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Abstract. The temperature dependence of the gluon condensate is deduced from the
Polyakov loop effective potential. It is shown that this approach provides a simple picture
for the electric gluon condensate around the deconfinement temperature, showing that it
drops to zero in a temperature range which is in good agreement with different pure gauge
lattice results.

1 Introduction

One of the main aspects of quantum Chromodynamics (QCD) is the appearance of nontrivial gluon
and chiral condensates.

A fundamental feature of QCD, regarded as a classical theory, is the fact that the trace of the
energy-momentum tensor is zero, but, when it is considered as a full quantum theory, we have that
such trace becomes non-zero, since there is an anomaly, implying a nonzero gluon condensate [1, 2].

It is well established from Quantum Field Theory at Finite Temperature that, in presence of a
thermal bath, the energy-momentum tensor can be split in a zero temperature part and a finite tem-
perature contribution. The zero temperature contains the ultraviolet terms which give the anomalous
term. On the other side, the finite temperature part is connected to the thermodynamic contribution to
the energy density.

In this work, we compute the temperature dependence of the gluon condensate from the effective
potential of a pure gauge theory. Our hypothesis is that the effective potential of self-interacting gluons
comes from the Polyakov Loop potential.

2 Polyakov Loop

The order parameter which describes the deconfinement phase transition is the Polyakov loop [3, 4]

Φ(x) =
1

Nc
Tr P exp

(
i
∫ 1/T

0
dx4 A4

)
. (1)
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The center symmetry plays a key role since the Polyakov loop is not gauge invariant under trans-
formations which belong to the gauge center. So, if the have Φ = 0, it means that there is a manifest
Z(N) symmetry, meaning that the system is confined. On the other side, if Φ � 0, it means that the
symmetry is broken and the system is deconfined.

Gauge freedom allow us to rotate the gauge field A4 in order that it becomes static and diagonal.
In that gauge fixing, the parameter Φ, becomes the diagonal matrix exp (iA4/T ), with A4 = iA0 =

ig δµ0 Aµaλa/2, where Aµa are the S U(3) color gauge fields. The traced Polyakov loop (PL) is given by
Φ = 1

3 Tr exp(iA4/T ).
We work in the Polyakov gauge, in which the matrix Φ = φ3λ3 + φ8λ8 is diagonal [5]. The charge

conjugation properties of the QCD Lagrangian imply that the mean field traced Polyakov loop field
must be a real quantity [6]. Assuming that φ3 and φ8 are real-valued, φ8 has to be zero [7], and
therefore

Φ =
1
3

[1 + 2 cos(φ3/T )] . (2)

There is no unique choice for the the effective potential that describes the effective gauge field
self-interactions. The Ansatz used come from the properties of pure gauge QCD. For example, it
can be inspired by the logarithm of the Haar measure, the Jacobian which comes from the S U(3)
integration [7, 8]

Ulog(Φ, T )
T 4 = − 1

2
a(T )Φ2 + b(T ) log

(
1 − 6Φ2 + 8Φ3 − 3Φ4

)
. (3)

Another possibility is basically a Ginzburg-Landau Ansatz [9, 10]

Upoly(Φ, T )
T 4 = − b2(T )

2
Φ2 − b3

3
Φ3 +

b4

4
Φ4 . (4)

There is also a mixed model proposed by Fukushima [11, 12]

UFuku(Φ, T ) = − b T
[

54 exp(−a/T )Φ2 + log
(
1 − 6Φ2 + 8Φ3 − 3Φ4

) ]
. (5)

The coefficients ai(T ), bi(t) are obtained by fitting to the pure lattice QCD data and imposing
physical conditions. For details see references given above.

3 Thermal Gluon Condensate

The pure gauge QCD Lagrangian is given by

L = − 1
4g2

s
Ga
µνG

a µν , (6)

where

Ga
µν = ∂µA

a
ν − ∂νAa

µ − f a
bcAb
µA

c
ν. (7)

We follow [13], where is proposed the following decomposition

Z =

∫ [
dÃ
]

exp
{ ∫∑

Le f f

}
≈
∫ [

dÃ
]

exp
{

−1
16παs(T )

∫∑
Ga
µνG

a µν
}
. (8)

On the other side, we have the effective lagrangian

U = −T lnZ , (9)
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Figure 1. Electric part of the gluon condensate for the
PL potentials.

A direct comparison lead us to

〈Ga
µνG

a µν〉T = 16π
∂U
∂α−1

s
. (10)

The gluon tensor can be decomposed in an “electric” and “magnetic” terms:

Ei = Gi4, Bk =
1
2
εi jkGi j → 〈αs

π
Ga
µνG

a µν〉 = 〈αs

π
Ga
µνG

a µν〉E + 〈
αs

π
Ga
µνG

a µν〉B. (11)

From lattice results [14], it can be realized that the magnetic part is not affected by temperature,
then we can decompose the gluon condensate as

〈αs

π
Ga
µνG

a µν〉 ≡ 〈G2〉 = 〈G2〉0 + 〈G2〉T,E , (12)

from (10) we have

〈G2〉T,E = −
4
π
αs(T )2

(
∂αs(T )
∂T

)−1
∂U(Φ, T )
∂T

. (13)

It remains to determine the value of α(T ). If we assume that the temperature corresponds to the
energy scale of the system, which is the natural criteria near T0, the critical temperature. We choose
two parametrizations for α which come from Schwinger-Dyson Analysis, given in [15],

α(1)
s (T ) =

1
1.16 + T 4/Λ4

1

3.49

1.16 − 0.07
T

2

Λ2
1


2
3
 +
T

2

Λ2
1

+ 2
 T 4

Λ4
1

α
β1
s

 , (14)

where

α
β1
s =

4π
11 ln(T 2/Λ2

1)

1 − 102
112

ln(T 2/Λ2
1)

T 2/Λ2
1

 .

And

α(2)
s (T ) =

1
15 + T 2/Λ2

2

15 × 2.6 +
4π
11

 1
ln(T 2/Λ2

2)
− 1

T 2/Λ2
2 − 1

 T 2

Λ2
2

 , (15)

with Λ2 = 0.33 GeV.
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rm Figure 2. Normalized electric gluon condensate as a
function of the reduced temperature for the
polynomial potential and both strong coupling
constants.

4 Results and Conclusions

Now is possible to plot the behavior of 〈G2〉T,E using the different potentials (3), (4) and (5), those
are depicted in Figure (1). First, it must be noticed that deconfinement occurs above the critical
temperature T0, implying that the effective potential must be zero below T0. There we find that the
best fit is given by the polynomial effective potential, since the Fukushima potential has an unstable
behavior.

We have analyzed the temperature dependence of the gluon condensate for the three most used PL
potentials in the literature, and proposed two parametrizations for the temperature dependence of the
strong coupling constant. We showed that the polynomial effective potential has the best thermal be-
havior, while the qualitative dependence for both of the strong coupling parametrizations is equivalent.
Finally, we conclude saying that the predictions obtained within this approach are in better agreement
with estimates from lattice QCD than other more complex effective theories, and provides an accurate
simple picture for the description of the electric gluon condensate around the deconfinement critical
temperature.
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