11]. Here, to simplify the discussion, we describe fields as having dimension D — 1
meaning that they scale up to total derivatives.

22 See also Ref. [51] for a discussion of the symmetries of membrane theory. A detailed analysis of linearly realized
symmetries in the biharmonic model and in higher-derivative linear theories was given in Ref. [61].
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[P, Pﬂ] =0, [P)/a Jaﬂ] = l(Sotfo} - 8;‘3;/ Py), [-]otﬁ’ -])/5] = l(aayjﬂs + 8/35](1}/ - Saéjﬂy -
88y Jus). For shift symmetries, we have, instead [t', t/] = [t,1,] = [t, Rogl = [ta, 18] =
[te, Rg] = [ta, Rpy] = [Ru, Rpy] = [Ryp, Rys] = 0, where t' denotes the i component of the
vector t in d.-dimensional space. The only nonzero commutators between the embedding-space
generators are [t, RJ 1=1i8"1, and [R’ R] 1=i8i Rqp. Mixed commutators between shift gen-
erators and internal-space transformatlons have a simple form: in the commutation with Jyg,
the generator t, which has no internal-space index, transforms as a scalar, 7, and R, as vectors,
and Ryp as a second-rank tensor. Commutators between internal translations and shifts read
[Py, t] =[Py, 18] =0, [Py, Rgl = —idupt, [Py, Rugl = —i(8yatp — Oypta).

At the IR fixed point, the theory acquires an additional dilatation symmetry. We can represent
the corresponding generator as

8 8
D:—i/de (Yo dch + Aph) - — + (Xadaup + Ayug) — | , (53)
Sh 8uﬁ

where Ap and A, define the scaling dimension of fields. An analysis of the commutation rela-
tions between D and the generators (49)—(53) shows that the algebra is not closed for general
values of Ay and A,. All commutators are linear combinations of generators a part from one:

) )
(D, Ry] = / [(A — Awh A+ D 51,} (54)

o

which is not an element of the algebra. The only way to close the symmetry group without
adding new generators is to assume that the field dimensions A, and Ay are related by A, =
2Ap + 1, in such way that [D, Ry] =i (Ap + 1)R,,. This relation, in fact, is satisfied: it is exactly
equivalent to the rotational Ward identity for scaling exponents [40,42,44] which, in the RG
language, arises from the link between h and u, amplitudes in the renormalization relations
h = +/Zh and uy = Ziiy. In a more conventional notation, Ay and A, are parametrized by a
single anomalous dimension as Ap = (7 —¢)/2 and A, =141, — €.

After fixing scaling dimensions as Ay = A and A, =2A + 1, let us suppose that the theory
is conformal and that h and u, are both primary fields. In this case the symmetry group would
contain additional special conformal generators whose action can be represented as

5
Ko = —i / dPx| [ @raxs = bapx?)iph + 28500 - o

5 5
+ [ @xaxp — Bupr?)Bpu, +2C0 + Vx| S 2y — saﬂxy)uﬁv} .
Y 14

(55)
The introduction of K, however, breaks the closure of the algebra. In particular the commutator
[Kq, t] = f P x> (56)
, XX
o o oyl 8h
requires the introduction of a new generator
3
D
t, = /d X Xags (57)
In turn, [Ky, t:_g] requires to add a symmetry under
8
tgﬂ =—i /de [2(1 + A)xaxlg — 8aﬁx2] . E . (58)
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For general anomalous dimensionality A the process can be iterated to obtain new shift sym-
metries. On physical grounds, however, we do not expect these symmetries to hold: shifting
h — h + B, x,, without a compensating shift of u, is not a symmetry of the Hamiltonian>® and
we do not see reasons why it should emerge in the IR.

This argument indicates, consistently with the analysis in Sec. 6, that h can not be interpreted
as the primary fields of a conformal field theory.

8. ‘Gaussian curvature interaction’ model: scale without conformal invariance

Differently from elasticity theory, the GCI model is exactly conformal in the Gaussian ap-
proximation, and therefore, in the ultraviolet region. In fact, the Hamiltonian (21) reduces in the
weak-coupling limit Yy — 0 to two copies of the biharmonic theory, which is exactly scale and
conformal invariant [50,61]. In this section we show that, instead, conformal symmetry is broken
in the infrared region: the IR fixed point theory is only dilatation-invariant.

With calculations illustrated in appendix C and some further algebraic steps, it can be shown
that the model admits a symmetric energy-momentum tensor 7,4 with trace

—¢ Y
Tow =~ ot nEy - &;M—S[(azxﬂ] + 0y Vay (59)
2 2Y
where
1
E=09%0"h+i(8>x8*h — 3,35 x 0, 0ph) , E= 78282)( +iK (60)
0

are, respectively, the equations of motion of the h and the y field, and [(3%x)?] denotes the
renormalized insertion of (92 X)z_ The expression for Ty, includes a non-zero ‘virial current’
i
Vo = _E{(D —3+2n)0y x (9gh - 9gh) +2(1 —n)dg x (dgh - Bah)} +0gLop , 61)

where Lyg is a local tensor field.

At the IR fixed point ¥ = Y,, assuming that the renormalized operator [(3%x)?] remains fi-
nite, the term —B(Y)M ~¢[(8%x)*1/(2Y?) becomes zero due to the vanishing of the -function
B(Yy) = 0. We can thus introduce a dilatation current Sy = xgTs — V,, which is locally con-
served:

8aSa=—x,3(E-8,3h+E8ﬂx)—WE-h—l-n*Ex. (62)
Whether the scaling symmetry is enhanced to the full conformal invariance depends on the
structure of the virial current. It is useful, therefore, to examine insertions of the composite
field Py op = 0, x (0sh - 9gh), an elementary building block from which the nontrivial terms
in Eq. (61) can be constructed. The renormalization of P, g has a particularly simple form. In
fact, let us consider an arbitrary diagram y for a 1PI correlation function with n external h lines,
£ external x lines, and one insertion of P, 4. The diagram can be of one of the three types
illustrated in Fig. 4: in diagrams of the groups (a) and (b) one of the elementary fields contained
in the composite operator is directly connected with external lines, while in diagrams of type (c)
all inserted lines enter as loop propagators.

23 The shift symmetry h — h + By xy is realized, instead, in the ‘Gaussian curvature interaction’ model.
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(a) (b) (c)
ky
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Fig. 4. Examples of 1PI diagrams of type (a), (b), and (c).

The Feynman rules of the theory imply that the degree of superficial divergence [54] is
8(y)=3+DL -4, -4, +4v—2n—-20+a, , (63)

where I, and I, denote the number of internal h and x propagators, v the number of vertices, and
L the number of loops. The coefficient a,, is a,, =1 for diagrams of type (a) and (b) and a,, =0
for type (c). Using the topological relations L =3 +2v — Iy — I, —n — £, 2Iy +n =2v + 2,
and 21, + £ =v + 1, we see that the degree of divergence in the & expansion is

S(y)=3—2n—20+a, . (64)

It follows that the only counterterms needed for the renormalization of P, 4 have the schematic
form 83 x, dx8%x, dh-3%h. These composite operators can always be represented as total deriva-
tives (see Eq. (B.2)).

We can conclude that insertions of the composite fields dy x (dgh - 9gh) and 9 x (9;h - dgh),
which contribute to the virial current, are finite up to total-derivative counterterms. Therefore, the
“bulk” of the virial current is unrenormalized: we can set 9y xg(dgh - dgh) = [0y x(9gh - gh)]
and dg x (0zh - 9gh) = [dg x (3,h - dgh)], up to gradients of the form dglys which do not affect
the relation between scale and conformal invariance [6].

Let us check that V,, cannot be reduced completely to the combination V, = j, + 98 L& s of
a conserved current j, and a total derivative. If this was the case, d, V,, should reduce to the
combination Oyeq + 94 0glop of a redundant operator Oreq and a total second derivative. Within
dimensional regularization, candidates for Orq4 can be taken as linear combinations of operators
proportional to the equations of motion E and E and, in order to match the power-counting
dimension of 9, V,, must have the form fi(h2, x)(E - h) + f>(h?, x)E, where f; and f> are
functions. We checked from the explicit expression V,, that it is impossible to rewrite 9, Vy as
a combination of this type up to a total second derivative d,0glyg. Since contributions to V,, do
not renormalize, we expect that this result remains robust at the IR fixed point. We are lead to the
conclusion that the GCI model exhibits scale without conformal invariance.

Let us, then, investigate the scaling properties of the operators composing V. Since P op
is not renormalized, it does not acquire anomalous exponents. Therefore the naive dimension
{Puopt=3+2(h}+{x}=3+2(D—4)/2+4 0= D — 1 remains valid at the IR fixed point
(footnote 21). This scaling relation can also be understood in terms of the infrared dimensions
of fields. The renormalization relations discussed in Sec. 3, h = v/Zh, xX=27Z -1 X, imply that
h and x scale in the long-wavelength limit with dimensionalities {h} = (D — 4 + n)/2 and
{x} = —n. The absence of divergences in the insertion of P, 4g implies that the naive relation
{Vo} =3 4+ 2{h} + {x} remains valid in the IR and, in fact, it can be seen that the anomalous
exponent 1 cancels out leaving an exact canonical dimension.

The absence of nontrivial anomalous dimensions can be traced, as in the case of membrane
theory, to the shift symmetries of the model. These symmetries are manifested in momentum
space as a special property of Feynman rules: for each external line connected to interaction
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vertices, it is always possible to factorize two powers of the corresponding momentum. The
result is a suppression of the degree of UV divergence [46,48], which, in the power counting
formula (63) is expressed by the terms —2n — 2£. This explains why candidates for the virial
current, which must have dimension D — 1, arise naturally.

9. Summary and conclusions

To summarize, we analyzed two models for the scaling behavior of fluctuations in crys-
talline membranes: a widely-studied effective field theory based on elasticity and an alternative
model, involving only scalar fields, which describes long-range phonon-mediated interactions
between local Gaussian curvatures. For both models, we argued that the infrared behavior is
only scale-invariant: the asymptotic dilatation symmetry is not promoted to conformal invari-
ance. An analysis of the energy-momentum tensor of the two theories reveals, in both cases, the
presence of non-trivial virial currents which, despite being non-conserved, maintain a scaling
dimension equal to D — 1, without corrections from interactions. We traced the origin of this
non-renormalization to the shift symmetries of the theory, which forbid the generation of several
counterterms which would be allowed by a first power-counting analysis. These results suggest a
mechanism to elude a general reasoning according to which non-conserved currents with dimen-
sion D — 1 are unlikely at generic interacting fixed points and thus, that conformal invariance
should be an almost inevitable consequence of scale invariance in presence of interactions. As a
complementary analysis, in the case of the nonlinear elasticity theory of membranes, we present
a simple argument, based only on the structure of symmetries, which suggests an inconsistency
between conformal invariance and the invariance of the model under shifts. The results derived in
this paper are not in contradiction with general theorems and derivations on the relation between
scale and conformal symmetries for two reasons. First, we expect that the models investigated in
this work are not reflection-positive. Secondly, we studied fixed points in D =4 — ¢, a dimension
in which, to our knowledge, the connection between scaling and conformality is not yet firmly
established.
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Appendix A. Invariant composite operators in membrane theory

This appendix illustrates the renormalization of operators entering the expansion of the trace
of the energy-momentum tensor. Let us start by analyzing the set of composite fields

1 1
O, = 5(82h>2 + 20 (Uaw)® + 2u0tapttap ,  Or= Exo(u(m)z . O3= Rollapliag

O4 = 82”0{0{ s Os = 8aaﬁuaﬁ s O =tlgq » (A.1)

which are invariant under all symmetries of the theory, including translations in the embedding
space h - h+ B, uy — u, + By, and the linearized rotations in Eq. (7). According to general
renormalization theory [54], the insertion of invariant operators of power-counting dimension
A is renormalized by a linear combination of operators with the same symmetries and with
dimension equal or lower to A. From the scaling of h and u, tree-level propagator, it follows
that the power-counting dimension of a general operator of the schematic form a*h"u’ is k +
n(D—4)/2+¢(D —2)/2, which reduces to k + £ in the e-expansion at D = 4 — ¢. The composite
fields in Eq. (A.1) are a basis for the most general invariant operator with dimension <4 and are,
therefore, closed under renormalization. It is possible to find a matrix Z;; of divergent coefficients
such that bare and finite, renormalized operators, are related as O;(x) = Z;;[O; (x)].

In analogy with derivations in Ref. [27], it is possible to set strong constraints on renormaliza-
tion by forming combinations which are a priori known to be finite and free of UV divergences.

The renormalization of O; can be fixed by the following argument. The expression for a
general correlation function G in terms of a functional integral over u, and h,

GO (X1 X X X)) = / [dn](dung ] fe™ i, (00). i, (it (60t () |

(A.2)

must be invariant under change of variables. If we choose a field redefinition h — (1 + €/2)h,
ug — (1 + €)uy the Hamiltonian H changes to first order by € dex(Dl (x) while the string of
fields in the correlator varies by an overall factor (n/2 4 £)e. Invariance of the functional integral
then implies

D (n,0) . n (n,6) .
/d XG(gl(x),il..i,,otl..a@(Xl’ s X Xy ey Xp) = <E +£> GiT..inal..ae (X1s oy X3 X o0 Xp)
(A.3)
where
(n,0) Lo/ /
GOI(X),il-A[)zal--al (X1, .. X5 X, ., X))
= / [dh]{dug ] e MO )iy (1) i, (R i, ()1, (%)) (Ad)

denotes correlation functions with O (x) insertion. From Eq. (A.3), we see that f dP ngﬂ) is

already finite after the renormalization of elementary fields, h = +/ Zfl, Uy = Ziy, without the
need of a new operator renormalization. The only divergences in O; must be total derivatives,
which vanish after space integration. We thus conclude that O can be renormalized as

O1 = [O11 4 a18*[uaa] + b13dp[uap] , (A.5)
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where a1 and b; are divergent coefficients.

We can deduce additional constraints from the fact that derivatives of renormalized correlation
functions with respect to A and /i are finite [27]. Denoting as G and G 9 bare and renor-
malized correlation functions with n external h fields and ¢ external u, fields, we find, using
Eq. (11),

0G"Y _ 3 (Z”sz(n,@)
H
Z_(E +g> InZ =, e)+ZZe[31“}0‘ - alnﬂO‘ 9 }GW)
2 BN oA IM,zdlng oA IM,ad1npg
= finite . (A.6)

The derivatives d/0 Inig and 9/0 In ;o generate, respectively, insertions of — f dPx®,(x) and
— f dPxO3(x). Moreover, as shown above, the counting factor n/2 + € can be written via the
insertion of [dPxO;.

As aresult, Eq. (A.6) is equivalent to

olnZ - dlnx ~ dolnp ~
D (n,0) 0 (n,0) 0 (n,0) :
/d ; |: 5 GOI(x) YT 0 (%) Y ‘M’ ~G(93(X)] = finite , (A7)

where ég(g denotes correlation functions of renormalized fields with an insertion of the bare
operator O(X):

¢ ~ ~ - -

Gy = (O)hi, (X1).- i, (X, (X)) .l (X)) - (A.8)
Isolating operators from correlation functions and removing space integration, we can re-express
Eq. (A.7) as the statement that the combination

8an‘ dlng d1n Mo

_O1(x) +

A
is finite up to total derivatives. Assuming that amplitude, coupling, and operator renormalizations
are all defined within the minimal subtraction scheme [27,54], this implies

d0lnZ alnko‘

e R (A9)

1#0

O1(x) + O (x) + O3(x)

‘M m ‘M,[l
= i[Oz(X)] + a0 [Uga] + brdadpluas] » (A.10)

so that, up to the total-derivative terms, the right-hand side is equal to the tree-level contribution
of the left hand side. A consequence of Eq. (A.10) is that

90G™" D &0
where é(”’e)x)] is the correlation function of renormalized fields with insertion of the renormal-

ized operator [(D>(x)]. An analogue relation was derived for scalar field theory in Ref. [27].
Identical arguments can be used to deduce that

0lnZ
o

d1In o

dlnig
p o

( 010+ \ Or(®) + _03(%)
M\ M\

== [03 x)] +a,o [“aa] + by 0y aﬂ [uapl] , (A.12)
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a relation which follows from the finiteness of 4G ) /ofi. A relation similar to Eq. (A.11) holds:

9G00 |

_ D ~n,0)
Y /d XG0y - (A.13)

Mi

As a particular case of Egs. (A.10) and (A.12), let us take the linear combination 8; x (A.10)+
Bux (A.12), where B, and B, are the RG S-functions. Using that [42]

5 81nZ‘ B 8an’ _81nZ _ (A.14)
Y or i TPR T i T anM e '
dlnig dlnig d1n(ho/M?)
Br—= ) o+ Bu—= ‘ ~=7/ =—¢, (A.15)
oL Im.i oL M, dlnM X0 140
and
Blnuo‘ 81n;¢0‘ dlIn(uo/M?)
= = =—c¢, A.16
P 9 Imp +hu oL Imi AlnM  lig,uo ¢ ( )
we find
£0s + 803 =101 — B, /AL02] — B/ O3] + ad*[aa] + badpliaq] (A.17)

with divergent coefficients a and b. This relation can be rewritten in a more explicit notation by
setting [O2] = MEA[(uqe)?1/2, (O3] = M? [iluqpuqp]. In this basis, Eq. (A.17) becomes

&

) (AO(uaa)z + 2#0“&/3“&/3)

1
=n0; — EIBAME[(MCM)Z] - lgp.Ms[uaﬂ”aﬂ] + aaz[uaa] + baaaﬂ[uaa] . (A.18)

As a final remark, we note that Eqs. (A.5), (A.10), and (A.12) imply that the operator
Og = uyq does not enter the renormalization of Oy, O, and 3. This is due to the use of dimen-
sional regularization, implicit in the derivations above. This regularization scheme automatically
removes ultraviolet divergences of power-law type, implying that operators of dimension 4 do
not mix under renormalization with operators of dimension 2.

With results derived above, it is possible to show that the Ward identity for broken dilatation
invariance is equivalent to the RG equations (13). (An analogue result was derived for scalar field
theory in Ref. [27,28]). Away from fixed points, the dilatation current Sy = xgTog — Vi is not
conserved: the RG flow functions §; and 8, act as sources for the violation of the conservation
law of Sy

Oq S = %Me[(uaa)z] + ,B,uMs[uaﬁuaﬁ] —XB (E : aﬁh+ Eaaﬁua)

)

E-h—(4+n—¢8)Equy . (A.19)
Renormalized correlation functions with insertions of d, Sy (X), which are relevant for the Ward
identity, can be expressed more explicitly by using that the operators E - dgh, E,0guy, E - h,

E,uq, proportional to equations of motion, generate the contact terms [27,28,30]
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n
~(n, L ~
Ggl(X))‘h(x)(xl’ s Xn; X/l sy X/E) = Z G(n‘Z)S(X - Xp)(xms X;() s

p=1
¢
(.0 -
G 00 (s X)) = D 8(x = X,)G "0 (%, %) |
=1
’ (A.20)
G, dshix) Km» Xp) = Z B(x —Xp) 7 G(" O (X, X})
¢
Gﬁéfi)f’ﬁua(X) (X, Xp) =) d(x =X, )3 ” G0 (X, X1) -
p=1
Using Eqs. (A.11) and (A.13), and integrating over space, we obtain
5 3 N
dD 9 G(n 0 [— _‘ ) no
/ ¥0Gs,0 = | 3mp T P57 +ﬂua s tam—e o)

+e(1+n— e)]G“*“(pxl, e PXs PX] e pX)) = 0

a relation equivalent to the RG flow equation (13).
For completeness, we also discuss the composite field u4g. By symmetries and power count-
ing its renormalization has the form

1
uap = Zolugp] + B(Zé — Z2)8apluyy ], (A22)

where Z, and Zé are divergent coefficients. The factors Z; and Z/,, moreover, are determined to
all orders by the following argument. Let us consider the stress field o4 = Aodagtty ) + 21boUap-
This composite operator can be viewed as the conserved current associated with the shift symme-
try uy — Uy + By and it has a conservation law dgoyg = — E, which is identical, up to a sign, to
the equations of motion of the u,, field. By a general property, the renormalization of the equation
of motion operator is dual to that of the corresponding field: since u, renormalizes as uy = Zi,
then ZE, is a finite operator. It follows, as a result, that Z(dgogg) is finite. However, this also
implies that Zoyg is finite by itself, because any divergence in Zo,g would inevitably appear in

the derivative. To see this more precisely, note that the infinite part Z od“’ of Zoyg, if any, should
be a linear combination of uyg and 8481, satisfying the equation 9y (ZO’SEV) = 0 identically. It

can be checked that the only possibility is Z odllg" 0 and, therefore, that the full tensor Zoyg is

finite. Using Eq. (A.22) and Eq. (11), we see that the combinations of renormalization constants

G,.Z G,+2G,/D
ez , MZ& (A.23)
z z
are free of poles in . This implies that we can choose
Zji Z(DA + 2]
7, =21 7, = ZPAY 2 (A.24)
GM DG, +2G,

The scaling dimensions of the scalar and traceless components of uqg are then {uyq} =
D — 2+ 7} and {ugg — Sapityy/D} = D — 2 + np, where 0y, = 9InZ,/dIn M|y, ,, and
N2 =0InZy/0In M|, ... At the fixed point P4 all components scale with the same dimension
{uap} =2 — s
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Appendix B. Renormalization of non-invariant currents

Besides invariant operators, expansion of the trace Ty includes the vector fields uqugg and
uguqp, which break the shift symmetry u, — uo + B, and the linearized embedding-space
rotational symmetry. This appendix shows that these vectors are non-renormalized, up to total
derivatives.

As a first step, it is convenient to analyze the tensor J, o = 1, 048, Where oqg = Aodupiss +
2ouqp is the stress field, which is also the conserved current associated with the symmetry un-
der uy — uqy + By. A priori, the renormalization of u, 04 involves the mixing of all composite
fields of dimension 3 symmetric under & <> 8 and invariant under h — h + B. (In dimensional
regularization there is no mixing with operators of lower dimension). Renormalization is however
simplified by the following considerations. Taking the derivative 9y Jy op = —Epguy, + 0yl 0qp
gives the sum of two simple terms. The first, —Eg(X)u, (x), vanishes with equations of motion
and acts, when inserted in a correlation function, as the generator of the infinitesimal field redef-
inition uq (X') — uq (X') + €85488(x — X')u,, (). This transformation, being linear, can be equiv-
alently represented in terms of renormalized fields as ifq (X') — io (X') + €80p8 (X — X)ity, (X'),
a change of variables which preserves the finiteness of correlation functions. It follows that in-
sertions of —Egu,, in renormalized functions are finite, and do not require renormalization. It
is, in fact, a general property that operators of the form Ey¢ are not renormalized [27]. The
second term in dyJy o8, 0uUyOqg, requires subtractions but, being invariant under shifts of the
uy field, it can only mix with composite fields which are symmetric under both h — h 4+ B and
Uy —> Uy + By.

We can thus conclude that the UV-divergent part J;il,i(\; 8 of J, op must have the property that

0y J. div_is invariant under shifts of all fields. This, however, implies in turn that Jﬂi;ﬁ must be

v.op . .
shift-invariant by itself. To derive this result, let us denote as €J /(11“1,/ of the variation of Jf’zﬁ
under an infinitesimal uniform translation uy — uy + €34,,. By power counting it must be a field

of dimension 2 and, therefore, must have the form

v _ (D) e @ LE)

Juf;’aﬁ =dpe uyapM Uplic +a, 0, 450l + Eapa,u,y,aﬂ(aﬂh -9sh) , (B.1)

where a1, a®, and ¢® are invariant tensors (linear combinations of products of Kronecker

symbols). At the same time, by the arguments above, it must satisfy the equation d,J 3‘; wp = 0
div

JY o = 0, which implies that JJ% ; is

identically. It can be checked that the only possibility is ey,

invariant under shifts.

The conclusion of this argument is that any counterterm entering the renormalization of J,, o
must be a tensor of dimension 3 invariant under translations of both the h and the u,, fields. These
tensors have the schematic form ddu and oh - 99h and, since

1
dudvh - dph = 2 [8,(3,h - 3,h) + 3, (3,h - 3,h) — 8,(3,h - 3,h)] (B.2)

they can always be represented as total derivatives. Therefore, general counterterms needed for
the renormalization of J,, 4 have the form

1
EBP,W,%aﬁap(aﬂh ~0vh) + Cpo i y,080p 001y (B.3)

where B, ;iv,y,08 and Cpq 1y, are invariant tensors with divergent coefficients. The renormal-
ization of J), o4 in minimal subtraction can thus be written in the form
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ks ks K, ko
ko

Fig. B.5. Some of the first divergent 1PI diagrams with insertion of J}, 4. Dotted lines denote the operator insertion. In
diagrams (a) and (b), the undifferentiated field u, is connected directly to external lines. In diagrams (c), (d), and (e),
instead, it enters as a loop line.

1
[Jy el = Jya + EBp,uv,)/,rxﬁap(auh <o) + Cro 0, y,aB0p 00Uy - B4

The final result for the renormalization of J,, 45 has the following diagrammatic interpretation.
Among 1PI correlation functions with insertion of J,, o = u, 048, there are two types of diver-
gent Feynman diagrams: the undifferentiated u, field can be either connected to external legs
or joined to loop lines (see Fig. B.5). In all diagrams of the second type, like (c), (d), and (e) of
Fig. B.5, it is possible to factorize one power of the momentum of each external solid and wiggly
line, as it follows directly from the structure of the interaction vertices. The corresponding diver-
gences contribute to shift-invariant counterterms of the type ddu and d(dh - 9h) in Eq. (B.4), but
cannot generate renormalizations proportional to Jy, 48.

Counterterms of the same form of J, g can only arise from diagrams of the first type, like
(a) and (b) in Fig. B.5, which contribute to correlations which are not shift-invariant. Since the
undifferentiated u,, field is contracted with external lines, the loop part in this class of diagrams
is entirely determined by the insertion of o4, whose renormalization was studied in appendix A.
The arguments above show that the UV divergences of A9 and pq are precisely cancelled to
all orders by these loop contributions, so that J, g is finite (up to counterterms introduced in
Eq. (B.4)).

Taking two independent traces over the components of J,, 5 we finally obtain relations for
the renormalization of the vector fields uyugg and uguyg. With a non-minimal renormalization
choice, we can set

ME(Dx +2/1)
Do + 210
+ b40q0glugl , (B.5)

1 M* i
Upllap — T Uallpp =

Uglgg = [ugupgl + b104[0gh - 9gh] + brdg[dh - dgh] + b332[ua]

1
{[“ﬁuaﬁ] - B[”auﬂﬂ]}

+ b 84[8gh - Bgh] 4 53[0 h - dgh] + b30% (] + bydadplup] -
(B.6)

Appendix C. Energy-momentum tensor and operator renormalization in the GCI model

Starting from the explicit expression of its Hamiltonian, Eq. (21), it can be shown that the
GCI model admits the following symmetric energy-momentum tensor

T, ——15 9%h)2 + 23,9sh - 3%h — d,h - 959%°h — dzh - 3,9%h
af = Zaﬂ( )+ o Opll - (2L pIl - Oy
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1
+ 57 {Bupdyh - 0, 0°h + Supdy dsh - 3y sh+ (D —2)3h- 2 dpiyh
— D3, d,h - 959, h)

1 1
— —8up (3% ) + 70{2aaaﬂxa2x — Bux0p0%x — Ip X 9dx )

2Yo
1
+ 7{805,38),)(81,82)( + 8ap0y 05 x 0y s x + (D —2)0y x 04080y X
(D - DYy
—D8aayxﬁ58yx}

i
— 5 8up{ (3yh- 35h)3, B x — (-, )’}
+i{(@ph-3,h)3,9, x + (3 -3, h)dsd, x
i
~ (3~ 9ph)3%x — (B h- 3, W)dudp x| + 53 { (B - ph)dy x — (uh- B, M35 x

— (9ph - )0 X + By I X + 85y da X — Supdy x) (9sh - 5} (C.1)

The identity for the trace, Eq. (59), can be derived from Eq. (C.1) by some algebraic steps and by
the following results for the renormalization of the invariant operators (3%h)? and (9> X)2 /Yo.

Within dimensional regularization, symmetries and power counting imply that the set of com-
posite operators

1 1 1

O = —(32h)2 — — (32 2’ Oy = (32 2’

1 2( ) Yo( Xx) 0 2Yo( Xx)

1 1

O3 = —((8?X)* — (Dudp X dadp X)) = =000 (Du X g X — Sapdy XDy X) (C2)
2Yy 2Yy
1 1 ]

Os=—0%%x .,  Os=E=—x + =((0*)* — (99gh - 9,0gh))
Yo Yo 2

is closed under renormalization. The set (C.2), in fact, is a complete basis for all composite
fields which are invariant under the symmetries of the GCI Hamiltonian (including the shifts
h— A+Byxy, x = x + A+ Byx,) and which have operator dimension 4 in the ¢-expansion.
A residual mixing with the softer field Og = 92 X, which has dimension 2, is removed by dimen-
sional regularization.

The operator Oy is directly related to the elementary field x and, therefore, has a simple
multiplicative renormalization Oy = ZZ, O4]. Similarly Os, which is equal to the equation of
motion of the x field, renormalizes in a multiplicative way as O5 = Z[Os]. We also note that the
last three operators in the set (C.2), O3, Oy4, and Os, are expressible as exact second derivatives
of lower-dimensional fields. In particular, this implies that [(O3] is a linear combination of O3,
Oy, and Os, without a mixing with O and O;.

To study the renormalization of O we note that, when integrated over all space, it is equiv-
alent to the variation of the Hamiltonian under the infinitesimal rescaling h — (1 4 €/2)h,
x — (1 — €)x. Therefore insertions of (| at zero momentum have the only effect to generate a
factor (n/2 — £) in front of correlation functions, where n is the number of external h fields and
£ is the number of x lines. An immediate consequence is that Oy is finite up to total-derivative
operators which vanish at zero momentum. Since the only total-derivative fields which can enter
as counterterms are O3, O4, and Os, we conclude that O; can be renormalized to all orders as
01 =[01]1+ a1[O3] 4+ b1[O4] + ¢1[Os], where ay, by, and ¢ are divergent coefficients.
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The renormalization of O, is constrained by the fact that the derivative of renormalized corre-
lation functions with respect to Y is finite. Since, by Eq. (25), bare and renormalized correlation
functions with n external h lines and £ external x lines are related as GnO = zn/ Z_ZG(”’[), we
obtain that

dlnZ dlnYy, 9G@™H
—<” z)L‘MG("%rZ‘z n/221010 — finitc . (C.3)

2 ) ay Y Im Y,

The action of /9 In Yy on bare correlation functions generates insertion of O, at zero momen-
tum. The factor (n/2 + £), moreover, can be represented via the zero-momentum insertion of
0.

Using the relations

9lnZ n() dlnYy 3
= , =——, (C4)
Y 1M B(Y) Y Im BY)
we obtain that
n(Y) €
—Q0 () C5
pon e (>

is finite up to total derivatives. It follows that the renormalization of O has the form (in the
minimal subtraction scheme)

1
0= (N[O - &[02] + 2[O3] + b2[O4] + B3[O5] | C6)

where ay, by, and ¢, are new divergent coefficients. Since [D5] = [(3x)?]/(2M?Y) in minimal
subtraction, we can rewrite this renormalization relation as

€ (Y)
Z—YO(azx)2 —n(V)[O1] — ’3—M (9% 1)%] + £az[ O3] + eb2[O4] + £b3[Os] . (C.7)
As a further consequence, we note that
BG(”’K) 1 D = (n,€)
T ‘M = 5y /d X Gy o2 (C.8)

This relation can be used to prove the equivalence between dilatation Ward identities and the RG
equations (26), in analogy with Ref. [27] and appendix A.
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