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Abstract: "An Empirical Comparison of the Performance of Classical Power Indices,"
by Dennis Leech, University of Warwick

Power indices are general measures of the relative a priori voting power of individua members
of avoting body. They are useful for both positive and normative analysis of voting bodies
particularly those using weighted voting. This paper applies new algorithms for computing the
rival Shapley-Shubik and Banzhaf indices for large voting bodies to shareholder voting power in a
cross section of British companies. Each company is a separate voting body and there is much
variation in ownership between them resulting in different power structures. Because the data
are incomplete, both finite and “ oceanic” games of shareholder voting are analysed. The indices
are appraised, using reasonable criteria, from the literature on corporate control. The results are
unfavourable to the Shapley-Shubik index and suggest that the Banzhaf index much better
reflects the variations in the power of shareholders between companies as the weights of
shareholder blocs vary.

Keywords. Power indices; Shapley-Shubik index; Banzhaf index; oceanic games; co-operative
game theory.



Introduction: The Measurement of \Voting Power

Many organisations have conditutions for their governance based upon systems of voting in which
different members possess different numbers of votes. There are various reasons for designing voting
bodiesin thisway. Internationa organisations like the Council of the European Union have adopted
weighted voting systems in order to combine the smplicity of mgority voting with aneed to ensure
populations of different Szesin different countries are represented appropriately. International economic
organisations such as the Bretton Woods indtitutions alocate votes to members on the basis of their
financid contributions rather than their populations but the same principle of weighted mgjority voting is a
the centre of their governance. Likewise ajoint sock company alocates votes a company annua meetings

and proxy votes to membersin accordance with their financid commitment in share ownership.

Indl these cases therationde for the dlocation of different voting weights to different membersis
the idea that thisis dso an dlocation of voting power. It is the popular view that voting weight equates to
voting power and indeed in many academic discussions of the voting systems in political organisations
writers often refer to voting weights as power. For example the United States has about 18 percent of the
voting weight in the Internationa Monetary Fund and World Bank, and is often described as having 18
percent of the voting power®. In fact, in terms of its share of influence over the decisions taken by votes
among the members, its power may be quite different from 18 percent. In generd the number of votesa
member cadts bears little relation to the power that those votes represent. A member's power actually
depends not only on its own voting strength but aso on the complete configuration of votes alocated to all
the other members as well. In order to measure power it is necessary to calculate a power index that takes

account of dl of them.



A power index measures eech member's relative influence over decison making in the sense of its
ability to use its vote to change a codition of others from one which islosing to one which satisfies the
mgjority requirement and wins. The number of timesit can do thisis expressed as a proportion of the
number of voting outcomes that can occur, tresting each outcome equaly; thisis usudly expressed in
probabilistic terms with voting outcomes assumed to be random and equally probable. Outcomes are
defined in terms of dispositions of individuas on one Sde or the other in a generd vote without reference to
preferences. A power index therefore measures the power of individuasin an a priori sensewithin a
particular voting system with given distribution of weights among members and mgority requirement. It
cannot predict the result of any particular vote but can be useful in helping understand or design avoting
body in terms of the relative voting power of different members. (Good overviews of the field are

Felsentha and Machover, 1998; Straffin, 1994; L ucas, 1983).

This approach to the measurement of voting power is limited by the fact that different probability
models for treating the outcomes of votes have been proposed. This has led to two different "classicd™
indices being defined, the Shapley-Shubik index, and the Banzhaf index (Shapley and Shubik, 1954,
Banzhaf 1965). These indices give results which differ, sometimes substantialy, when gpplied to the same
data, and both sets are often presented side by side with the find choice being |€eft to the reader. The
resulting ambiguity has led to the power indices gpproach lacking credibility which has undoubtedly

hindered its wider use for understanding and designing voting bodies such as those of the European Union.

The properties of the indices have been compared in theoretical terms againg various criteria but
the question of which is better is dtill an open question. Answering it is fraught with methodologica

problems, as is often the case when studying power. Ideally what would be required would be some



independent evidence on the digtribution of power in the particular voting body with which to compare the

results for the indices. However thisis very rardy available.

One area of application where there is a certain amount of independent evidence is shareholder
power in companies. Case udies of actua firms and market experience have created abody of evidence
on the relations between the structure of share ownership and the redl power that particular shareholdings
represent. It is therefore possible to identify firms in which alarge shareholder is so powerful as effectively
to be in control and whose power index one might reasonably expect to be very large. In othersalarge
shareholding might be powerful if the other shares are widely held in many small holdings, but not powerful
if they are hdd in larger blocks. Thus by looking to see how the ditribution of share ownership in across
section of companies varies and relaing this to the corresponding power indices, it is possible to test the

power index approach and aso compare the different indices.

This paper computes power indices for shareholdersin alarge sample of British companies and
tests them againgt suitable criteriain terms of how they are likely to behave as patterns of ownership vary
across companies’. The results do not give any reason to rgject the Banzhaf index but the results for the
Shapley-Shubik index do not satisfy the criteria. The paper therefore leads to a definite conclusion: that the

Shapley-Shubik index is not a suitable measure of power in this case.

The paper is organised as follows. Firg the power indices are defined in generd terms and the
comparative theoretica literature discussed. Thereisthen a discussion of the methodologica problems of
testing them, a description of the methodology of this study, followed by a description of the criteriato be
used. Next the data set is described before the power indices are defined precisely taking into account the
nature of the data available. Because shareholding datais inevitably incomplete for each company - there

are many thousands of shareholders and only the largest few are observed - this means the indices cannot



be computed, even in principle, for the full voting body. This problem of incomplete data is dedlt with by
considering two cases that can be regarded as extremes. In the first case, the unobserved shareholdings
are taken as being held in as few hands as possible; this defines afinite “game’ with hundreds of players
where ownership is relatively concentrated. In the other case, the unobserved shareholdings are taken to
be held by an infinity of players each holding an infinitesma share; this defines an “oceanic” game. For
each case, both indices are calculated for the players whose shareholdings are actudly observed and the

results gppraised in the light of the criteriathat have been defined.

Generd Definition of Power Indices and Theoretica Comparisons

The model underlying the measurement of voting power is agame played by n players who co-
operate by forming coditions® by Smply casting their votes; that is, they vote for or againgt amotion in a
hypothetical meeting. Codlitions may be winning or losing according to the rules of decison making in the
meeting and each member’ s power is then measured by his or her ability to influence the outcome by
changing a codition from losing to winning by voting with it rather than againd it, an effect referred to
henceforth asaswing. A power index is calculated for each player by considering each possible codlition
of which he or she is not amember and evauating the number of swings. The indices are not described in
full detail here but in alater section after the discussion of methodology and the description of data because
the form of the data available affects the precise nature of the games studied and their computationa
details. Before that | consider some theoretica aspects of the indices comparative properties which have

been discussed in the literature.

The classica power indices are derived from fundamentaly different conceptions of the relaionship
between voting and power. The Shapley-Shubik index is derived as a specid case of the Shapley vduein

co-operative game theory (Shapley, 1953), which assumes that the members of awinning coditionina



generd n-person game divide up the spoails of victory among themsdlves by a process of bargaining, each
player's share reflecting his or her contribution. The vaue is the expected vaue of the game to each player
with respect to amodd of random codlition formation and a characteristic function reflecting the payoff
recelved by each codition. The Shapley-Shubik index isa specid case of thisin which the characterigtic
function speciaises to having avaue of either 1 or 0, according to whether the codition wins or loses.
Thus the assumption is that awinning codition dways has the same total vaue of 1 to be divided out
among its members according to their respective power. On the other hand, the Banzhaf index has no such

association with bargaining.

Thisled to the proposd that different kinds of power might actually be measured by the different
indices (Felsenthd, et d., 1998). The Shapley-Shubik index is associated with "office-seeking” behaviour
in which the process of congtructing awinning codition to attain power is accompanied by bargaining over
how the spails of office are to be digtributed. The Banzhaf index has been associated with " policy-seeking”
behaviour where winning a vote means controlling the actions of the organisation; the consequences of
winning are in the nature of a public good, of which each member receives a fixed benefit, which cannot be
redivided after bargaining among members of the winning codition. This digtinction becomes one between
power as a prize, P-power, measured by the Shapley-Shubik index, and power as influence, I-power,
appropriately measured by the Banzhaf index. In their book, however, Felsentha and Machover express

some scepticism about the concept of power as a prize (Felsentha and Machover, 1998).

In his semind paper, Coleman (Coleman, 1971) made a detailed critique of the redism of the
behavioura assumptions behind the Shapley-Shubik index. He argued againgt an gpproach derived from a
bargaining modd on the grounds that policy-seeking behaviour is by far the more usud. He made two

magjor specific criticisms of the redlism of the modd underlying the Shapley-Shubik index. First Coleman



argued that thereislittle basis for the assumption that basic voting outcomes should be thought of as
different orderings of players dong a continuum. This assumption isthe basis of the uniqueness property of
the Shapley-Shubik index because it ensuresthat in any vote taken there is precisaly one player whose
contribution is pivotal. However it means that coditions with different numbers of members are assgned
different probabilities. A codition with t members (in a game with n players) which player i can jointo
make it winning has aweight, in the definition of theindex, of t!(n-t-1)!/n!. Thisexpressonisat its largest
when tisvery smdl or very large and at its smalest when t isin the middle of itsrange. This meansthet a
codition with avery few or avery large number of members dominates in the caculaion of theindex. Itis
not intuitively dear why this should be when the basic idea is to measure the ability of a player to change

losing to winning and the Sze of codition might seem to be irrdevant.

The second criticism Coleman made is of the idea that the Shapley value can be adapted to give a
measure of power by assuming a specid form for the characterigtic function, 1 for awin and O otherwise.
Thisis a quantitative representation of qualitative outcomes, the distinction between 0 and 1 representing
the digtinction between losing and winning, without any attempt a attaching any further value to those
events. It is not appropriate therefore to treat these particular values assigned in thisway asif they were
actual quantities to be divided among members. Y et that is what this approach does. Moreover it assumes
that the same amount, represented by 1, is available to the winning codition each time there isavote. But
for each vote the consequences are different and fundamentally incommensurable and this is not captured
by this smple form of the characteritic function. As Coleman put it: "The action is ordinarily one that
carries its own consequences or distribution of utilities, and these cannot be varied a will, i.e. cannot be
split up among those who congtitute the winning codition. Instead, the typical question is the determination
of whether or not a given course of action will be taken, that is, the passage of abill, aresolution, or a

measure committing the collectivity to an action.”" The Shapley-Shubik index is based on an unjudtified step



from firgt representing a quditative event in quantitative form in the characterigtic function then interpreting

that as a pure quantity to be digtributed in the definition of the vauelindex.

Other important theoretical comparisons of the indices are by Roth (Roth, 1977), who showed
that differences between them can be interpreted as reflecting different attitudes towards risk, Straffin
(Straffin, 1977), who characterised them in terms of probakilistic voting with different mechaniams for
choosing the voting probability. Felsentha et d. (Felsenthd et a., 1998) compare the indices in terms of a
number of suggested theoreticaly desirable properties and conclude with some reservetions about the

Shapley-Shubik index.*

The Empirica Methodology

Mogt of the comparisons of power indices have been theoretica discussions of their foundations or

properties. This section and the next describe the essentiadly empirical methodology used in this paper.

In order to test the performance of an index it is necessary to compare the vaue it assignsto a
player's power with an independent measure of the actud power the player has. If, say, anindex for a
player were equa to 0.75, then if independent evidence suggested that that player might be able to swing
about three quarters of votes, then we would be inclined to accept the index as empiricaly useful. On the
other hand if the player were known to have virtualy no power, or to be so powerful asto be avirtua
dictator, then we would be inclined to rgect it. If, when ng the comparative performance of two
indices, one of them gave results different from the independent evidence and the other gave results which
were not inconsigtent with it, thiswould lead to rgjection of the former and the non-rgection of the latter.

If, in acomparison of the indices over alarge number of games, the results obtained for one index were



often or sometimes inconsistent with the independent evidence, while those obtained for the other index
were never shown to be incongstent with it, then this would suggest a clear preference for the latter and
reection of the former. The difficulty with this gpproach is that independent evidence of the type required is

hard to gather because it is difficult to observe power empiricdly.

The generd question of studying power is discussed at length by Morriss (Morriss, 1987). He
argues, firdly, that power cannot be observed directly and that any evidence must be used in indirect ways,
“"there is no easy mechanica way of establishing how much power someone has and the connection
between the assertion that someone has power and the evidence for it is often complex and subtle.”
Secondly, the interpretation of observed data depends on atheory of socia processes. Thirdly, he argues
that power should best be studied using a variety of approaches within aregime of what he cdls
"methodologicd tolerance’; specificaly he maintains that research into power should not be confined to the

use of "hard" evidence.

Morriss suggests that there are five genera approaches to gaining evidence about power that

should be used in conjunction with each other:

(1) Experiments;
(20  Thought Experiments. congdering the obvious,
(3) Naturd Experiments. looking at naturally occurring Situationsin the red world;

4 Consulting Experts. getting others to conduct experiments; consulting practitioners whose opinions
might be informed by practicdly gained evidence;

(5) Resource-based Approaches. looking to the resources of playersto give indications of power.

The gpproach adopted in this paper is a combination of (3) natura experiments, (4) the opinions of

experts and (5) resource-based approaches. The research is not experimenta in a direct sense. Thought



experiments might be appropriate to Stuations where the conclusion is obvious, for example, where one of
players has dl the power and is adictator, or where al players obvioudy have equa power despite
different weights. But in these Situations there is not a problem of choice of power index and so thought

experiments have little to contribute to the main problem being considered.

Resource-based approaches involve examining the resources on which power is based, for
example, usng relaive szes of armed forces to compare military power of different countries. In the case
of weighted voting the weights are the resources and power is monotone in a player’ sweight. But the
numerical value of the power index depends aso on the weights of al other players. Where player 2 (with
the second-largest weight) has alarge weight then player 1 (the largest player) islikely to have asmaler
power than where player 2 has asmaller weight, dthough not in every case, depending on the full

congelation of weights of dl players, however player 1 is never less powerful than player 2.

Naturd experiments are important in non-experimenta socid science where empirica research is
largely based on passive observation of naturaly occurring Situations. The appraisa of the performance of
power indices can be based on such data. One approach would look at a given voting body such asa
legidature over aperiod of time and relate the variation of power indices for parties or voting blocks to
independent indicators of the redl disposition of power®. It would need to take account of other factorsin
the palitical process such as persondities of paliticians and aso of changing circumstances over time

however which would be hard to contral for.

Another gpproach studies a cross section of otherwise smilar voting bodies with different
sructuresin terms of weights and relates the indices to independent informetion on power. Thisisthe
approach adopted here using information from studies of company control by large shareholders through

their voting weight as the basis of knowledge of actua power. This relies on the opinions of experts as well



as case studies to indicate when thereis control of the company by a particular identified shareholder and
when the company is not so controlled. This evidence on company control is taken asindicating a power

index that is very close to unity; how this variesin practice is the badis of the appraisal criteria®

It is sometimes suggested that use be made of datistics of voting at company annua generd
meetings and in proxy voting to measure the power of shareholders. The argument is that the more
powerful shareholders will be seen as determining the outcomes of more votes and observation of the
frequency with which this occurs will provide a direct test of the power index. However power is not
exercised in such an overt manner a company meetings, they arein any case often not well attended, at
least partly because of this. Many fund managers with subgtantia holdings have tended to avoid voting as a
matter of policy and ether back incumbent management or use their influence to bring pressure behind the
scenes. Their a priori voting power is neverthdess red and an important determining factor in the firm's
governance. Power isimportant a the agenda-setting stage outside the company meeting and may not be
observed directly or even at dl. A powerful shareholder may be able to effectively control the company
through informal contact with management on the basis of a common perception of the power represented
by the shareholder's large voting weight. Proxy votes however can provide evidence on power but they are
too infrequent to be a source of smple satistica data. They have provided useful evidence however which

informs the appraisa criteria described in the next section.

The question arises as to whether it is gppropriate to mode shareholder voting in terms of power
indices. Power indices are about the measurement of a priori voting power whereas shareholders are
usudly regarded as solely interested in one issue: maximising the vaue of their investment. If there were to
be a vote on the smple question of whether an action should be taken which unambiguoudy increased the

vaue of sharesthen al shareholders would be expected to vote the same way. It is therefore to be

10



expected that such questions would never be put. Where votes are taken it is likely that the question is one
of fundamental uncertainty where the consequences are unknown, such as between one proposed
restructuring or merger and another, both of which are advocated by their proponents as being in the best
long term interests of shareholders, or between two nominees for a director's position. Many such cases

occur where the shareholders have the ultimate responsbility for making the decision.

Where the approach clearly cannot be gpplied is to a Situation in which the question to be decided
isthe division of the profits among the shareholders, since that might lead to the absurd inference thet a
large minority shareholder, whose power is closeto 1, is so powerful asto be able to expropriate the
mgjority. The context therefore is a company whose shares are publicly traded in which powerful
shareholders are prevented from being able to appropriate private benefits of control by high standards of
corporate governance. This assumption means that the concept of power here is policy-seeking rather than

office-seeking because the digtribution of the benefits of winning avote are fixed.

Appraisa Criteriain Terms of Shareholder V oting Power

An important study of power in red-world weighted voting games was the andysis of the
ownership and control of large American corporationsin the 1920s by Berle and Means (Berle and
Means, 1932). They showed that the ownership of most corporations had become widedly dispersed
among avery large number of shareholders. The principa shareholdings of many large corporations were,
in percentage terms, very smal indeed, in many cases less than 1 percent of the voting stock. From this
Berle and Meansinferred that in these cases no shareholder was sufficiently powerful to be able to
exercise much influence over the company through voting a company meetings or in proxy votes and that
there was a factud separation of ownership and contral.

11



Not al companies had such dispersed ownership, however, some retaining a mgority controlling
shareholder, some having alarge minority shareholder who was dominant and others were controlled by a
legal device, such asapyramidal structure or dua class shares, rather than through the sheer size of a
shareholding voting block. Berle and Means defined a typology of control by which they attempted to
classfy every corporation. It is not necessary to describe this fully for present purposes, merely to confine
attention to the voting power represented by alarge holding of ordinary shares. The key digtinction Berle
and Means made was between a company with a substantid minority shareholding which was very
powerful in voting terms and one without such a dominant shareholding. They deemed a minority
shareholder to have "working control” if it had "sufficient stock interest to be in a position to dominate a
corporation through their stock interest”, and "...the ability to attract from scattered owners proxies
aufficient when combined with their substantid minority interest to control a mgority of the votes at the
annud dections. Conversdly, this means that no other stockholding is sufficiently large to act asanucleus
around which to gather amgjority of the votes'. This definition corresponds to thet of a voting weight with

avery large power index.

Berle and Means used case studies to examine voting power in the former case by consdering
proxy voting. They used two sorts of evidence to examine if a minority shareholder had enough votesto be
in effective control: whether a minority shareholder had been able to win a proxy fight with aminority of
shares, and cases of stable ownership structures in which a minority shareholder was demongtrably in
control without explicit voting taking place, based on information from press reports and e sewhere to
determine contral. In other cases they used information from others, in the form of what they called "street
knowledge" - that is Wall Street knowledge obtained from stockbrokers and others -which isaversion of
Morriss approach of asking experts. Berle and Means were very careful in their research into voting

power. They did not infer shareholder control unless they were confident they could observe it, dbeit

12



indirectly. They decided on the basis of their case sudies that the dividing line between a shareholding
being sufficiently large to have working control through voting and the complete separation of ownership
and control was about 20 percent of the voting capitd, dthough this could vary, in some cases the figure
being rather less. We would therefore require of a suitable index that in most cases where thereis such a
shareholding it assgn a very high power to it, and the firm to be dassfiable as minority controlled.,

adthough we might also expect there to be exceptions.”

Another, more recent, source of indirect information about the voting power of large shareholders
isthe opinion of practitionersin the world of corporate finance who may be using substantia amounts of
their own money, or at least of their clients money, to back their judgements (and whaose reputations and
careers cartainly depend on them). Thisis another form of "asking experts'. One manifestation of thisisin
the ligting rules of the London Stock Exchange (the so called Y dlow Book) - which are based on a body
of opinion widely accepted by its members - which use, asaformd definition of a controlling shareholding
,one which controls 30 percent or more of the votes at a company meeting.? Another authority which uses
the twenty percent rule as the basis of ownership control is the recent extensive study by La Portaet. d.
(1999) who gtate smply, without giving any other authority: "The idea behind using 20 percent of the votes

isthat thisis usudly enough to have effective contral of the firm."

Thisisthe bass of the method used here. Minority control in the Berle and Means senseis
identified with avery high vaue of the power index, closeto 1, for the largest shareholder, player 1. Using
the ingghts of Berle and Meansit is possible to suggest some reasonable criteria which the indices should

satisfy. These are asfollows.

Appraisa Criteria

D The power index for player 1 should vary asvoting weights vary.

13



)

©)

(4)

©®)

(6)

The power index for player 1 should vary asthe weights for players 1 and 2 (w; and wy)
vary between companies. It should increase with w; and islikely to decrease asw.
increases.

The power index for player 1 should dmost always be close to 1 whenever the weight for
player 1 isabove 30 percent.

The power index for player 1 should often be close to 1 whenever the weight for player 1
is between 20 percent and 30 percent.

The power index for player 1 should sometimes be close to 1 whenever the weight for
player 1 is between 15 and 20 percent.

The power index for player 1isvirtudly never closeto 1 when the weight islessthan 15
percent.

Notation

It is assumed that a company has n shareholders whose individud holdings (voting weights) are

denoted w;, Wo, ...,Wn, Wwhere 0 <w; <0.5for dl i and é w, = 1. For convenience | assume the weights

are ordered in decreasing order of size, so that: w; > wi., for dl i. Votes are taken with adecison rulein

terms of aquotaq > 0.5°. Sometimesit is necessary to refer to the collective size of agroup of players

with the largest weights. Thisis represented by 5, where s = é’[ w;, , the collective weight of the largest j

players.

£

Voting outcomes are defined in terms of coalitions which are represented by subsets of the set of

al players N={1, 2, .., n}. All members of a subset are assumed to cast dl their votes in the same way.

Let thetota combined voting weight of dl playersin asubsat T be w(T); that isw(T) = é w,.If Tisa

it

winning codition w(T) > q and for alosing codition w(T) < q.

14



The power indices are defined in terms of swings: losing coditions which become winning when a

particular player joins. Thusaswing for player i isalosing codition, T;, suchthat q-w =w(T;) <q.

The Data Set: Share Ownership in Large British Companies

The data consists of ownership data on a cross section of 444 large British companies, mostly
taken from the Times 1000. For each company al shareholdings above 0.25 percent of the voting equity in
1985 or 1986 were collected.® The number of such large shareholdings observed varies in the sample
between a minimum of 12 and a maximum of 56, with amedian of 27. The equity shares represented by
these observed shareholdings vary between 19 percent and 99 percent, the median being 66 percent. The

dateset is therefore both detailed and fairly comprehensive in giving a picture of British firms™

The data are summarised in Table 1. The table shows the digtribution of the Size of the largest
shareholding, wi, and aso the joint distribution of wy with the second-largest holding, ws, in order to
indicate the variation in patterns of concentration of ownership in the sample. This variation makes it idedl
for the study. Some 49 companies have rdatively concentrated voting structures with wy greater than 30%,
but in the great mgority of casesw; is lessthan 30 percent. Thereis aso awide range of variation in the
sze of ws, given wy. For example in the group of 85 companies where w; is between 20% and 30%, w» is
less than 10% in 38 cases, between 10% and 20% in afurther 38 cases and greater than 20 % in 9 cases;

thisis expected to give rise to awide range of power distributions as given by the indices.
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Table 1 The Data: The Largest Holding versus the Second Largest

(Number of Companies)
Wi
<5% 5-10% 10-20% 20-30%: 30-40% : 40-50%: Totd
41 144 125 85 30 19 444
<5% 41 46 15 12 2 2 118
5-109 98 73 26 10 9 216
10-209 37 38 11 5 91
W>
20-300 9 4 2 15
30-409 3 1 4
40-509 0 0

The Problem of Incomplete Data

Information collected about company ownership is necessarily incomplete because of the very
large number of shareholdersthere arein atypica large public company. Normaly only the observations
on afew of the largest shareholdings are eadly available to researchers and in any case thisis often al that
is used in discussions of ownership and control™?, It is, however, central to the approach adopted here that
the power of the largest shareholder depends not only on its own size but also on the dispersion of the
other, smdler holdings and it is necessary explicitly to ded with thesein the way in which the indices are
defined and computed. This incompletenessin the data therefore gives rise to important issues in deciding

how to handle the missing observations.
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The solution adopted here is to caculate two sets of indices, on two different assumptions about
the unobserved weights - corresponding to two extremes of “concentrated” and “ dispersed” ownership —
both of which are arithmeticaly feasible given the observed data. The details are as follows. For any
company the largest k shareholdings are observed and there is no information about the remaining n-k
holdings except that they are dl samdler than wi. Nor is n known, or needed; athough the total number of
shareholders could in principle be collected, it would add very little to the andysis. Two limiting cases are
defined: the “dispersed” case where w; is assumed, for i >k, to be vanishingly smdl, and the number of
shareholders to be infinite; and the “ concentrated” case where n istaken to be as smdl as possible
consstent with the observed data. The former is referred to as limiting case D (Dispersed) and the latter as

limiting case C (Concentrated).

For limiting case C it is necessary to adopt avaue for nin the finite game. If wi isthe smalest
weight observed in the data, then dl the non-observed weights are no greeter than wi. The most
concentrated pattern of ownership occurs when they are al equal™ to w. Then the corresponding value of
n, cdl it N, isdefined as:

n=g+k+1

where g isthe largest integer less than (1-s)/wk.

Letw =wforali=k+1,..,n-landwy =1- S —Qgw.

Since the dataiin this study consist of shareholdings no smdler than 0.25%, w = 0.0025.
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The Shapley-Shubik Index

The Shapley-Shubik index for afinite gameis an n-vector §. The index for player i, g is defined

, Bn-t- 1
g=a nl i=1,...,n @)
Ti
where the summation is over al swingsfor player i, T, t is the number of members of T;, and n the number
of members of N. It has a probabilitic interpretation as the probability of a swing for player i when the
coditions are formed by random orderings of the players, the term insde the summation being the

probability of T; occurring.

The direct evauation of expresson (1) is not feasble when nislarge sinceit requires finding dl
subsets of N which are swings for each i: even for limiting case C the typica vaues of n are of the order of

300 or more and searching over al subsets of N would be prohibitively demanding of computer time. The
vauesof g are caculated in the two limiting cases using different approximetion agorithms. For limiting

case C | employ the method described in Leech (1998). This provides a very good approximation for this
large finite game. For the limiting case D | assume an oceanic game and follow the gpproach of Shapley

and Shapiro, 1978.

The idea of an oceanic game seems to fit the current context very wdl: it is agame in which there
are afinite number, m, of “mgor” players with fixed voting weights, and a very large number (in the limit an
ocean of “non-atomic” players) with very smadl numbers of votes. Then as n goesto infinity the power

index for player i converges on the vaue:
b

g= agu@- u™tdd i=1,.,m )

si M,
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whereM ={1, 2, .., m}, the set of mgjor players, M; =M - {i},
a=median(0, (q-w(9))/(1-w(M)), 1), b =median(0, (g-w(S)-w:)/(1-w(M)),1). In expression (2) the
summation is taken over dl subsats S of Mi and u is the dummy variable of integration. This expressionis

nat difficult to evauate requiring only aminor extenson of the algorithm14.

The Shapley-Shubik index is found, for the finite game in case C, for every player with weights w,
to wi, n' -k-1 players with weights wi and player n' with weight wiy = 1 - s - (n'-k -1)wy and it sumsto
unity over dl the n' players. For the oceanic gamein case D, it isfound for the m mgor players with

weights w; to Wy, the indices summing to unity over dl players. Here m=5. %

The Banzhaf Index

The Banzhaf index is based on the idea of counting the number of swingsin relaion to dl the
possible voting outcomes, but the mode of codition formation underlying it is different from that associated
with the Shapley-Shubik index, in that each codition is given the same weight regardiess of itsSize. That is,
the way swings are counted in the index is different. The probability of any subset of N, say T, assuming
random codlition formation, is now 2'" rather than t!(n-t-1)!/n!. The probability of aswing for player i can
then be written then:

b= 2""§ 1 i=1,...,n 3)

The summation istaken over dl swingsfor player i. Thisisthe Absolute (or Non-normalised) Banzhaf
measure and it cannot be directly interpreted as giving a distribution of power among the players (asis
conventiondly a requirement for power indices) Sncein generd it does not sum to unity. Introducing a

normaisation by defining
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bi = bi'/ é. bi' (4)

gives an index which does have this property but lacks the probability interpretation. Thisis the Normaised

Banzhaf index™.

Computation of the Banzhaf index is eader than that of the Shapley-Shubik index. The agorithm
for it described in Leech (1998) can be used for both limiting cases. Limiting case C is the finite game with
n' players as described above. For limiting case D it is necessary to compute the vaues for the oceanic
game. Banzhaf indices for oceanic games were studied by Dubey and Shapley (1979) who showed that
under suitable conditions they can be obtained as the Banzhaf indices for the modified, finite game
consisting only of the major players M with weightswy, W, . . , Wy, and quota q - (1-w(M))/2.*" These
indices are obtained by applying the same agorithm to this modified game. Here the set of mgor players
M can be taken as al the observed shareholders, M={1,2, . . ., k}. The results obtained are somewhat

more sengtive than the Shapley-Shubik indices to which limiting case is assumed.

Reaults for lllugrative Companies

Tables 2 and 3 present power indices for some illustrative companies. The firms have been
selected to span the range of variation in the first two shareholdings. Plessey has the most dispersed
ownership with w; under 2% and Associated Newspapersisjust short of being mgority controlled. Two
firms have been sdected from each range of vaues for wy:10-20%, 20-30%, 30-40%, 40-50%; these

have rdaively large and smdl vauesfor w,. Power indices are given for representative shareholders.

Table 2 shows the Shapley-Shubik indices. The index for case C assumes an extreme in which al

the non-observed holdings are 0.25%, overgtating concentration and understating the number of
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shareholders. For the most widely owned company, Plessey, for example, the voting game which is used
as the basis of these indices is one with only 344 players. Case D assumes an oceanic game with 5 players
with finite weights, *® and the remaining votes widely dispersed among an ocean of infinitesmal holdings.
For Plessey this conssts of the five largest weights ranging from 1.94 percent to 1.05 percent, totalling

6.87 percent, and the remaining 93.13 percent distributed among the oceanic players.

The conclusons from Table 2 are, firdt, that despite the assumptions and methods of calculation
used being so completely different for the two cases, the two sets of results are remarkably close.
Secondly, the indices are relatively insengtive to the inequality in the data. Sun Life and Liberty, for
example, both with wy around 22%, but very different vaues of w,, 3.46% againgt 22.57%, have very
smilar results. The power of player 1 falsfrom 28% in Sun Life to just under 25% in the case of Liberty: it
might expected that the fact that the second-largest shareholding in Liberty was amost equd to the largest
to have a profound effect. The third implication is the generd insengtivity of the indicesto the largest

holding w;. Although in every case power is more unequaly digtributed than ownership, the differenceis
never grest. In terms of the gppraisal criteria, where alarge power index for player 1, ¢, would be

expected, asin Securicor or Ropner, it remains very far below 1. This pattern istypica of the whole
sample and indicates that the Shapley-Shubik index serioudy understates the power of the largest
shareholder in such cases. The conclusion is that the Shapley-Shubik index fals to satidfy criteria (1), (3)

and (4).

Table 3 shows the corresponding Banzhaf indices for the same 11 illustrative companies™ These
are dways greater for limiting case D than for case C. Ther values are sengtive to differencesin ownership
sructure and vary considerably. Where ownership is dispersed asin the case of Plessey, power isadmost

equally dispersed. Whereit is concentrated, asin Ropner, Sted Brothers or Associated Newspapers, with
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a shareholder with more than 40% having working control, the index reflects this. In other casesthe
Banzhaf index gives aricher variety of power distributions in response to differences in ownership

structure.

A comparison of Sun Life and Liberty, for example, reved's a sengitivity of the index to the size of
the second largest shareholding that the Shapley-Shubik index lacks. Shareholder 1 with a 22% weight in
Sun Life has a Banzhaf power index of at least 98%, implying working control. In Liberty, however, both
the largest two holdings are above 22% which must mean that player 1 is hardly more powerful than player
2. The Banzhaf index reflectsthis. A smilar finding emerges for companies with atop shareholding of
between 30 and 40 percent. A 31% shareholder in Securicor where there are no other large owners has
over 93% of the voting power. On the other hand a smilar-szed stake in Bulgin would have less than 55%
of the voting power because of the presence of alarge second shareholder with 22%. These results are
entirdy plausible in conforming with the gppraisa criteria The Banzhaf index generdly is not in conflict with

the gppraisa criteria



Table 2 Shapley-Shubik Indices for lllustrative Firms

Company Shareholder: 1 2 3 5 10 20

Plessey Weight 0.019 0.015 0.013 0.011 0.009 0.004
Index (C) 0.020 0.015 0.013 0.011 0.009 0.004
Index (D) 0.020 0.015 0.013 0.011

Berisford Weight 0.058 0.020 0.016 0.009 0.005 0.003
Index (C) 0.061 0.020 0.016 0.009 0.005 0.003
Index (D) 0.061 0.020 0.016 0.009

Un. Spring & Steel Weight 0.123 0.109 0.098 0.037 0.014 0.005
Index (C) 0.134 0.117 0.103 0.036 0.014 0.005
Index (D) 0.135 0.118 0.104 0.036

Suter Weight 0.128 0.065 0.053 0.031 0.017 0.009
Index (C) 0.143 0.067 0.054 0.031 0.017 0.009
Index (D) 0.144 0.067 0.055 0.031

Sun Life Weight 0.222 0.035 0.019 0.013 0.009 0.005
Index (C) 0.283 0.033 0.017 0.012 0.008 0.004
Index (D) 0.284 0.033 0.017 0.012

Liberty Weight 0.2263 0.2257 0.0894 0.0498 0.0181
Index (C) 0.2475 0.2465 0.0894 0.0460 0.0162
Index (D) 0.2486 0.2475 0.0922 0.0460

Securicor Weight 0.316 0.073 0.053 0.029 0.016 0.008
Index (C) 0.448 0.059 0.043 0.023 0.013 0.006
Index (D) 0.451 0.059 0.043 0.023

Bulgin Weight 0.310 0.222 0.045 0.028 0.009 0.003
Index (C) 0.356 0.174 0.049 0.028 0.009 0.003
Index (D) 0.355 0.172 0.049 0.029

Ropner Weight 0.410 0.060 0.050 0.020 0.012 0.003
Index (C) 0.676 0.029 0.025 0.011 0.007 0.002
Index (D) 0.680 0.028 0.025 0.011

Steel Brothers Weight 0.425 0.213 0.038 0.030 0.007 0.003
Index (C) 0.616 0.055 0.035 0.028 0.006 0.002
Index (D) 0.618 0.052 0.035 0.028

Assoc Newspapers Weight 0.4995 0.026 0.021 0.021 0.013 0.006
Index (C) 0.9839 0.0003 0.0003 0.0003 0.0003 0.0002
Index (D) 0.9976 0.0000 0.0000 0.0000
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Table 3 Banzhaf Power Indices for Illudrative Firms

Company Shareholder: 1 2 3 5 10 20
Plessey Weight 0.019 0.015 0.013 0.011 0.009 0.004
Index (C) 0.020 0.015 0.013 0.011 0.009 0.004
Index (D) 0.087 0.065 0.055 0.045 0.037 0.017
Berisford WEIGHTS 0.058 0.020 0.016 0.009 0.005 0.003
Index (C) 0.080 0.019 0.016 0.009 0.005 0.003
Index (D) 0.528 0.059 0.055 0.036 0.021 0.010
Un. Spring & St WEIGHTS 0.123 0.109 0.098 0.037 0.014 0.005
Index (C) 0.143 0.124 0.112 0.033 0.013 0.005
Index (D) 0.233 0.202 0.183 0.052 0.021 0.007
Suter WEIGHTS 0.128 0.065 0.053 0.031 0.017 0.009
Index (C) 0.169 0.060 0.051 0.029 0.017 0.008
Index (D) 0.270 0.093 0.080 0.046 0.026 0.013
Sun Life WEIGHTS 0.222 0.035 0.019 0.013 0.009 0.005
Index (C) 0.981  0.0004 0.0003 0.0003  0.0002 0.0001
Index (D) 1.0000  0.0000 0.0000 0.0000  0.0000 0.0000
Liberty WEIGHTS 0.2263  0.2257 0.0894 0.0498  0.0181 na
Index (C) 0.2025  0.2013 0.1121 0.0534  0.0189 na
Index (D) 0.2348  0.2333 0.1312 0.0622  0.0220 na
Securicor WEIGHTS 0.316 0.073 0.053 0.029 0.016 0.008
Index (C) 0.930 0.003 0.003 0.003 0.002 0.001
Index (D) 0.971 0.002 0.002 0.002 0.001 0.001
Bulgin WEIGHTS 0.310 0.222 0.045 0.028 0.009 0.003
Index (C) 0.372 0.059 0.053 0.034 0.011 0.003
Index (D) 0.546 0.079 0.075 0.051 0.015 0.005
Ropner WEIGHTS 0.410 0.060 0.050 0.020 0.012 0.003
Index (C) 1.0000  0.0000 0.0000 0.0000  0.0000 0.0000
Index (D) 1.0000  0.0000 0.0000 0.0000  0.0000 0.0000
Steel Brothers WEIGHTS 0.425 0.213 0.038 0.030 0.007 0.003
Index (C) 0.9914  0.0004 0.0004 0.0004  0.0002 0.0001
Index (D) 0.9994  0.0001 0.0001 0.0001  0.0000 0.0000
Assoc Newspa WEIGHTS 0.4995  0.0263 0.0213 0.0207  0.0128 0.0056
Index (C) 1.0000  0.0000 0.0000 0.0000  0.0000 0.0000
Index (D) 1.0000  0.0000 0.0000 0.0000  0.0000 0.0000

Power Indices for the Largest Shareholder in the Complete Sample

Table 4 gives the power of the largest shareholder according to both versons of each index for all
the companies. Companies have been classified according to the appraisal criteria by the Size of the largest

shareholding. Because these are large companies, the great mgority have relatively dispersed ownership
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and in 268 cases (more than half) the largest voting weight is below 15 percent. Neverthdessthereis

enough variation to compare the performance of theindices.

The Shapley-Shubik index does not meet the appraisa criteria. Only in 3 or 4 cases out of 19
where the largest holding is above 40 percent isit above 0.9, while the Banzhaf index exceeds 0.95in dll
but one case®. A similar pattern is observed for the 30 companies where w; is between 30 and 40
percent: the Shapley-Shubik index is never above 0.8 and in half the casesit is below 0.5; the Banzhaf
index varies considerably but in at least 11 casesit is greater than 0.95. For the group with w; between 20
and 30 percent, the Shapley-Shubik index is never above 0.5 while the Banzhaf index varies from 0.15 to

1. When the largest shareholding is less than 20 percent only the oceanic Banzhaf index is ever closeto 1.

Figure 1 plots the respective power indices for the largest shareholding separately for each index.”
Figure 1(a) showsthe plot for the Shapley-Shubik index to be close to a smple functiond relation. The
scatter isin fact bounded above by the function wi/(1-w;) which iswell known to be the vaue of the index
for player 1 in an oceanic game with only one major player with weight wy (Shapley and Shapiro, 1978).
Where the index isless than this valueiit is due to large weights for the other players. However the fact that
power isamos dways rdatively low and that it exceed 90% in only 3 or 4 companies means that this

index falsto satisfy the criteria

Figures 1(b) and (c) show the equivadent plots for the two limiting Banzhaf indices. Here there is
much more variaion consstent with the view that the index may be capturing well the effect of different
ownership structures. There is very little effect up to about 15%, the index increasing with wy, but after that
power varies widdy for agiven vaue of wy. These results suggest that shareholdings between 20 and 30
percent can be said to have voting control in many cases but equaly not in many others. Mogt (but not dl)

holdings greater than 35 percent have an index amost equad to 1.
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Table 4: Power Indices for Player 1, All Companies

S SO SSD) Bz(C) Bz(D)
w1>0.4, n=19
Median 0.723 0.725 1 1
Minimum 0.490 0.490 0575 0.671
Maximum 0.984 0.998 1 1
Index Frequencies
<05 1 1 0 0
0508 11 11 1 1
0.8-0.9 4 3 0 0
0.9-0.95 1 1 0 0
0951 2 3 18 18
0.3<w1<0.4, n=30
Median 0.496 0.499 0.851 0.905
Minimum 0.348 0.348 0.262 0.318
Maximum 0.600 0.605 1 1
Index Frequencies
<05 15 15 5 1
0508 15 15 9 8
0.8-0.9 0 0 2 6
0.9-0.95 0 0 3 1
0951 0 0 11 14
0.2<w1<0.3, n=85
Median 0.299 0.301 0.369 0.459
Minimum 0.225 0.226 0.157 0.224
Maximum 0.418 0.421 1.000 1
Index Freguencies
<05 85 85 55 46
0508 0 0 19 19
0.8-0.9 0 0 4 6
0.9-0.95 0 0 3 4
0951 0 0 4 10
0.15<w1<0.2, n=42
Median 0.206 0.207 0.219 0.296
Minimum 0.168 0.169 0.160 0.184
Maximum 0.243 0.245 0.652 0.998
Index Freguencies
<05 42 a2 39 32
0508 0 0 3 6
0.8-0.9 0 0 0 1
0.9-0.95 0 0 0 0
0951 0 0 0 3
w1<0.15, n=268
Median 0.088 0.089 0.092 0.153
Minimum 0.020 0.020 0.02 0.07
Maximum 0.174 0174 0.331 0.745
Index Frequencies
<05 268 268 268 264
05-0.8 0 0 0 4
0.8-0.9 0 0 0 0
0.9-0.95 0 0 0 0
0951 0 0 0 0
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Condusions

This paper has reported on an exercise in the use of voting power indices to measure formal
shareholder voting power in alarge sample of companies, with aview to comparing the performance of the
two "classicad" power indices. The criteria by which the indices have been gppraised are based on
independent analyses of shareholder voting power related to the separation of ownership and control. New

accurate algorithms for computing power indices in large finite voting bodies and oceanic games have been

applied.

The Shapley-Shubik index fails most of the gppraisa criteria. The power index for the largest
shareholder isdmost never as high as independent evidence suggests it should be given the distribution of
voting weights. Even when there is a dominant shareholder with at least 40 percent of the votesitisalot
lessthan 1. Theindex converges dowly to 1 asthe largest shareholder’ s votes increase to amgority. The
index is never very large in the important group of companies where the largest shareholder is above 20
percent, a case often regarded as having practica working control. On the other hand, the results obtained
for the Banzhaf index did not fall to satisfy the gppraisd criteria. The conclusion is that the Shapley-Shubik

index should be rejected as an empirica measure and not to regject the Banzhaf index.
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Figure 1(b

Banzhaf Index: Limiting Case C
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! Though given that it requires an 85 percent majority for important decisionsin the IMF, it actually has the power of
veto. Theinferenceis often drawn from thisthat it therefore has complete control but thisis an over-simpleinference
since veto power is not control; the latter implies also the power to get ones own proposals agreed. Analysis of the
voting system used by the IMF, based on the methods and results of the current paper, isin Leech, 2002d. An analysis
of the system of qualified mgjority voting in European Council of Ministersisin Leech, 2002a.

%1t isof course possible to make the comparison using artificial databut it isfelt that it gives much greater relevance by
using real data containing real world complexity. Previous empirical applications of power indices to study shareholder
voting power include Leech, 1988; Pohjola, 1988; and Rydqvist, 1986; there are also several papers by Gambarelli, (see
Gambarelli, 1994).

® The term coalition is used here to denote simply agroup of players who vote in the same way on a particular ballot
whether by prior arrangement or not. In politicsthe term is used for a more permanent arrangement where a group of
members usually involving several parties make a prior agreement to vote together repeatedly.

* See al'so Rapaport, 1998, for agood account of the comparative theoretical properties of the indices.

® Previous empirical tests of power indicesinclude: Riker, 1959; Holler; 1982; Brams 1988. Riker studied the French
National Assembly over 1953-4, looking at migrations of members from one party to another; histest was to use the
Shapley-Shubik index to measure the power of the parties, assuming party discipline, and to see whether the deputies
who migrated increased their power thereby. The results were negative. Holler tested the Banzhaf index using the
Finnish parliament between 1948 and 1979 comparing the index with measures of real power such as participationin
government. Brams found support for the Banzhaf over the Shapley-Shubik index as a measure of the relative power of
the US House and Senate using data on the outcomes of |egislative disagreements between them.

®\/oting by shareholders in the corporation has always been seen as an application of power indices. It was discussed at
length in the seminal paper by Shapley and Shubik (1954), and developed in a subsequent paper by Shapley (1961), of
which a condensed version was subsequently included as an appendix to Milnor and Shapley (1978)

" Such would be where there are two or three very large holdings which would potentially control the company together
but their rivalry, detected by the power index, prevents one of them having working control.

® (London Stock Exchange, 1993). Presumably this should be interpreted as being either a single shareholder with 30
percent facing alarge dispersed group of small shareholders, or two or more large shareholders and relatively fewer small
shareholders. In the former case the power index would be closeto 1 and in the |atter case the number of player is so
small that acontrolling block can easily be formed.

%1t is conventional in the theoretical literature to require q=0.5 to guarantee a unique decision, and that the voting game
is"proper". (Strictly the number in thisinequality should be slightly greater than 0.5.) In all the empirical work | take g =
0.5, which amounts to assuming that important decisions require a simple mgjority, which isthe normal case with
company mestings. There are exceptions to this, however, with some special decisions requiring asupermajority, butitis
abroadly satisfactory assumption. In general ordinary decisionstaken at company AGMs such as election of directors
and passing of resolutions about the direction of the firm and which we might regard as bound up in the ordinary notion
of control, are taken by simple majority. Games where g>0.5 are not considered in this paper.

1% The source and method of construction of the data set are described in Leech and Leahy, 1991. Companies with a

maj ority shareholder were left out. The data can reasonably be regarded as representing beneficial shareholdings, since
details of nominee holdings and names and addresses were used to identify ultimate owners and create blocks owned by
linked or related individuals or institutions. There might remain avery slight underestimation of the true concentration of
ownership to the extent this information was incompl ete.

" Analyses of the same firms, from the point of view of control, but using slightly different approaches to the
measurement of voting power, arein Leech, 2002b, and 2002d.



2 For example much international empirical work is based on ownership stakes greater than 5% and in Britain greater
than the legally declarable level of 3%.

B strictly slightly smaller than w.

4 The algorithm combines the direct enumeration of the index with an approximation based on assuming the minor
players vote probabilistically. It requires dividing playersinto an arbitrary number of major players and minor players,
the latter being treated by an approximation. See Leech (1998). If it is assumed that the number of major playersin the
computation is the same as the number of major playersin the oceanic game, expression (2) is easily found.

> The value 5 for the number of finite playersin this game was chosen for reasons of computational speed in calculating
indicesfor all 444 firms but has little effect on the values obtained for the Shapley-Shubik indices. By changing the value
of this number and re-calculating for the small sub-sample of companies reported here | have found the resultsto be
practically invariant to the number of finite players.

!® Felsenthal and Machover (1998) reserve the use of the term "power index" to one which is normalised. In this paper
the same usage is employed and the comparison of properties is between the Normalised Banzhaf index and the Shapley-
Shubik index.

Y This result depends on the quota g. For certain values of g the power indices are zero in the limit (the "pitfall" points
where the number of minor player swings become so numerous that the Banzhaf indices for major players go to zero).
However in the cases studied here, with q always equal to w(N)/2, this problem does not arise.

18 See footnote 15.

' The oceanic Banzhaf indices are found for all the observed weights, not just five.

® Thisisthe M and G Group in which w;=0.43 and w,=0.32, the top two sharehol ders between them holding 75% of the
voting weight.

! The oceanic Shapley-Shubik indices are practically identical to those for case C and are not shown.



