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Abstract

This article establishes cutoff thermalization (also known as the cutoff phenomenon) for aclass
of generalized Ornstein—Uhlenbeck systems (X (x));>o with e-small additive Lévy noise and
initial value x. The driving noise processes include Brownian motion, «-stable Lévy flights,
finite intensity compound Poisson processes, and red noises, and may be highly degenerate.
Window cutoff thermalization is shown under mild generic assumptions; that is, we see an
asymptotically sharp co/0-collapse of the renormalized Wasserstein distance from the current
state to the equilibrium measure ¢ along a time window centered on a precise e-dependent
time scale t.. In many interesting situations such as reversible (Lévy) diffusions it is possible
to prove the existence of an explicit, universal, deterministic cutoff thermalization profile. That
is, for generic initial data x we obtain the stronger result W), (Xf‘9 (), 1) el 5 K.emr
for any r € R as ¢ — 0 for some spectral constants K,g > 0 and any p > 1 whenever
the distance is finite. The existence of this limit is characterized by the absence of non-
normal growth patterns in terms of an orthogonality condition on a computable family of
generalized eigenvectors of Q. Precise error bounds are given. Using these results, this article
provides a complete discussion of the cutoff phenomenon for the classical linear oscillator
with friction subject to e-small Brownian motion or a-stable Lévy flights. Furthermore, we
cover the highly degenerate case of a linear chain of oscillators in a generalized heat bath at
low temperature.
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1 Introduction

The notion of cutoff thermalization (also known as the cutoff phenomenon or abrupt thermal-
ization in the literature) has gained growing attention in recent years in the physics literature
with applications to quantum Markov chains [72], chemical kinetics [8], quantum infor-
mation processing [73], the Ising model [79], coagulation-fragmentation equations [83,84],
dissipative quantum circuits [67] and open quadratic fermionic systems [104]. The term “cut-
off” was originally coined in 1986 by Aldous and Diaconis in their celebrated paper [4] on
card shuffling, where they observed and conceptualized the asymptotically abrupt collapse of
the total variation distance between the current state of their Markov chain and the uniform
limiting distribution at a precise deterministic time scale.

At this point we refrain from giving a full account on the mathematical literature on
the cutoff phenomenon and refer to the overview article [41] and the introduction of [16].
Standard references in the mathematics literature on the cutoff phenomenon for discrete time
and space include [1,3,4,9,15,18,32,33,40,42,74-78,80,103,109]. As introductory texts on
the cutoff phenomenon in discrete time and space we recommend [68] and Chapter 18 in the
monograph [78].

Although shown to be present in many important Markov chain models, cutoff thermal-
ization is not universal. For instance, for reversible Markov chains Y. Peres formulated the
widely used product condition, that is, the divergence of the product between the mixing time
and the spectral gap for growing dimension, see introduction of [57]. The product condition
is a necessary condition for pre-cutoff in total variation (see Proposition 18.4 in [78]), and a
necessary and sufficient condition for cutoff in the L? sense (see [32]). This condition can
be used to characterize cutoff for a large class of Markov chains, but it fails in general, see
Chapter 18 in [78] for the details. The alternative condition that the product of the spectral
gap and the maximal (expected) hitting time diverges is studied in [2] and [[56], Theorem 1].
In [17] p. 1454 the authors explain the limitations of the hitting time approach to characterize
cutoff in general. To the best of our knowledge, there is no well-developed general theory
as in the reversible case. However, Theorem 1.1 in [76] yields an abstract sufficient hitting
time condition for the detection of the cutoff phenomenon, which is valid in reversible and
non-reversible settings, see Section 3, Example 3.4 in [76].

This article establishes just such a criterion for the class of general (reversible and non-
reversible) ergodic multidimensional Lévy-driven Ornstein—Uhlenbeck processes in contin-
uous space and time for small noise amplitude with respect to the (Kantorovich-Rubinstein-)
Wasserstein-distance. Recall that the classical d-dimensional Ornstein—Uhlenbeck process
is given as the unique strong solution of

dX? = —QX%dr +edB;, X5 =1x, &>0, (1.1)

where Q is a square matrix and B = (B;);>0 a given d-dimensional Brownian motion.
For the definitions see for instance [89,93]. The marginal X7 (x) at a fixed time r > 0
has the Gaussian distribution N (0, £2%,), where the covariance matrix ¥, has an integral
representation given in Theorem 3.1 of [98] or Sect. 6.1 of this article. Furthermore, if Q
has eigenvalues with positive real parts, the process (X! (x));>0 has the unique limiting
distribution u® = N(O, 82200), where Yoo = lim;_, o X, see Theorem 4.1 and 4.2 in
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[98]. Since Q has full rank, ¥, is known to be invertible. Moreover, the Gaussianity of the
marginals and the limiting distribution leads to an explicit formula for the relative entropy

1/1 by
HOXEW 1) = 5 (—z(e*Q’x)*E;; (e9x) + Tr(EL' 5 — d + log ”” 2°°””> (12
€ t
where || - || = det. Note that Tr(E 3! ;) — d + log (| Zcoll/ | Z¢]l) — O for any time scale
t — 00, thus the first term in formula (1.2) turns out to be asymptotically decisive, when ¢
is replaced by some 7, — 00 as ¢ — 0. In particular, for a positive multiple of the identity,
Q=g¢q-1Iz,q > 0,and t, := ¢g~'|In(e)|, the following dichotomy holds for any x # 0:

_1l
1 |Eoozt‘3_g‘s't£)€|>2 2s—1) e=0 Joo ford € (0,1)
H(X¢, (x N~ | X & (Y — .
Ko I 14 82( 3 0 foré>1

(1.3)
The discussion of formula (1.3) for a general asymptotically exponentially stable matrix —Q
is given in Sect. 6.1 of this article. The fine study of the dichotomy in (1.3) and its dependence
on x for general Q, is the core of cutoff thermalization for relative entropy in the context of
continuous time and space. The main shortcoming of formula (1.2) is that it is not robust and
hard to generalize to

(I) general degenerate noise such as the linear oscillator with noise only in the position and
(IT) non-Gaussian white Lévy noise processes or red noise processes, such as a-stable Lévy
flights, Poissonian jumps, Ornstein—Uhlenbeck processes, or even deterministic drifts.

Additionally, it is not obvious in general how formula (1.2) would imply an analogous
dichotomy to the asymptotics in (1.3) for

(IIT) statistically more tractable distances such as the total variation or the Wasserstein distance.

In [14] items (I) and (IT) have been addressed for smooth density situations in the technically
demanding total variation distance under natural but statistically hardly verifiable regular-
ization conditions. In this article, we study the generalized Ornstein—Uhlenbeck process
Xf(x) = (X{(x)):>0 given as the unique strong solution of the linear ordinary stochastic
differential equation with additive Lévy noise

dX; = —QX; dr +edL,,  Xj=x, (1.4)

with the cutoff parameter ¢ > 0, where Q is a general d-dimensional square matrix that has
eigenvalues with positive real parts and L = (L;);>¢ is a general (possibly degenerate) Lévy
process with values in R, The purpose of this article is twofold. First, it establishes window
cutoff thermalization in the limit of small ¢ for the family of processes (X (x))g¢ (0,17 in terms
of the renormalized Wasserstein distance whenever the latter is finite and X*(x) has a unique
limiting distribution ©® for each €. The notion of window cutoff thermalization turns out to
be a refined and robust analogue of the dichotomy (1.3) which addresses the issues (I)—(III)
for the renormalized Wasserstein distance, that is, informally, with a limit of the following

type

00 forae(o,l)} 0s)

lim W, (X5, (x), u8) e~ =
Jim W (Xor, (). 1) :0 for§ > 1

Secondly, we study the stronger notion of a cutoff thermalization profile, that is, the existence
of the limit for any fixed r € R

lim Wp(X§ 4, (x), 1) - &7 h = Pe(r). (1.6)
E—> .
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The presence of a cutoff thermalization profile for generic x turns out to be characterized by
the absence of non-normal growth effects, that is, the orthogonality of asymptotic (t — oc0)
generalized eigenvectors of the exponential matrix e~<’. In [12,14] such limits have been
studied and characterized for the total variation distance. The limit there, however, turns out
to be hard to calculate or even to simulate numerically, while in our setting for p > 1 the
limit (1.6) is shown to take the elementary explicit shape

Pe(r) =K, e ", r e R,

where the positive constants K, and ¢, in general depend on the initial condition x. For
generic values of x, that is, x having a non-trivial projection on one of the eigenspaces of
the eigenvalues of Q with smallest real part and highest multiplicity, it turns out to be the
spectral gap of Q. In addition, our normal growth characterization is applicable in concrete
examples of interest such as the linear oscillator. The Markovian dynamics of (1.4) implies
(whenever regularity assumptions, such as hypoellipticity, are satisfied) that the probability
densities py of the marginals X} (x) are governed by the Fokker-Planck or master equation

dp; = (A)"pr,

where the generator A® in general amounts to a full-blown unbounded linear integro-
differential operator. Therefore state-of-the-art analytic methods, at best, are capable of
studying the spectrum of A® (numerically), which yield an upper bound for exponential con-
vergence to the equilibrium p? for sufficiently large time in the case of the spectrum lying
in the left open complex half-plane. See for instance [88] Section “Hypoelliptic Ornstein—
Uhlenbeck semigroups” or Theorem 3.1 in [10]. However, these types of results can only
establish (qualitative) upper bounds, which do not reflect the real convergence of p; to the
equilibrium distribution p?. It is with more flexible probabilistic techniques (coupling or
replica) that it is possible to show cutoff thermalization in this level of generality.

The first work on cutoff thermalization covering certain equations of the type (1.1) is by
Barrera and Jara [12] in 2015 for scalar nonlinear dissipative SDEs with a stable state and
e-small Brownian motion in the unnormalized total variation distance dty using coupling
techniques. The authors show that for this natural (d = 1) gradient system, there always
is a cutoff thermalization profile which can be given explicitly in terms of the Gauss error
function. The follow-up work [13] covers cutoff thermalization with respect to the total
variation distance for (1.1) in higher dimensions, where the picture is considerably richer, due
to the presence of strong and complicated rotational patterns. Window cutoff thermalization
is proved for the general case. In addition, the authors precisely characterize the existence
of a cutoff thermalization profile in terms of the omega limit sets appearing in the long-
term behavior of the matrix exponential function e~</x in Lemma B.2 [13], which plays
an analogous role in this article. We note that in (1.1) and [13] the Brownian perturbation is
nondegenerate, and hence the examples of the linear oscillator or linear chains of oscillators
subject to small Brownian motion are not covered there. The results of [14] mentioned above
cover cutoff thermalization for (1.4) for nondegenerate noise d L in the total variation distance
and yield many important applications such as the sample processes and the sample mean
process. The proof methods are based on concise Fourier inversion techniques. Due to the
mentioned regularity issue concerning the total variation distance the authors state their results
under the hypothesis of continuous densities of the marginals, which to date is mathematically
not characterized in simple terms. Their profile function is naturally given as a shift error
of the Lévy—Ornstein—Uhlenbeck limiting measure for ¢ = 1 and measured in the total
variation distance. These quantities are theoretically highly insightful, but almost impossible
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to calculate and simulate in examples. Their abstract characterization of the existence of a
cutoff-profile given in [13], which assesses the behavior of the mentioned profile function on
a suitably defined omega limit set, is shown to be also valid in our setting (see Theorem 3.3).

While the total variation distance with which the cutoff phenomenon was originally stated
is equivalent to the convergence in distribution in finite spaces, it is much more difficult to
analyze in continuous space and is not robust to small non-smooth perturbations. There have
also been attempts to describe the cutoff phenomenon for quantum systems in other types of
metrics such as the trace norm, see for instance [72]. In this context the Wasserstein setting of
the present article has the following four advantages in contrast to the original total variation
distance.

(1) It does not require any regularity except some finite pth moment, p > 0. This allows
us to treat degenerate noise and to cover second order equations. As an illustration we give a
complete discussion of cutoff thermalization of the damped linear oscillator in the Wasserstein
distance subject to Brownian motion, Poissonian jumps without any regularizing effect, o-
stable processes including the Cauchy process and a deterministic perturbation. In the same
sense we cover chains of linear oscillators in a generalized heat bath at low temperature.

(2) In contrast to the relative entropy and the total variation distance the Wasserstein
distance has the particular property of shift linearity for p > 1, which reduces the rather
complicated profile functions of [12—14] to a simple exponential function with no need for
costly and complex simulation. In addition, the profile is universal and does not depend on
which Wasserstein distance is applied nor on the statistical properties of the noise. For p €
(0, 1) shift linearity seems not to be feasible, however we give upper and lower bounds which
essentially account for the same. Therefore we may cover the case of the linear oscillator
under e-small a-stable perturbations including the Cauchy process for o« = 1.

(3) We also obtain cutoff thermalization for the physical observable finite pth moments,
which cannot be directly deduced from any result in [12—14]. Our findings also naturally
extend to small red noise and general ergodic perturbations as explained in Sect. 6.2.

(4) Due to the homogeneity structure of the Wasserstein distance we give meaningful
asymptotic error estimates and estimates on the smallness of ¢ needed in order to observe
cutoff thermalization on a finite interval [0, T'].

The Wasserstein distance also entails certain minor drawbacks. First, a price to pay is to
pass from the unnormalized total variation distance (due to O-homogeneity drv (¢Uy, eUs) =
drv(Uy, Uy)) to the renormalized Wasserstein distance W), /¢. This is fairly natural to expect
for any distance based on norms such as the L”-norm, p > 1 due to the 1-homogeneity
Wy (eUy, eUz) = eW,, (U1, Uz). The second issue is that concrete evaluations of the Wasser-
stein distance are complicated in general. Ford = land 1 < p < oo the Wasserstein distance
has the explicit shape of an L?-distance for the quantiles F; U "and F [;21

1
1 »
w,,<U1,U2)=</O |F51‘(9)—F5;(9)|f’d9> :

However, there are no known higher dimensional counterparts of this formula. While by
definition Wasserstein distances are minimizers of L”-distances, they are always bounded
above by the L”-distance (by the natural coupling); however, lower bounds are typically hard
to establish.

The dynamics of models (1.1) with small Brownian motion have been studied since the
early days of Arrhenius [7], Ornstein and Uhlenbeck [85], Eyring [46] Kramers [70]. Since
then, an enormous body of physics literature has emerged and we refer to the overview
articles [61] on the exponential rates and [53] on the related phenomenon of stochastic
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resonance. For an overview on the Ornstein—Uhlenbeck process see [66]. However, in many
situations Brownian motion alone is too restrictive for modeling the driving noise, as laid
out in the article by Penland and Ewald [91], where the authors identify the physical origins
of stochastic forcing and discuss the trade off between Gaussian vs. non-Gaussian white
and colored noises. In particular, heavy-tailed Lévy noise has been found to be present in
physical systems such as for instance [22,31,43-45,52,101]. In the mathematics literature
the dynamics of the exit times of ordinary, delay and partial differential equations with
respect to such kind of Brownian perturbations is often referred to as Freidlin-Wentzell
theory. It was studied in [19-21,23,26,34,35,47,49,100] and serves as the base on which
metastability and stochastic resonance results are derived, for instance in [24,25,48,51,99].
More recent extensions of this literature for the non-Brownian Lévy case often including
polynomial instead of exponential rates include [38,55,58-60,62—65] and references therein.
A different, recent line of research starting with the works of [27-30,36] treats e-small
and simultaneously 1/e-intensity accelerated Poisson random measures which yield large
deviations for e-parametrized Lévy processes, also in the context of Lévy processes, where
this behavior typically fails to hold true.

The paper is organized as follows. After the setup and preliminary results the cutoff
thermalization phenomenon is derived in Sect. 3.1. The main results on the stronger notion
of profile cutoff thermalization are presented in Sect. 3.2 followed by the generic results
on the weaker notion of window cutoff thermalization in Sect. 3.3. Section 4 is devoted to
the applications in physics such as gradient systems and a complete discussion of the linear
oscillator and numerical results of a linear Jacobi chains coupled to a heat bath. In Sect.
5 several conceptual examples illustrate certain mathematical features such as the fact that
leading complex eigenvalues not necessarily destroy the profile thermalization. Moreover,
we highlight the dependence of the thermalization time scale on the initial data x, and Jordan
block multiplicities of Q. In Sect. 6 we discuss the pure Brownian case for relative entropy,
the validity of the results for general ergodic driven noises such as red noise and derive
conditions on ¢ for observing the cutoff thermalization on a given finite time horizon. The
proofs of the main results are given in the appendix.

2 The Setup
2.1 The Lévy Noise Perturbation dL

Let L = (L;);>0 be a Lévy process with values in R, that is, a process with stationary and
independent increments starting from O almost surely, and cadlag paths (right-continuous
with left limits). The most prominent examples are the Brownian motion and the compound
Poisson process. For an introduction to the subject we refer to [6,97]. The characteristic
function of the marginal L, has the following (Lévy—Khintchine) representation forany r > 0

u > Bl

= exp <t[i(u, b) — %(Eu, u) +/

R4

(e =1 —ifu, y)1{]y| < 1})v<dy>]) :
foradrift vectorb € R?, ¥ ad x d covariance matrix and v a si gma-finite measure on R4 with

v{0}) =0  and /(1/\|z|2)v(dz)<oo.
R4
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Hypothesis 2.1 (Finite pth moment) For p > 0 the Lévy process L has finite pth moments,
which is equivalent to

/ |z|Pv(dz) < oo,
|z|>1

where v is the Lévy jump measure.

Remark 2.1 (1) In case of L = B being a Brownian motion Hypothesis 2.1 is true for any
p > 0.

(2) For p € (0, 2) it also covers the case of @-stable noise for @ € (p, 2). Note that the latter
only has moments of order p < « and hence no finite variance.

2.2 The Ornstein-Uhlenbeck Process (Xf ))e>0

We consider the following Ornstein—Uhlenbeck equation subject to e-small Lévy noise
dX; = —QXjdr +edL;, X5=ux, 2.1

where Q is a deterministic d X d matrix. For ¢ > 0 and any x € R? the SDE (2.1) has a
unique strong solution. By the variation of constant formula

t

X7 (x) = e x4+ 8/ e U4, = ¢ % x + 50, (2.2)
0

where O; is a stochastic integral which is defined in our setting by the integration by parts

formula

t
o, =L,—/ e~ =997 ds.
0

In general, for ¢ > 0 the marginals X; (x) may not have densities and are only given in terms
of its characteristics due to the irregular non-Gaussian jump component, see Proposition 2.1
in [82]. For the case of pure Brownian noise, the marginal X? (x) exhibits a Gaussian density.
Its mean and covariance matrix are given explicitly in Section 3.7 in [89].

2.3 Asymptotic Exponential Stability of — QO

Hypothesis 2.2 (Asymptotic exponential stability of —Q) The real parts of all eigenvalues
of Q are positive.

By formula (2.2) it is clearly seen, that the fine structure of e~ </ x determines its dynamics.
In general, calculating matrix exponentials is complicated. For basic properties and some
explicit formulas we refer to [5], Chapters 7.10 and 7.14. Roughly speaking, for symmetric
Q and generic x € R?, x # 0, the behavior of e =< x is given by e ™ (v, x)v+0(e~*') where
A > 0is the smallest eigenvalue of Q and v is its corresponding eigenvector. For asymmetric
Q the picture is considerably blurred by the occurrence of multiple rotations. The complete
analysis reads as follows and is carried out in detail in the examples.

Lemma 2.1 Assume Hypothesis 2.2. Then for any initial value x € RY, x # 0, there exist
a rate q := q(x) > 0, multiplicities £ = £(x), m = m(x) € {1,...,d}, angles 6 :=
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01(x), ..., Oy = Op(x) € [0,27) and a family of linearly independent vectors v =
V1(X), ..., Uy = v (x) in C? such that
it6
Jlim t( -e Ze Vi (2.3)

Moreover,

0< l1m 1nf Ze”e"vk < hm sup Ze”e" wl| < Z [vg]. (2.4)
The numbers {q £ i0k, k = 1,...,m} are eigenvalues of the matrix Q and the vectors
{vk, k =1, ..., m} are generalized eigenvectors of Q.

The lemma is established as Lemma B.1 in [13], p. 1195-1196, and proved there. It is stated
there under the additional hypothesis of coercivity (Qx, x) > 8|x|? for some 8§ > 0 and
any x € R?. However, inspecting the proof line by line it is seen that the authors only use
Hypothesis 2.2 of the matrix Q. Hence the result is valid under the sole Hypothesis 2.2. For
a detailed understanding of the computation of the exponential matrix we refer to the notes
of [107], in particular, Theorem 22 and Section 3.

Remark 2.2 The precise properties (2.3) and (2.4) turn out to be crucial for the existence of
a cutoff thermalization profile. Note that, in general, the limit
m
. it6y
LI

does not exist. However, if in addition Q is symmetric we have 8 = --- = 6,, = 0 and
consequently,

lim ey | = 0.

Jim, Z = w2

k=1
2.4 The Wasserstein Distance WV,

Given two probability distributions w1 and @ on R4 with finite pth moment for some p > 0,
we define the Wasserstein distance of order p as follows

min{1/p,1}
Wy (i1, p2) = inf (/ u — v|PTI(du, dv)) , (2.5)
T \JRd xRd

where the infimum is taken over all joint distributions (also called couplings) I'T with marginals
w1 and uo. The Wasserstein distance quantifies the distance between probability measures,
for an introduction we refer to [106]. For convenience of notation we do not distinguish a
random variable U and its law Py as an argument of W,,. That is, for random variables U1,
U, and probability measure  we write W, (U1, Up) instead of W, (Py,, Py,), W, (U1, 1)
instead of W, (Py,, u) etc.

Lemma 2.2 (Properties of the Wasserstein distance) Let p > 0, uy, up € R? be deterministic
vectors, ¢ € R and Uy, Uy be random vectors in R? with finite pth moment. Then we have:

(a) The Wasserstein distance is a metric, in the sense of being definite, symmetric and satis-
fying the triangle inequality in the sense of Definition 2.15 in [94].
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(b) Translation invariance: Wy (uy + Uy, uz + Uz) = Wy(u1 — uz + Uy, Up).
(c) Homogeneity:

el ety = | 1 Vo U0 forp e 11,00,
lc]? Wy, (Uy, Ua) for p € (0, 1).
(d) Shift linearity: For p > 1 it follows
Wy (uy + Uy, Uy) = uyl. (2.6)
For p € (0, 1) equality (2.6) is false in general. However we have the following inequality
max{lu1|” — 2E[|U1|P], 0} < Wy, (u1 + Uy, Ur) < |ur|?. 2.7

(e) Domination: For any given coupling I1 between Uy and U, it follows

W, (U1, Us) < (fd

R4 xR

- min{1/p,1}
[v1 = 2 PFi(dur, dvo) ) .
d

(f) Characterization: Let (Uy)neN be a sequence of random vectors with finite pth moments
and U a random vector with finite pth moment the following are equivalent:

(1) Wy(U,,U) = 0asn — o0.

(2) U, i) Uasn — oo and E[|U,|P1 — E[|U|Plasn — oc.

(g) Contraction: LetT : RY — R¥ k € N, be Lipschitz continuous with Lipschitz constant 1.
Then for any p > 0
Wp(T (U1), T(U2)) < Wp(Uy, Uz). (2.8)

The proof of Lemma 2.2 is given in Appendix A.

Remark 2.3 (1) Property d) is less widely known and turns out to be crucial to simplify the
thermalization profile for p > 1 from a complicated stochastic quantity to a deterministic
exponential function, while still being useful for p € (0, 1).

(2) In general, the projection of a vector-valued Markov process to single coordinates is
known to be non-Markovian. However, not surprisingly property g) allows to estimate
the Wasserstein distance of its projections. This is used in Sect. 6.2 for degenerate systems
and mimics the analogous property for the total variation distance given in Theorem 5.2
in [39].

Lemma 2.3 (Wasserstein approximation of the total variation distance) Let Uy and U be
two random variables taking values on RY. Assume that there exists p € (0, 1) small enough
such that Uy and U, possesses finite pth moments. Then

drv (U, Uz) = lim Wy (U, Uz).
p'—0

The content of this lemma is announced in Section 2.1 in [86]. The proof is given in
Appendix A.

Remark 2.4 Assume that forany x # Oand p € (0, 1) the formula W, (x +Ouo, Ox) = [x|?
is valid. By Lemma 2.3 we have

drv(x 4 O, Ono) = lim Wy (x + O, Ono) = lim [x]? = 1.
p'—0 p'—0
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Hence for any x # 0, dtv(x + Oso, Ox) = 1 which in general false whenever O has a
continuous positive density in R, for instance, for O, being a-stable with index o € (0, 2].
In other words, W), (x + Ooo, Oso) = |x|? breaks down for p sufficiently small in all smooth
density situations.

2.5 Limiting Distribution u®

We fix ¢ > 0. By Proposition 2.2 in [82], Hypotheses 2.1 and 2.2 yield the existence of
a unique equilibrium distribution ©® and its characteristics are given there. Moreover, the
limiting distribution ©«* has finite pth moments. It is the distribution of ¢Ox,, where O is
the limiting distribution of O, as t — oo (with respect to the weak convergence). In fact, it
follows the stronger property.

Lemma 2.4 Let Hypotheses 2.1 and 2.2 be satisfied. Then for any x # 0, ¢ > 0 and 0 <
p' < pwehave W, (X; (x), u°) - Oast — oo.

Proof First note, there exist positive constants g, and C¢ such that |e_Q’ | < Coe™ 9 for any
t > 0 due to the usual Jordan decomposition and the estimate

5J
le Qtl < [sup max 76 —(a—=4:)s | p=ast = Cpe %!, (2.9)
§>00<j=<d—1 j!

where ¢ is the minimum of the real parts of the eigenvalues of Q. Then for any r > 0 and
X,y € R4

IXE) — XEOIP < le” 9P |x —y|P < CJ e P |x — y|P.

Hence
R . —gut min{1,p’}
Wy (X (), X; ) = (Coe @ x =)

By disintegration of the invariant distribution 1 we have
Wy (X7 (x), 1°) = Wy (X7 (x), X7 (1)) < /Rd Wy (X7 (x), X7 ()u (dy)
< (o)™ [ eyt
R4

< (oo al) ™ ey [y ),
R4

(2.10)
Since X, = €O, it follows
/ |y|m1n{1p’}ﬂa(dy) — mm 1 P }]EHO |1’Illl’1 1 P }] < 0.
R4
As a consequence, hm sup Wy (X7 (x), u®) = 0 forany R > O and & > 0. O

IxI=R

Observe that

t
Xf(x) =e x40, where O, := / e~ 2U=9qL,.
0
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In particular,

min{1,p’} . ,
Wy (01, 0n0) = (Coe™) B Ong "1 @.11)

By the exponential stability hypothesis we have e ~%'x — 0 as — oo. Therefore, Slutsky’s

. d L .
theorem yields X} (x) —> ¢Oq ast — 00, where O« has distribution ul.

Remark 2.5 Tt is not difficult to see that Hypothesis 2.1 yields for 1 < p’ < p

E[|0c|™M1P] < |p|— + |22 ——
[0 ] . .

C C
+ 2 / |zI2v(dz) + exp —0/ lzlv(dz) ), (2.12)
g« \ Jiz1<1 gx Jiz1>Cy"!

where g, > 0 is given at the beginning of the proof of the preceding Lemma 2.4. The proof
of the jump part and drift is elementary and given in [108] p.1000-1001. The Brownian
component can be easily estimated by the [td isometry, see for instance [71] Section 5.6.

3 The Main Results
3.1 The Derivation of Cutoff Thermalization
3.1.1 The Key Estimates forp > 1

Recall that ;® has the distribution of Q. For transparency we start with 1 < p’ < p. On
the one hand, by Lemma 2.2 properties a), b), ¢) and d) we have

Wy (XE(x), 1) = Wy (e™%x + 20, £0x0)
=Wy (e_Q’x + €0y, e x4+ £0c0) + Wy (e_Q'x 4+ €000, €0s0)
=W, (e0y, 800) + e x|
= Wy (01, Oc0) + e~ x| (3.1)

On the other hand, since p’ > 1, property d) in Lemma 2.2 with the help of properties a), b)
and c) yields

le™ x| = Wy (e™%x + £0uo, £0x0)
S Wy(e ¥x + 6000, e x +0,) + Wy %x + 20, £000)
=Wy (Ocos O1) + Wy (X[ (x), ). (3.2)
Combining the preceding inequalities we obtain

—Qr W/ng, e — Ot
e x'—Wp/(Ot,Ooo)s p(t()u)sle x|

e + Wp’ (01, Oc0). (33)
Since the Wy (Or, Ox) — 0 ast — oo, for any . — o0 as ¢ — 0 we have
e’Qtéx
&
the correct choice of t}. Therefore, the refined analysis of the linear system e~ x carried

out in Lemma 2.1 is necessary.

Wy (O, Ox) — 0 as & — 0. It remains to show abrupt convergence of |

| for
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Remark 3.1 Note that the preceding formula (3.3) is valid for any p of Hypothesis 2.1. If L
has finite moments of all orders, that is, formally p = oo, we may pass to the limit in (3.3)
and obtain

le” 2| Woo (X (x). %) _ |e” x|

— Woo(Or, Oc) = + W (01, Ox).  (3.4)

&

This is satisfied for instance in the case of pure Brownian motion or uniformly bounded
jumps. Moreover

Woo(Or, Oxo) = lim W, (Or, O) < lim / Wp(Or, 01 (2))P(Oco € dz)
p—>00 p—00 Jpd

<1le 9| E[|Oxl] = 0, ast— oo.

3.1.2 The Key Estimates forp € (0, 1)

We point out that for 0 < p’ < p the distance W), satisfies all properties of Lemma 2.2,
however, with modified versions of c¢) and d). Therefore, the upper bound (3.1) has the shape

Wy (XE(x), 1) < Wy(e™ x4+ £0p, eV x + 6000) + Wy (e™ x4 6000, £000)
—Or
e X

= " Wy (O, Oco) + " Wy ( + 0o, Occ)

and the lower bound (3.2) reads
e <y

e Wi ( + 0o, Oc) = Wy (€™ x + 8000, £0cc)
< Wp/(e_Q’x + 605, e Yx 4+ £0))
+ Wy (e=%x +£0,,604)
= " Wy (Ooo. O)) + Wy (XE (). 1°).

The combination of the preceding inequalities yields

-9t 3 &
e X Wp’(Xz (X),/,L )
Wp/( - +Ooo,ooo) — Wy(0r, Ono) <~
e 9x
< wp/( — + 0. ooo) + Wy (O, O).
(3.5)
Remark 3.2 For p’ € (0, 1), property d) in Lemma 2.2 yields
—Qt 0 -0t —Qt P
e ='x / e ='x e ~'x
4 —2E[| 0| ] = Wy ( + O, Oco) < ! (3.6)
ep el

3.2 The First Main Result: Characterizations of Profile Cutoff Thermalization

This subsection presents the first cutoff thermalization results of in the sense of (1.6) for the
system (1.4) with x # 0.
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Remark 3.3 Note that for initial value x = 0 there is no cutoff thermalization. Indeed, by
property ¢) in Lemma 2.2 we have

Wy (X5 (0), 1) = Wy (£0;, 8000) = e PIW, (01, Onc).
Hence for any t, — oo as ¢ — 0 we have

Wy (XE ), 1)
P gty Y (O O =0

excluding a cutoff time scale separation.

3.2.1 Explicit Cutoff Thermalization Profile in Case of First Momentsp > 1

The first main result characterizes the convergence of W, (X7 (x), 1+°)/¢ to a profile function
forx #0and 1 < p’ < p.

Theorem 3.1 (Cutoff thermalization profile) Let v satisfy Hypothesis 2.1 for some 1 < p <
0. Let Q satisfy Hypothesis 2.2 and x € R?, x # 0, with the spectral representation q > 0,
t,mef{l,...,d},01,...,0, €[0,2r)and vy, ..., vy € cd of Lemma 2.1.

Then the following statements are equivalent.

(i) The w-limit set
m
w(x) := { accumulation points sz " vrast — oo} 3.7
k=1
is contained in a sphere, that is, the function
w(x) >u > |u| isconstant. (3.9)

(ii) For the time scale
-1

- é| @) + ==L in( Ince))) (3.9)

the system (X} (x));>0 exhibits for all asymptotically constant window sizes wy — w > 0
the abrupt thermalization profile for any 1 < p’ < p in the following sense

Wp’(X%+r.w£ (X), /’Lg)

lim =Px(r) foranyr € R,
e—0 &
where
e raw
Py(r) := ﬁlvl for any representative v € w(x). (3.10)
q

Under either of the conditions, for ¢ sufficiently small, we have the error estimate

WP/(Xf‘ngr-wE(x), /'LE) _Q(t§+r'w8)xl

—Px(r)| (3.11)

— Px(r)

e
< Wy (O, On) + |'

e e
which for generic x yields a constant C such that
W (X . (), 1)
S il —Per)| < Cy e (3.12)
e
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The proof of Theorem 3.1 is given at the end of Appendix B. In the sequel, we essentially
characterize when the function

o(x) > u > |ul

is constant. We enumerate vy, ..., v, as follows. Without loss of generality we assume
that §; = 0, that is, v; € R?. Otherwise we take v; = 0 and eliminate it from the sum
> ¢'%! v, . Without loss of generality we assume that m = 2n + 1 for some n € N. We
assume that vy and vg4| = v are complex conjugate for all even number k € {2, ..., m}.
Fork € {2,..., m} we write vy = O + iU where Ok, U € RY. Since

ey = [cos(Bxt) D — sin(Bpt) Vg ] + i[sin(Bkt) D + cos(@xt) Vi,

the decomplexification given in Lemma E.1 yields the representation

m n
Y ey = v 423 (cos(@zkt)f)zk - sin(@zkt)f)zk), (3.13)
k=1 k=1
where v; € RY,
Remark 3.4 Note that the angles 65, . .., 62, in (3.13) coming from Lemma 2.1 are rationally

2m-independent for generic matrices Q and initial values x. In other words, they satisfy the
non-resonance condition

h16r+ -+ hpbry, &2 -7 (3.14)
for all (hy, ..., h,) € Z™"\ {0}.
Theorem 3.2 Let the assumptions of Theorem 3.1 be satisfied. In addition, we assume that
the angles 0, . .., 02, are rationally 21 -independent according to (3.14) in Remark 3.4.

Then i) and ii) in Theorem 3.1 are equivalent to the following normal growth condition: the
family of R?-valued vectors

(v1, V2, V2, ..., Do, U2n) Is orthogonal and satisfies |Uy| = |Vax| for k=1,...,n.
(3.15)
In this case the profile function has the following shape
e—raw
Px(r)zqz—,Hkal, reR. (3.16)
j=1

The proof is given in Appendix E. It consists of a characterization of Theorem 3.1 item 1),
that is, the property of w(x) being contained in a sphere. This characterization is carried
out in two consecutive steps in Appendix E under the non-resonance condition (3.14) given
in Remark 3.4. Lemma E.2 yields the necessary implication, while Lemma E.3 states the
sufficiency.

Remark 3.5 (1) Tt is clear that under item i) of Theorem 3.1 the profile can be defined as

e Taw

Pr(r) = ——lul

qt-1 |
for any representative # € w(x). Under the assumption of non-resonance of Remark
3.4 we have thgt u = Z;’Ll vr € w(x). Indeed, since the 0, ..., 6, are rationally
independent (CLT 6192,,1))t20 is dense in the torus S}, see Corollary 4.2.3 in [105].
Hence we approximate the point (1, ..., 1) for a subsequence #y — 0o as k — oo and

hence u = Z;”zl vr € w(x) and (3.16) is valid.
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(@)

3)

“

(&)

(6)

The existence of a thermalization profile boils down to the precise geometric structure
of the complicated limit set w(x). However, it is not difficult to cover several cases of
interest. In particular, in the case QO being symmetric w(x) = {Z';?: | Uk} since all the
rotation angles vanish, the function (3.8) is trivially constant.

The shape of the thermalization profile given in (3.10) is suprisingly universal:

e*rqw e*rqw
Px(r) = W'Lt' = Wp/ <qé7_1bl + OOO: Ooo> .

It does not depend on the parameters 1 < p’ < p € [1, oo] (beyond finite moments of
order p) nor on the statistical properties of the driving noise v due to the shift linearity
(2.6), item d) of Lemma 2.2. For p = 2 item d) of Lemma 2.2 is well-known and a direct
consequence of Pythagoras’ theorem, see for instance [87], Section 2, p. 412. We give
the proof for general p > 1 in Appendix A.

The statistical information of L enters in the rate of convergence on the right-hand side
of (3.11). Indeed, by (2.10) we have generically

Wy (O, Ooo) < E[|Ouo|] - le™ 2% | < CoE[|Ocolle, (3.17)

where Cy is given in (2.9). Moreover, E[|Ox]] is bounded explicitly in terms of the
characteristic of the noise and the matrix Q, see (2.12).

The order of the asymptotic error |Py (1) — ‘[Q“iﬁl depends inherently on the
spectral structure of Q. In the worst case its rates of convergence are of logarithmic
order 1/t}, see formula (5.1) in the example of Sect. 5.3. In Sect. 5.1 we see the optimal
rate of convergence where this error is zero. However, this is not the generic picture.
Generically all eigenvalues A1, A, ..., Ay € C have different real parts (up to pairs of
complex conjugate eigenvalues) with multiplicity 1. Without loss of generality we label
A, A2, ..., Ag € C by ascending (positive) real parts. Moreover, ¢ = Re(A) in the
generic case. Under the assumption of a thermalization profile we count with the speed
of convergence of order e 9% = K(x)e¥9, where

Re(h) —q, if A2 # A1,

_ |Re(2) —q i 2#F M (3.18)
Re(A3) —q, if Ay = A,

and since any initial datum x has the unique representation x = Z?:l c¢;j(x)v; and hence

K (x) can be taken as
K(x) = max lej(x)v;l, (3.19)

j=l

where v; are the eigenvectors associated to the eigenvalue A ;.

By (3.11), item (3) and item (5) we obtain the generic order of magnitude of & such
that the asymptotic approximation holds for concrete systems in terms of the noises
characteristics, Q, the long-term dynamics of |e_Q’ |, and the initial value x.

3.2.2 Abstract Cutoff Thermalization Profile in Case of p € (0, 1)

This result is stated in order to cover perturbations of the Cauchy process, where p < 1 and
other stable processes such as the Holtsmark process p < % Here the profile function does
exist but remains abstract.
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Theorem 3.3 (Abstract cutoff thermalization profile for any p > 0) Let the assumptions (and
the notation) of Theorem 3.1 be valid for some 0 < p < oco. Then for any 0 < p’ < p the
following statements are equivalent.

(i) Forany A > 0, the function w(x) > u = Wy (A + O, Oco) is constant, where w(x)
is given in (3.7).

(ii) For the time scale t} given in (3.9) the system (X7 (x));>0 exhibits for all asymptotically
constant window sizes w, — w > Othe abrupt thermalization profile forany0 < p’ < p
in the following sense

W (X, (), 1)
lim =

e—0 5min{1-P/}

=Py, p(r) foranyr e R,

where

—rqw

Prp(r) = Wﬁ(%l) + Oxo, (’)oo) for any representative v € w(x). (3.20)
q

The proof is given in Appendix B.

Remark3.6 (1) For 1 < p’ < p Theorem 3.3 with the help of property d) in Lemma 2.2
recovers an abstract version of Theorem 3.1 which also extends to p < 1.

(2) The (asymptotic) error estimates of Theorem 3.1 are harder to obtain for 0 < p’ < 1.

(3) For (nondegenerate) pure Brownian motion, the existence of a cutoff thermalization
profile in total variation distance is equivalent to the set £~ /2w (x) being contained in a
sphere, where X is the covariance matrix of the invariant distribution, see Corollary 2.11
in [13]. In Corollary 4.14 of [11] it is shown that a corresponding geometric condition is
at least sufficient. For further unexpected properties in the pure « stable case, see [101].

3.3 The Second Main Result: Generic Window Cutoff Thermalization

Roughly speaking, condition (3.8) in item i) of Theorem 3.1 (as well as item i) in Theorem
3.3) fails to hold if the rotational part of Q is too strong. However, for the general case we
still have abrupt thermalization in the following weaker sense.

Theorem 3.4 Let the assumptions (and the notation) of Theorem 3.1 be valid for some 0 <
p < oo. Then the system (X{ (x));>0 exhibits window cutoff thermalization on the time scale

£—1

= il In(e)| + In(| In(e)])

and in the sense that for all asymptotically constant window sizes we — w > 0 it follows

. L WP/ (Xf§+r~u)g (), u*) . . WP, (Xi’;+r~w€ (x), 1)
lim liminf ’. - =o0 and lim lim sup F - =0
r——00 g—0 gmlﬂ{l;P } r—=00 ., gmlﬂ{LP }

forall0 < p' < p.

The proof is given Appendix C. In contrast to other distances, the Wasserstein distance also
implies the cutoff thermalization for the physical observables as follows.

Corollary 3.1 Let the assumptions (and the notation) of Theorem 3.1 be valid for some p > 0.
Then we have forany0 < p’ < p <ocoand x # 0

1 4 1 4 !
lim liminf —E[|X¢ ()P 1= lim limsup —E[|X{ ., ()7 ] =E[|Ox|” ]
0 ¢ r—00 e 3 e

r—>00 g— P e trwe £—0 v
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and

r—>—00 g—0

[|X8x+,w€(x)|p]— hmoohmsup IE[lth_,_,wg(x)V’/]:

e—>0

For the proof we refer to Appendix D.

Corollary 3.2 Let the assumptions (and the notation) of Theorem 3.1 be valid for some p > 0.
Then we have

1
lirr%)Wp(thg(x), pey-e = {oo for € (0. )} )
e

0 ford>1

This corollary justifies formula (1.5) in the introduction. For the proof we refer to Appendix

D.

Remark 3.7 (1) In general for | < p’ < p there is no thermalization profile in the sense

2

A3)
“
3)

of Theorem 3.1 (and Theorem 3.3). However, it is easy to see that a cutoff thermaliza-
tion profile implies window cutoff thermalization. The contrary not always holds. For
instance, for different values of u € w(x) there is no unique candidate for the profile. To
be more precise,

Wy (X o, (), 1) gmraw

A

lim sup = [u]
e e qt-1
and
o Wy (X, (0, 15) A
lim inf - = ],

e—0 & C[e_1

where i, I € w(x). The discussion of the linear oscillator given in Sect. 4.2 yields an
example where w(z) is not contained in a sphere for any z # 0. The case of subcritical
damping always exhibits complex eigenvalues which together with the precise struc-
ture of the dynamics excludes a thermalization profile and only window thermalization
remains valid.

The error estimate in Remark 3.5 item (4) remains untouched and item (5) is slightly
adapted as follows. Here we consider the error term

Zezf Oy (3.21)

e~ Oty

which analogously depends on the spectral structure of Q. Generically all eigenvalues
A1, A2, ..., Ag € C have different real parts (up to pairs of complex conjugate eigen-
values) with multiplicity 1. Without loss of generality we label A1, A2, ..., g € C by
ascending (positive) real parts. Moreover, ¢ = Re(X1) in the generic case. The speed
of convergence of (3.21) is of order et = K (x)e%, where g is given in (3.18) and
K (x) given in (3.19) is estimated identically.

In Sect. 5.1 we give an (ad hoc) linear (2 x 2)-system showing a thermalization profile
in the presence of complex (conjugate) eigenvalues for all initial values.

The example in Sect. 5.2 represents a system where the presence of a thermalization
profile depends on the initial value x.

We finally construct in Sect. 5.3 a system with arbitrary high logarithmic corrections
terms.
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4 Physics Examples
4.1 Gradient Systems

For a symmetric Q, Theorem 3.1 applies to the gradient case
dX; = —VU(X{)dt +edL, withX5=x#0

for the quadratic potential form U/ (z) = (1/2)z*Qz. Indeed, by the spectral decomposition
we have an orthonormal basis vy, va, ..., vy € R4 with corresponding eigenvalues 0 < A <
- < Ag such that

d
e Uy = Zef)‘f’(v‘,-, xX)vj.
j=1
Lett(x) =min{j € {L,...,d}: (vj,x) #0}and J = {j € {t(x),...,d} : Aj = A0}
Hence

i A =@ — . .

tl_l)lgoe e x-Z(v],x)v];éO.
jed

That is, for p > 1 the cutoff thermalization profile is P, (r) = e Y| Zjej(vj, x)vjl.

More generally, [14], Proposition A.4.ii) yields a complete description of the spectral decom-

position of non-symmetric Q with real spectrum.

4.2 The Linear Oscillator

In this subsection we provide a complete discussion of the cutoff thermalization of the damped
linear oscillator driven by different noises at small temperature. We consider

{ dX¢ = Yidr,

dY/ = —«k X7dt — yY/dt 4+ edL; “.1

with initial conditions X§ = x, Y = y and Lévy noise L = (L,)>¢ satisfying Hypothesis
2.1 for some p > 0. Examples of interest are the following:
For p < oo we cover

(1) standard Brownian motion,
(2) deterministic (linear) drift,
(3) discontinuous compound Poisson process with finitely many point increments.

For p < « for some o > 0

(4) a-stable Lévy flight with finite first moment for index « € (1, 2),
(5) a-stable Lévy flight with index « € (0, 1] including the Cauchy flight when o = 1. See
[54] and [101] for a thorough discussion.

We rewrite the system (4.1) as a vector valued Ornstein—Uhlenbeck process

Xi\ _ X7
d<Yf>__Q<Yf dr + edLy,

_(0-1 (0
Q= (K y) and L, ._(Lt>. 4.2)

where
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Let z = (x, ¥)* # (0,0)*. In the sequel, we compute e~ <’z. The eigenvalues of —Q are
given by

£y -4
=0

At

Note that for any y, k > 0 the respective real parts are strictly negative.

4.2.1 Overdamped Linear Oscillator
A= y2 — 4k > 0. In this case, —Q has two real different eigenvalues
A= %(—y —VA) < %(—y +VA)=1x; <0
with the respective eigenvectors v_ and v4. The exponential matrix is given by

™9 = (v_ vy)diag (e_)‘*’, e_’\“) (v— vy)* fort > 0.

Recall z = (x, ¥)* # (0,0)*. We denote by 7 := (v— vy)*z = (Z1, 22)* the coordinate
change of z. Note that

eV = (o v)Gre M e
This formula yields that for any z # 0 there exist an explicit ¢ > 0 and u # 0 such that

lim e%e™ %z = u.. 4.3)

—>00
Indeed, if Z; = O then Z> # 0 and we have tgrgo eMlem 7 = (v v)(0,%)* =:u, #0.
If Z; = 0 then Z; # 0 and we have tlirgo ez = (v_ vy)(Z1, 0)* =: u, # 0. Finally,
if Z; # 0 and Zp # 0. Then tl_1)rgo ez = (v_ vy)(Z1, 0)* =: u, # 0. In particular, for

any z # 0, the omega limit set w(z) defined in (3.7) consists of a single point u.
Hence for the noises (1)—(4), Theorem 3.1 applies for 1 < p’ < p and thermalization
profile holds at the time scale

1
t; = —|In(e)l.
q
with profile
Po(r) = e "1 u|

for all window sizes w > 0. Roughly speaking, for any 1 < p’ < p Theorem 3.1 yields for
some positive K, ,/

Wi (X (00), 1) e 87 |u| + 62K, B[ Ocol].

For the noise (5), Theorem 3.3 still implies profile thermalization, however, the profile is
given by the abstract formula

Px,p’(r) = Wp/ (e_rqwuz + OOOv OOO)

forany p’ < p < a.
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4.2.2 Critically Damped Linear Oscillator: A = Y2 — 4k = 0

In this case, —Q has a repeated real eigenvalue A := A_ = Ay = —y /2 < 0 and the matrix
exponential is given by

e =ML+ M (—Q—AD) fort > 0.

Let z = (x, y)* # (0, 0)*. On the one hand, if z € Ker(—Q — A1), that is, in Lemma 2.1
we have £ = 1, and e e~z = u, for u, = z. On the other hand, z # Ker(—Q — Al»)
which corresponds to £ = 2 yields

e—)\t

lim e U= (=0 — 1)z =u. #0.

—00
In particular, for any z # 0, the omega limit set w(z) defined in (3.7) consists of the a single
point u. Hence for the noises (1)—(4) Theorem 3.1 still applies for 1 < p’ < p and profile
thermalization holds true at the modified time scale

. 1 -1
t = EIIH(S)I + In(| In(e)[)
with the modified profile
efrw(y/l)
P:(r) = Whﬂ

for all window sizes w > 0. Roughly speaking, for any 1 < p’ < p Theorem 3.1 yields for
some positive constant K,
¢ e e 2 -1
W (Xia gy (%), 17) R & - WM + &%) K, p E[|Oll.

For the noise (5), Theorem 3.3 still implies profile thermalization, however, the modified
profile is also given by the abstract formula

Prp(r) = Wy (e*”'wuZ + Ocs. Ooo)

forany p’ < p < a.
In the sequel, we discuss the general case of complex conjugate eigenvalues in order to
treat the subcritical case.

4.2.3 Non-normal Growth of the Linear Oscillator for Complex Eigenvalues

Recall that the eigenvalues of Q are given by
A_=hr—ik and Ap=Ai+ik i#O0.
By the Jacobi formula, see for instance Theorem 1 in [81], Part Three, Sec 8.3, we have
det(eM ™) = P me(N) — . (4.4)

By the Lagrange interpolation theorem (see Theorem 7.11, p.209, in [5]) we have

or e—t)\_ e—t)»+
e ¥ = c(—Q+Ath) +
—2iA

—(=Q+Ar_D)
20
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—l)\el[)\ —tA ,—itA

Qb - (@)
= < —Ah) - ———(@Q—A_D
2k N 2ik
e—lh .
=-= Re(e”}‘(Q - A+12)). (4.5)
Letz = (x, y)* # (0, 0)*. The preceding equality yields
R 1 ,v
e ] = = IRe GRECEYARTE
Moreover, by (4.4) we deduce
lim inf ¥~ 92| > 0. (4.6)
—00

Additionally by the periodicity we have that

lim sup |e5"e_Q’z| < 00. 4.7)
—00

Note that |e“ie_Q’z| is a constant function if and only if |Re (e"’i(—Q + )L+Iz)z> | is so,
too. In the sequel, we characterize when the function
t — |Re (e"t’v\(Q — A+Ig)z) | is constant.
Let
a(x) =Re((Q — iy b)z) and  b(z) :=IM((Q — iy 1r)2). (4.8)

Note that i
Re(e™(Q — Ay 1»)z) = cos(Ar)a(z) — sin(Ar)b(z). (4.9)

Combining (4.5) with (4.9) yields
A 1 o o
Mo = —K<cos()»t)a(z) - sin(kt)b(z)). (4.10)

As a consequence, the Pythagoras theorem yields
Re(¢™(Q = 2.4 1)2)I? = | cos(ina(z) — sin(i)b(2)

= cos2(At)|a(z) | + sin? (1) |b(2)|* — 2 cos(t) sin(ht) (a(z), b(2)).
4.11)

Remark 4.1 Note that equation (4.11) does not require any specific structure of Q. It only
uses that d = 2, Q € R*®? and the existence of conjugate complex, non-real eigenvalues.
For this (more general) case we state the following lemma.

Lemma 4.1 (Profile cutoff characterization by the absence of non-normal growth) Ford = 2
the following statements are equivalent.

(i) The function t — IRe(e"’i‘(Q — A+ 12)7)| is constant.
(ii) |a@))? = |b(2)|? and {a(z), b(z)) = 0, where a(z) and b(z) are given in (4.8).
(iii) For some R > 0

w(z) C {lul = R},
where

w(@) ={ueR?| ez - u for some (tp)nen, fn — 00}
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Proof The proofs of ii)= i) and ii) = iii) are immediately from (4.11).

We continue with i)==> ii) and assume that 7 — |Re(e!"* (Q—A I>)z)|is constant. Evaluating
int, = ”A—" n € N we obtain

Re(e™(Q — Ay 1)) = la(2)[.

Now, we evaluate in s, = & +2§"” ,n € N and deduce

Re(e™"*(Q — A1 1)2)|* = |b(2)[2.

Hence |a(z)|2 = |b(z)|2 as in ii). Inserting the preceding equalities in (4.11), we have for
anyt >0

a2)2 = [Re(€"(Q — A4 1)2)I* = a(2)* — 2 cos(ir) sin(ir)(a(z). b(z)).

Since A # 0 the latter implies (a(z), b(z)) = 0.
We continue with iii) = ii). For the sequence 7, = 2’){ " n €N, applied to (4.10) yields

—"TZ) € w(z). This implies R = I%I. For the sequence 1, = %(27111 + %), n € N, we have

% € w(z), and hence also R = |¥|. This and X # 0 gives |a(z)| = |b(z)|. For the inner
product we use that (4.5) and (4.11) imply

~ 1 o o
lee™ 272 = i7| cos(it)a(z) — sin(it)b(2)|?

i cosz(}v»z)la(z)l2 i sinz(it)lb(z)l2 — 3 cos():t) sin(it)(a(z) b(2))
% e e ’

= cos?(At)R? + sin®(hr) R — )% cos(rr) sin(Ar)(a(z), b(z))

R% — % cos(t) sin(ir)(a(z), b(z)).

For 1, = @ in (4.10) we have f (b(z) — a(z)) € w(z). In addition, for this 7, we
obtain

A 4
R® = lim |e""e~ 97> = R? — £ (a(@). b)),
which yields that (a(z), b(z)) = 0. =

With this result at hand we complete the discussion of the linear oscillator in the sequel.

4.2.4 Subcritically Damped Linear Oscillator: A = Y2 — 4k < 0

Recall that the eigenvalues of Q in the case of (4.1) are given by
A_=h—ik and Ay =i+ilk,

where
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By (4.6) and (4.7) for the noises (1)—(5) Theorem 3.4 implies window thermalization for any
0 < p/ < p at time scale

2
t; = —|In(e)| for any initial condition (x, y) € R?, (x,y) # (0,0).
14
In the sequel, by using the shift linearity property d) in Lemma 2.2 we exclude the existence

of a cutoff thermalization profile for any 1 < p’ < p and noises (1)—(4).

Lemma4.2 Let1 < p' < p. Foranyy > O and k > O such that y? — 4« < 0, there is no
cutoff thermalization profile for any (x, y) # (0, 0).

Proof We apply Lemma 4.1 to (4.2). Recall z = (x, y)* # 0. A straightforward calculation
yields

* Ve —y?
a(z) = (— %x -y, Kx + gy> and  b(z) = —%(x, »*.
The condition {(a(z), b(z)) = O reads as

0= ‘(Zx + y)x + (” + %ﬁy =20 —xy+uexy

2 2
+ %yz = —gxz + (e — Dxy + %yz,
that is,
yx2 —yy? =2k — Dxy = 0. (4.12)

Since (x,y) # (0,0), the preceding equality yields x # 0 and y # 0. The condition
la(z)|? = |b(z)|? is equivalent to

y? y? y?
T yay e+ oy eyay = (K - I)(x2 +3%).
Simplifying we obtain
(2 + 2k — D)x> + (¥* +2(1 — €)y* + 2y (k + Dxy = 0. (4.13)

For k = 1 we have that (4.12) yields x> = y?. Substituting in (4.13) we obtain

0= y2x2 + 2)/x2 = (y2 + 2y)x2.
Sincex? > Oandy > 0, the unique solutionis y = 2, whichimplies y%>—4x = 4—4 = 0 and
gives a contradiction to the subcritical damping y2 — 4k < 0 of this case. As a consequence

k = 1 excludes profile thermalization for any parameters y > 0 and (x, y) # (0, 0). In the
sequel, we assume k 7% 1. Multiplying (4.13) by (k — 1) we have

((k—1)y2+2 (k= D)x2+ (k= Dy?> =2k = D?)y> +2y (k — Dk + 1)xy = 0. (4.14)
Inserting the expression for 2(k — 1)xy being given in (4.12) into (4.14) we obtain
0= ((c — Dy? + 2k = Dx* + ((c — Dy* = 20c = DHY* + (c + Dy* (2% = »?)
= (k — Dy 4+ 2k — D> + (k + DyHx> + ((k — Dy? =2k — D? = (k + 1)y?)y?
=2(c(y” + (k — DHx* =20y + (c — DIy,

Since y2 + (k — 1?2 > 0, we obtain kx2 — y2 = 0. In other words, y = +Vkx. Substituting
in (4.12) we have

0= yx2 — y2y2 —2(k — Dxy = (y — YK F2k — 1)\/E)x2
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which implies y — yx F 2(k — 1)4/k = 0. Hence y (1 — k) = +2(x — 1)/k. Since k # 1
we have y = F2./k which implies > — 4k = 0 and gives a contradiction to the subcritical
damping 2 — 4k < 0. As a consequence for any ¥ > 0 and y > 0 such that y2 — 4k < 0,
there is no profile thermalization for any initial condition (x, y) # (0, 0). O

This concludes the complete analysis of the linear oscillator (4.1).

4.3 Linear Chain of Oscillators in a Thermal Bath at Low Temperature
4.3.1 Window Cutoff Thermalization for the Linear Chain of Oscillators

Our results cover the setting of Jacobi chains of n oscillators with nearest neighbor interactions
coupled to heat baths at its two ends, as discussed in Section 4.1 in [92] and Section 4.2 in
[69]. For the sake of simplicity we show window cutoff thermalization for n oscillators with
the Hamiltonian

H:R'xR" - R
1 n 1 n 1 n—1
o 2, L 2, L N2
(P q) = H(p.q) = 5 217,- +3 Eyqi +3 ZI:K(%H ai)’>.
1= 1= 1=
Coupling the first and the nth oscillator to a Langevin heat bath each with positive temperature
&2 and positive coupling constants ¢} and ¢, yields for X¢ = (xbe ., Xy = (p%, q¢% =
(p{,.... P4 4qi,--.,q;) the system
dX; = —0X/dt + edL,,

where Q is a 2n x 2n-dimensional real matrix of the following shape

st 0 ... 0 k+y -« 0 0 ... 0

0 0 ...0 —Kk 2k+y — 0 O... 0

0 .0 0 ... 0 —k2k+y —«

Q= 0 0 ...0 ¢| O 0 —«x «k+vy|,

-1 0...0 O 0 0

0O —-1...0 O
“.—-10

0 ... 0 =11 0 0

and L; =(L},O,...,Lf,O,...,O)*.Here L', L" are one dimensional independent Lévy

processes satisfying Hypothesis 2.1 for some p > 0. By Section 4.1 in [92] Q satisfies
Hypothesis 2.2. Consequently by Theorem 3.4 the system exhibits window cutoff thermal-
ization for any initial condition x # 0. The presence of a thermalization profile depends
highly on the choice of the parameters «, ¢1, ¢2, ¥.

@ Springer



Cutoff Thermalization for Ornstein-Uhlenbeck Systems... Page250f54 27

4.3.2 Numerical Example of a Linear Chain of Oscillators

In the sequel, we set ¢ = ¢, =k = 1, ¥y = 0.01 and n = 5. The following computations
are carried out in Wolfram Mathematica 12.1. The interaction matrix Q is given by

r1 0 0 0 0101 -1 O O O 7
00 0 0 0 —-1201 -1 0 0
00 0 0 0 0 —-1201-1 0
00 0 0 0 O 0 -1201 -1
00 001 O 0 0 -1101
-10 0 00O O 0O 0 0 O
0-10 0 0 0 O O O O
0O 0-100 0 O O O O
Oo0 0-10 0 O O O O
L0 0 0 0 -1 0 0 0 0 0 J
with the following eigenvalues
_)_»1 ] [[0.0263377 + 1.88656 - i ]

A 0.0263377 — 1.88656 - i

A2 0.104782 + 1.55549 - i

A2 0.104782 — 1.55549 - i

Az | ] 0.234099 + 1.06262 - i

A3 | | 0.234099 — 1.06262 - i

A4 0.395218 + 0.517319 - i

A4 0.395218 — 0.517319 - i

As 0.452655 4 0. -i

| A6 | 0.0264706 + 0. - i

Since we have 10 complex eigenvalues, we obtain a base of 10 eigenvectors vy, vy, v3,
U2, V3, U3, U4, U4, Us, Vg Where vy, v, v3, Vg € clo \ R10 and vs, vg € RO, maintaining the
natural ordering. Hence for the initial condition x we have the unique representation

4
x =Y (cj(x)j + (X)) + c5(x)vs + c6(x)vs,
j=1

where ¢1(x), c2(x), c3(x), c4(x) € C and ¢5(x), ce(x) € Ii& We note that the minimum of
real parts of the eigenvalues is taken by the eigenvalues A1, A1. Let ¢ = Re(A1) = 0.0263377
and 0 = arg(A1) = 1.55684. Hence, for generic x (not properly contained in any eigenspace)
we have

Ve 9 x ~ e ¢ (x)v) + ¢ (x)) + 297002647001 Ra (6 (x) vg)

= 2Re(e'" ¢1 (x)vy) + 2¢17 00264700 Re (¢ (x)ve),
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where c¢g(x) is a constant depending on x and

[0.112319 — 0.0891416 - i
—0.448508 + 0.0287844 - i
0.579305 +0. - i
—0.448508 + 0.0287844 - i
0.112319 — 0.0891416 - i
0.0464105 + 0.060184 - i
—0.0119363 — 0.237904 - i
—0.00428606 + 0.307009 - i
—0.0119363 — 0.237904 - i

| 0.0464105 + 0.060184 - i

v =

The vector of c; = ¢;(x) is given by

- ~ - - - - - - -1
c(x) = (c1, €1, €2, €2, €3, €3(X), €4, C4, €5, ¢6)™ = [v1|V1|v2|V2|v3|V3|v4|V4|VS|V6] ™ X.
For instance for x = ¢; = (1,0, ..., 0) we obtain

[0.0800993 — 0.0495081 - i
0.0800993 + 0.0495081 - i
0.186213 — 0.0967681 - i
0.186213 + 0.0967681 - i
0.371378 — 0.158507 - i
0.371378 4 0.158507 - i
—0.0619613 + 0.787062 - i
—0.0619613 — 0.787062 - i
1.62062 +5.543 - 10716 .

| 1.2715 +2.33866 - 10716 . |

cle)) =

Hence

[0.00396485 ] T —0.00793113
0.00886695 —2.28066 - 10~°
0.0101247 —0.0169701
0.0197063 —0.001468

clenv = b4 = 0.0218997 4 —0.0310825

0.0375945 —0.00568992
0.0340029 0.0661107
—0.043929 —0.0599756
0.12981 —0.0802337

| 0.101846 | | —0.0629493 |

and consequently
Ve ey ~ 2cos(0) i — 2sin(@1)ib.

In the sequel, we check the existence of a thermalization profile for p > 1. A straightforward
computations show that || = 0.181073 # 0.140425 = |w| and (W, w) = —0.0130705 #
0. Hence Theorem 3.2 yields the absence of a thermalization profile.

Recall that e~9% = ¢. Hence

-0t
e X : _i0t. - _
= et Cb (e’m@cl(x)vl + e’etscl(x)vl) + 2 O'Oz@MOWfRe(cf,(x)vé)

&
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= 2Re(e!?* i (x)v1) + 26 PV AR (¢ (x) v6)
= 2Re (e’ 1 (x)v1) 4 26%9091329Re (cg (x) v6).

The low order of the error is essentially due to the relative spectral gap (0.0264706—q)/q.

5 Conceptual Examples

In the sequel, we give mathematical examples illustrating typical features of linear systems.
We start with a non-symmetric linear system with complex (conjugate) eigenvalues exhibiting
always a thermalization profile. This is followed by an ad hoc example illustrating the sensitive
dependence of a thermalization profile on the initial condition. Finally we provide an example
of repeated eigenvalues, where a log-log correction in the thermalization time scale appears.

5.1 Example: Leading Complex Eigenvalues Do Not Exclude Profile

Let

Q::<)L 9) with A >0 and 6 #0.

The eigenvalues of —Q are given by —XA £ i6. A straightforward computation yields

—or - [ cos(8t) —sin(61)
€ =€ sin(01) cos(0t) )

Hence for any z = (x, y)* we have

A —0r _ |[ cos(@t) —sin(0t) _
le*e rz|_‘<sin(0t) cos(61) )Z‘"“'

As a consequence, Theorem 3.1 implies a thermalization profile for any initial value z # 0.

5.2 Example: The Initial Value Strongly Determines the Cutoff

We consider an embedding of the linear oscillator (4.1) in R3. Assume the case of subcritical
damping y? < 4« for positive parameters y, k, A,

A0 0 -1
Q':(OQ1> and Ql:(/{)/)'

The matrix Q; is precisely the one for the linear oscillator (4.2) analyzed in Example 4.2. A
straightforward computation shows

—-Or __ e_“ 0
¢ T o e )

For any initial value z = (z1, 0, 0) with z; # 0 we have le*'e= 97| = |z1| and therefore
a thermalization profile is valid due to Theorem 3.1. However, for any z = (0, z2, z3) with
(22,23) # (0,0) we have |eZ'e~ 27| = |e~ 21! (22, z3)*| which by the case of subcritical
damping (y% < 4«) discussed in Sect. 4.2 does not have a cutoff thermalization profile.
Instead, by Theorem 3.4 only window cutoff thermalization is valid. That is, the presence of
a thermalization profile is sensitive with respect to the initial condition.
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In the sequel, we emphasize the presence of a threshold effect for the existence of a
thermalization profile with respect to the parameters due to competing real partq of the
eigenvalues. Let z = (z1, 22, z3) with 71 # 0, (22, z3) # (0,0). If in addltlon < A we
have

lim e*le”%z] = |11,

—>00
which implies that w(z) C {|u| = |z1|} and therefore by Theorem 3.1 a thermalization
profile. However, if & > 1 we have

Qi

vy L, vy
lim e2/|e”9'z| = lim eZ'e™|zy| + lim eZ'|e (z2, 23)%1,
—00 —00

11— 00
which is not constant, as discussed in Sect. 4.2, and has only window thermalization (by

Theorem 3.4), but no profile due the negative result in Lemma 4.2.

5.3 Example: Multiplicities in the Jordan block Yield Logarithmic Corrections

Let Q be a d-squared matrix with all its eigenvalues equal to A > 0. Theorem 7.10 p.209 in
[5] yields

d—1 k
e~ =M Z ( Q + Ik
P

Forz € RY, 7 # 0 let

I(z) =max{k € {0,...,d — 1} : (—Q + A’z # 0.

Then
d—1 tk I(z)
A ,—Ot _ k o k
e z—;ﬁ( Q + Aly) Z_/g ( Q + Az

On the one hand, if I (z) = 0 we have e* e~z = z. On the other hand, if /(z) > 1 we obtain

At l(z)—1 k=1

S k i 1@,
T Y= ; (—Q+ 'z + ),( O+ Aly) (5.1)
Hence
oM o o
im —e~ z
zlggo tl(z)e L= I(z )v( Q+ M)z #0,

and in this case £(z) = I(z) + 1 > 2, where £(z) is the constant given in Lemma 2.1. Due
to Theorem 3.1 there is always a thermalization profile. However, if £(z) > 2, the log-log
correction in (3.9) appears. Note that a log-log correction and the presence of a thermalization
profile are independent properties. It is not complicated to construct an example with no
thermalization profile and log-log correction.
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6 Extensions and Applications

This section contains the cutoff phenomenon for the relative entropy in the Brownian case, for
the Wasserstein distance with stationary red noises and comments about the computational
observation of the cutoff phenomenon.

6.1 Cutoff Thermalization in the Relative Entropy

In this subsection we discuss the asymptotics in the explicit formula (1.2) of the relative
entropy for general exponentially asymptotically stable —O.

The strongest notion of thermalization of interest is given in terms of the Kullback-Leibler
divergence also called relative entropy. For pure Brownian perturbations the marginals of

dX; (x) = —9X! (x)dr + eodB;, X5 = x,
for some o € RY*4 are known to be
XE(x) L N(e ¥x, 625y,

where
4 * *
¥ = e_Q’</ eLoo*e? Sds)e_g !
0

is a symmetric and non-negative definite square matrix, see Proposition 3.5 in [89]. Since
Q satisfies Hypothesis 2.2, we have e~ <'x — 0 and >%, — £2¥o as t — oo which
implies the existence of a unique limiting distribution u® = N(0, e>Z). A priori, %,
and X, may degenerate, however, Theorem 3.4 applies for p = oo and Theorem 3.3
is valid under condition (3.8). If additionally we assume that —Q and o are controllable,
i.e. Rank[—Q, 0] = d, the matrices X; and X turn out to be non-singular. Moreover,
Y is the unique symmetric positive definite solution of the Lyapunov matrix equation
QY + X0 Q" = oo™. The relative entropy is given explicitly by formula (1.2), which we
rewrite as

HOX0l) = 55 @072l = (TF(E;JE,) —d+n (%)) .

1
22 det(%))

For any t; — oo as ¢ — 0 we have that the error term in the right-hand side of the preceding
equality tends to zero as ¢ — 0. In the sequel, we analyze the asymptotic quadratic form

1 o L _1pe%xp2
E(@ th)*Eool(e th) = EIEOO/ 7‘ .

By Lemma 2.1 it has the spectral decomposition

) eqt B m )
tlinolo e Qry — Ze”e"vk =0. 6.1)
k=1
For the scale t} and w, given in Theorem 3.1 we have
& Few Zflefq(t‘;Jrrﬂ)g)
lim (t + ) =q!~temavr, 6.2)

e—0 &
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Lemma 1 implies

—Q(t+r-we)
_ e € X
‘ ‘ £l

-1 m
I IVCIC R EDMIE S W TS ’
‘ ‘EC’O et +r-we) 2 e .

&

— QU +rwe)

m
< qEE+r-we) e _Z i (6 +r-we )b )
e - e v ).
X -1
tF +r-we) P

S (o we)tT

<
|E | eq(tkl‘H’ We)

Combining the preceding inequality with (6.1) and (6.2), yields

Qi +r-we)
_1ne € X
limsup | X 1/27’ :q —to—qur hmsup‘E I/ZZe:(t +r- wg)ekvk‘
e—>0 3 e—0 k=1
m
1-¢ — —1/2
<q' ez ’Z|Uk| 6.3)
k=1
and
—Q(t5+r-we) m
e ¢ X e . — P ee .
hmlnf PO, -12¢ = - A ql—le—qwz hmmf‘zool/zzel(te—&-r wg)é)kvk‘
e—>0 & g—0

k=1

> q' e nl2)- lhm mf ’ Ze’(twﬂ wg)e"vk‘
k=1

> q17£€7q10r|2é</)2|71 ]itﬁ};gf‘ze”ekvk‘- (6.4)
k=1

Hence the analogue of Theorem 3.4 is valid for the relative entropy, that is,

—Q(t +r-we)
lim lim sup 20—01/26 x‘ =0
=00 -0 €
and by (2.4) in Lemma 2.1
—Q(t +r-we)
lim hmlnf‘E 1/2¢ x‘:oo.

r—-—00 g—0 &

Moreover, we have the analogue of Theorem 3.1 with the following modification. By (6.3)
and (6.4) the existence of a cutoff thermalization profile holds if and only if the geometric
condition of IEOOI/ 2a)(x)l being contained in a sphere is satisfied, where w(x) is given in
(3.7). Recall that the normal growth condition (3.15) in Theorem 3.2 under the non-resonance

hypothesis (3.14) in Remark 3.4 is given by
(v1, U2, V2, ..., Uan, V2,) being orthogonal and satisfying
O] = V2| for k=1,...,n
This characterization of the thermalization profile changes for the relative entropy to the
following weighted normal growth condition:

1/2 1/2A 1

(2001, 22200, 25020, . B0 P, B2

1202 00] = 120?00k for k=1,....n

U2,) is orthogonal and satisfies
(6.5)
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In case of (6.5) the thermalization profile is given by
Por) = q' e 12 Pul, (6.6)

where u is any representative of w (x). To our knowledge, this result is original and not known
in the literature due to the lack of Lemma 2.1.

6.2 Cutoff Thermalization for Small Red and More General Ergodic Noises

In this subsection we show that our results remain intact if we replace the driving Lévy noise
by red noise or more general ergodic noises.
In the sequel, we consider the generalized Ornstein—Uhlenbeck process (X7 (x));>0

dX; = —0X;dt + edU;,  X§=x, (6.7)

where the matrix Q satisfies Hypothesis 2.2. Equation (6.7) is driven by (i) a stationary
multidimensional Ornstein—Uhlenbeck process (U;);>0 given by

dU, = —AUdt +dL,, UL i, (6.8)

where the matrix A satisfies Hypothesis 2.2, L = (L;);>¢ fulfills Hypothesis 2.1 for some

p > 0and Uy is independent of L. We point out that U; 4 [ forall + > 0. We stress that with
more technical effort the subordinated linear process (U;);>0 can be replaced by virtually
any ergodic (Feller-) Markov process which is sufficiently integrable. For illustration of the
ideas we focus on the stationary driving noise given by (6.8). By the variation of constant
formula we have

t
X! = e Ux +ee” / e AU =: e x + e,
0

X7\ X7 e
o(3) = (K)o ()

L (—Q —¢eA
I‘s._<0 —A)' (6.9)

Since Q and A satisfy Hypothesis 2.2 and I'; is an upper block matrix, we have that I',
also satisfies Hypothesis 2.2. In particular, the vector process ((X{, U;));>0 is an Ornstein—
Uhlenbeck process and hence Markovian. As a consequence, Theorem 4.1 in [98] yields
the existence and uniqueness of an invariant and limiting distribution (for the weak conver-

gence) (Xg, Up) of (X7, U;))r=0. Hence X5, 4 &eUso. We continue with the estimate of
Wy (X7, X5.). Forany 1 < p’ < p the analogous computations used in (3.3) yield

Note that

where

Wy (X7 XE) e @'x]

. | = Wy (U, Uso).

Hence cutoff thermalization occurs whenever W, (U;, Us) — 0 as t — oo. Properties a),
b) and d) of Lemma 2.2 imply

Wy Us, Usg) = Wy (X} — e %'x, X))
<Wy(X} —ex, XL — e )+ Wy (Xh — e Yx, X1)
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=Wy (X}, X)) +le x| (6.10)

We point out that the vector process (th, U;);>0 is a Markov process. Since in general
projections of Markovian processes are not Markovian, we study the process X; in more
detail. Due to the triangle structure we have the dependences X t] (x, Up) and U, (Up). In case
of initial data (x, u) instead of (x, Up) in (6.7) and (6.8) we write (for ¢ = 1) th (x,u)
and U, (u). Analogously to the total variation distance, Theorem 5.2 in [39] the Wasserstein
exhibits a contraction property which for completeness is shown here. By the contraction
property g) in Lemma 2.2 for the projection 7 (x, u) = x we have

Wy (X} (x, Up), Xo) < Wy (X} (x, Up), U (Up)), (XL, Ur(Up))) (6.11)
forany 1 < p’ < p. We note that

Wy (X[ (x, Uo), Uy (U0)). (XL, Uy (Un))) = Wy (X (x, Up), Ur(Up)), (X}, Up)).
(6.12)
Lemma 2.4 applied to the vector-valued Ornstein—Uhlenbeck process ((X ,1 (x, Uy),
U;(Up)))s>0 instead of (X7 (x));>0 where I'j replaces Q yields the limit

Jim Wy (X[ (x, Vo). Uy (Un)). (X5, Uo)) = 0.
The preceding limit with the help of (6.11) implies
. 1 1y _
zl—l>nolo Wy (X, (x, Up), X)) = 0.

Therefore the cutoff thermalization behavior of the Ornstein—Uhlenbeck driven system (6.7)
is the same as the white noise driven system (2.1) given in Theorem 3.1 and Theorem 3.4.
This is not surprising since the shift-linearity property of the Wasserstein distance for p > 1
cancels out the specific invariant distribution.

6.3 Conditions on & for the Observation of the Cutoff on a Fixed Interval [0, T]

This subsection provides bounds on the size of ¢ in order to observe cutoff on a fixed (large)
interval [0, T']. Similar observations have been made in Section IV of [8] in order illustrate
the optimal tuning of the parameter ¢.

Our main results contain the time scale t, — oo as ¢ — 0 at which thermalization occurs.
However, the computational resources can only cover up to finite time horizon 7 > 0. In the
sequel, we line out estimates on the smallest of ¢ in order to observe the cutoff thermalization
before time 7/2 € [0, T], thatis, T > 2t} for &¢ < 1. In other words, we have the lower
bound

g>e ), (6.13)

Since our results are asymptotic, it is required that ¢ < &g, where &g typically depends of
9, x and E[|Ox|].

Given an error > 0. In the light of estimates (3.3) (p > 1) and (3.5) (p € (0, 1)) we
carry out the following error analysis. In the sequel, we always consider a generic initial
condition x. Formula (3.17) in item (4) of Remark 3.5 yields the following upper bound of
the error

CoE[|O0xolle < 1/2, (6.14)
where the constant Cy is given in terms of the spectral gap in (2.9) and an upper bound of

E[|Ox|] is expressed in terms of the noise parameters in the estimate (2.12). By Remark 3.7
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item (2) we have an error of order
K (x)e%/9 < np2, (6.15)

where the spectral gap g is given in (3.18) and the constant K (x) is estimated in (3.19).
Combining (6.13) (6.14) and (6.15) and solving for ¢ yields

, n n a/g
e~ < ¢ < min , < ) ) (6.16)
2CoE[|Os0]]” \ 2K (x)
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Appendix A. Proof of Lemma 2.2 (Properties of the Wasserstein Dis-
tance)

Proof of Lemma 2.2 Property a) is shown for p > 1 in [106] p. 94. The proof for p € (0, 1)
follows by the same reasoning with the help of the subadditivity of themap R, > r — rP €
R;. Item b) is straightforward for any p > 0 due to the translation invariance in formula
(2.5). The homogeneity property of item c) follows directly from (2.5) for any p > 0.

In the sequel we show item d). Since we are not aware of a proof in the literature the statement
is shown here. Synchronous replica (U, U;) with joint law IT(du, du) (natural coupling)
yields the upper bound for any p > 0 as follows

min{1,1/p} )
Wyuy + Ui, Up) < (/ lut +u — u|Pn(du,du)) = [up ™2V (AL
Rd d

We continue with the lower bound for p > 1. Let & any coupling (joint law) between u| + U
and U;. Note that

xR

f (u — v)m(du, dv) = / um (du, dv)
Rd xR R4 x R4

—/ v (du, dv) = Elu; + U] — E[U;] = u;.
R4 x R4
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Then the triangular inequality yields

)| = ‘ / (u — vy (du, dv)‘ < / lu — v|7 (du, dv).
R xRd d d

R4 xR

Minimizing over all possible coupling between u; + U; and U; we obtain
lur] < Wiuy + U, Up). (A.2)
For p > 1, Jensen’s inequality with the help of (A.1) and (A.2) yields
lur] < Wi(uy + Uy, Up) < Wyuy + Uy, Uy) < ugl,

such that Wy, (uy + Uy, Uy) = |uy].
For p € (0, 1), the triangle inequality and the translation invariance b) imply

I[P = W,(x,0) < Wy(x,x + U) + Wy(x + U, U) + W,(U,0)
=W, (x + U, U) + 2E[U|"],

and hence
Wyx +U,U) = |x|? = 2E[|U|”]. (A.3)

Combining (A.1) and (A.3) we obtain (2.7). This finishes the proof of item d).

Property e) is straightforward. The characterization in item f) is proven Theorem 6.9 in [106]
for p > 1. For p € (0, 1) we refer to Remark 1.4 in [50].

For completeness we give a proof of item g). We apply the Kantorovich duality (Theorem 5.10
p.57- 58 in [106]) for the cost function ¢(x, y) = |x —y|? forany x, y € R¥ and some p > 0.
Let X = T(X) and Y= T (Y). By item iii) of Theorem 5.10 in [106] we have

_ o - " min{1 ;}
Wp(X,Y) = max (E[w(Y) - 1//(X)]> ;
W.9)
where the maximum is running over all integrable functions ¥ and ¢ such that

p(x) =Y (y) < |x —yI” (A4)

forall x,y € R, In addition, item iii) of Theorem 5.10 in [106] states the existence of a
respective maximizer (¢x, V). The preceding equality yields

min{1,1}

~ o~ - - min{l,;}
Wp(X,Y) = (E[so*(Y) - W*(X)]> = (E[fp*(T(Y)) - w*(nxn])

mm{l,%}
= (E[go*oT(Y)—l/f*OT(X)]> :

(A.5)
Using (A.4) and the fact that T is Lipschitz continuous with Lipschitz constant 1, we have
forany u,v € R4

g0 T() — Y 0 T(V) = @u(T W) — Yu(T () < |T(w) = TW)|” < |u —v]”

and hence
min{1 F}
Wp(X,Y) > <IE[¢>* oT(Y)—1vxo T(X)]> . (A.6)

The statement of item g) is a direct consequence of (A.5) and (A.6). O
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Proofof Lemma 2.3 Let p’ € (0, p]. Given Uy, U let & be some joint distribution of
(U1, Uy). By definition

Wy (Uy, Up) = igf/ luy — ua|” 7 (duy, dus)

R4 xR4

- inf/ 1 — ) Lty # wa)e (duy, duea)
R4 xR4

b
5/ 1 — wal? Luy # ua)e(duy, dua).
R4 x R4

Note that for any u1, us € R4
luy — ual? < Wy — ua| < 1)+ Juy — ua|P1(Juy — ua] > 1) < 1+ |uy — ua|?

and |u —uzlf’/l{m #uz} — Huy #ur}as p’ — Oforany uy, us € ]Rd.By the dominated
convergence theorem we obtain

lim W, (Uy, Uz) < lim lu; — u2|”/1{u1 # up ) (duy, duy)
ed p'—0 JRd xRd

:/ Hu1 # ur}mw(duy, dus).
R4 x R4

Minimizing over all joint distributions 7 of U, U, we obtain

1jm0 Wy (Uy, Up) < drv(Ur, Up).
p —>
Moreover, the dominated convergence theorem also yields the lower bound

/ Huy # usym(duy, dup) = lim / luy — un P uy # ua)re(duy, dus)
R x R4 P'—0 JRd x R4

= lim Wy (U, U2).
p'—0
Minimizing 7 as above we deduce

drv(Uy, Uz) > lim W, (Uy, Uz)
p'—0

and consequently

drv (U, Up) = lim Wy (U, Uz).
p'—0

Appendix B. Proof of Theorem 3.1 and Theorem 3.3 (Cutoff Thermaliza-
tion Profile)

The following proposition presents the core arguments of the subsequent proofs of Theorem
3.1 and Theorem 3.3.

Proposition B.1 Forany 0 < p’ < p it follows

Wp’ (ng’er-wg (x), Mg)
gmin{p’,1}

lim sup
e—0
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. Etrow) &

= lim supr/ (W Zel(f€+r wg)ekvk + Oooy OOO (Bl)
e—0 gelte =1

and

L W (X, (0, 1)

lim inf L

0 Smm{p,l}
.. (tx‘*'r'we)l_l - [ (£ +rw,)6)

= gtV (W Doy 0, 0 ). (BD)

k=1

In particular, the limit

Wp’(Xf§+r.w€ (x)» :us)

sli—I;I}) min(p’1) exists (B.3)
if and only if the limit
. Etrow) T e
Jm Wy (W D ety 4 O, O exists. (B.4)
' k=1

Proof of Proposition B.1 Let 0 < p’ < p. We first treat the case 0 < p’ < 1. By (3.5), for
any 0 < p’ < 1, we have

‘W])/(X[E(-x)v Ms)
8 ’

e Ux
» _Wp/ (T + O, Ooo)’ =< Wp’(otv Oco)-

We continue with the case p’ > 1. By (3.3) and property d) in Lemma 2.2 for any p’ > 1,
we obtain

< Wy (01, Ono).

Wp’(Xf(X)v ) — W, (e_Q’x
£

+ O, Ooo)

Combining the preceding inequalities we obtain for any 0 < p’ < p

Wy (X7 (x), u°) e %x

gmin{p’,l} - Wp/(T + OOO! OOO) =< Wp’(otv OOO)' (BS)

Let tf be the time scale given in Theorem 3.1 and w, — w > 0, as ¢ — 0. By (2.11) we
have W, (O;, Ox) — 0 whenever t — oo. Consequently,

. Wy (X, (0, X50) e~ Qe
]”f_f(‘j'p TR = 1121:([)1p Wp/(f + O, Occ)
and
.. WP/ (Xf"-&-r-w\ (), X3o) .. e~ QU+ we)
tim i gy = MOV (o O O,

In the sequel, we study the asymptotics of the drift term e_ggtx. By Lemma 2.1 it has the
spectral decomposition

. |er
lim
t—oo | tt=1

m
e Uy — Ze”o"vk =0. (B.6)
k=1
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A straightforward calculation shows

) Crrow K—le—q(t’g‘+r~w5)
tim & ) =q' e (B.7)
e—0 &

With the help of the spectral decomposition (B.6) and the triangle inequality we have

e~ QU +rwe) o
Wp/ f + Ooo» Ooo

(tif +r- wa)f—l - i(E+r-we )0y
pr/ (SMWZE € Uk+Ooo,Ooo
k=1

tx+ w —1 m Qi +r-wg)
+Wp’ ((( rewg) Zez(t +r- wg)Gkvk _ 7)( + O, Oco

ged(ti+rwe)

2 4rwe)
= Wp, (W Zez(t +rwg )bk vk + Oso, @OO> + Rj, (B.8)
k=1

where

& +r- w1 & (
X . , (b +r-we )0k _
RS T WP (( geq(t*+r “Wg) Ze Vk

On the other hand, analogous reasoning yields

& +r-w)'" ' N e
" ( gl (t+rwe) Ze ’ Uk + Oco, Oco
k=1

—o(tf +rw5)x
—————— | 4+ 000, 0 | .

At +r wg)x
Wy | = + 0. O | + RL. (B.9)

Combining (B.8) and (B.9) we have

e~ QU +rwe)
Wy [ = + 0. O
€

E+r-w) S
k=1

In the sequel, we show R; — 0 as & — 0. By continuity of VW, it is enough to prove

=1 m —Q(tf +r-wg)

& +r-we) - e e e)x

|% E el(t£+r we)gkvk — 7| — 07 e — 0.
ged(tg+rwe) P e

By limit (B.6) and limit (B.7) we obtain for ¢ — 0

-1 m — O +rwe
‘ (tf +r-wg) Zei(t5+"w€)9kv e Qe +rwe) x
ged(ti+rwe) k &
k=1
1 m Xy — Ot +r-
_ G rw)t |Z i weey, ertirem S wg)x| -0

geq(t +r- ws) (tg +r- wS)Z*l
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Inequality (B.10) with the help of the preceding limit yields

e*Q(tf‘f’r'ws)x
limsup W, [ ———— + O, O
e—0 &

: & +7-w)" "N N o
= llI(;l’l_)S(l)lp Wp’ <(SMW Ze ‘ %0k + Oco, O | -
k=1

The analogous result holds for the lower limit. O

Proof of Theorem 3.3 We start with the proof of i) = ii). Statement i) implies that for any
A > 0 the map

@ (x) 3 u > Wy u + O, Ox)
defined on
m .
w(x) = {accumulation points of Z %y ast — oo} .

k=1

is constant. Hence

. & 47w N o
vl <Eeq<t+w> 2Ty O, On
k=1

=Wy (a' 7™ i + One, Onc) (B.11)

Indeed, by definition of upper limits, there is a sequence (&, ),eN, €n — 0,71 — oo for which
the upper limit is the true limit, i.e.,

. (& +r-w) ™ & § (- rwg )0y
llI;l’l_)S(];lpr’ ((Wurrwg) Z e ¢ R0k + Ooos Oco
k=1

=1 m
& +r-wg)
= lim W, [ § e ntrvahoy 4+ Oy, Oy | .
Sneq(te,, +r'w£n

=1

By (B.7) we have that the sequence

X {—1 m
r
% g’(tfn +r- wsn)gkv
e eq(tgn-f-r We, ) k
n =1 neN

is uniformly bounded. Then the Bolzano—Weierstrass theorem yields a subsequence (&) jen
of (¢5)nen such that

X -1

l. (tgnj +r U.)g" ) " l(tx +r- wﬁn )6k

jobo A, Frw, ¢ V=1
Enje k=1

I—Ze—qwrﬁ

for some & € w(x). By continuity we deduce

. (& +r-w) ™ & i (€ 4w )6k
llI;’l_)Sélpr’ (W Z [ %k + Oso, Oco
k=1
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(&, +r-we ye-1 o ;
n (t5, +7-we, )0k
= lim W, ( T T Ze Uk + Oco, Oo
n =1

(& +r-we .)5‘1 mo
7 nj i(t]
= lim Wy q(tg,, ) Z

—00
J 511]' k=1

=Wy (@' e i 4+ Ong, Oxo).

+r-we, . )0k
o " Vk + Oco, O

An analogous reasoning also justifies

(tf\ +7r- U)g)Z7 a i (E+r-we )0k
W Ze e Vg + OOO’ OOO

lim inf W, (
e—0 1

=Wy (q"ee‘q"”ﬁ + O, Ooo) , (B.12)

where i € w(x). For A = q!~fe~9"" we obtain

e—0 geq(£§+r'ws)

-1 m
lim W,y (M Zei(tgﬂ'w”e"vk 4+ Owo, (’)oo)
k=1

=Wy (27T U + Onc, Onc) (B.13)

where u is any element in @ (x). It follows the proof of ii) = i). Statement ii) yields the
existence of the limit (B.3). By Proposition B.1 we have that the limit (B.4) also exists. Pick
an arbitrary element u € w(x). Then there exists a sequence of (&,),eN, &n — 0, n — 00
such that

m
k=1
By (B.7) we have

x {—1 m
& +r-wg) Ze,(tFnJrrwgn)ekvk = q!~temawry (B.14)

k=1

lim —————
n—o0 g eQ(tgnJrr Wey,)

On the other hand, the existence of the limit (B.4) implies for any (£,), <N such that &, — 0,
as n — oo the limit

(tx +7-w; )l 1 m .
" (& +rws, )6
nli>nolow (MZE Vk +Ooo;Ooo
Epe " tn " 1
=Wy (417"t + Oce, Onc)
for some & € w(x). In particular for &, = &, we have

X . =1 m
(&, +r-ws,) Z G T )by, L O O )

¥ +rowe,)

WP’ (qlizeiqwrﬁ + Oo@ OOO) = nli{rolo Wp, ( ) eq(trn
n

=Wy ( LWy 4 O, Ooo)
where the last equality follows by (B.14) and continuity. As a consequence, the function

w®x)3ur> Wy (ql_ze_qwru + Oco, Ooo) = Wp/(ql_ze_qwrﬂ + O, (900)

@ Springer



27  Page 40 of 54 G. Barrera et al.

is constant. Since r € R is arbitrary, we obtain the statement i) for arbitrary A > 0. O

Proof of Theorem 3.1 By Theorem 3.3 we have that profile thermalization holds if and only if
forany A > O the shift map S° : w(x) — [0, c0) defined by S7°(u) = Wy (At + Oso, O0)
is constant. Since 1 < p’ < p, property d) of Lemma 2.2 yields

Wy (v + Oco, Oco) = V]

for any v € R?. Therefore, S7°(u) = |Au| for any u € w(x). Consequently, the map S;° is
constant if and only if w(x) is a contained in a sphere. In this case, (B.13) yields the cutoff
thermalization profile

Pe(r) = q' e ul,

where u is any element in w(x). ]

Appendix C. Proof of Theorem 3.4 (Window Cutoff Thermalization)

Proof of Theorem 3.4 Let 0 < p’ < p. By Proposition B.1 we have

W (X 4y, (), 1)
8min{p’,l}

lim sup
e—0

. & +r-w)™ K e
“tmpy (SIS v oo,
k=1

and
.. WP/(Xf“?—&-r-wg ()C), MS)
lim inf ——
e—0 gmin{p’,1}

.. (fﬁ +r- ws)£7l - Pt 4rwe) Ok
= llgi}(l;lf Wp/ (‘gﬂ(t;w Ze € ‘ Uk + (/)007 OOO .
k=1

In particular, Property d) in Lemma 2.2 yields
Jug P — 2[00 ”'] < Wy (e + Oso, Ooo) < lue ™™, ((eR))

where
&+ w)™ K e
e = T peattruwn > vk
k=1
We start with the upper limit. Therefore by (B.7) and (C.1) we have
WP,(Xf)S‘Jrr-we (x), /1«8)

emin(p’. 1)

min{p’,1}

lim sup
e—0

< lim sup |ug|
e—0
m

3 ity
k=1

1=Ee=avr Jim sup

e—0

=q

m
f equrqlfl Z |Uk|.
k=1
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Hence,

Wy (X 4, (%), 1)

lim lim sup (/1]

r—o0 £—0

We continue with the lower limit. By (B.7) and (C.1) we have
Wy (Xf»;f+r~we (), u¥)

.. P min{p’,1} _ V4
tim inf T > lim inf Ju| 2E[|0n|”]
=gl ~temavr 11m1nf Ze’(t Frwe )y | — 2R[|Og|?']
NG
k=1
m
1—€ —qur 15, - Ot | P
>q' e lim inf kX}e v | — 2E[|Oco|” ]

By (2.4) in Lemma 2.1 we have lim inf;_, « | ZZ’ZI eiek’vk| > (. Hence,

WP’ (Xf'urr-wg (x)’ /LS)
lim lim 1nf -

r——00 g—=0 gmi"{P/sl}

= Q.

Appendix D. Proof of Corollary 3.1 and Corollary 3.2 (Moment Thermal-
ization Cutoff)

The following lemma is used in the proof of Corollary 3.1 and in Sect.6.1.

Lemma 1 Forany d x d matrix A it follows

—O(trtrw, —1 m
Pt 1P PYCR i Zel“ ey
8eq(f +r-wg) ,

&

-1 —Q(t 4w
< IA] (5 +r - we) ( At +rny €S x Zei(tf+l‘~we)9kvk)
- geq(t§+r~w5) (tx +r-w )Z 1 .

Proof The inverse triangle inequality and the submultiplicativity of matrix norm imply

¢—1 m ¢—1 m
t - t -
‘Ae‘Q’x‘ — ‘AT E e”ekvk‘ < ’Ae‘Q’x _AT E e”@kvk‘
e e
k=1 k=1

L1
< |A|‘e79tx rre Ze”e"vk‘.
e
k=1

In particular, we have

X =1 m
‘ B ‘A(ts - we) Zei(t§+r-w8)9kvk’

geq(t’g +r-wg)

’ e~ QUtEFrwe)
€

Q(t’r+r-w8)x

-1 "
(& +r-we) pA(t ) € — Yty
(t+r-w)t~! o~ I

< |Al—4——-—="
- | | geq(t§+r'w8)

[}
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We show the moment thermalization of Corollary 3.1.

Proof of Corollary 3.1 For convenience we start with the case p’ > 1 and we write || X ||,y =
(E[|X|p/])1/"/. We start with the proof of

N 1 / /
lim lim sup " —EX {4, 0171 = E[[Ooo|” 1.

r—00 £—>0
Note that
1 e 1 -t 1 -t
gIIXt Ny = glle X+ &0y < gle x|+ 1Ol pr-

Hence

/ 1 4
F@I < (Sl + 1010,

Since W, (Or, Ox) — 0O ast — oo, we have |0,y = [[Oolly < 00 ast — oo. The
preceding inequality yields

’

1 | P
Him sup — 1X{ 1., (0, < Timsup (o™ x| 41Oy )
e—0 e—0

. _O(5 4 p
= (timsup (£ e~ e 4 Oty 1))
e—0 &

1 x P
= (lim sup (fle_Q(tﬁr'wS)xl) + ||Ooo||p’)
&

e—0

By Lemma 1 and the continuity of y > |y, sending r — 0o we obtain

p/

il sup 1, O
L 1, o, ' '

< (lim_timsup (= e” 2 00x)) 4 |Owll)” = 10l (D)
r—>00 . .0 &

We continue with the proof of

P’ P’
rli)noloh?l)lnf ||X£x+, we @y Z 101, -
Note that
1 1. Lo
1Ol = EIIEOrllp/ < EIIX, Nl + gle x|.
Hence

1 x
1~ : f x . , 1 : f _ —Q(t;,-ﬁ-r-wg) <1 . f XX N,
im in 10 +rwe llpr + im in ( 8|e x|) < im in ( X, o )
Since for a general family (a¢)¢~0 we have liminf,_,o(—as) = —lim sup,_,  a; it follows

Qi +r-we)

1
10cllpr — l1m sup - |e x| < l1m1nf *”Xtu-r we COl 7

By continuity we have

/

1 P
10olly — limsup —|e~ S+ w)x ) < lim inf ,||xﬂ (x)||
14 +r-w
e—>0 € ¢
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By Lemma 1, and sending » — oo we have
106l | < Jim_ Tim | mf ||th ran, O (D.2)
Combining (D.1) and (D.2) we obtain

lim lim 1nf || X¢

P P
Jim lim i (x)ll » = lllglohm_)s(l)lp IIth+r we (x)llp/ = ||Ooo||1,/

2 +r-we
In the sequel, we show

1 ’
po_
hmOo lim mf ||th+r we (x)llp/ = Q.

Note that

1 — Ot 1 & 1 &

gle x| = gIIX, (x) — €Ol < gIIX, My + 10
and hence

1 _ ’ 1 24
e = (ZIX @y + 10

x P
tim it~ e~ 00217 < timint (21X, Wl + 10, )

| P
= (Himinf (S0 X, (Nl + 10k 40, 11))

/

o] P
= (Hminf (21X o, (Ol ) + 10l )
Sending r — —oo, Lemma 1 yields

oo = lim liminf — ! e~ QU
r——00 g—0 P

p/
5( lim_tim inf (~ ||th+,wﬁ(x)||,,/)+||ooo||,,)

r—>—00 g—0

Hence

P o_
eroo hgl)mf - ||XtX+, " (x)llp, = 0.

We continue with the case p’ € (0, 1) and we write X\, = E[|X|1’/]. We start with the
proof of

_— 1 / /
lim lim sup " — B X 4, 0171 = E[|Ooo|” 1.

r—>0o0 £—0

Note that

1 1 1 /
£ _ — Ot — Ot
o7 X5 COllpr = o7 lle”="x + €Ol < "3 le™ = x|” + 1Ol -

Hence

I _
IIXS(X)IIP s Sp,le 2x| 4+ 10

@ Springer



27  Page 44 of 54 G. Barrera et al.

Since W), (O;, Ox) — 0 ast — oo, we have |0,y — [[Oxlly < 00 ast — oo. The
preceding inequality yields

l X /
. —O(t .
lim sup ||XtX+r w, ()|l <limsup —|e Qty+r ws)x|P + 106 +rawe |
£—0 e—0 &P

1 x /
= lim sup (flefg(thrr'")S)XI)p + 10l
e

e—0

1 . P
= <lim sup g|e_g(tf+r'w€)XI) + 100l pr-

e—0

By Lemma 1 and the continuity of y — |y, sending r — oo we obtain

i imup 71X, 0l
I ’
< ( lim lim supfle_g(t€+r'w*")x|) +10solly = 10sll%. (D.3)
r—o00 ._,0 &

We continue with the proof of

)c ;> .
ll,n;ohgl)mf ||Xt trwe O = 110l p
Note that
1 1 R 1 /
— —Qt .1p
10y = €Oy < 1K @)y + —rle™ <l
Hence

1 x 1
. . . . Q(t + )
hggonf 104 rwllpr + hgggf (- J' rwe) x|y < lim 1nf( IX G, GO )
Since for a general sequence ()¢~ we have lim inf€_>o(—a$) = —limsup,_,  a, it follows
QA +r-we)

. I _
Ol pr — lim S(L)lp ?|e x|1’ < hm 1nf ||th+r we X pr-
e—

By Lemma 1, and sending r — oo we obtain
10l pr < hm llnl)lnf ”XtY—t—r we O pr- (D.4)

Combining (D.3) and (D.4) we obtain

Jim_lim inf — Xty O = Jim lim sup L 1XSs 0, Ol = 10l
£—
In the sequel, we show
lim i f Xé, ;= 00
1mOo 1m1n || t+rw, (x)”p
Note that
lo—or Lxe
o7 le”~'x|" = [(-x)_got”p’f;”xt(x)”p/'i'”(f)t”p/
and hence
T SR v o
h?LItI)If §|e Qt+r wex|P < II?LI(IJlf( ||th+r we O + 104w, ||p’)
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-4mmu J&WWJMM%HWMW-

Sending r — —oo, Lemma 1 yields

1
— QG 4r-we) 1 e ,
oo—rilmooh?l)mf le x| <rL1mooh£1L1nf( ,||X i w, ) + 100l -
Hence
lim lim 1nf o ||Xtr+r w, N pr =

r—>—00 g—0

In the sequel we prove Corollary 3.2.

Proof of Corollary 3.2 Let t} be the time scale given in Theorem 3.1. By (B.5) we have for
any § > 0

. Wy (X5 (), XEo) _y W (e_Q(‘“?)x  0m, 00) D5

e gm0k 0x) O
and Wy (X5, (x), X&) Q(stY)

. p(Asp (X)) Ao - e <X

lim inf (1] = lim inf w,,/(f + O0: Onx). (D.6)

By (2.4) given in Lemma 2.1 we have

PRTCIE) £

0 < liminf e~ 0% x| < limsup e 0%y < 00 (D.7)
=0 | (56)FT e | (58]
for any § > 0. A straightforward calculation shows
S5y lemaCt) for§ € (0, 1
lim Qt) ¢ T foo foro € (O 1), (D.8)
e—=0 e 0 foré > 1.

Since
e~ Q6 B (St ~Te—a6) Laee)
e e (t)e-1

the relations (D.5), (D.6), (D.7) and the limit (D.8) imply with the help of the continuity of
W, the desired result:

W (Xge (), X&) [oo for(Se(O,l),]
lim =

QO

e—0 gmin{p’,1} 0 fors > 1.

Appendix E. Proof of Theorem 3.2 (Normal Growth Characterization)

We start with the following lemma, which shows that the C-linear independence of a family
of pairs complex conjugate vectors implies the R-linear independence of the family of real
and imaginary parts, in which the characterization in Theorem 3.2 is stated. The lemma is
used in the representation (3.13). The proof is given for completeness.
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Lemma E.1 (Complexification) For any d € N let d > 2n + r for some n, r € Ng. Consider
an arbitrary family of linearly independent vectors (w1, ..., Wy, V1, D1, ..., Un, D) in C4,
where v; denotes the complex conjugate of vj. Assume that wy, ..., w, € RY. For short we
write v; = 0j + iV}, with 0;,V; € RY. Then the family of vectors

(Wi, ..., wp, V1,01, ..., Dy, Un)
is linear independent in RY.
Proof Let oy, Bi, ..., %, Bu, Y1, ..., ¥r € R such that
Yiwr + -+ vrwr + a1 + Bivn + -+ @y + Bty = 0.

Letg; =yjand §; = 0,and for j € {1,...,n} ¢; =d; = a;/2and &; = —d; = —B; /2.
Then forc; =¢; +icjandd; = c?j —{—ic?j we have

1wy + -+ grwy + 1] +divr + ...+ cpvy + dpvy = 0.

By Hypothesis wy, ..., w,, v1, 1, ..., Uy, Uy is a family of linearly independent vectors in
C% and hence g1 =--=g =c =dy = =cy, =d, = 0 which is equivalent to
yi=-=y=a1=p=--=a, =B, =0 as desired. m]

In the sequel, we characterize in Lemmas E.2 and E.3 under the non-resonance hypothesis
(3.14) given in Remark 3.4 when the function w(x) > u > |u| is constant, which is the
statement of Theorem 3.1 item i), and compute the norm of (3.13). Using representation
(3.13) of w (x) defined by (3.7) we prepare the statement of Lemmas E.2 and E.3. Lemma E.2
yields the necessity, while Lemma E.3 states the sufficiency of the normal growth condition
(3.15) of Theorem 3.3. The Pythagoras theorem yields

m 2
Z elgktvk
k=1

n

Z (COS(szl Yox — sin(Oaxt )172k)

k=1

n
= |v; |2 +4 <v1, Z (COS(@Zkt)ﬁZk — Sin(@zkt)ﬁ2k>>

k=1
2

+4

n
= [vil* + 4 (cos(@ut)(vi, Do) — sin(@axt) (v1, Tax))
k=1
2

n
+4 Z (COS(QZkt)szk — sin(92kt)ﬁzk)

k=1

We continue with the last term on the right-hand side of the preceding expression omitting
the prefactor

2

n
Z (COS(szt Yok — sin(Oaxt )172k)

k=1

n
~ . )
=Y | cos(Oant) ok — sin(Oant) ]
k=1

+ ) (c0s(B1) Dok — sin(@ax) Dok cos(@ai 1) Dpr — sin(6a 1) i)
kK
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n
= 3~ ((cos @)l + sin® @) |k 2 — 2 c0s(Baut) sin(B2ut) (D, 24 )

k=1

+ ) cos(Oakt) cos(Oa 1) (Dak, Daxr) + ) sin(@t) sin(Oprt) (Do, Voae)
Kk Kk

- Z sin(faxt) cos(Boprt) (Vox, Vopr) — Z cos(Baxt) sin(Bap:t) (Do, Vox).
kK k£K!

Combining the preceding equalities we deduce

m
Z €loktvk
k=1

n n
+4) " cos(Ot)(v1, Do) —4 Y sin(@ax) (v1, Vi)
k=1 k=1

2
2
= |vy]

n 2

> (008(92kt)ﬁ2k - Sin(92kt)172k)

k=1

+4

n n
= [vi* +4) cos(@ut)(vi, ) — 4 Y sin(@t) (v1, Tax)
k=1 k=1

n
+ 4" ((cos? @aun) 620 + sin® G2t Fai P — 20 (6x1) sin(Baet) (02, Ve )

k=1

+4> " cos(Oxt) cos(Ort) (Dot Do) +4 Y sin(Oaxt) sin(@apet) (Tox, Vo)
ksk! ksk!

— 47 sin(@t) cos(Bu )ik, Do) —4 ) cos(O) sin(@aw 1) Dok, Towr). (E.1)
k#k' k#k

After rearrangement of the sums, we obtain

m n n
1D e = [vi P +4 ) cos(Ont) (v, Dax) —4 Y sin(@t) (w1, D)
k=1 k=1 k=1

n n
+41) " cos(Out)dol” + 41 Y sin(Oot) V|

k=1 k=1
— 8 sin(6aer) cos(@aw 1) (V. owr). (E2)
k,k'
LemmakE.2 Assume that the family (vy, U2, V3 ..., U2n, U2,) is orthogonal and |0y | = Vo]

for all k. Then the function
m
t— ‘ Ze’e"’vk‘
k=1

is constant and has the value |v1|? + 4 ZZ:] |00k | and consequently w(x) > u — |ul| is
constant.
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Proof The orthogonality hypothesis in relation (E.1) yields

m
Zelektvk
k=1

Since |02k | = |V2x| for all k, the Pythagoras identity yields the desired result. O

2 n n
= vil> +4) " cos® Ot [ > +4 Y sin (Ot [V |-
k=1 k=1

LemmaE.3 [fthe function
w(x) > u+— |ul (E.3)

is constant and the angles 0,, . .., 62, are rationally independent according to Remark 3.4
then the family of RY-valued vectors (vi, 02, V2 ..., Don, Von) is orthogonal and satisfies
[Ook| = Vx| forallk =1, ..., n.

Proof By (E.2) we have

m 2 n n
D el =i +4 " cos@ut)(vi, ) —4 Y sin(@aut) (v1, Vo)
k=1 k=1 k=1
n 2 n 2
+4|> cosOut)dor| +4|> sin(Oxnt) i
k=1 k=1
— 8 sin(@r) cos(6au1) (B, Dax).
kK’
Since the angles 65, ..., 62, are rationally independent, Corollary 4.2.3 in [105] and the
assumption that the function (E.3) is constant implies that the following function F is constant:
n n n 2 n 2
F(x) = [vil> +4) x(or, D) —4 ) ya(on, dox) +4( Y xadox| +4 (D widme
k=1 k=1 k=1 k=1
— 8>y (Vok, Dowr), (E.4)
k,k’
where x = (x1,...,x,) € [—1, 1]" and x,g + y,? = 1 for all k. We point out that for each x

there are two solutions yx = £,/1 — x,% for the equation x,% + y,% = 1 and all combinations
of signs of y; are admitted.

Step 1: We start with the proof of (v, 02x) = 0 for all k. Since the function F is constant,
comparing the choices x; = 1 and y; = O for all k with x; = —1 and y; = 0 for all k yields

n n n n
2 ~ A2 2 A A 2
[vi] +4E (v1,v2k)+§ [V2k |7 = |v1] —42 (vl,vzk)-l-z [V2k 7,
k=1 k=1 k=1 k=1

which implies
n

> (o1, D) = 0. (E.5)
k=1
Comparing the choice x; = —1, x; = 1 for k > 2, and consequently y; = 0 for all k with
x1 =1, xx = —1 for k > 2, and consequently y; = O for all k¥ we have

n n
1> = 4(v1, 2) +4 ) (w1, Do) + 41 — D2 + ) ol
k=2 k=2
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= v * + 4, D) 42 v1, k) +4|U2—ZU2k|

= v * + 4, D) 42 vi, k) +4|—v2+Zv2k|

which implies
(v1, D2) = ) (v1, %) = 0. (E.6)
k=2

Combining (E.5) and (E.6) we obtain (v, 1) = 0. Analogously it is shown (v, 0;) = 0 for
all k > 2. Switching the role of x; and yy in the preceding reasoning also shows (vy, Vo) = 0
for all k.

Step 2: By Step 1 formula (E.4) boils down to

n 2 n
> b >

+4
k=1 k=1

2
F(x) =lvi|* +4 — 8 xiyw e,

k.k'

where Cyx = (D2, dox). The choice x; = %2, x; = +1 for all k > 2 implies y; = +¥2
and y;y = O for k > 2. Hence

n
2 \/EA A 12 v 2
vi] +4|7vz+;<i)vzk| + 2|1 —401,1—4ﬁ];(i)ck,1

V2. s ]
= loil? + 41702 + 3 (ol + 20l +4C11 +4v2 Y (E)Crn
k=2 k>2
for any sequence of signs . Consequently,
Cri+v2) (#)Ci=0
k>2
for any sequence of signs +. Therefore Cy ;1 = 0 for all k > 1. Analogously, we infer that
Cix = 0forall k, kK > 1. This proves that (0o, Upxr) = O for all k, k'.
Step 3: By Step 2 we obtain

2 2

n
D

k=1

n
> xibu| +4

k=1

F(x) =|v|* +4

For any choice x1 € {—1, 1}, xx = 1 (which implies y;x = 0) for all ¥ > 2, the Pythagoras
theorem yields

n
> o

k=2

n
Fx) =[vi? +4lxi0o + Y ooel® = (o1 +4lol* +4
k=2

2 n
+ 8<x1132, > 132k>,

k=2

which implies
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due to xj can be chosen £1. An analogous reasoning yields

n
Z (Dok7, D2x) = 0. (E.7)
k=1
k#k'
for any k" > 1.
For any choice x; € {—1, 1} (which implies yr = 0) for all k, the Pythagoras theorem
yields

2
n
F() = |oil> +4 Y x| = |vil* +4lx1dy + xada + Y xxdl®
k=1 k>3
2
= [vi* +4lx10y + x20al* + 4 Y xaox| +8 <X1132 + x204, Zxkﬁzk> :
k>3 k>3
Specifying x; = 1 for all k > 3 and comparing it with x; = —1 for all k > 3 implies
<X1132 + x204, Z 62k> =0.
k>3

Then
(x102, Z Vo) + (X204, Z o) = 0.

k>3 k>3

Bearing in mind (E.7), summing and subtracting 04 and 0; in the corresponding sums above
yields

(x102, —04) + (X204, —02) = 0.

Since xy, xp € {—1, 1} is arbitrary, we infer (0, 94) = 0. By analogous reasoning it is shown
that (D, Do) = O for all k # k’. Switching the role of x; and yy in the preceding reasoning
also shows (U, Uprr) = O for all k # k.

Combining Step 1-3 shows that the family (vy, 02, V2 . .., D2y, U,) is orthogonal.

Step 4: In the sequel, we prove |0y | = |V« | for all k. By Step 3 we obtain

n n
Fo) =lvil? +4) xilonl> +4) 1ol
k=1 k=1

The choice x| = ¢, x; = 1 for all k > 2 implies y; = £/1 —¢2, yy = 0 forall k > 2.
Therefore the quadratic polynomial

n
C F(@ L. D) =[P +4) (ol + 4% 0ul* + 41 — )i
k=2

n
= Vi +4 ) Dol + 41021 + 423 ([92* — [5217)
k=2
is constant. Consequently, |02|> = |¥»|2. Analogously it is shown that |02 |> = |V |? for all

k> 2. O
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