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Abstract. We introduce an approach for the characterization of quantum correlations in two-fermion sys-
tems based upon the state disturbances generated by the measurement of “local” observables (that is,
quantum observables represented by one-body operators). This approach leads to a concept of quantum
correlations in systems of identical fermions different from entanglement.

1 Introduction

Considerable attention has, recently, been devoted to the
applications of tools and concepts from quantum infor-
mation theory to the study of correlations in systems of
identical fermions [1-16]. A key role in these developments
was played by the work of Ghirardi and collaborators [1,2],
who advanced a clear and physically motivated formula-
tion of the concept of separability for systems of iden-
tical particles. Most of the research conducted on quan-
tum correlations in fermion systems has focused on the
analysis of quantum entanglement. However, it is well-
known that the concept of entanglement does not cap-
ture all the relevant, information-theoretical aspects of
the quantum correlations exhibited by composite sys-
tems. Indeed, as was established in a pioneering work
by Ollivier and Zurek [17], even separable mixed states
can be endowed with correlations exhibiting non-trivial
quantum features. In the case of systems consisting of dis-
tinguishable parts, various measures have been advanced
to characterize quantitatively the different ways (besides
entanglement) in which quantum correlations can mani-
fest themselves [17-31]. Prominent among these are quan-
tum discord and the measures of correlations based upon
the disturbances of quantum states due to local mea-
surements proposed by Luo [21,22], Li and Luo [23], and
by SaiToh and collaborators [28,29]. In the case of pure
states, these measures reduce to quantum entanglement.
In the case of mixed states, however, these measures de-
scribe physical properties of quantum states that are dif-
ferent from entanglement. A thermodynamical approach
of quantum correlations has been extensively studied by
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Oppenheim et al. [32] and correlations related to non-
locality have been explored in references [33].

Quantum discord, introduced by Ollivier and
Zurek [17], is based on the difference between two
quantum versions of classically equivalent expressions
of the mutual information. An alternative but closely
related quantity has been derived by Henderson and
Vedral [18]. Quantum discord characterizes in a bipartite
system the quantumness of correlations, quantifying the
minimum change in the state and in the information of
one of the parts of the system induced by a measurement
on the other part. This measure has been calculated
for different families of quantum states and compared
with entanglement [20,22,23]. Several modified versions
and generalizations of quantum discord have been
advanced [24,25,27].

The measurement induced disturbance notion of quan-
tum correlations introduced by Luo in [21] exhibits two
attractive features. First, it admits an intuitive straight-
forward interpretation in terms of the basic idea that in
classical scenarios one can perform a measurement upon
a system without disturbing it. On the contrary, in the
quantum domain measurements usually produce distur-
bances on the systems being measured. Luo applies these
concepts to the analysis of correlations in bipartite sys-
tems. According to this approach, a bipartite system is
endowed only with classical correlations if there exist local
measurements on both subsystems that can be conducted
without disturbing the global state of the composite sys-
tem. If this is not the case, the (minimum) magnitude
of the disturbance due to local measurements can be re-
garded as a quantitative measure of the quantumness of
the correlations exhibited by the system. The second ad-
vantage of Luo’s proposal is that this measure of the
quantum character of correlations is sometimes easier to
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compute than alternative measures, such as quantum dis-
cord. It is important to emphasize that both quantum
discord and the notion of quantum correlations based
upon measurement induced disturbances determine the
same family of classical states of a quantum bipartite
system. These states are those described by density ma-
trices that are diagonal in a product basis {|i)|j), i =

..., N1; 5=1,...,No}, where {|i), i=1,..., N1} and
{l7), 7 = 1,..., N2} are orthonormal bases associated
with the two subsystems, Ni o being the dimensions of
the concomitant Hilbert spaces. Indeed, it is shown in ref-
erence [21] that a quantum state p of a bipartite system is
undisturbed by appropriate (un-read) local measurements
if and only if p is diagonal in a product basis. This sug-
gests a natural way of assessing the “amount of quantum-
ness” exhibited by the correlations present in a quantum
state p, by recourse to the minimum possible “distance”
between p and the disturbed state IT(p) resulting from a
local measurement [21].

There exist possible implementations of quantum
computation that could take advantage of quantum cor-
relations different from entanglement. Indeed, these cor-
relations seem to play a role in the exponential speedup
exhibited by the scheme of deterministic quantum compu-
tation with one qubit (DQC1) introduced in reference [34],
as a model of mixed state quantum computation [35] (see,
however, Ref. [25]). Discord is also relevant in connection
with other quantum information protocols such as, for ex-
ample, assisted optimal state discrimination [26].

The purpose of the present work is to investigate man-
ifestations of the quantum correlations in fermion systems
that do not correspond to quantum entanglement, focus-
ing on the measurement induced disturbance approach.
Quantum discord does not seem to admit a counterpart
in the case of systems of identical fermions, because its
definition involves a strong asymmetry between the con-
stituting parts of the composite system under consider-
ation. On the other hand, as we shall see, the measures
of correlations based upon measurement induced distur-
bances do admit a natural generalization to the fermion
systems.

2 Preliminaries
2.1 Entanglement in systems of identical fermions

A pure state of a composite system consisting of two
identical fermions is regarded as separable (that is, non-
entangled) if and only if it can be described as a single
Slater determinant. Pure states like this are said to have
Slater rank 1. Here, by “entanglement” in fermion systems
we mean entanglement between particles (as opposed to
entanglement between modes). Mixed separable states are
those that can be expressed as a statistical mixture of
pure states of Slater rank 1. A separable pure state of two
identical fermions can be obtained by antisymmetrizing a
product state |a1) ® |aa),

0(1,2)) = laz) ® )],

[la1) ® laz) — (1)

1
V2
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where |aq), |az2) are two orthogonal and normalized single-
particle states.

It is useful to regard a system constituted by iden-
tical fermions with a single-particle Hilbert space of di-
mension 2k (with k > 2) as a system consisting of spin-s
particles, with s = (2k — 1)/2 [10,12,13]. An orthonor-
mal basis {|i), i = 1,..., 2k} of the single-particle Hilbert
space can then be identified with the states |s, m), with
ms =s—1i+ 1,7 =1,...,2k. These states can be de-
noted by the shorthand notation {|ms), ms = —s,..., s},
because each of the examples discussed here corresponds
to a given value of k (and, therefore, s). Within this an-
gular momentum representation, the antisymmetric joint
eigenstates {|j,m), —j <m < j, 0 <j < 2s} of the total
angular momentum operators J, and J2 constitute a nat-
ural basis for the Hilbert space associated with a system of
two identical fermions. The antisymmetric states |j, m) are
those characterized by an even value of the quantum num-
ber j [36,37]. In what follows the notation |j, m) is always
meant to refer to the angular momentum representation.

The following is a list of the antisymmetric total angu—
lar momentum eigenstates for two fermions of spln- with
the value for the concurrence (see Eq. (5)) mdlcated on
the right:

C
12,2) == Jl33) + §§> 0
2.1 == LI- 33+ LIE-1 0
12,0) = —3|-535)— 2|—2 Ytala—a)tsl3—3) 1
2,-1) == 1= 330+ Jl3—3) 0
22 == -3 -D+ LI-31- 0
|0»0>:_2|_g§>+§|_22> %|§ §>+§|§—§> 1

Notice that the states |0,0) and |2,0) are maximally en-
tangled, while all the other states of two spin—g fermions
listed in the above table correspond to single Slater deter-
minants and, therefore, have zero entanglement.
Necessary and sufficient separability criteria for pure
states |¥) of two identical fermions can be formulated in
terms of appropriate entropic measures evaluated on the
single-particle reduced density matrix
, = Try (W)(2]). (2)
A pure state |¥) of two identical fermions is separable iff
any of the following two conditions hold (see Ref. [11] and
references therein),

S[pr] = 17
To() = . 3)

where S[p,] = —Tr(p, log p,-) is the von Neumann entropy
of p,. We use log to denote logarithm of base 2 throughout
the paper. The above separability criteria naturally lead
to the following quantitative measures of entanglement for
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pure states of the fermion system,

En[) = Slp.] — 1,

EL#)] =, ~ Te(6?). (@)
The above two quantities are non-negative and vanish iff
|¥) has Slater rank 1. They provide quantitative indicators
of how strongly the separability conditions (3) are violated
and, consequently, of how entangled is the state |¥) under
consideration.

The development of entanglement criteria, or of prac-
tical entanglement measures or indicators for mixed states
of systems of two fermions remains a largely unexplored
field. A closed analytical expression for the amount of
entanglement exhibited by a general (pure or mixed)
state of a system of two fermions is known only for the case
of fermions described by a single-particle Hilbert space
of dimension four. This is, by the way, the fermion sys-
tem of lowest dimensionality exhibiting the phenomenon
of entanglement.

In order to compute the amount of entanglement, we
have an analytical expression for the concurrence of gen-
eral states of two fermions only for systems with a single-
particle Hilbert space of dimension four [10],

C(p) ZmaX{O,/\l —/\2 —)\3 —/\4 —/\5 —)\6}, (5)
where the \;’s are, in decreasing order, the square roots of
the eigenvalues of pp with 5 = DpD~!, where D is given by,

K, (6)

k is the complex conjugation operator and D is expressed
with respect to the total angular momentum basis in the
following order |2,2), |2,1), |2,0), |2,—1), |2,—2), and
i]0,0).

2.2 Majorization

Suppose x = (21,...,24) and y = (y1,...,yq) are two
d-dimensional vectors with real, non-negative, and sum-
ming up to one components. zt = (:v%, e ,x(li) denotes
the vector with its components rearranged into decreas-

ing order, CE% > :E% >...> :vil. Then, x is majorized by v,

x <y, if
k k
! !
D@ <Dy
j=1 j=1

for k=1,...,d—1 and with equality when k& = d. This re-
lation is connected with disorder [38] and it can be shown
that majorization is a notion of disorder stronger than en-
tropy [39,40] in the sense that if < y then it follows that
H(z) = H(y).

(7)
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3 Correlations in fermion systems
and measurement induced disturbance

As already mentioned, a pure state of a system of two
identical fermions is non-entangled if and only if it can be
written as a single Slater determinant,

B2 = ) @laz) ~ lag) @ lan)],  (8)

v

where the single-particle states |aq), |a2) are two orthog-
onal and normalized states. A state like (8) exhibits the
“classical-like” feature that both constituents of the com-
posite system possess a complete set of properties [2].
That is, one can objectively say that one particle possesses
the complete set of properties associated with the single-
particle pure state |a;) and the other particle possesses
the set of properties corresponding to |as) (of course, it
makes no sense to ask “which particle possesses which set
of properties”). States having the form (8) are the only
pure states of two fermions exhibiting this classical prop-
erty. Indeed, the possibility of assigning a definite set of
properties to each of the two fermions constitutes one of
the strong conceptual reasons for regarding the state (8)
as non-entangled.

The above discussion naturally leads to the question
of how to characterize the set of mixed states that share
the “classical-like” features of (8). There are at least two
possible ways of extending the above discussion to the case
of mixed states of systems of two identical fermions. On
the one hand, we can consider the set of mixed states that
are expressible as a statistical mixture of a family of pure
states, each one being of the form (8). That is, we may
consider states of the form,

pen =D 1 [1617) @ 108") — 108") @ 10

k

x [6P1@ 08 - @0 6], o)

where 0 < p, <1, >, pr = 1, and the single-particle pure
states |¢l(-k)> verify,

k) (K
(@°1657) = b (10)
Equation (9) represents the standard definition of a non-
entangled, or separable, mixed state of two identical
fermions. Notice that in equation (9) no special relation

between states |¢§k)> with different values of the label k
is assumed. In particular, the overlap between two states
with different labels & is not necessarily equal to 0 or 1.
This, in turn, means that the overlap between two dif-
ferent members of the family of (separable) two-fermion
pure states participating in the statistical mixture leading
to equation (9) may be non-zero.

The above considerations suggest an alternative, and
complementary, way of extending to mixed states the
“classical-like” features exhibited by pure states of the
form (8). One can consider statistical mixtures of states
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like (8) such that for all these states the two (complete)
sets of properties associated with the pair of particles be-
long to the same family F of mutually exclusive sets of
(complete) single-particle properties. This family F cor-
responds to an orthonormal basis {|a;),7 =1,2,3,...} of
the single-particle Hilbert space. Such a state then has the
form

Dii
Pclass = Z ;] [|a1> & |ij> - |ij> ® |ai>]
i<j
x [(au] ® (e = (o] @ (aul], (11)
with 0 < p;; <1, ZKJ- pi; = 1. The density operator (11)
is diagonal in an orthonormal basis of the two-fermion
state space consisting of all the states of the Slater deter-
minant form, \}2(|ai) ® |aj) — |aj) @ |ag)), i < 7, that
can be constructed with states belonging to the single-
particle basis {|a;)}. Such a basis of the two-fermion sys-
tem will be called a “Slater basis”. We shall say that this
Slater basis is constructed from, or induced or generated
by the single-particle orthonormal basis {|c;)}. Let us now
consider a single-particle non-degenerate observable A,
with eigenbasis {|a;)} and corresponding eigenvalues {a; },
Agp = >, aila;) (|, and also the two-fermion observable
(which we also assume to be non-degenerate)
A=AD 1® +10 @ AQ). (12)
The two-fermion observable A has as its eigenbasis
the Slater basis constructed from the single-particle ba-
sis {]a;) }, the eigenvalue corresponding to the eigenvector
\}2 (lai) ®|aj) — o) ®|ay)) being a; +aj. We shall call the
measurement of an observable of the form (12) a “local”
measurement. In other words, a local measurement is a
measurement in a Slater basis. To each possible outcome
of the measurement of A we can associate the projector

P = ;(laz} ® lag) — |aj) ® |ai))

x ((ail @ (aj| = (s @ (eu]), i< (13)
These projectors satisty,

PPy = Pijbiindsj, i <j, i <j'

> Pyj=L (14)

i<j

The notion of locality for identical fermions considered
here is associated with operations or processes that do
not involve interaction between the particles constituting
the system. An example of a local measurement is given
by the measurement of the energy of a system of two non-
interacting fermions. The Hamiltonian operator, associ-
ated with the energy observable, is then of the form,

H=HDo1® +10 g HP, (15)
where Hy, is the single-particle Hamiltonian. Local uni-
tary operations for a system of two identical fermions are
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those corresponding to the time evolution operator deter-
mined by a Hamiltonian of the form (15),

U=UPaUP (16)

sp
where Uy, = exp [—iHpt/h]. An essential feature of the
concept of separability for fermions advanced by Ghirardi
and collaborators [1,2], is that separable states evolve
into separable states under local unitary operations of the
above form. Moreover, the relevant quantitative measures
of entanglement between particles for systems of identi-
cal fermions are also invariant under local unitary opera-
tions [10]. It is also clear that the two-fermion state result-
ing from the application of a local unitary operation (16)
upon a classically correlated state (11) yields another clas-
sically correlated fermionic state.

The process of measurement in quantum mechanics
is associated with an alteration of the state. If the two-
fermion system is initially in the state p, the state immedi-
ately after the measurement (and before the observation)
is given by

I(p) = PipPy.

i<j

If the initial state p is of the form (11) then one has
II(p) = p. In other words, for a state of the form (11)
there always exists a local measurement that leaves the
state undisturbed. As a particular instance of two-fermion
states with this property we have the pure, separable
states (8). We then propose to adopt this property as
the criterion characterizing two-fermion states (pure or
mixed) with minimal quantum correlations, which we shall
call “classically correlated states”!. In summary, a two-
fermion state has minimal quantum correlations if there
exists a local measurement that leaves the state undisturbed
(in the sense that I1(p) = p). This constitutes an exten-
sion to the case of systems of identical fermions of the
approach to analyze quantum correlations for distinguish-
able systems advanced by Luo in [21].

It follows from the above definition of classically cor-
related two-fermion states that the following statements
are equivalent (see Appendix A):

(17)

1. The state p is classically correlated.

2. There exists a local measurement, with associated pro-
jectors Pj; (of the form (13)) such that p commutes
with each Pj;.

! Tt is important to mention that there is not a direct cor-
respondence, between states of two fermions and states of two
distinguishable systems, that preserves the classical (or not
classical) character of the correlations. For instance, let us con-
sider the mixed state p = }|0)[0){0[(0] + 3 [1)|+)(1[(+] of a
system constituted by two distinguishable subsystems, where
|0),|1) are orthonormal states and |+) = 12(|0) + [1)). The
state p is not classical. If one tries naively to construct a
“fermionic correlate” of this state, by anti-symmetrizing (and
normalizing) each of its eigenstates, one obtains the pure state
\}2(\1>|0) — |0)|1)) which, as a fermionic state, is classically
correlated. The concept of classical correlations for systems of
identical fermions does not “boil down” to the corresponding
concept for systems with distinguishable subsystems.


http://www.epj.org

Eur. Phys. J. D (2013) 67: 79

3. The state p can be represented as

Dij
p=> 5 (loi) @ ag) = lay) @ Jas))
i<j
< ((oul ® ag] ~ lagl ® (asl)  (19)
for some single-particle orthonormal basis {|a;)} and
some probability distribution {p;;} (normalized as

diciPij = 1).

The above three statements are similar to the ones ob-
tained by Luo for distinguishable subsystems [21]. We
see that the structure of these statements is preserved
when going from the distinguishable subsystems scenario
to the one involving identical fermions, in spite of the fact
that the underlying formalism in the latter case (based on
Slater determinants) is quite different from the one corre-
sponding to distinguishable particles.

The single-particle reduced density matrix p, (see
Eq. (2)) associated with a two-fermion state of the
form (18) is given by,

pr= 315 (lo) (el + las)ay]).

1<j

(19)

4 Measure of quantum correlations
for two-fermion systems

The above definition of classically correlated two-fermion
states (states with minimal quantum correlations) sug-
gests that one adopts as a quantitative measure of quan-
tum correlations of a two-fermion state p the minimum
“distance” between p and the disturbed state IT(p) arising
from an (un-read) local measurement. That is, a measure
of the form

Ep(p) = inf D(p, 1 (p)),

where the infimum is taken over all complete local projec-
tive measurements and D may be almost any distance
or divergence measure for quantum states. As already
mentioned in the introduction, a similar proposal was ad-
vanced by Luo for treating systems with distinguishable
subsystems [21]. To calculate p from the above definition
it is necessary to implement an optimization procedure to
determine the local measurement leading to the minimal
disturbance, which is in general a very difficult problem.
A more tractable approach is given by the expression

5 (p) = D(p, I (p)),

where the measurement I, is the one induced by the
spectral resolution of the single-particle reduced state p,..
That is, in (21) we consider a local measurement in the
Slater basis constructed from the (single-particle) eigen-
basis of p,. The main problem with the measure (21) is
that it is not unique when p, has degenerate eigenval-
ues. This problem obviously disappears if one introduces
in (21) a minimization over all the Slater bases induced by
an eigenbasis of p, (a similar situation arises in the case

(20)

(21)
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of distinguishable subsystems [30,31], see Appendix C). If
we call these bases “local bases”, we can then adopt the
measure

inf

local _
D <p) o local bases

D(p, 15, (p))- (22)
It is clear that a measurement associated with a local
basis leaves the single-particle reduced density matrix p,
undisturbed.

A convenient way of implementing the above ideas is
the one advanced by SaiToh et al. [28] in the case of dis-
tinguishable subsystems: we can define as a measure of
correlations,

min
local bases

&(p) = S (p)] = Slp)- (23)
This is the measure we are going to use in order to charac-
terize the quantum correlations in systems of two identical
fermions. Notice that we always have S[II(p)] > S[p] and,
consequently, the measure (23) is always a non-negative
quantity. In fact, it vanishes if and only if p is a classically
correlated state.

In order to evaluate (23), we have to determine the lo-
cal measurement that minimizes S[I1(p)] under the con-
straint that p, remains undisturbed (from here on this
constraint is always assumed when we discuss optimiza-
tion processes over the set of local measures or, equiva-
lently, over the set of Slater bases). As we are going to see
in the following sections, in many cases this optimization
problem can be conveniently tackled using the concept of
majorization. Let us consider a local measurement associ-
ated with the Slater basis {|sl1), |sl2),...}. We denote by
AIP) = L(sly|p|sly), ...} the eigenvalues of IT(p). If we
now compare two local measurements, using the majoriza-
tion technique introduced in Section 2.2, we have that

ATED < \ITOD — S[11(p)] < S[11(p)]- (24)
Consequently, if we find a local measurement associated
with a Slater basis {|slf)} such that the eigenvalues
NI satisty AUT() < \UT™(P) for any other local mea-
surement, then we have that

&(p) = SUI*(p)] = S[pl-

Summing up, the optimization problem is solved if one
finds a local measurement such that the set of eigenvalues
AIT7(P)) majorizes the set of eigenvalues A(1(P) associated
with any other local measurement.

(25)

5 Pure states of two identical fermions

First, we are going to analyze the quantum correlations
exhibited by pure states of a two-fermion system. Now,
we are going to evaluate the measure £(p) defined in (23)
on a pure state p = |[¢)(¢)| of a two-fermion system with
a single-particle Hilbert space of dimension 2k, k > 2.
In order to evaluate £(p) in this case it will prove conve-
nient to use the fermionic Schmidt decomposition of the
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state [1). Tt is always possible to find an orthonormal basis
{|1),]2),...,|2k)} of the single-particle Hilbert space (the
“Schmidt basis”) such that the state 1)) can be cast as,

k
0= 0 2~ ) - i - 1),

with the Schmidt coefficients \; satisfying 0 < \; < 1 and

Zle Ai = 1. The single-particle reduced density opera-
tor is,

(26)

k
— Z (126 — 1)(2i — 1] + [24)(2i]), (27)

so that the Schmidt basis is an eigenbasis of p,, and the
halved Schmidt coefficients, A; /2, are the eigenvalues of p;..
Notice that each of these eigenvalues is (at least) two-fold
degenerate. Since in this case, we have S[p] = 0, the cor-
relations measure (23) reduces to the infimum of S[II(p)]
over all the possible local measurements.

Let us first discuss the case where the k Schmidt co-
efficients are all different. Each eigenvalue of p, is then
two-fold degenerate: the eigenvectors |2i —1) and |2:) of p,
share the same eigenvalue \;/2. Consequently, we have to
minimize S[I1(p)] over all possible local bases consisting of
Slater determinants constructed from single-particle bases
of the form,
1)+ i [2i),

i) = ci9]2i -

by = 2 — 1) + 9120y, i=1,... .k (28)
with appropriate coefficients cg? such that |¢;) and |f)
are normalized and orthogonal. However, it can be verified

that, for any of these local bases we have

k
i=1

x ((22 — 10(2i| — (2i|(2i — 1)).

A 5 (120 = D|2i) — [20)[2i - 1))

(29)

That is, in this case the disturbed two-fermion density
operator I1(p) is the same for all the possible local bases.
Consequently, S[II(p)] is constant over all the associated
local measurements, and so we have that the quantum
correlations measure is,

(30)

k
— Z Ailog A;.
i=1

Now, suppose that two or more \;’s are equal. Assume, for
instance, that ¢ Schmidt coefficients have the same value,
Aj; =N 1=1,2,...,t. In such a case we have within the
Schmidt expansion of |1) a term of the form,

V ) ;(lzﬁ — 10124 = 240120 = 1)),

(31)
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with ¢ < k. The eigenvalue A/2 of p,. is then 2t-fold degen-
erate. Consequently, within the single-particle orthonor-
mal basis inducing the local (Slater) two-fermion basis
we can substitute the set {|2j; — 1),]24;), ¢ = 1,2,...,t}
by any other set of 2¢ orthonormal linear combinations
of these vectors. The corresponding two-fermion local ba-
sis (characterizing a local measurement) will then include
the ¢(2t — 1) Slater determinants constructed with these
new 2t single-particle vectors. Let us now compare the
set of eigenvalues A1) of the disturbed density ma-
trix IT(p) associated with this new local basis (result-
ing from the above substitution) with the set A(5¢h) =
{A1,A2,..., Ak, 0, ...} of eigenvalues of the disturbed den-
sity matrix I7(5°")(p) associated with the local (Slater)
basis induced by the Schmidt basis {|1),]2),...,|2k)}. Let
|€) be one of the Slater determinants constructed with two
of the above-mentioned orthonormal linear combinations
of the states {|2j; — 1),]24;), ¢ = 1,2,...,t}. It can be
shown, after some algebra (see Appendix B), that

<1. (32

‘<<| g (25 0l23) = 2ol 1)

This means that, as a result of the above-mentioned
substitution, the eigenvalue A, which appears ¢ times
in A5 is substituted in A7) by a new set of eigen-
values, each one of them less or equal to A, and adding up
to tA. This substitution leads to a AZ(P) that is majorized
by A(5¢h) That is, we have

AUT(0)) 4 \(Seh). (33)

and thus

k
=Y Nlogh; < S[H(p))],

=1

(34)

meaning that the quantum correlation measure for the
pure two-fermion state is again given by equation (30).
The expression on the right hand side of equation (30)
coincides with the amount of entanglement of the two-
fermion pure state |¢). This means that, in the case of
pure states the concept of quantum correlation for two-
fermion systems introduced here by us coincides with en-
tanglement. In particular, our measure vanishes for a pure
state if and only if this state has Slater rank equal to one
(that is, if we have one Schmidt coefficient \; = 1 and

X =0Vi#1).

6 Mixed states of two identical fermions

In this section, we shall analytically compute the above-
introduced measure of quantum correlations for some rel-
evant instances of mixed states of two-fermion systems.
We shall consider fermionic analogues of important states,
like the Werner states [41] and the Gisin states [42], that
in the context of distinguishable subsystems constitute
paradigmatic examples that proved to be useful in illumi-
nating numerous aspects of entanglement and other types
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of quantum correlations. Aside from their intrinsic inter-
est, these states exhibit a high degree of symmetry and
typically allow for the exact, analytical evaluation of rel-
evant measures of quantum correlations. In point of fact,
some of these states have been successfully employed by
Luo to illustrate his measurement induced disturbance ap-
proach to quantum correlations.

Here, we shall use the angular momentum represen-
tation for two-fermion states as described in Section 2.
Within this representation, as already explained, the
states [j,m) with even j constitute a natural basis for
the two-fermion state space. We use a compact notation
according to which, for instance, the ket |0,0) stands for
[7=0,m=0).

6.1 Werner-like states

We first consider fermions with a single-particle Hilbert
space of dimension four. We shall evaluate the correlation
measure for the Werner-like state [41],

p = p|0,0){0,0[ + (1 — p)pmiz, (35)
where
1 2
pmiz = ¢ (10,0)(0,0] + 22'2’m><2’m') (36)

is the totally mixed state of the two-fermion system. The
state (35) is entangled if p > 0.4. The single-particle re-
duced density matrix p, corresponding to this state is
proportional to the identity matrix. Then, the choice of
the local measurement (in a Slater basis constructed from
an eigenbasis of p,) is not uniquely defined. Using the
majorization technique we can optimize this local mea-
surement, finding the one leading to the disturbed matrix
IT*(p) of minimum entropy.

When performing a local measurement on p the eigen-
values of the resulting II(p) are of the form,

—-p
6 )
where |SI) is a two-fermion state of Slater rank 1. For
these states one always has |(51|0,0)|> < 1. Equality here
can be achieved by |Sl) = 12[|g>| =5 —1=313)] [12].

Let us first consider the local measurement performed
in the Slater basis generated from the single-particle ba-
sis {[5),15).] — 3),] — 3)}. Let II*(p) denote the den-
sity matrix resulting from this local measurement, and
AUTT@) = 5. \E} the corresponding set of eigenval-
ues. We now prove that this set majorizes the eigenvalues
MIP) = {X\; ... X} corresponding to any other local
measurement. The members of A\("(?)) are A} = X5 =
PP and Ay =+ = A\ = ';”. The eigenvalues of the
operator II(p) corresponding to a general local measure-
ment are of the form,

(Stlp|S1) = pl(S1[0,0)[2 + ' (37)

1—p 1
(Sli|p|Sli) = pei + , 0§€i§2§ 261':1-

6 =1
(38)
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Fig. 1. &(p) (solid line) and concurrence (dotted line) for the
state given by equation (35).

The majorization inequalities S'_ AF > S A1 <
t < 6 are then satisfied, and consequently we have that
AI@) < NUT(P)) - meaning that the quantum correla-
tions measure is equal to S[II*(p)] — S[p]. Thus, for the
state (35) we have,

1—p 1—-p 1+5p
= 1
€)= log T+
1+5p 142p 14+ 2p

1 — 1 . 39
xlog g log o (39)

The concurrence of this state is given by

0 if0<p<04

Clp)=< s - - 40
(°) {5P32, if04<p<l. (40)

When p = 1, the state (35) is a pure, maximally entangled
state of two fermions, and the quantum correlations mea-
sure adopts its maximum value, £(p) = 1. On the other
hand, when p = 0 the state is equal to the maximally
mixed one, pp,i,; and in this case £(p) = 0. However, we
have non-vanishing quantum correlations, i.e. £(p) # 0, for
non-entangled states. £(p) can be larger than the concur-
rence for some states and it can be smaller for other states
(see Fig. 1). In this respect, the behaviour of the fermionic
quantum correlations measure exhibits some similarities
with the behaviour of the quantum correlations measure
corresponding to distinguishable systems [22].

The previous example admits a generalization to sys-
tems of two identical fermions with a d-dimensional single-
particle Hilbert space, where d = 2k, k > 2. Let d* =

d(d; D" denote the dimension of the corresponding two-

fermion state space. We consider states consisting of a
mixture of a maximally entangled state [¢) and the max-

imally mixed one,

=W+ =p)y, (L G
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Here, T is the (d* x d*) identity matrix, and |¢)) can be
written as a superposition of non-overlapping Slater terms

1
) = Vd [12)I1) = [1)[2) + [4)13) — [3)]4)

.. |d)d—1) = |d—1)|d)], (42)
where {|1),]2),...,]d)} is a single-particle orthonormal
basis. Let

1
|S1) = /2 [[@1)]2) — |d2)|¢1)], (43)

be an arbitrary pure state of Slater rank one, constructed
from the pair of orthonormalized single-particle states,
|¢1> and |¢2> Then

sl <2, (44)

with equality obtained for states of the form \}2 (T+1)|0y—

|)]l + 1)) (see Appendix B). The eigenvalues of p are
(1(;17 ) with multiplicity d* — 1 and p + 1(;,? with multiplic-
ity 1, and the single-particle reduced density operator is
pr =1/d.

Let IT*(p) denote the density matrix resulting from
the local measurement associated with the Slater basis
generated by the single-particle basis {|1),...,|d)}, and
AT (p) = {Af,..., A5} the corresponding set of eigen-
values. Let AZ(P) = [X; ... \s-} be the eigenvalues
of the II(p) corresponding to any other local measure-

p(d—2)+1

ment. The members of A () are with multi-

plicity g and 1(;,? with multiplicity d(dz_ 2. On the other
hand, due to (44), the members of AU!7(P)) are of the form
pe; + ldjp, with ¢ < 2 and Zf;l e; = 1. It follows that
AITP) < \UT"(P) ~and therefore we have,

1-p), , 1-P)

§(p) = ST (p)] = Slp] = (d" —= 1) log *
1—p 1-p\ d(d-2)(1-p)
+<p+ d* >1°g(p+ i+ ) 2 i
Xlog(lfp)7dp(d72)+110gp(d72)+1'

&2 dr d*
(45)

6.2 Gisin-like states

We shall now compute the quantum correlations measure
of the Gisin-like state [42]

P = p|0, 0><070‘ + (1 - p) [q|27 _2><27 _2‘

with 0 < p,q < 1. It will prove convenient to re-write this
state under the guise p = pp1 + (1 — p)p2, where p; =
|070><070| and P2 = q|27 72><27 72| + (1 - q)‘272><2a2|
Then, it is possible to prove that the set of eigenvalues
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A7) of the density matrix IT*(p) resulting from the
local measurement in the Slater basis generated by the
single-particle states {|3),[3),|— 3),|—3)} is the one that
majorizes the set of eigenvalues A1) associated with
any other local measurement. The single-particle reduced
states corresponding to the three states p, p1 and p» are all
diagonal in the same single-particle basis. Consequently,
these three states share the same family of admissible local
measurements. Our strategy will be to show that the local
measurement in the Slater basis associated with the single-
particle basis {|3),[3),] — 3).| — 3)} is the optimal one
both for p; and ps, and then conclude that it is optimal
for p as well. To that effect first note that, if one has four
probability distributions AW, X3 X2) X% such that
A <X and A®) < A2 then for any p (0 < p < 1)
we have that

PAY £ (1= p)IA® < pAID) (1 — p)AE, (47)

Now, it is clear that for any local measurement we
have A1) < \UI"(p1)) " gince this is a particular in-
stance of the previously considered case corresponding
to the state (35). Now, the state ps is a convex lin-
ear combination of the states pa, = [2,—2)(2,—2| and
pay = [2,2)(2,2]. Tt is plain that A\(7(P2a)) < \UT"(p2a))
and AT(p20)) < \UT"(p20)) " gince for both AU (P2a)) and
A7 (P20)) we have one eigenvalue equal to 1 and the rest
equal to zero (remember that the states |2, —2) and |2,2)
are themselves members of the Slater basis induced by the
single-particle basis {|3),[5),| — 3),| — 5)}). Then, since
AT (p2)) = g\ (p20)) 4 (1 - q))\(ﬂ(sz)) and NI (p2)) —
g\ (P2a)) (1 — g)AUT (p20)) it follows from (47) that
NI (p2)) < \UT™(p2)) | Then, taking into account that for
any local measurement we have AZ(P) = p\UI(p1)) 4
(1— p)AW(P2) "and applying once more the relation (47),
we obtain that A1) < \(UT"(p)),

So, finally, we find that £(p) = p. Thus, we see that
for the family of states (46) the measure & depends only
on the parameter p. On the other hand, the concurrence
C(p) = C(p,q) of these states depends on both param-
eters p and ¢. For the particular case ¢ = % we obtain

C(p):{o, if0<p<05

48
if0.5 <p<1. (48)

2p—17

Note that in this case p is entangled for p > 0.5. We plot
the concurrence and £(p) in Figure 2 for this state, with

¢=.

6.3 Mixture of a pure and a maximally mixed state

We now consider the following state,

p=pl¥)¥[+ (1 - p)pmiz; (49)
with pie as in equation (36) and
9 =" -3~ [3)-5)]
e ) =15y
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Fig. 2. £(p) (solid line) and concurrence (dotted line) for the
state given by equation (46). For this state £(p) does not de-

pend on q. The concurrence is evaluated by setting ¢ = é

The eigenvalues of p are {1gp, R 1gp, 125’”} and the

eigenvalues of the single-particle reduced density matrix

o2 _
pr are P70 o4 4 ) (corresponding to the eigenvectors

| —3) and |3)) and pc‘f‘g + (1217) (corresponding to the
eigenvectors |— 3 ) and |)). The admissible local measure-
ments are thus those done in the Slater basis generated
by a single-particle orthonormal basis {|a;)} consisting of
four states of the form,

) = duf-) + ).
o) = do-) + ] ).
o) = do ) + ).
i) = dul-y) +aal) o

with complex coefficients d;; such that the vectors {|a;)}
are orthonormal. Now, it can be verified after some alge-
bra that the eigenvalues of the statistical operator IT(p)
resulting from any of these local measurements are always
the same (that is, they do not depend on the particular
values adopted by the coefficients d;;). These eigenvalues
are {1gp, o 1gp, lgp + pcos?d, lgp + psin?6}. Conse-
quently, we have &(p) = S[II(p)] — S|p], yielding

1—p 1—-p 1+4+5p 1+ 5p
£(p) ¢ o8 o+ s

1— 1—
— p+pc0529 log p+pc0529
6 6
L—p .2 L—p .9
1 5 + psin“d| log 6 +psin“d|. (52)

The concurrence of the state (49) is,

Clo) = L (Ver+ea—ver ey —a' 7,

6 (53)
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where ¢; and ¢ are given by the following expressions,
c1 = 1+ 4p + 4p* — 9p? cos(46)
¢y = 3p\/2[2 + 8p — p2(1 + 9cos(40))]| sin(20)].  (54)
We plot the concurrence and ¢ for this state in Figures 3a
and 3b respectively. Setting p = 1 gives p = |¥)(¥| and so
we obtain

&(p,p=1) = —sin?log(sin?6) — cos’flog(cosd). (55)

We plot the slice p = 1 in Figure 3¢ and the difference
C(p) — &(p) in Figure 3d.

6.4 Mixture of two maximally entangled pure states

We consider now a mixture of two orthogonal, maximally
entangled states,

1
|¢1> = \/2 (|2’2> + |27 _2>)

1
|¢2) = ¢2(|2,2> —12,-2)). (56)
That is, we shall now study the state
p = pl¢1){(@1] + (1 = p)|d2)(¢a. (57)

The concurrence of (57) is given by C' = |2p—1|. The eigen-
values of the state IT*(p) resulting from a local measure-
ment in the Slater basis induced by the single-particle ba-

sis {|3), 130, = 30, [ =3}, are AU (D) = {1.3.0,0,0,0}.
Now, for any two-fermion state |SI) of Slater rank 1 we

have
(SUIplST) = pl(dr|SDI* + (1 — p)[(¢2]ST)|?

1
<. (58)
Thus, the two non-vanishing eigenvalues of IT*(p) adopt
the maximum possible value, equal to é It is plain then

that AUT" () majorizes the set of eigenvalues A((P) cor-
responding to any other possible local measurement. This
leads to a quantum correlations measure for (57) equal to,

£(p) =1+plogp + (1 —p)log(l —p). (59)

7 Linear subspaces that admit non-classical
states but have no entangled ones

Let us consider a system consisting of two identical
fermions with a single-particle Hilbert space of dimen-
sion four. As usual, let {[3),[5),| — 3),| — 3)} denote a
single-particle orthonormal basis. Let us focus on the lin-
ear subspace (of the two-fermion Hilbert space) spanned
by the three Slater determinants that can be constructed
with the three single-particle states {|3),| — ), — 3)}.
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(b) &(p) as a function of p and 6.
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N
= Clp) 4

0
(c) &(p) (solid line) and concurrence
(dotted line) for p = 1.

0.
C(p)—&(p) 0.
-0.1

(d) Difference between concurrence and £(p), C(p)
is not always larger than £(p).

Fig. 3. The graphs pertain to the state given by equation (49).

This subspace supports no entanglement. Any state be-
longing to this subspace is expressible as one single Slater
determinant (see Appendix D) and, consequently, is non-
entangled (and any statistical mixture of such states is
non-entangled as well). However, this subspace does in-
volve non-classicality. For instance, consider a mixed state
of the form,

p = Al (] + Bl) (] +A|Bs) (5], (60)
where,
21) =, (T)1) = [F2)]1).
22) = ()10) = 90)103))
B2} =, (Fl0s) — Es)IEs)), (61)
with 0 < o, B,y <1, a#B#~ a+f+v=1,and
=] 2 =) =)
wi- 4 (-D+-5)
= 0, (|50 -1-3) ©

The state (60) describes a statistical mixture of states be-
longing to the aforementioned subspace. It is clear that

this state is not diagonal in a Slater basis: the eigenstates
of p are |®1), |P2), and |®3). Each of these eigenstates is it-
self a Slater determinant, but they can not be constructed
from the members of one single-particle orthonormal ba-
sis. Consequently, the state p is non-entangled, but it is not
classically correlated either. Summing up, this means that
systems of two identical fermions admit linear subspaces
(of dimension larger than one) involving no entanglement
but admitting non-classical states. A similar situation is
impossible in the case of bipartite systems consisting of
two distinguishable subsystems.

8 Conclusions

We introduced an approach for the analysis of quantum
correlations in fermion systems based upon the state dis-
turbances generated by the measurement of “local” ob-
servables (that is, quantum observables represented by
one-body operators). The concomitant concept of quan-
tum correlations in systems of identical fermions dif-
fers from entanglement. According to this approach, the
quantum states of two identical fermions exhibiting the
minimum amount of quantum correlations, i.e. classically
correlated states, are those that are diagonal in a Slater
basis (induced by a single-particle basis). We proposed a
quantitative measure for the quantum correlations of two-
fermion systems, and computed it analytically for some
relevant states. In the case of pure states of two identical
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fermions, the present concept of quantum correlations co-
incides with entanglement, and the measure of quantum
correlations reduces to the amount of entanglement exhib-
ited by the fermionic state.

This work was partially supported by the Excellence Project
FQM-2445 of the Junta de Andalucia (Spain, EU), and
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Appendix A: Quantum states undisturbed
by a projective measurement

Let {|k)} be an orthonormal basis of a quantum sys-
tem’s Hilbert space and {P; = |k)(k|} the correspond-
ing complete set of one-dimensional projectors, so that
PP = 63 P, and I = Zk Py, is the identity operator.
Then, given a quantum state p, the following three state-
ments are equivalent:

— (i) The state p is undisturbed by a measurement in the
basis {|k)}. That is, p = 3, PxpPk.

— (ii) The density operator p commutes with all the pro-
jectors: Pyp = pPy.

— (iii) The state p is of the form p = >, A\xPy, with
0<A <land ), \p=1.

It follows from (i) that Prp = Py Y ,, PwpPw = pPr.
Therefore, (i) — (ii). Now, if p verifies (ii) we have p =
Yowk PepPrr = > pPePrr = 32 pPr = 370, PepPr =
>k AP, with A\, = (k[p|k). Therefore, (ii) — (iii). Fi-
nally, it is plain that (iii) — (i).

The equivalence between the three statements concern-
ing classically correlated states of two fermions, discussed
in Section 3, follows immediately from the above consid-
erations if we identify the projectors { P} with the pro-
jectors associated with a local measurement of the system
(that is, with the projectors corresponding to a Slater ba-
sis of the two-fermion system).

Appendix B: Upper bound for the overlap
between a maximally entangled state
and a state of slater rank one

A maximally entangled state of two fermions with single-
particle Hilbert space of dimension d (d = 2k, k > 2) can
be written as a superposition of non-overlapping Slater
determinants,

1
) = vd [12)[1) = [1)]2) +[4)[3) — [3)[4)

..+ d)d—1) —|d—1)|d)], (B.1)
where {|1),]2),...,]d)} is a single-particle orthonormal
basis. Let

s =, lovlés —lealon],  (B2)
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be an arbitrary pure state of Slater rank one, constructed
from the pair of orthonormalized single-particle states,

[61) = S asli) and [¢2) = 3L, Bili). Then
(p|St) = \/fl (21 — a1 B2 + aufBs — a3y
+ ...+ agfi1 — aa-184), (B.3)
2
[(P|SD| = \/d’azm — a1z + aufs
—a3fs+ ...+ @afa-1 — ag—104|

< /2 loalla + onlal + ol

+ las||Ba] + ... + |adl|Ba—1] + lea—1]]Bal];
(B.4)

and using the Schwartz inequality, we obtain

2
wisnl < /2. (.35)
The equality is obtained for states of the form,
1
V2 (|l+1>|l> — |l>|l+1>). (B.6)

Appendix C: Optimization
of the measurement induced disturbance
for systems of two distinguishable qubits

We consider as an example a Werner-like state of two dis-
tinguishable qubits

o=+ 7L (©1)

where [¢) = (|00)+]11))/+/2. The marginal density matri-
ces corresponding to both qubits are equal to ;]IQ, where
I is the 2 x 2 identity matrix. Both marginal density ma-
trices have a degenerate eigenvalue spectrum and, there-
fore, the local measurements leaving the marginal density
matrices unchanged are not unique. Consequently, in this
case one has to solve a nontrivial optimization problem
in order to find the local measurement that generates the
smallest possible disturbance upon the global state of the
two qubits. Using the majorization argument, we can find
the local basis that optimizes

E(p) N loczI}llglses

S[H(p)] = Slpl- (C.2)

This optimization problem was numerically solved using a
random search of local bases in reference [28]. Lets define

o) = |d1)|92), (C.3)


http://www.epj.org

Page 12 of 13

p
Fig. 4. £(p) for the two-qubit Werner-like state (C.1).

with normalized, orthogonal single-particle states

|p1) = aol0) + a1|1)

|¢2) = bol0) + b1[1). (C4)
Then 1
(Yl) = 2 (aobo + a1by), (C.5)
and )
[(W]n)| < \/2(|a0||b0| + lax[[ba]). (C.6)
Using the Schwartz inequality
Wl <y (1)
and, thus,
max [ (Y[vp)| = \/2 (C.8)

Choosing the single-particle ba81s {|O> [1)}, we obtain for
the eigenvalues of IT*(|1){(¢)]): 0,0}. Then, we have

2’2’
N 1+p 14+p 1—p 1—-p
el = (1) e
and given the condition
2 p
(ol plon) = pI(WIe)]” +
p,1=p
< 1
< + (C.10)

we have that A[II(p)] < A[II*(p)]. Then we can analyti-
cally calculate £(p) = minjpcal bases S[II(p)] — S|p], obtain-
ing the exact result

1+3p, 14+3p 1-0p 1—-p 1+p. 1+40p
€)==, log T+ Tlog g log 7

(C.11)
which coincides with the numerical calculation of £(p) re-
ported in reference [28]. We plot £(p) against the param-
eter p in Figure 4.
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Appendix D: Linear combinations
of the Slater determinants constructed
with three orthonormal single-particle states

Any linear combination of the three Slater determinants
that can be constructed with the single-particle states
{13),1—3):1—3)} is itself always expressible as one Slater
determinant. This is the basic reason for the well-known
fact that the system of two identical fermions of smallest
dimension admitting entanglement is the one correspond-
ing to a single-particle Hilbert space of dimension four.
For the sake of completeness we provide, here, a brief dis-
cussion. Considering a normalized linear combination of
the alluded Slater determinants, we have

(=2 -1-20-2)
A GHIAEIRIE)
A (EHIREHIER)
=, (&)l — i), D)

where

61) = Va2 + 57 (’3> 2+g2’* > a2+ﬁ2’2>)
1
|€2) = \/a2+ﬂ2 (oz’ B 2>+6’2>>' (D-2)

The single-particle states |&1) and |€3) are orthonormal
and, therefore, the right hand side of equation (D.1) is
clearly a Slater determinant. We assumed that the coef-
ficients o and [ are not both equal to zero. If, on the
contrary, « = 3 = 0 it is obvious that the linear combi-
nation on the left hand side of equation (D.1) reduces to
one Slater determinant.
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