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1. Introduction

In 1961 Bishop and Phelps proved that every continuous linear functional on a
Banach space can be approximated by norm attaining functionals [I0]. Since then
a lot of attention has been devoted to extend Bishop-Phelps theorem in the setting

*Corresponding author.

This is an Open Access article published by World Scientific Publishing Company. It is distributed
under the terms of the Creative Commons Attribution 4.0 (CC BY) License which permits use,
distribution and reproduction in any medium, provided the original work is properly cited.

2050023-1


http://dx.doi.org/10.1142/S166436072050023X

Bull. Math. Sci. 2021.11. Downloaded from www.worldscientific.com
by UNIVERSIDAD DE GRANADA on 09/09/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

M. D. Acosta €& M. Soleimani-Mourchehkhorti

of operators on Banach spaces (see [2]). On the other hand Bollobds proved a
“quantitative version” of that result in 1970 [I1I]. Before stating this result we
introduce some notation. By Bx, Sx and X* we denote the closed unit ball, the
unit sphere and the topological dual of a Banach space X, respectively. If X and
Y are both real or complex Banach spaces, L(X,Y) denotes the space of (bounded
linear) operators from X to Y, endowed with its usual operator norm.

Bishop-Phelps-Bollobds theorem (see [12, Theorem 16.1] or [I3, Corollary 2.4]).
Let X be a Banach space and 0 < ¢ < 1. Given z € By and z* € Sx» with
1 —a*(2)] < %, there are elements y € Sx and y* € Sy~ such that y*(y) = 1,
ly — |l <eand |ly* — 2| <e.

In 2008, Acosta et al. defined the Bishop-Phelps-Bollobéas property for operators

between Banach spaces [4].

Definition 1.1 ([4, Definition 1.1]). Let X and Y be either real or complex
Banach spaces. The pair (X,Y) is said to have the Bishop-Phelps-Bollobds property
for operators if for every 0 < & < 1 there exists 0 < 7(¢) < € such that for every
S € Spx,yy, if xo € Sx satisfies ||S(zo)|| > 1 —n(e), then there exist an element
ug € Sx and an operator T' € Sp(xy) satisfying the following conditions

IT(uo)|| =1, |luo—2a0l]]<e and ||T -S| <e.

Since then a number of interesting results related to this property have been
obtained (see [3]).

Very recently in [§], the authors introduced the notion of Bishop-Phelps-Bollobés
property for positive operators between two Banach lattices. Let us mention that
the only difference between this property and the previous one is that in the new
property the operators appearing in Definition [[LT] are positive. In the same paper
it is proved that the pairs (¢o, L1(r)) and (Loo (1), L1(v)) have the Bishop-Phelps-
Bollobds property for positive operators for any positive measures p and v (see [8]
Theorems 1.7 and 1.6]).

In this paper we show a far reaching extension of those results. More precisely
we prove that the pair (¢g,Y') has the Bishop-Phelps-Bollobéas property for positive
operators whenever Y is a uniformly monotone Banach lattice (see Corollary 3.3).
We also show that the pair (Lo (1), Y) has the Bishop-Phelps-Bollobds property for
positive operators for any positive measure p if Y is a uniformly monotone Banach
lattice with a weak unit (see Corollary 2.6). Note that the last assumption is very
mild. For instance, separable Banach lattices have a weak unit (see [9, Lemma 3,
p. 367)).

We also remark that not every Banach function space Y satisfies that the
pair (co,Y) has the Bishop-Phelps-Bollobds property for positive operators (see
[8, Example 1.8]). It is worth also to mention that it is not known whether or not
the pair (cg, ¢1) has the Bishop-Phelps-Bollobds property for operators in the real
case. For some partial results when the domain is ¢y see [I5[7,[6] and [5]. The paper
[16] contains a positive result for the pair (Lo (1t),Y’), whenever Y is a uniformly
convex Banach space.

2050023-2



Bull. Math. Sci. 2021.11. Downloaded from www.worldscientific.com
by UNIVERSIDAD DE GRANADA on 09/09/21. Re-use and distribution is strictly not permitted, except for Open Access articles.

Bishop-Phelps-Bollobds property for positive operators

In the last section of the paper we show under very mild assumptions that
anytime that a pair of Banach lattices (X,Y’) has the BPBp for positive operators,
then Y is indeed uniformly monotone, whenever X admits non trivial M-summands
and Y is strictly monotone (see Proposition [13)). As a consequence, in case that
Y is strictly monotone, the main results of Secs. 2l and Bl provide characterizations
indeed (see Corollary F.4).

We remark that throughout this paper we consider only real Banach spaces.

2. Bishop—Phelps—Bollobas Property for Positive Operators from
Lo to a Uniformly Monotone Banach Lattice

We begin by recalling some definitions and the appropriate notion of Bishop-Phelps-
Bollobas property for positive operators. For the terminology and basic facts related
to Banach lattices see, for instance, [1L[9]17].

An ordered vector space is a real vector space X equipped with an order relation
< that is compatible with the algebraic structure of X. An ordered vector space is
a Riesz space if every pair of vectors has a least upper bound and a greatest lower
bound. In a Riesz space X, given two elements z and y in X, we denote by z Ay and
|| the infimum of 2 and y and the supremum of x and —z, respectively. A norm
Il || on a Riesz space X is said to be a lattice norm whenever |z| < |y| implies
lz]] < |lyl|. A normed Riesz space is a Riesz space equipped with a lattice norm. A
Banach lattice is a normed Riesz space whose norm is complete. A positive element
e in a Banach lattice X is a weak unit if z A e = 0 for some = € X implies that
z=0.

A Banach lattice F is uniformly monotone if for every € > 0 there is d(e) > 0
such that whenever x € Sg, y € E and x,y > 0 the condition ||z + y|| < 1+ d(e)
implies that ||y|| < e. A Banach lattice X is said to be order continuous whenever
() 1 0 in X implies (||z4|]) — 0.

In case that (€, ;1) is a measure space, we denote by L°(u1) the space of (equiv-
alence classes of p-a.e. equal) real-valued measurable functions on Q. We say that
a Banach space X is a Banach function space on (2, u) if X is an ideal in L°(y)
and whenever z,y € X and |z| < |y| a.e., then ||z| < |ly]|.

An operator T : X — Y between two ordered vector spaces is called positive if
x > 0 implies Tx > 0.

Let us note that in case that Y is a uniformly monotone Banach lattice it follows
from the definition that the function § satisfies §(¢) < ¢ for every positive real ¢.

Definition 2.1 ([8, Definition 1.3]). Let X and Y be Banach lattices. The pair
(X,Y) is said to have the Bishop-Phelps-Bollobds property for positive operators if
for every 0 < e < 1 there exists 0 < n(¢) < € such that for every S € Sp(x,y), such
that S > 0, if zp € Sx satisfies ||S(zo)|| > 1 — n(e), then there exist an element
up € Sx and a positive operator T' € Sp(xy) satisfying the following conditions

IT(uo)ll =1, [luo —xoll <& and [T 5] <e.
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Remark 2.2. In case that the pair (X,Y) satisfies the previous definition, if the
element zq is positive, then the element ug can also be chosen positive.

Proof. Assume that (X,Y’) has the BPBp for positive operators and assume that
S € Spx,yy and x¢ € Sy satisfy the assumptions in Definition 2] and zq is also
positive. So there exists a pair (T',uo) € Sp(x,y) X Sx such that T' is positive and
satisfying

IT(uwo)|| =1, Jlup—=zol| <e and ||T -S| <e.

We will check that the positive element |ug| also satisfies the desired conditions.
Note that from triangle inequality we have |||ug| —|zo||| < [Juo—zo|| < €, so since
xo is positive we conclude |||ug] — xo| < [Jup — @o]| < €. On the other hand since
the operator T is positive, |T'(ug)| < T'(Jug|). Hence 1 = ||T(uo)| < [|T(Juol)|| <
IT|| = 1, so ||T(Jug|)|| = 1. Therefore the element |ug| € Sx satisfies the desired
conditions. O

Next we show some technical results that will be useful later. Throughout the
rest of the section, if (€, ) is a measure space, we denote by 1 the constant function
equal to 1 on 2. Since an element f in By _(,) satisfies that [ f| < 1 a.e., it is clear
that a positive operator from L., (@) to any other Banach lattice satisfies the next
assertion.

Lemma 2.3. Let u be a positive measure and T a positive operator from Loo(p)
to some Banach lattice Y. Then ||T'|| = ||T(1)]|.

The next result extends [8, Lemma 1.5], where the analogous result was proved

for Li(u).

Lemma 2.4. LetY be a uniformly monotone Banach function space and 0 < & < 1.
Assume that f1 and fs are positive elements in'Y such that

1
< — < —

where § is the function satisfying the definition of uniform monotonicity for'Y. Then
there are two positive functions hy and ho in'Y with disjoint supports satisfying that

|hi +he|l=1 and ||h;— fil| <e for i=1,2.

Proof. Assume that Y is a Banach function space on the measure space (€, u).
We consider the partition of €2 given by the following sets

Ch = {t cQ: fQ(t) < fl(t)} and Cy = {t cQ: fl(t) < fQ(t)}

Clearly (7 and C5 are measurable sets. The function h given by h = 2( fixe, +
faxc,) belongs to Y since Y is a Banach function space on (€2, ). It is also clear
that h is positive and it is satisfied that

Ifi — fol +h=f1 + fo (2.1)
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Clearly we have that

€ €
I+l <1< (146 (5) I - £l = (145 (5)) Il = fall.
By using that Y is uniformly monotone, from (21]) it follows that

& & & 13
IRl < lllfr = felll = sl = foll € sl + foll £ 50
3 3 3
AS a consequence

€ €
el < B < & and fpoxe,ll < £ (2:2)
Now define g; = fixc, for i = 1,2. Note that g; and gs are positive functions with

disjoint supports, belong to Y and also satisfy

g1 + g2 < 1. (2.3)
By ([22)) the function g; satisfies
lgr = Al = Ilfixes = Al = I fixeall < ¢ (24)
By using the same argument we also obtain that
lg2 = fall < % (2.5)
It is also satisfied that
g1 + g2l = [Lfr + foll = (/1 — g1l = [If2 — g2l
> f = foll = 5 (by @3 and @)
s L __¢
T 1+46(5) 3
zli%—§>o. (2.6)

For ¢ = 1,2 we can define the function h; by h; = “gli]f’—igﬂl' Clearly hy and hs are
positive functions in Y with disjoint supports satisfying also that ||hy + he|| = 1.
For ¢ = 1,2 we also have that

i
1 =il = | g T g
gl
= ———|1—|lg1 + 92
T +ga - o ezl
<1— g+l (by @3)
<1o— 4 oy @)
1w (e) 3 Y
2¢e
< —. 2.7
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By using [27), (24) and (2.3) we can estimate the distance between h; and f;
for i = 1,2 as follows
2 ¢
[hs = fill < [|hi = gall + llgi = fill < 3t <&
This finishes the proof. O

Theorem 2.5. The pair (Loo(11),Y) has the Bishop—Phelps—Bollobds property for
positive operators, for any positive measure p, whenever Y is a uniformly monotone
Banach function space. The function n satisfying Definition 21 depends only on the
function § satisfying the definition of uniform monotonicity for Y.

Proof. Assume that (Qq, 1) is a measure space and Y is a Banach function space
on (22,v). Let 0 < e < 1 and § be the function satisfying the definition of uniform
monotonicity for the Banach function space Y. Choose a real number 7 such that
0 <n=n(e) < 55 and satisfying also

1 1
< —3n. 2.8
110(5) 1+e0p) " (2:8)
Assume that fo € Sp_(4),S € Sp(L..(u),y) and S is a positive operator such
that

1
1S (fo)ll > TH3(P)

We can assume without loss of generality that |fy| < 1. We define the sets A, B
and C given by

A:{tggllflgfo(t)<*1+7]}, B:{t60121*?7<f0(t)§1}
and
C={teQ [fo(t) <1-n}

Clearly {A, B,C} is a partition of 1 into measurable sets. We clearly have that
|fol +nxc € Sp_(u)- By using that S is a positive operator we have that

1S(1fol +nxe)l <1
< IS(fo)ll(L +d(n*))
< IS fDlI @ +6()).

In view of the uniform monotonicity of Y the previous inequality implies that
[S(nxc)ll <n* and so

1S(xe)ll < . (2.9)
From the definition of the sets A and B we have that ||[xa + foxalle < 7 and
[l foxs — xBlloo < 1 and so

[S(xa) + S(foxa)l <n and  [[S(foxs) = S(xs)ll < 7. (2.10)
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We clearly obtain that
1S(xB) = Sxa)ll = [|S(foxs) + S(foxa)ll = [[S(foxs) — S(xs)|
= [15(xa) + S(foxa)ll
= [[S(fo)ll = [IS(foxe)ll =20 (by @IQ))

1
S IS(xe)] -2

1
>———-3 b
> Ty (by 23))
- 1
1+0(5)
Since S is a positive operator and ||S(xa)+S(xs)|| < 1, in view of (211 we can

apply Lemma 2.4l Hence there are two positive functions hy and hs in Y satisfying
the following conditions

(2.11)

I = SCeall < 5 llhe = Ses)ll < . (2.12)
supp hy Nsupp he =@ and ||hy + ho| = 1. (2.13)
Hence
1S (xa)Xe\supp ha | = [[(h1 = S(xa)) X2 \supp b4 |
< [lh1 = S(xa)ll
<< (by @) (2.14)
and
15(xB)Xaz\supp n2ll = [[(h2 = S(XB))Xaz\supp 5o
< [lh2 = S(xB)|
< % (by @I2)). (2.15)

Now we define the operator U : Lo (u) — Y as follows

U(f) = S(fXA)XSupp hi + S(fXB)Xsupp ho (f S Loo(u))

Since Y is a Banach function space and S € L(Loo(p),Y), U is well-defined and
belongs to L(Loo(pt),Y). The operator U is positive since S is positive. It also
satisfies that

IIU - SII = Sup{HS(fXA)Xﬂg\supp ha T S(fXB)XQg\supp ho + S(fXC)H 1 fe BLOQ (u)}

< SuP{HS(fXA)XQQ\supp hy ” + ”s(fXB)XQQ\supp hg)” + ”S(fXC)H 1 fe BLOO(/,L)}
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S HS(XA)XQ‘Z\SUI)]) hq H + IIS(XB)XQ‘Z\SUI)]) }Lg)” + IIS(XC)”

<§+n<g (by 2.14), 2.I3) and ).

(2.16)
Hence
€
o-1<, (217)
so U # 0.
Finally we define T' = ﬁ Since U is a positive operator, T is also positive. Of
course T' € Sp(1__(u),y) and also satisfies
IT=SI<IT-Ul+IU-S5|
U €
<[ -v]+5 v e
H U]l 2
€
=1-|U b
- Ul + 5
<e (by @ID)). (2.18)

The function f; given by f1 = xB — xa + foxc belongs to S;,__(,,) and satisfies
that

If1 = folloo = lIXB — xa + foxc — follo <n <e. (2.19)
We clearly have that
U(f1) =U(xs — xa + foxc) = S(XB)Xsup ha — S(XA)Xsup hs -
Since U is a positive operator it satisfies that
[UI =[] = 15(xa)Xsupp by + S(XB)Xsupp hell-
For each t € Q) we obtain that
(UMW) @) = 1(S(xa)xsuphy + S(XB)Xsup ha ) (2]
|(=S(xa)Xsuphy + S(XB)Xsup o) (£)| - (by @.I3))
=[(U(xs = xa + foxe)®)||
I(U(f)@)].
Since Y is a Banach function space we conclude that
U= T = 1Ufll-
By (ZI9) and (2I3)), since T attains its norm at f;, the proof is finished O

The previous result was proved in [8, Theorem 1.6] in case that the range is a
L, space, so Theorem 28] is already a far reaching extension of that result.
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Our purpose now is to obtain a version of Theorem 2.5 for some abstract Banach
lattices. In order to get this result, we note that every uniformly monotone Banach
lattice is order continuous (see [9, Theorem 21, p. 371] and [I7, Proposition 1.a.8]).
It is also known that any order continuous Banach lattice with a weak unit is order
isometric to a Banach function space (see [I7, Theorem 1.b.14]). From Theorem 2]
and the previous argument we deduce the following result.

Corollary 2.6. The pair (Loo(p1t),Y) has the Bishop-Phelps-Bollobds property for
positive operators, for any positive measure p, whenever Y is a uniformly monotone
Banach lattice with a weak unit. Moreover, the function n satisfying Definition 21]
depends only on the function § satisfying the definition of uniform monotonicity

forY.

3. Bishop—Phelps—Bollobas Property for Positive Operators in
Case that the Domain is ¢g

In this section we show parallel results to Theorem 2.5 and Corollary[2.6]in case that
the domain space is ¢g. We begin with a technical result whose proof is straightfor-
ward.

Lemma 3.1. Let Y be a Banach lattice and T € L(cp,Y) be a positive operator.
Then the following assertions are satisfied:

(D) TN = sup{[| Ty en)ll = n € N} = sup{[|T(X,—, ex)ll : m > N}, for all
natural numbers N.

(2) sup{||T(zxc)| : © € Beo} = sup{[|T(Xcn{renk<n})|l : n € Nyn > N} for all
C C N and all positive integers N.

Theorem 3.2. The pair (co,Y) satisfies the Bishop—Phelps—Bollobds property for
positive operators, for any uniformly monotone Banach function space Y. Moreover,
the function n satisfying Definition 211 depends only on the function ¢ satisfying
the definition of uniform monotonicity for Y .

Proof. The proof of this result is similar to the proof of Theorem We include
the details of the proof for the sake of completeness.

Assume that Y is a Banach function space on the measure space (€2, ).

Let 0 < € < 1, and assume that Y satisfies the definition of uniform monotonicity
with the function . Choose a positive real number such that n < {5 satisfying also

1 1
< —
1+6(&)  1+6(0?)

3n. (3.1)
Assume that xg € Se,, S € Sp(c,,y) and S is a positive operator such that

1S (o) || > W

2050023-9
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Consider the sets A, B and C' defined by
A={keN:-1<uzo(k)<-1+4+n}, B={keN:1-n<uxzo(k) <1}
and
C={keN:|zo(k) <1-n}

Clearly {A, B, C'} is a partition of N. Also the subsets A and B are finite sets, so x 4
and yp belong to ¢y. For a positive integer n denote by C,, = CN{k € N: k <n}.
We clearly have that |zo| +nxc, € Se, for all n € N. Since S is a positive operator
for each positive integer n it is satisfied that

15 (ol +nxc. ) <1
< [IS(z) (1 +6(n*))
< ISz II(1 + 8(n*))-

In view of the uniform monotonicity of Y the previous inequality implies that
1S(nxe,)| < n? for all n € N and so

[S(xe )l <n, VneN.
From Lemma B.1] we deduce that
[S(zxe)ll < sup{[|S(xc. )l :n €N} <n, Va € B, (3.2)

From the definition of the sets A and B we also have that ||xa + Zoxalleco < 7
and [[zoxs — XBllso <71, sO

1S(xa) + S(xoxa))ll <n and [|S(zoxs) — Sxs)l <n- (3.3)

We clearly obtain that

15(xB) = S(xa)ll = 1S(xoxs) + S(xoxa)ll — [1S(xoxs) — S(xa)ll
—[1S(xa) + S(zoxa)ll

> |[S(a0)] ~ Sxoxe) |~ 20 (by EB)
> T5m — IS@oxe)l =20
S
~ 1446(n?)
Ll
1+0(5)

—3n (by B2)
(3.4)

Since S is a positive operator and ||[S(xa)+S(xs)| < 1, in view of (4] we can
apply Lemma -4l Hence there are two positive functions g; and g in Y satisfying

2050023-10
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the following conditions:

lor = SCea)ll < 5. llaz = Sew)l < - (3.5)
supp g1 Nsupp g2 = @ and ||g1 + g2|| = 1. (3.6)
Hence
1S (xa)Xxa\supp g, 1| = [(g1 = S(xa))x\supp g
< [lgr = Sxa)ll
<< (by @) (3.7)
and
1S (xB)x\supp g2 | = [[(g2 — S(XB))x2\supp g2 |l
< llg2 = S(xs)ll
<< (boy @3). (3.8)

Now we define the operator R : ¢y — Y as follows

R(‘T) = S(‘TXA)Xsupp o T S(‘TXB)Xsupp g2 (CE € CO)'

Since Y is a Banach function space and S € L(cp,Y), R is well-defined and belongs
to L(cg, Y'). The operator R is positive since S is positive. By using Lemma 3] for
any element x € B, we have that

(= S)(@)[| = |S(zxa)X\supp 91 + S(@XB)X\supp g2 T S (zXC)||
< 1S (xa)Xavsupp g1 I + 1S (xB)X\supp g2) | + [1S(zx)l
< §+77<§ (by B1), B.8) and (B2)).
As a consequence
|R=S| <5 and [IR|-1]<2, (3.9)

so R # 0.
We put T' = ﬁ. The operator T is positive since R is positive. Of course
T € Sp(co,y)- Now we estimate the distance from 7" to S as follows

IT— S| < |7~ R||+ R - 5]
R €
<= R+ by @D
H|R| H y (v B)
E
= 1|1 — —
1 R0+
< (by @) (3.10)

2050023-11
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The element ug given by ugp = x5 — x4 + Zoxc belongs to the unit sphere of ¢
since xo € S,. It also satisfies

l[uo — zolloo <m < e. (3.11)

Since g1 and go have disjoint supports, Y is a Banach function space and R is
a positive operator, we also have that

[R(uo)|l = [1S(=xa)Xsupp g1 + S (XB)Xsupp g2 |l
= HS(XA)Xsupp g T S(XB)Xsupp ng
= [|R(xauB)| = I R]|-

Hence the operator T' also attains its norm at wg. In view of BI0) and (BII]) the
proof is finished. O

Corollary 3.3. The pair (co,Y) has the Bishop—Phelps—Bollobds property for posi-
tive operators, for any uniformly monotone Banach lattice Y. Moreover, the function
n satisfying Definition 211 depends only on the function § satisfying the definition
of uniform monotonicity for Y.

Proof. By using the same argument of Corollary 2.6 in view of Theorem [3.2, we
obtain the statement when Y is uniformly monotone Banach lattice with a weak
unit. Note also that in Theorem the function 7 appearing in Definition 2]
depends only on the function § satisfying the definition of uniform monotonicity
for the Banach function space on the range.

Assume now that Y is a uniformly monotone Banach lattice and the function §
satisfying the definition of uniform monotonicity for Y. Since ¢ is separable, if T' €
L(cp,Y), the space T'(co) is also separable. It is well known that the Banach lattice
X generated by T'(co) is a separable Banach lattice of Y and so, it also satisfies the
definition of uniform monotonicity with the function 4. By [9, Lemma 3, p. 367] X
has a weak unit. By the previous arguments, the pair (¢, X ) satisfies the Bishop—
Phelps—Bollobas property for positive operators with a function 1 depending only on
0. As a consequence, the pair (g, Y') also has the Bishop—Phelps—Bollobés property
for positive operators. O

Kim proved that the pair (cg,Y) has the Bishop—Phelps—Bollobés property for
operators when Y is uniformly convex (see [15, Corollary 2.6]). Note that the pre-
vious result is a version of that result for positive operators.

4. Results are Optimal When the Range is Strictly Monotone

Our intention now is to show that under some mild assumption on the range space,
Corollaries [Z.6] and are optimal. For this end we need some preliminary results.
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Lemma 4.1. Let M, N andY be normed spaces. Assume that T € L(M o N,Y)
and m +n € Sye.n satisfy that |n]] < 1 and |T(m + n)|| = ||T||. Then
[T (m)|| = [IT]].

Proof. If we put ¢t = ||n||, then 0 < ¢ < 1. In case that ¢t = 0 it is clear that T
attains its norm at m. Otherwise 0 < ¢t < 1, the element m + %n belongs to the
unit sphere of M ®,, N and

1
m—i—n:(l—t)m—i—t(m—i—;n).

Since ||T'(m + n)|| = ||T||, and the function = +— ||T'(x)]|| is convex on M @& N, we
conclude that ||T'(m)|| = || T]|. |

Next result is probably known, but we did not find a reference in the literature
and we include it for the sake of completeness.

Proposition 4.2. Let Y be a Banach lattice. The following conditions are equiva-
lent.

(1) Y is uniformly monotone.
(2) For every 0 < e < 1, there is n(e) > 0 satisfying

ueY,veSy, 0<u<v and |v—ul|>1-n)=|ul<e.
(3) For every 0 < e < 1, there is n(e) > 0 satisfying
wveY, 0<u<wv and [v—ull>@1-n()lv]=lul <el.

Moreover, if (2) is satisfied, Y is uniformly monotone with d(¢) = n(5). In case

that Y is uniformly monotone with §(g) conditions (2) and (3) are satisfied with
_ _d(
n(e) = 1+68()s)'

Proof. (1) = (2)
Assume that Y is uniformly monotone with 6(g). Assume that 0 < e < 1 and u
and v are elements in Y such that

v =1, 0<u<wv and |v—ul|>1-n(E)=1—-—+
Putz =v—u,y=wu. So z,y > 0 and

o+ ol = loll =1 = (140D (155 )
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Hence from uniform monotonicity of Y, we conclude ||u| = |ly|| < e|lz| < e.

(2) = (3)

Trivial

3) = (1)

Assume that 0 < e < 1,z € Sy, y € Y satisfy that z,y > 0 and ||z + y|| <
L+0(e)=1+n(5). Putu=y,v=2+y. So0<u<vand

) (0 (3))

3

lo—ull = llal = 1> (1=n(3

Hence from the assumptions we conclude [|y|| = [|ul] < §[jv]| < (1 +n(5)) <e.
So Y is uniformly monotone with §(g) = n(5). O

Proposition 4.3. Let X be a Banach lattice, M and N be nonzero Banach sub-
lattices of X such that X = M ®., N and the canonical projections from X to M
and N are positive operators. If Y is a strictly monotone Banach lattice and the
pair (X,Y) has the Bishop—Phelps—Bollobds property for positive operators then'Y
s uniformly monotone.

Proof. We will show that Y satisfies condition 2) in Proposition2l Let 0 < & < 1.
Let us take elements u and v in Y such that

0<u<w, |v|=1 and |v—ul>1-n(),

where 7 is the function satisfying the definition of BPBp for positive operators for
the pair (X,Y).

Since M and N are nonzero Banach sublattices, there are positive elements
mo € Sy and ng € Sy. By using the Hahn-Banach theorem for Banach lattices and
positive elements (see [I8 Theorem 39.3]), there are positive functionals mf € Sy
and n§ € Sn+ such that m§(mo) = 1 = n(no).

Let P and Q be the canonical projections from X to M and N, respectively.
Consider the operator S from X to Y given by

S(a) = mg(P(x))(v —u) +ng(Q(x))u, (€ X).

We have that v — u and u are positive elements in Y, the functionals mg and ng
are positive on M and N, respectively, and the projections P and () are positive
operators on X. Therefore S is a positive operator from X to Y.

By using the assumptions on X, the fact that the functionals m§ and nj belong
to the unit sphere of M* and N* respectively, since v—u and u are positive elements
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in Y, for any element x € Bx we have that
[S@) < MP@) (v —w) + Q) lul
< loll = 1. (4.1)
Since mgy + ng € Sx and S(mg + ng) = v € Sy, we deduce that S € SL(x,y)-
Note also that || S(mo)| = ||v —u|| > 1 —n(e). By using that the pair (X,Y") has

the BPBp for positive operators and Remark 2.2], there exists a positive operator
T € Sp(x,y) and a positive element z; € Sy satisfying

IT(z1)|]| =1, [[T—=S||<e and |z1—mel <e.

If we write m; = P(z1) and nq = Q(x1), since ||n1]| = ||Q(z1—mo)|| < [Jz1 —mo|| <
e < 1, from Lemma [Tl we conclude that ||T'(mq)|| = 1.

Since T" and P are positive operators and x7 is a positive element in X, we have
that

1= [[T(m)l| < IT(m1 +no)ll < 1.
By using that Y is strictly monotone we obtain that T'(ng) = 0. As a consequence,
[ull = [|Smo)ll = (S = T)(no)l| < [|S =T <e.

In view of Proposition 2] we proved that Y is uniformly monotone. O

As a consequence of Proposition and Corollaries B3] and we deduce the
following result, which is a version of the one obtained by Kim that asserts that
a Banach space Y is uniformly convex whenever it is strictly convex and the pair
(co,Y) has the Bishop-Phelps—Bollobds property for operators ([I5, Theorem 2.7]).

It is worth to point out that a Banach lattice is strictly monotone whenever
it is strictly convex. Analogously uniform convexity implies uniform monotonicity
(see [I4, Theorem 1], for instance). Note that the converse results do not hold since
every Lq(u) such that dim Ly (p) > 1 is uniformly monotone, but it is not strictly
convex.

Corollary 4.4. (1) Let Y be a strictly monotone Banach lattice. Then the pair
(co,Y) has the BPBp for positive operators if and only if Y is uniformly mono-
tone.

(2) Let p be a positive measure such that dim Loo(p) > 1 and let Y be a strictly
monotone Banach lattice. If the pair (Loo(p),Y) has the BPBp for positive
operators, then Y is uniformly monotone. In case that Y has a weak unit the
converse is also true.
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