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Preparing arbitrary pure states of spatial qudits with
a single phase-only spatial light modulator
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Spatial qudits are D-dimensional (D > 2) quantum systems carrying information encoded in the discretized trans-
verse momentum and position of single photons. We present a proof-of-principle demonstration of a method for
preparing arbitrary pure states of such systems by using a single phase-only spatial light modulator (SLM). The
method relies on the encoding of the complex transmission function corresponding to a given spatial qudit state
onto a preset diffraction order of a phase-only grating function addressed at the SLM. Fidelities of preparation above
94% were obtained with this method, which is simpler, less costly, and more efficient than those that require two

SLMs for the same purpose.
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Quantum systems are the information carriers in quan-
tum information processing and computing protocols.
While qubits (two-level systems) are the usual and most
basic systems to carry out such tasks, qudits [D-level sys-
tems (D > 2)] have been attracting growing interest due
to their greater potential for those applications [1]. In par-
ticular, single photons are the natural choice for commu-
nications since they are easily transportable and have
several degrees of freedom (DOFs) to encode informa-
tion. Often, photonic qubits are encoded in the polariza-
tion, but spatial DOFs such as orbital angular momentum
[2], longitudinal [3], and transverse momentum-position
[4,5] are also suitable to encode qudits of higher dimen-
sions. In the simplest approach, the latter encoding is
achieved by discretizing the one-dimensional transverse
modes of the photons when they are made to pass
through an aperture with D slits which sets the dimension
of these so-called spatial qudits [4].

Spatial qudits are relatively simple to generate and of-
fer the possibility of working in high dimensions without
cumbersome optical setups. Recently, this encoding has
drawn interest for miscellaneous applications such as
quantum information protocols [6], quantum games [7],
and quantum key distribution [8]. Therefore, the ability to
prepare arbitrary pure states of such systems represents
an important step toward realizations of quantum optics
experiments based on it. Static amplitude and phase
masks could be used for this purpose, but in practice it
would be extremely difficult and time-consuming as each
state intended to be prepared would require one to set up
the corresponding masks in the apparatus. Program-
mable spatial light modulators (SLMs) can dramatically
simplify this process, allowing real-time manipulations
of the state coefficients without physically aligning any
optical components. In this regard, [9] shows that by im-
aging the output beam of an amplitude-only SLM onto a
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phase-only SLM allows one to get complete and indepen-
dent control of the amplitude and phase of the complex
coefficients that define the qudit state. However, the use
of two SLMs, besides being more costly, entails two
drawbacks: (i) the overall diffraction efficiency is very
low, and (ii) in order to avoid even more losses, the image
of the first SLM must match the second one pixel by
pixel, which is difficult in practice.

In this Letter, we present a proof-of-principle demon-
stration of a method for preparing arbitrary pure states of
spatial qudits with a single phase-only SLM, which has a
much higher diffraction efficiency and does not require
imaging systems. Among the alternative methods to re-
present a complex function in a single SLM [10,11] we
choose, for simplicity, a technique based on [12,13]
where the amplitude information is encoded in a phase-
only filter. On one hand, the required amplitude is
achieved by programming a phase grating, with an appro-
priate modulation into the slit regions. On the other hand,
the required phase value is obtained by adding a constant
phase value to the phase grating. Then, the first diffrac-
tion order is selected at the Fourier plane and the filtered
information is antitransformed on the final plane. The re-
sult is a light distribution corresponding to an image of
the slits containing the complete complex modulation.
Similar considerations could be made if the zero order
were employed. However, in this case, the dead zones
in the liquid crystal panel and the phase fluctuations
make unwanted light go to that order, affecting the inten-
sity distribution [14].

The generation of pure states of spatial qudits can be
understood as follows. Let [ dxy(x)|1x) be the quantum
state of a paraxial and monochromatic single-photon
field, where x = (x,y) is the transverse position coordi-
nate and y(x) is the normalized transverse probability
amplitude. When this photon is transmitted through an
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aperture described by a complex transmission function
T(x), its state is transformed as [ dxy (x)7'(x)|1x). Now,
let us consider that T'(x) is an array of D > 2 rectangular
slits of width 2a, period d, and length L(>> a,d), where
each slit, 7, has a transmission amplitude f,, that is,
T(x) = rect(x/L) x Y 2_} p,rect[(y - n,d)/2a],  where
ne =¢ + (D -1)/2. Without loss of generality and for
simplicity, we will assume that y(x) is constant across
the region of the slits. Hence, the state of the transmitted
photon will be [4]

Brl?). ¢!

where 8, = 8,/ Y273 |B;* and |£) denotes the state of

the photon passing through the slit 7.

In order to prepare arbitrary states of the form of
Eq. (1) with a single phase-only SLM, we proceed as fol-
lows. A phase-only one-dimensional diffraction grating is
displayed on the different regions of the SLM, each of
them corresponding to a particular slit. Here, we have
used two different phase profiles, binary and blazed gra-
tings. The corresponding graphs are shown in Figs. 1(a)
and 1(b), respectively. The efficiency of the first dif-
fracted orders for a binary grating can be derived by
using basic concepts of Fourier optics as [15]

. 2
ehn = = (1 - cos @), 2

where ¢, is the phase modulation depth of the grating.
Therefore, the light intensity can be modified by selecting
the phase modulation ¢,. For instance, we can get an ef-
ficiency which goes from 0% to a maximum of 40% when
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Fig. 1. Ten-pixels period gratings: (a) binary and (b) blazed.
(c) Upper panels: amplitude and phase components of the aper-
ture T'(x) for preparing the state 0.56|0) + 0.83¢"-937|1). Lower
panels: corresponding phase masks for preparing this state at
the first diffraction order. (d) Normalized intensity distributions
and theoretical prediction for measurements of this state at
near (upper panel) and far field (lower panel). (e) Real and
imaginary parts of the experimentally reconstructed density
matrix using the blazed grating. The ideal density matrix is
shown as a blue wire grid, and the obtained fidelity is F' = 0.996.
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@, varies from 0 to z [16]. It should be mentioned that it is
very simple to represent a binary grating in a SLM be-
cause only two gray levels are required. However, the
maximum diffraction efficiency is limited. This can be
overcome by using a blazed grating as we will discuss.
In the case of blazed gratings the efficiency of the first
order can be written as [15]

: Yo
e = sinc? (1 - %) 3

where, again, ¢, is the phase modulation depth and
sinc(x) = sin(zx)/(zx). Obviously when ¢, =27 the
first-order efficiency has a maximum value of 100%. This
is the usual condition for spectroscopic applications. By
selecting other value for ¢, it is possible to modulate the
amount of light diffracted on the order and consequently
the real amplitude of each slit. Note that Eq. (3) corre-
sponds to the ideal blazed grating with continuous modu-
lation. Nevertheless, given that the representation of a
grating period is performed through a finite number of
pixels, this imposes a discretization in the phase levels
for the blazed profile. Thus, it will be represented by
steps as shown in Fig. 1(b). Here, we have selected 10
quantization levels which gives us an efficiency of
~97% for the first order.

Independently of the selected modulation, we assign
the maximum efficiency value to the maximum ampli-
tude of the slit coefficients, that is, |f,| = 1 corresponds
to @y=anx for the binary modulation and ¢, =
(N -1)/N x 2r for the blazed modulation, where N is
the number of quantization levels. Other amplitude val-
ues correspond to other values of ¢, which are obtained
from Egs. (2) and (3). Finally, the phase of the complex
coefficient in Eq. (1), arg(f,), is fixed by adding a con-
stant phase value to the phase grating. In order to avoid
the introduction of additional phases in the encoding
process, the phase gratings should be designed with zero
mean value. However, as the SLM can only display pos-
itive phase values, the gratings are generated with a mean
value equal to half of the maximum phase modulation
depth, for each kind of grating: z/2 for the binary grating
and (N - 1)/N x z for the blazed grating.

As an illustrative example, let us consider 7'(x) with
D =2 and (f,, ;) = (0.67,¢"%7). This aperture, whose
corresponding amplitude and phase components are
shown in the upper panel of Fig. 1(c), prepares the spatial
qubit state 0.56|0) + 0.83¢*6%7|1). In the lower panel of
Fig. 1(c) is shown, in gray levels, the required phase dis-
tributions that are necessary to represent this particular
state for each grating modulation.

Figure 2 shows the experimental setup employed for
implementing the method described above. We used a
cw 647 nm single mode laser diode whose transverse spa-
tial profile is proportional to the transverse probability
amplitude of a single-photon field. In the first part of
the setup used for state preparation, the attenuated laser
beam was spatially filtered and collimated. Thus, the
beam transverse profile, which normally impinged the
SLM, was approximately a plane wave with constant
phase across the region where the slits were displayed.
The required pure phase modulation was provided by the
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Fig. 2. Experimental setup (details in text).

State characterization

reflective SLM (Holoeye PLUTO) and an input polariza-
tion control. The modulated beam was split in two arms
by the second beam splitter (BS). One of them allowed
obtaining an image of the slits; meanwhile, the other was
used to obtain the corresponding far field distribution.
On each arm an iris diaphragm was placed at the focal
plane of the transforming lens (f = 30 cm) in order to
filter the first diffracted order which carried the required
information. In the second part of the setup used to
perform the characterization of the states, intensity mea-
surements were carried out with charge-coupled device
(CCD) cameras. In order to register the far field distribu-
tion, the CCD of the reflected beam was placed in the
Fourier plane of the slits. The light distribution of the
transmitted beam was imaged onto the other CCD by
means of an antitransforming lens, which avoids un-
wanted spurious phases [15].

As mentioned earlier, for both binary and blazed gra-
tings we used a 10-pixel period. This value provides high
diffraction efficiency and enables the first diffraction or-
der to be situated far away from the zeroth order on the
Fourier plane. In this way it is easily filtered and the light
distribution is not corrupted by unwanted noise. To quan-
tify the quality of the preparation we used the fidelity,
F = (y|p|lw), between the state intended to be prepared,
|y), and the density matrix of the state actually prepared,
p, which is reconstructed by tomography. Ideally, it is
desirable to have F' = 1. The tomographic process is per-
formed by measurements at transverse positions corre-
sponding to the states {|0), ..., |D — 1)} in the near field
and {|y): = 3>"2-} ¢%|¢) /+/D} in the far field, where the
set {£} depends on D; for arbitrary qubits {& = jn/Z}?ZO
[17]; for pure qudits only, one can numerically find the
phases of a state whose interference pattern is the clos-
est to the experimental one. We have measured the inten-
sities at those positions and applied the maximum
likelihood technique to the recorded data in order to ob-
tain the best density matrix estimation consistent with
the requirements of a physical state [18].

For spatial qubits, Figs. 1(d) and 1(e) show, as an ex-
ample for the particular state discussed earlier, the mea-
sured intensity distributions in the near and far fields and
the corresponding tomography, respectively. In Fig. 3,
each Bloch sphere shows the fidelities of preparation
for 561 states uniformly distributed on the surface, using
either a binary [Fig. 3(a)] or blazed [Fig. 3(b)] grating. In
both cases, we obtained fidelities above 96% and average
fidelities of 99.6% as shown in Table 1. The discontinuity
that appears around the meridian ¢ = 0 is, possibly, due
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Fig. 3. Bloch spheres showing the fidelities of preparation of
spatial qubit states using (a) binary and (b) blazed gratings. The
latitude 0 € [0, z] and the longitude ¢ € (-, z] parametrizes an
arbitrary pure state |yr) = cos(6/2)|0) + e# sin(4/2)|1) on the
sphere surface.

to the different phase fluctuations at each gray level. For
instance, although 0 and 27 are geometrically equivalent,
the applied voltages are different and the fluctuations in
one case are higher than in the other [14] (we will discuss
this problem in more detail elsewhere). The loss of fidel-
ity observed around the poles could be attributed to a
slight misalignment of the laser beam with respect to
the slits center. For spatial qudits of different dimensions,
hundreds of states have been prepared, and the fidelities
were above 94%. Figure 4 shows two samples, and Table 1
shows the number of states prepared per type of grating
and per qudit dimension with their corresponding aver-
age fidelities. Regarding the type of grating, either binary
or blazed, the overall quality of the prepared states is very
similar. However, as discussed earlier, blazed gratings
provide better diffraction efficiency than binary ones.

(@) |¥) = 0.22|0) + 0.78¢087|1) + 0.59¢25[2)

Norm. intensity

(b) |4 = 0.35/0) — 0.33]1) + 0.54]2) — 0.17|3)
+0.45/4) — 0.44]5) + 0.23(6)

—Theory H

1 ===Binary i 11
2 ||~ Blazed
‘% 0.8 L 0.8
S &
£ 0.6 10.6
Eo4 » t210.4
2 .4

0.2 £ a 0.2
0 0

0
y(mm)

Fig. 4. (a) Three- and (b) seven-dimensional qudit states with
their corresponding normalized intensity distributions for mea-
surements at near and far field, and the experimentally recon-
structed density matrices using the blazed grating. The ideal
density matrices are shown as blue wire grids and the obtained
fidelities are shown in the insets.
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