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FINITE ELEMENT METHODS FOR AXISYMMETRIC PDES AND
DIVERGENCE FREE FINITE ELEMENT PAIRS ON PARTICULAR MESH
REFINEMENTS

Ahmed Zytoon, PhD

University of Pittsburgh, 2021

This dissertation discusses the following two main topics.

1. Finite element approximation for Partial Differential Equations (PDEs) defined on ax-
isymmetric domains:
We introduce the Darcy equations on axisymmetric domains and we show the stability of
a low—order Raviart-Thomas element pair. We provide numerical experiments to support
our theoretical results.
Also, we introduce the Stokes equations on axisymmetric domains and show that the
axisymmetric Stokes equations can fit within a commutative de Rham complex.

2. Connection between the grad-div stabilized and divergence-free Stokes finite element
pairs and low—order divergence-free elements on particular mesh refinements:
We introduce the most recent results that connect the grad-div stabilized Taylor-Hood
(TH) finite element pair and divergence-free Scott—Vogelius (SV) finite element pairs,
and we use these results to extend and generalize this connection to other Stokes finite
element pairs.
Finally, we provide numerical examples for low order divergence-free Stokes finite element
pairs defined on particular mesh refinements. This research is focused on the numerical

implementation aspects of these finite element pairs.

v



TABLE OF CONTENTS

PREFACE . . . . . . e

1.0
2.0

3.0

4.0

INTRODUCTION . . . . .. e
THE AXISYMMETRIC DARCY PROBLEM . ... ... ... .....
2.1 Introduction . . . . . . ..
2.2 Notation and Preliminaries . . . . . . . . . . .. .. ... ... ... ..
2.3 Finite Element Method and Convergence Analysis . . . . . ... ... ...

2.3.1 Preliminary estimates . . . . . . . . . . .. ... L.

2.3.2 Error estimates . . . . . . ...
2.4 Numerical Examples . . . . . . . . ... ...
THE AXISYMMETRIC STOKES PROBLEM AND THE DE RHAM
COMPLEX . . . . .
3.1 The Stokes Problem . . . . . . . ... ... ... ...

3.1.1 Variational formulation . . . . . . . ... ... ... 0.
3.2 The Axisymmetric Stokes Problem . . . . . .. ... ... ... .. ... ..
3.3 The Axisymmetric Stokes Problem in Cylindrical Coordinates . . . . . . . .

3.3.1 Cylindrical strong form derivation . . . . . .. .. ... .. ... ...

3.3.2 Bilinear forms in cylindrical coordinates . . . . . . . . . ... ... ..
3.4 Dimension Reduction . . . . . . . ... 0oL
3.5 A Commutative Diagram . . . . . . . .. ... ... ... L.

3.5.1 Reduction operators . . . . . . . . . ... ...
CONNECTION BETWEEN GRAD-DIV STABILIZED STOKES FI-
NITE ELEMENTS AND DIVERGENCE-FREE STOKES FINITE EL-
EMENTS . . . . . e
4.1 Introduction . . . . . . .
4.2 Notation and Framework . . . . . . . . . .. ... o0

4.3 Application I: Taylor-Hood Pairs . . . . . . .. .. .. ... ... ... ...

= W W =



4.4
4.5

4.3.1 High order pairs: k>4 . . . . . ... 53

4.3.2 The cubic—quadratic Taylor-Hood pair . . . . . .. . ... ... ... 56

4.3.3 The quadratic-linear Taylor-Hood pair on Clough-Tocher splits . . . . 58

Application II: The P; x Fy Pair on Powell-Sabin Splits . . . . . .. .. .. 59

Numerical Examples . . . . . . . .. .o 62

4.5.1 The P; x Py pair on Powell-Sabin splits . . . . . . . . ... ... ... 62

4.5.1.1 The P; x P, pair on Powell-Sabin splits with fixed viscosity v =1 63

4.5.1.2 The P; x F, pair on Powell-Sabin splits with varying viscosity = 64

4.5.2 Taylor-Hood finite elements . . . . . . . . . .. ... ... ... ... 64
4.5.2.1 Grad-div Taylor-Hood methods on perturbed criss—cross meshes

with fixed viscosity . . . . . .. ... 66

4.5.2.2 Grad-div Taylor-Hood methods with varying viscosity . . . . 68

4.5.3 Grad-div Taylor-Hood methods on type-I triangulations . . . . . .. 68

5.0 LOW-ORDER DIVERGENCE-FREE APPROXIMATIONS FOR THE
STOKES PROBLEM ON WORSEY-FARIN AND POWELL SABIN

SPLITS . . . . e 71
5.1 Introduction . . . . . ... 71
5.2 Preliminaries . . . . . . . .. Lo 72
5.3 Inf-sup Stability on Worsey-Farin Splits . . . . .. .. ... ... ... ... 73

5.3.1 Finite element spaces on Worsey—Farin triangulations . . . . . .. .. 73

5.3.2 Stability of VWVF x YWF 74
5.4 Implementation Aspects for Powell-Sabin Splits . . . . . . . ... ... ... 78

2.5

2.6

5.4.1 A basis for the weak continuity pressure space and the construction of

the algebraic system . . . . . . .. ..o 78
Implemenation Aspects for Worsey Farin Splits . . . . . . .. .. ... ... 82
5.5.1 A basis for YhWF and the construction of the algebraic system . . . . . 82
Numerical Experiments . . . . . . . . . . . .. 85
5.6.1 The Stokes pair on Powell-Sabin splits . . . . . ... ... ... ... .. 86
5.6.2 The Stokes pair on Worsey-Farin splits . . . . .. .. ... ... ... 88
5.6.3 Iterated penalty method for (Py,Pg) pair on Worsey-Farin splits . . . 88

vi



6.0 CONCLUSIONS

BIBLIOGRAPHY . ..

vii



© o0 N O ot s W N

—_ =
= O

LIST OF TABLES

Errors and rates of convergence for example (84) with s =1/2. . . . ... . .. 23
Errors and rates of convergence for example (84) with s =1/4. . . .. ... .. 23
Errors and rates of convergence for example (84) withv=1.. . .. ... .. .. 86
Errors and rates of convergence for example (84) with v =10"2. . . . . . . . . . 87
Errors for example (84) with v = 1072 and the RHS of (83) . . .. ... .. .. 87
Errors for example (84) with v = 1072 and the RHS of (82) . . . .. ... ... 87
Errors and rates of convergence for example (85) withv=1.. . . ... ... .. 89
Errors and rates of convergence for example (85) with v =1073. . . . . . . . .. 89
Errors for example (85) with » = 1072 and the RHS of (83) . . .. ... .. .. 90
Errors for example (85) with v = 1072 and the RHS of (82) . . . .. ... ... 90
Errors and rates of convergence for example (86) with v =1.. . . .. .. .. .. 91

viil



10

LIST OF FIGURES

Axisymmetric domain Q C R? (left), and corresponding 2D domain  C R? (right).

Type-I triangulation on (0,1)? on which each interior vertex is not an interpo-
lating vertex. . . . . . . .. L
A Powell-Sabin local split of a triangle. Note that the vertices z4, 25, and zg are
singular vertices in global mesh. . . . . . . . .. ..o 0oL
A triangulation 7;, of the unit square (left), its Powell-Sabin refinement 7,
(middle), and the mesh KPS (vight). . . . ... ... ... ... .. .. .. ...
Numerical results on Powell-Sabin splits using the Py x Py pairs for fixed h = 1/32
and viscosity v = 1. The plot shows O(v; ) convergence for all three quantities.
Numerical experiments using the P x Fy pairs on Powell-Sabin splits with fixed
h = 1/32 and varying viscosity v. The plot shows O(~; ') convergence for all
three quantities. The increase in the first and third plots for large values of ~; is
due to round-off error. . . . ... Lo
Results of the grad-div stabilized Py x P,_; Taylor-Hood pair on O(h®*1) per-
turbed criss-cross meshes with A = 1/20 and v = 1. Left: k = 4. Right: k= 3. .
P; x P,y grad-div sequences errors for O(h) perturbed mesh with different
viscosities. Left: k =4. Right: k=3. . . . .. .. ... ... ...
Errors of grad-div finite element method using the Taylor-Hood pair Py x P4
on type-I triangulation with k =4 (left) and £ =3 (right). . . . . . . . ... ..
Local mesh 7, with z € Sf. Top row: Values of canonical basis functions of
piecewise constants {909 ) 2,. Bottom row: Values of basis functions of piecewise

constants with weak continuity constraint {ng ) B

X

5

57

63

67



PREFACE

I would like to thank everyone who helped and supported me to make this dissertation

possible.



1.0 INTRODUCTION

There are several papers and articles that investigate mixed methods for PDEs on ax-
isymmetric domains that are subsets of R? [7, 8, 20, 21, 43, 44]. Due to symmetry, the
problems can be reduced from the original three-dimensional domain to a two-dimensional
one. Hence, the computational complexity will be reduced significantly.

This reduction comes with the cost of dealing with weighted function spaces and modified
(singular) differential operators which, in turn, complicates the study of the stability analysis
of finite element pairs.

In [20], it was shown that the Raviart—Thomas (RT) finite element pair is stable under
the axisymmetric variational formulation using a particular mesh discretization elements
called “toroids”. A polynomial degree condition was imposed on the RT element pair to
achieve the stability result in [20]. Also, the same element was used in [43] to show that
the Taylor-Hood finite element is stable for the Stokes problem defined on axisymmetric
domain.

In our work, we generalize the stability result in [20] for any polynomial degree, and
provide numerical examples to support the theoretical results. Also, we show that the
axisymmetric Stokes problem is associated with a de Rham complex using commutative
projections.

Next, we turn our attention to the connection between grad-div stabilized and divergence-
free Stokes finite elements that were studied in [16]. We expand and generalized the results
in [16]. In particular, we show that the results in [16] still hold true for higher degree Taylor—
Hood finite element pairs with less restrictions on mesh construction. Also, we introduce a
low—order divergence-free finite element pair with a particular mesh refinement that uses a
linear Lagrange space for the velocity spaces and piecewise constants for the pressure space.
We provide numerical experiments to support our theoretical results.

Finally, we introduce a low—order divergence-free finite element pair for the three—
dimensional Stokes problem with a particular mesh refinement that uses a linear Lagrange

space for the velocity spaces and piecewise constants for the pressure space. We provide



stability results for this pair, and we focus on the numerical implementation aspects for the

finite element method.



2.0 THE AXISYMMETRIC DARCY PROBLEM

In this chapter, we introduce the Darcy problem on an axisymmetric domain and show
that the lowest—order Raviart-Thomas finite element pair is stable and can be used to find

an approximate solution to the Darcy equations.

2.1 Introduction

In this chapter, we study low—order mixed finite element approximations of three—
dimensional Darcy flow in axisymmetric domains and with axisymmetric data. Due to
the symmetry of the problem, the original three-dimensional problem is reduced to a two—
dimensional one, and therefore this reduction offers considerable less computational effort to
approximate the solutions. On the other hand, the axisymmetric formulation necessitates
the use of weighted function spaces and modified (singular) differential operators leading to
theoretical difficulties. This is especially true for mixed finite element methods because their
structure—preserving properties often do not hold in the axisymmetric setting.

Nonetheless, there exists several references that propose and study mixed finite element
methods for axisymmetric problems. These include the Stokes (and Navier—Stokes) problem
(e.g., [43, 7, 8, 44]) and Maxwell equations (e.g., [19, 18, 41, 6]). On the other hand, the
stability and error analysis for the mixed finite element methods for the axisymmetric Darcy
problem is relatively less developed [20, 21]. In [20], both Brezzi-Douglas-Marini (BDM)
and Raviart-Thomas (RT) mixed finite element methods are proposed for the axisymmetric
Darcy problem, and it is shown that these discrete methods are well-posed. Assuming
that an auxiliary problem inherits additional regularity (cf. [20, (3.34)]), optimal order error
estimates for the pressure and velocity solutions are derived [20, Corollary 3.13]. However,
the lowest—order case is noticeably absent from the analysis. Alternatively, one can add
grad—div stabilization to the bilinear form to obtain optimal order estimates in the lowest—

order case ([20, Corollary 3.7]); however, this modification leads to various computational



issues (e.g., conditioning, error dependence and optimality of grad—div parameter, etc.), and
we show here that grad-div stabilization is unnecessary to guarantee convergence in the
lowest—order case.

In this chapter, we follow the ideas in [51] and derive error estimates of the direct mixed
finite element method using the lowest—order RT elements. The main difficulty in the analysis
is that, in contrast to the Cartesian setting, the axisymmetric divergence operator acting
on the RT space is not surjective onto the space of piecewise constants. Therefore, in this
sense, the method is non-conforming.

The approach we take in the analysis is classical. We simply apply Strang’s second
lemma to obtain abstract error estimates in terms of the approximation properties of the
RT space and the inconsistency (or non-conformity) of the method. We then derive several
estimates of the (local) inconsistency of the method, each tailored for different regions of
the domain. Using a convex combination of these estimates, and by applying a dyadic
decomposition of the domain with respect to the r—variable, we show that the inconsistency
of the method is almost first—order provided that the domain is convex. Strang’s lemma and
the approximation properties of the RT space then imply that pressure and velocity errors
are both (almost) first order.

The organization of the chapter is as follows. After setting up the notation, we state
the Darcy problem and its axisymmetric formulation in Section 4.2. We give the mixed
finite element formulation in Section 4.3 and state some preliminary results. We then derive
two estimates that measure the consistency error, and use these estimates to derive error
estimates for the velocity and pressure solutions. Finally, in Section 4.4 we perform some

numerical experiments which support the theoretical estimates.

2.2 Notation and Preliminaries

Let 2 C R? denote a three-dimensional domain obtained by rotating a simply-connected

polygon © C R? about the z-axis. Namely, we assume that ) = Qﬁ{(r, 0,2): r>0,z€R},
where (7,6, z) denote the cylindrical coordinates. Let 'y = 992 N {(0, z)} denote the part



T

Figure 1: Axisymmetric domain Q C R? (left), and corresponding 2D domain Q C R? (right).

of the boundary of  that intersects the z-axis and I' = 9 \ I';. We assume that Iy is
connected. The figure below [44] shows a two dimensional domain €2 and its corresponding
three dimensional axisymmetric domain €.

The Darcy equations, in Cartesian coordinates defined on €2, is given by the system of

equations
vK'lu+Vp=Ff inQ, (1a)
V-au=g inQ, (1b)
@-n=0  on 0, (1c)

where the velocity 1 = (i, ila, it3)7T and pressure p are functions of & = (&1, &, &3)7, and V
denotes the gradient operator with respect to &. In (1), the matrix K denotes the perme-
ability tensor, and v is the viscosity. Similar to [20], we assume that ¢ = 0, K = kI3 for
some constant & > 0, and set v = v/k. As explained in [20], the assumption that ¢ = 0 is
equivalent to introducing a change of variable @ = ¢ + u,, where @, = Vo and w satisfies
V-V = gin Q and 9w /dn = 0 on 050

For U C R%, let

L(0) = {0 TR [[dl] o = (/ B[P dz) < oo,

H™(U) =i : U= R ([ gmry = (D 100" < 00},

18]<m



We denote the analogous vector-valued function space in boldface; for example H'(U)
HYU) and L*(U) = L*(U)4, d = 2,3.

Defining
+ V-9 a))? < o0},

H(div; ) : = {0 € L*(Q) : [[0]l myaiviey = (9]l 2@y

Q) = {G: QR [l = ( / 4P di)? < oo},

and their variants
Hy(div; Q) : = {9 € H(div;Q) : ©-nyg = 0},
L@ = {ae @) [ qdi=0)
9]

the weak formulation for (1) reads: Find (@, p) € Ho(div; Q) x L2(€) such that
y/u-fbdf—/(vfb)ﬁ /f di Vo € Hy(div;Q), (4a)
Q 9)
0 V§ e L3(Q). (4b)

Theorem 2.2.1. There exists a unique solution (w,p) € Hy(div; Q) x L2(Q) to (4).

Theorem 2.2.1 is well-known [30], but we provide a proof for completeness.

The proof of Theorem 2.2.1 relies on a few technical results. First, we state a general

framework for saddle point problems. Tts proof can be found in [30, CH. I,Sect. 4]

Proposition 2.2.2. Let X and Y be two Hilbert spaces, and let a : X x X — R and

b: X xY — R be bilinear forms. Let

Z={veX: b(v,9)=0,VjeY},

and suppose that the following three conditions are satisfied:

1. a(.,.) and b(.,.) are continuous on their domains.

al(.,.) is symmetric for all v € X, and there is a constant o > 0 such that

a(v,v) > a||v|% Vv € Z.



3. There is 3 > 0 such that the following inf-sup condition is satisfied

s b(v,q4) _

> Alldlly, YGeY. (5)
sex\foy 1Pllx —

Then for any F € X', there exists a unique solution (u,p) € X XY such that

¢
I

¢

i, ©) + b(®

D)
(@, q)

F(v) Vo e X,

S«

0 Vgey.

Lemma 2.2.3. The operator V- : Hy(div; Q) — L2(Q) is surjective with a bounded right-
inverse, namely, for any § € L), there exists © € Hy(div;Q) such that V - ¥ = § and

19| £ (divser) < 1||Q||L2 ), where B> 0 depends on €.

Proof. Let g € L%(Q). We assume that € is smooth, the result is still valid for non-smooth
domains (see [15]).

Consider the following auxiliary problem in €:

Ai=§ inQ,
o .
%zO on 0f).

By [49], there holds & € H?() and @l g2y < Clldllr2@) = Clldllr2q)- Now set v = Viilg €

(@), 50 that ¥+ = Ad =  and 9] vy < lillieey < Cllilzagoy- Purthermore, we
have

= Vi - gz 0 on 9.
Therefore, we conclude that © € Hy(div; Q) and V - & = O

Proof of Theorem 2.2.1. Letting X = Hy(div;Q), Y = L*(Q), a(u,v) = v [,u - vdz,
b(v,p) = — [o(V - ©)pdi and F(v fo © d, problem (4
Hy(div; Q) x L3(Q) such that

) becomes: Find (u,p) €

a(w, ) + b(v,p) = F(v), Vo € Hy(div; ),
b(w, G) = 0, Vi € Lj(9).

Hence, to proceed with the proof, we only need to verify the conditions stated in Proposition

2.2.2 with Z = {® € Hy(div;Q) : b(v,q) =0, VG € L*(Q)}.



1. Continuity of the bilinear forms a(.,.) and b(., .) follow directly from the Cauchy-Schwarz
inequality.

2. Let ¥ € Z, then V-9 € L*(Q). Since ¥ € Z, then we have that

Hence, for v € Z we have that ||| g, giv.0) = 19l 22y So
a(0,9) = V|0l 20y = VIOl aney VO € Z.
Since a(.,.) is clearly symmetric, we conclude that a(.,.) satisfies 2 in Proposition 2.2.2.
3. Let ¢ € L(Q) with § # 0. Applying Lemma 2.2.3 there exists w € Hy(div; Q) such that
Vb =G and ||| gyaieay < 571Gl 2. Consequently,
A 5 Bw’q B(waq) Bﬁaqv
By = ) o < sp %D
5 ||Q||L2(§z) ||w||Ho(div;Q) v Ho(div;)\{0} ||v||H0(div;Q)

Therefore the inf-sup condition is satisfied.

Since we have confirmed all of the conditions in Proposition 2.2.2, we conclude that there

exists a unique solution to (4). O

The solution pair (@, p) to (4) enjoys the following regularity [24, 1].

Theorem 2.2.4. There exists € € (0,1] depending on the Lipschitz character of Q0 such that
the solution to (4) satisfies p € WHH(Q) for all2 <t < 3/(1 —€) and w € H*(Q) for some
s > 1/2, provided that f € LY(Q). If Q is convex, then the solution satisfies p € WH*(Q)
and w € H'(Q) if f € H(div; Q).

Remark 2.2.5. We note that if  is convex, then so is Q. However, the converse is not

necessarily true.



Now, we introduce the cylindrical coordinate system (7,6, 2) with r = /%3 + i3, 6 =
arctan(&y/), and z = Z3. For a vector field © = (0, 0, 03)7, we denote by o, Uy, and v,

its radial, angular, and axial components, respectively, i.e.,

Uy = 01 c08 0 + Dy 8in b,

Vg = —01 8in 6 + ¥y cos b,

We denote v = v(r, 0, z) = (v, 0y, 0,)7 so that
v = Ry, (6)

where the rotation matrix Ry is given by (7) (with n = 6(&)). Likewise, for a scalar function
G:Q — R, weset g:Q — R such that §(&) = g(r, 6, 2).

For a fixed n € [—m, ], we define the rotation matrix

cosn sinnp 0
R, = | —sinp cosnp 0]- (7)
0 0 1

Note the trivial identities det(R,) = 1 and R_, = (R,)"! for any n € [—m,7|. These

properties will be used often.
Definition 2.2.6.

1. A scalar function ¢ : Q — R is said to be azisymmetric if § o R, = ¢ for all n € [—m, 7].

2. A vector field ¥ : Q — R is said to be azisymmetric if v = R_, 9o R, for all n € [~,7].

Note that definition 2 along with the identity R_, = (R,) ' shows that © = vo Ry if v is
axisymmetric. Since Rp& = (r,0, )T, we conclude that if © is axisymmetric (with respect to
definition 2), then the components v, vy, U, are also axisymmetric (with respect to definition

1). Consequently there holds

o ov.  Ovy  0v.
%90 o6 26 " (8)

for axisymmetric functions ¢ and .



If the source function f is axisymmetric, then the solution (@, p) is axisymmetric as well
9]. Let (u,,uq, u,)T and p be the cylindrical coordinate representation of @ and p, respec-
tively, and set p(r, z) = p(r, 0, 2), ug(r, z) = uy(r,0, z), and u(r, z) = (u.(r, z), u,(r, z))T with
up(r, z) = a,(r, 0, 2) and u,(r, 6, z). To state the axisymmetric problem and the correspond-
ing variational formulation, we require some additional function space notation.

For o € R, p € [1,00), and Lipschitz subdomain D C 2, we define the weighted LP-space

ol = [ rolop drz,
D
and set
LE(D):={v:D —=R: |[v][zzp) < oo}

In the case that o = 0, the subscript is omitted. We further define, for a non-negative integer

m and number p € [1, 00), the weighted norms and semi-norms

alﬁ\v p
[l e Z/ S| iz
1B1<m
MZ/ P08, drdz,

and set
WIP(D)={v:D —=R: |v|lymrp) < 0o}

In the case p = 2, we use the notation H"(D) = W™%(D).

Observe that the divergence of a vector field © = (91,09, 03)T in cylindrical coordinates

is given by
. 1,0(ro, ov v,
Vo= —( (ro) =) .
reor 00 0z
If v is axisymmetric, then % = (0. Hence, we define the axisymmetric divergence

operator applied to a vector-valued function v = (v,,v,)T by

ov, Ov, 1
+ —U,.

vrz.v:(?r+8z r

10



The two—dimensional gradient operator is defined as

ow Ow

_ (Ow Jw, g
V“w_(ar’az) ’

and note that V,, - v =V, -v + %vr. We also have the integration-by-parts formula

/ (rV,, -v)wdrdz = / (rVa Sv vr)w dr dz
D

D

:/M)r(fu.n)wds—/r('v-Vaw)drdz

D

for sufficiently smooth v and w. Here, n denotes the outward unit normal of 0D.

Define
X, = H (div;Q) :={v e L}Q): V,. -ve L3Q), v-n|s =0},
Q:=Li(Q) == {q € L2(Q), / rqdrdz = 0,
Q
with corresponding norms
[ol%, : = ol + V0 - 0l22 0,
lglle : = ||Q||L§(Q)-

Making a change of variables in (4), a calculation reveals that

V/ru-vdrdz—/r(vm~'v)pd7’dz:/T(f-’v)drdz Vv € Xy,
Q Q Q
/T(Vrz-u)qdrdz:o Vq € Q.
Q

Remark 2.2.7. The angular component uy satisfies

1// rugvy dr dz = / r fovg dr dz Vg € Lf(Q),
Q Q

which is decoupled from the system (9).

(9a)

(9b)

Remark 2.2.8. The regularity results stated in Theorem 2.2.4 directly imply that the ax-

isymmetric solution to (9) inherits elliptic regularity. If there holds p € W*(€2), then we

deduce via a change of variables that p € W,"*(1).

11



2.3 Finite Element Method and Convergence Analysis

Denote by 7T, a conforming, shape-regular, quasi-uniform, simplicial triangulation of €.
For 7 € Ty, we denote by h, = diam(7) and set h = max,e7, h,. The local, lowest—order

Raviart-Thomas space is given by
X(r)i={vp=a+pB(r2)": a R’ R},
and the global version is defined as
Xy, = {v, € X1 : vl € X(7) V7 € Th}.
We further set (), to be the space of piecewise constants with vanishing mean, i.e.,

Qn={qeQ: q|: e RVT €T}

The mixed finite element method for the axisymmetric Darcy problem (9) reads: Find

(un, pr) € X5 X Qp such that

V/ r(wp - vp) drdz + /(Tvm ~vp)ppdrdz = / rf-vypdrdz, Vv, € Xy, (10a)
Q Q Q

/ (Vs - up)gndrdz =0, Yaq, € Q. (10b)
Q

The following theorems concern the well-possedness of (10) and the approximation prop-
erties of the discretely divergence—free space. Their proofs can be found in [20, Corollary

3.6] and [20, Corollary A.6]
Theorem 2.3.1. The inf-sup condition

V,s- drd
sup fQ(r v)qn dr dz

vREXL\{0} |onlx

> Bllanllo Van € Qp (11)

is satisfied with > 0 independent of h. Consequently, there exists a unique solution to (10).

12



Theorem 2.3.2. Define the space of discretely divergence—free functions:
Vi, ={v, € X, : / (V. - vp)qdrdz =0 Vg, € Qn}.
Q

Then for any w € HL(Q) with V,. -u = 0, there exists v, € V}, such that
| — vnl[20) < Chlulgr ).

Remark 2.3.3. Here and what follows, the letter C' denotes a generic, h-independent, positive

constant that may take different values at each occurrence.

Unlike the Cartesian setting, the axisymmetric divergence operator acting on the Raviart-
Thomas space is not surjective onto the space of piecewise constants. As a result, the method
is non-conforming in the sense that V;, ¢ V := {v € X; : V,,-v = 0}. We follow the
classical framework of non-conforming methods in order to obtain error estimates of the
discrete approximation. In particular, Strang’s Second Lemma [61] applied to (10) yields

the following result.

Lemma 2.3.4. The velocity error satisfies

fQ r(V,, - vp)pdrdz

vlu— a2y < v oinf ||lu— w20+ sup , 12
H HL1(Q) wieVi H ||L1(Q) on eV {0} ||'UhHL§(Q) ( )
Ip—pullg < C(v|u— unl 200 + q,igcfgh P = anllo), (13)

where C' > 0 depends on the discrete inf-sup constant f > 0 in (11).

Proof.  The proof of (12)-(13) is standard, but we provide it here for completeness.

Let @, € V}, be the projection of w onto Vj, with respect to the L?(2) inner product, i.e.,

/rﬁh-vhdrdz:/ru-’vhdrdz, Yov, € V.
Q Q

13



We then have |[u — @y 12(0) = infw,ev, [|u — wh||L2). We then find that, for all v, € V,

V/r(uh—'llh)-'vhdrdZ:/r(f—mlh)-'vhdrdz
Q Q
_ / r((vu + Vap) — vity) - oy dr dz
Q
:/rvap~'vhdrdz
Q

= — / (V. - vp)pdrdz.
Q
We then easy find that

5 Jo(rV,. - vp)pdr dz
viup — @nllz) < sup
v, €Vi\{0} thHL%(Q)

Finally we apply the triangle inequality to get (12).
To obtain (13), we apply (11) to get, for any g, € Qp,

(V2 - vn)(pr — qn) dr dz
Bllpn — anllo < sup Jor( ) ) -
v, eX,\{0} H’UhHX1

Using (10) and (9), we write

/rVrz-vh(ph—qh)drdz:V/ruh-vhdrdz—/r(f-vh)drdz
Q Q

Q

— / (Vs - Op)qn drdz
Q

:y/r(uh—u)-vhdrdz—i—/r(vm-'Uh)(p—qh)drdz
Q Q

<v|u-— Uh||L§(Q)H’Uh||L§(Q) + |V - ’Uh||L§(Q)||p - C]h||L%(Q)

< C(VHU - UhHLZ{(Q) +|lp — Qh||L§(Q)) |vn |l x,
for any v, € X,. Applying this estimate to (14) yields
Blion — anllo < C(Wllw — unllr2) + I — anllr2@)  Yan € @Qn,

and (13) follows from the triangle inequality.

(14)

]

Remark 2.3.5. The error estimate for the velocity (12) shows that the error is bounded by

the approximation properties of the discretely divergence—free space and the inconsistency

of the method. In light of Theorem 2.3.2, one sees that the crux of the analysis is to estimate

the inconsistency of the method, i.e., to estimate the second term in the right-hand side of

(12).
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2.3.1 Preliminary estimates

In this section we derive some identities that will be useful in estimating the inconsistency

error in the error estimate (12). As a first step, we state a well-known identity [39].

Proposition 2.3.6. Suppose that v, € V,. Then there holds

/(rvm ~vp)drdz =0 VT eT,. (15)
Proposition 2.3.7. For 7 € Ty, let rmin > 0 be the largest number such that ryin, < r for

- s —

all (r,z) € 7. We then have

~1/2

||vh|lL2(T) S Cmin{h;1/27 T min T}||vh||L2(T Vvh € Xh

with the convention that min{h;l/2 _1/2} he 2 if Pmins = 0.

? IIllIl T

Proof. For T € T;, with dist(07, ) > h., we have min{h, 1/2 1/2} = r_1/2 and the result

> Trnin, 7 min, 7

is clearly true.
Let 7 € T, with dist(97,T) < h,. Define 7 = {;-(r,2) : (r,z) € 7}, and set 0,(7, 2) =
vp(r, z) with r = h,7 and z = h,;2. By equivalence of norms, and since # > 0 on 7, we have

C; = C(h,Q) such that
/|@h(f,z)|2dfd2 < Cf/f|@h(f,2)|2dfd73.

Since the mesh 7}, is regular and quasi-uniform, and €2 is bounded, then there is C' such that

C, < C for all 7 € Tp,, hence we have
/\ﬁh(f,2)|2df iz < C/f|ﬁh(f,2)\2df iz,
Therefore, by a change of variables, we obtain

T — / (6n (7. 5)? d d5
< Ch? /ﬂ’f)h(f, 2| didz = Ch;1||vhH%§(T)

Taking the square root of this inequality yields the desired result. O
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Lemma 2.3.8. For any v, € Vj, and q € L*(7), there holds

? mll’lT

| / (rVes - wp)gdr dz| < Ch?min{h "2, v 2} [op| 2y

T

where T, and ¢, are the averages of r and q on T, respectively.
Proof. Using the definition of the Raviart-Thomas space, we write

-
vy =a+f
z

for some v € R? and 3 € R. We then have

(’I" - /f’?')(q -

q-)drdz|, (16)

Vo v, =20, rV,, vy, =1V vy + v,(f) = (206r) + a4 Br = 30r + a®

Thus, if v, € V,, is discretely divergence-free, then

0= /T(Vrz ~vp)drdz = |T|a(1) + 35/rdr dz = |T|a(1) + 38|7|7.

We conclude that oY) = —387, and (rV,.-v,,) = 38(r—7,). We then have, for any ¢ € L*(7),

/T(TVTZ-vh)qdrdz:3B/T(T—T7)qdrdz:3ﬂ/T(r—rT)(q—

Finally, we apply standard inverse estimates and Proposition 2.3.7 to get

18] = —HV cop || o (ry < ChZ|onl ooy

< Ch; ||vhHL2(T) < C’h’;Q min{h;1/27 T'min 7-}”vhHL2(T)

Combining this last inequality with (17), we obtain (16).

16

g-)drdz. (17)



Remark 2.3.9. Applying the Cauchy-Schwarz inequality to (16) and assuming that ¢ €
H'(7), we have

| [0 onadr de] < Chmingh 22 Yol = 7ol 2o

< Cmin{h; 1?11/ Hionll Lz IVarl 2 [ Vagll 2

? mm T

< Ch||vnll ()| Vadll 2y

Thus, we conclude from this estimate and from (12), that if the pressure solution has regu-
larity p € H'(Q), then the L? error of the velocity is bounded by Ch'/2. However, as far as
we are aware, the pressure function does not generically enjoy such regularity. In what fol-
lows, we derive estimates under the assumption that the pressure solution lies in a weighted
Sobolev space and improve this rate of convergence provided that p is sufficiently regular.

As a first step, we prove an estimate that is useful for 7 € 7T, that is close to the z-axis.

Lemma 2.3.10. For 7 € Ty, let rmaxr > 0 denote the smallest number such that r < ryaxr
for all (r,z) € 7. Suppose that ¢ € W"'(1) for some t > 2, and let v, € Vi, Then there
holds

‘/T(Tvrz ~vp)qdrdz| < ChY*?/'r rlna)lc/:H’Uh||L%(T)|q|Wll‘t(T)' (18)
Remark 2.3.11. There holds W,"*(7) < L'(7) [40, pg. 15].

Proof.  Applying Hélder’s inequality and [52, Corollary 3.2], we have

‘/(r—ﬁ -)drdz —‘/ ) drdz
— ‘/ 1/t l/t )deZ‘
/¢ 1/t
< </rdrdz> </T\q—c}]td7“dz)

<Oh1+2/t’ 1/t |q|W11’t(7—)>

max sT

17



where ¢’ € [1,2] is the Holder conjugate of ¢. Therefore, by Lemma 2.3.8,

‘ /(T‘VTZ ~vp)qdrdz| < C’hT_5/2||'vh||L%(T) /(r — 7 )(q— ¢ )drdz

< Ch§—3/2+2/t )Trln/;x,7||"’h||L%(r) |q|W11,t(T)

= Ch22 I 0wz lal oy

]

Remark 2.3.12. Such an estimate is useful for 7 near I'y. Indeed for such 7 € 7, with

dist{07, 'y} < Ch,, we have rpy.c, = O(h,), and so
| [0, onadr | < OW oy lalgo

However, Lemma 2.3.10 does not yield a meaningful estimate for rya., = O(1). Instead, we

have the following result.

Lemma 2.3.13. Suppose that dist{OT,T} > h,. Then under the same assumptions of

Lemma 2.3.10, we have

mln sT

‘/ (rVes - wa)gdr dz| < CH2 227 oyl oy Ll - (19)

Proof. We apply Lemma 2.3.8, the Cauchy-Schwarz inequality, standard interpolation esti-

mates, and Holder’s inequality to get

‘/(Tvm : 'vh)q drdz < Ch;2||vh||L2(T)

(r—7.)(q—q-)drdz

T

< Cllvall L2y IVarll 2@ [ Vadll 2
< Chellop|| 2 | Vaall 227

< ChQ_Q/t||Uh||L2(T ||an||Lt(7')

—1/2—1/t
< On i ol ol o
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2.3.2 Error estimates

In this section, we combine the estimates in Lemmas 2.3.10 and 2.3.13 to estimate the
inconsistency error appearing in (12). As alluded to before, the idea is to apply the estimate
(18) for 7 € Tp, with dist{07,y} < Ch, while using the estimate (19) for 7 € Ty, satisfying
dist{O1,T'v} = O(1). For intermediate elements 7 € Ty, we simply take a convex combination
of the two estimates.

To carry out this methodology, we require a decomposition of €2. To this end, we define

the subdomains

Q1 :={(r,z) €eQ: 0<r <h},

Q;i={(r,2) €Q: 27h <1 < 271h}, j=0,1,...,J,

where J = O(]| log h|) is chosen such that

We also set

72(;’) ={reTh: TNQ; #0}, Q= U T.

J
TETh(j)

Lemma 2.3.14. Suppose that ¢ € W' (Q) with t > 2 and that v, € Vi,. We then have
’/Qh(rvrz ~vp)qdrdz| < C’hl_Q/tH’UhHLg(Q?)|Q|W1Lt(9?)~
J

Proof. Combining Lemmas 2.3.10 and 2.3.13, we conclude that for dist(I'g,7) > h, and for
any a € [0, 1],

< O (RO DY 7 (20 ) o gl

‘ /(er cvp)qdrdz
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Consider the case j > 0. If 7 € 72(3‘)7 then ryin, > 207Vh and rpayr < 20721, Hence,

‘ /T(Tvm ~vp)qdrdz (20)

< C(h(l/QfQ/t)(2j+1h)1/t’)l—a (h(272/t)(th)(fl/z—ut))a“vhHL%(T)|q|W1,t(T
1
= C(h(1/2—2/t+1/t’)2(j+1)/t’)1—a (h(2—2/t—1/2—1/t)23’(—1/2—1/0)

)
ol 2ol

— ChpB/2=3/1) (2(j+1)(1—a)/t ) (Qja(—1/2—1/t)) ||Uh||L§(T)|Q|W11¢(T)

for all T € 771(”.

Summing the estimate (20) over 7 € 77L(j ) and applying Holder’s inequality results in

Z ‘/(Tvm ~vp)qdrdz

. T
TETh(])

_ ; —a)/t ia(—1/9— 1/2—-1/t
< ChB/2 3/t)(2(3+1)(1 )/t)(ZJ (-1/2 1/t))thHL%(Q?)|q\W11,t(Q?)< Z 1) .
TET}fj)

Since the cardinality of 7,7 is O(27h~1), we conclude that

Z )/(rvm -vp)qdr dz‘

; T
T€7—h(J)

< CO'}3/2-3/1) (2(j+1)(1—a)/t/) (Qja(—l/Z—l/t)) (th_1) 1/2—1/t||,vh||L%(m) |Q|W11’t(9h)'
J J

We choose o such that

Lo+ D -a) + i3~ DatiG - =0

that is,

3jt — 45 + 2t — 2
o =
3t + 2t — 2

Clearly, we have o < 1. Furthermore, using that ¢ > 2,

>6j—4j+2(2)—2: '2]+2 >0
3t + 2t — 2 gt +2t -2

For this choice of a, we get

}\/Qhoﬂvﬁz : vh)q dr dz S Chl_Q/tthHL%(Q?)|q‘W11’t(Q§L)7 ] Z 0.
J
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For the other case 7 = —1, we have that 7, < 2h. Therefore, by Lemma 2.3.10,

’/h(rvrz-vh)qdrdz < Cpl/22 Z Til;)l(,/i||vh||L§(T)|CI|W1”(T)
% e

i 1/2—1/t
< ORp3/? 3/t||'uhHL2(Q;})‘QIWIM(Q?)< Z 1)
T€7;l(j>

= Chl_Z/tthHLQ(Q?’)‘qywll‘t(ﬂ;?)‘
O

Theorem 2.3.15. Suppose that the pressure solution satisfies p € Wll’t(Q), where t > 2 s
given in Theorem 2.2.4. Then there holds

lu— uhHLf(Q) < C(Uiféf]h |u — UhHL%(Q) + hlf?/t| log h|1/271/t’P‘ijf(Q))a (21)
P — pullL2@) < C(flu— up||2(q) + h|P|H11(Q))- (22)

If Q is convez, then there holds
lw — wnl 20y + P — Pl 2y < Chllog A|'2. (23)

Proof. Summing the estimate in Lemma 2.3.14 over j, and recalling that J = O(|loghl),

we have

‘/ (rV,, -vp)pdrdz| <

Z ’/ (rV,, - vp)pdrdz

< Ch21 Z ‘|vh’|L2(Q?)|p’W11’t(Q?)

=1

J 1/2-1/t
<en 2 (3°1) 7 ol Pl

j=—1

< Ch'log h'/* ! [wy| 20 |p|wll’f(9)

Combining this estimate with Lemma 2.3.4 and Theorem 2.3.2, we obtain the desired result

(21)-(22). The estimate (23) follows from (21), Theorem 2.2.4, and Theorem 2.3.2. O
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2.4 Numerical Examples

In this section, we perform some simple numerical experiments and compare the results
with the theoretical ones given in the previous sections. We consider the example such that
the data is taken to be Q = (0,1)?, the viscosity is ¥ = 107!, and the source function is

chosen such that the exact velocity and pressure solutions are given respectively as

rcos(Z)sin(mz + 2
u(r,z) = ) sin( 2)

(5 , p=r1r"— 2 (s >0). (24)
cos(mz + 5)((3) cos((%5)) — (5) sin(%) 2t
We then find that p € W,"'(Q) provided that t(s — 1) > —2. In particular, if s € (0,1), then
p € W (Q) provided that t < 2/(1 —s). Consequently, Theorem 2.3.15 shows that the error
is bounded by C'h®* modulo logarithmic terms.

The resulting rates of convergence of the numerical experiments are listed in Tables 1
and 2 for the cases s = 1/2 and s = 1/4, respectively. While the exact (asymptotic) rates of
convergence of the velocity are not clear from the tests, the observed rates are close to the
theoretical results stated in Theorem 2.3.15. For example, the average rate of convergence for
the velocity error for the three finest meshes are 0.245 for the case s = 1/4 and 0.501 for the
case s = 1/2. On the other hand, we see from Tables 1-2 that the pressure approximation
converges with order one in both cases. These results indicate that the pressure estimate

given in (22)-(23) may not be sharp.
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Table 1: Errors and rates of convergence for example (84) with s = 1/2.

hflu—wunll2@) rate |lp—pnllz) rate

272 4.99E-01 - 3.68E-01 -

273 5.50E-02 3.182 1.25E-02 4.877
24 4.49E-02 0.291 6.50E-03 0.947
27° 2.79E-02 0.689 3.24E-03 1.004
276 1.70E-02 0.709 1.64E-03 0.984
277 1.23E-02 0.465 8.21E-04 0.998
278 8.82E-03 0.486 4.12E-04 0.996
279 6.00E-03 0.595 2.06E-04 0.998

Table 2: Errors and rates of convergence for example (84) with s = 1/4.

h ||’UJ—Uh||L§(Q) rate ||P—Ph||L§(Q) rate

272 4.79E-01 2.60E-01

273 5.34E-02 3.165 8.34E-03 4.962
21 4.96E-02 0.105 4.37TE-03 0.932
275 3.66E-02 0.438 2.21E-03 0.983
276 2.68E-02 0.452 1.13E-03 0.968
277 2.31E-02 0.213 2. 71E-04 0.986
278 1.98E-02 0.222 2.87E-04 0.992
279 1.61E-02 0.300 1.44E-04 0.993
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3.0 THE AXISYMMETRIC STOKES PROBLEM AND THE DE RHAM
COMPLEX

In this chapter, we introduce the Stokes problem on an axisymmetric domain and show
how the axisymmetric Stokes problem fits within a commutative de Rham complex. We also
prove the stability of various Stokes finite element pairs under the axisymmetric variational

formulation.

3.1 The Stokes Problem

We consider the Stokes problem on a three-dimensional domain

—vAu+Vp=f in Q, (25a)

V.= in €, (25b)

u=0 on 09, (25¢)

where u = u(z) = (u1(Z), ue(F), u3(Z))T denote the velocity, p = p(&) denotes the pressure,
and f = f(2) = (fi(®), fo(&), f3(2))T is the (given) source function. As in the previous

chapter, we use hats over the differential operators to indicate derivatives with respect to
the & = (&1, @9, ¥3)T variable. For simplicity, we assume that the viscosity v > 0 is constant.

We assume that @ C R is open, bounded, simply connected, and is obtained by rotating
a two dimensional polygon 2 in the (r, z)-plane around the z-axis. We say that 2 is the
meridian domain. We further assume that if an endpoint of two segments of () is in the
z-axis, then at least one of the segments lies entirely in the z-axis. This excludes the case

where 02 meets with the z-axis at one point.
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3.1.1 Variational formulation

In this section we state the variational problem of (25) and show that the problem is well-
posed. These results are standard (see, e.g., [30]), but we include the proofs for completeness.

We start by defining the following function space on €
Hy'(Q) == {w € H™(Q) : D’wlyg =0,Y8: |B] <m —1}.

Suppose for the moment that there is a sufficiently regular pair (u, p) satisfying (25). Taking
the dot product of (25a) with a function ¥ € H{(Q) and integrating over ) yields

—/ yAa-ed:H/W-@d:z:/f-@dz. (26)

Integrating the left hand side of (26) by parts, we get

—/ yAa.fzd:z:—u/ (Vaw) -nds+v [ Va: Vodi,
; i

/ Vp-odi = / ]5(13~7’1,)d5—/ pV - 0 di,
Q

7

and

where 7 is the outward normal vector to 92, and “ : ” is the Frobenius inner product.

Because © vanishes on €2, we have
/ vAw - v dE :u/?a:v{;dz, (27a)
Q Q
and
/W-ﬁdi:—/ﬁv@dﬁc. (27b)
Q Q
We use equations (27) to define the bilinear forms a(.,.) and b(.,.) on H}(Q) x H () and
H}(Q) x L2() respectively:
L Vo (28)
qV v dI. (29)

b(v,q) :

The weak formulation for problem (25) reads: Find (a,p) € H() x LZ(Q) such that, for
all (0,4) € HY(Q) x L3(9), we have
a(w, ) +b(v,p) = | f-odi, (30a)

b(w, §) = 0. (30b)



Theorem 3.1.1. There exists a unique solution (w,p) € H(Q) x L2(Q) to (30).

Theorem 3.1.1 is well-known [30], but we provide a proof for completeness.

The proof of Theorem 3.1.1 is very similar to the proof of Theorem 2.2.1. We will show
that the bilinear forms defined in (28) and (29) satisfy the hypotheses in Theorem 2.2.2 with
X = H}(Q) and Y = L3(Q).

Lemma 3.1.2. The operator V- : HY(Q) — L2(Q) is surjective with a bounded right-
inverse, namely, for any ¢ € L(Y), there exists © € H(Q) such that V - = ¢ and

9] i1y < B4l 2, where B> 0 depends on €.

Proof. Let ¢ € LZ(€2). Since Q is bounded, there exist an open bounded set U C R? such
that U has smooth boundary and Q CC U. Define § on U such that G|, = ¢ and ¢ = 0 in
U\ Q. Then § € L*(U).

Consider the following auxiliary problem in U:

A

>
I
o Sy
=
S

>
Il

By [22, Sect. 6.3, Theorem 1], there holds & € H?(U) and il g2y < Clldllr2@y =

A

Cllgllr2)- Now set 0 = Vil € H'(Q), so that V-9, = Ad = ¢ and |01l 11 (e0)

il 2y < Cll ]l p2)- Furthermore, we have

/ ﬁl-fzdézfvf;ldjzzfngf:o.
0 Q Q

Therefore, we conclude from [30, Theorem 3.5] that there exits w, € H'(Q) such that

Wi|pn = D1]sq and V -y = 0. Setting ¥ = ©; —wy, we have v € HY(Q) and V-9 =¢. [

Proof of Theorem 3.1.1. We verify the conditions stated in Proposition 2.2.2 with X =
H}(Q) and Y = L2(Q).

1. Continuity of the bilinear forms a(.,.) and b(., .) follow directly from the Cauchy-Schwarz

inequality.
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2. Denote by C), = C,(£2) > 0 the Poincare-Friedrichs’ inequality constant, i.e., [|9]| 2@y <
Col| V| 12y for all & € H(£2). We then have ”{’”iﬂ(ﬁ) < (1+ Cg)HVi)HiQ(Q), and so

a(®,9) = V| Voll7zq) 2 v(1+ G) VoIl ).
Letting o = v(1 + C'z)_l we get
a(6,%) = alblfne Vo € Hy().

Since a(., .) is clearly symmetric, we conclude that a(.,.) satisfies 2 in Proposition 2.2.2.

3. Let ¢ € L3(Q) with ¢ # 0. Applying Lemma 3.1.2 there exists w € H} () such that

V- =G and |10y < Bl o). Consequently,

b(w, § b(w, § b(v, g
] 1(uj,q) < V('w,q) < sw V('v,q) .
B~ ||QHL2(Q) ||w||H1(Q) BeHL(O)\{0} ||UHH1(Q)

Blldl 2 =
Therefore the inf-sup condition is satisfied.

Since we have confirmed all of the conditions in Proposition 2.2.2, we conclude that there

exists a unique solution to (30). O

3.2 The Axisymmetric Stokes Problem

In this section we derive the formulation of the Stokes problem on axisymmetric functions
and show that the resulting problem is well-posed.

We introduce the Hilbert spaces

Z
=)
=
I
—_—
S«
m
z
=)
=

: 0 is axisymmetric},
L3(Q) :={G € L) : ¢ is axisymmetric},

) € HY(Q) x L2() such that

and consider the following problem: Find (u,p
a(w, ) + b(v,p) = / f-odi  voe HN D), (31a)
Q
b(w,q) =0 Vi e LA(Q). (31b)

Note that this problem is nearly identical to (30); the only difference being that the functions

in the formulation are assumed to be axisymmetric.
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Proposition 3.2.1 (Theorem 2.1 in [43]). Given § € L3(Q), there exists © € H(Q) such

that V - ® = § and ||9] g1y < 574l 2y

Proof. We repeat the arguments given in [43] for completeness.
Let ¢ € L2(€2). By Proposition 3.1.2, there is & € H(Q) such that V- & = ¢ and
1]l () < B dll 2
We then define ¥ as follows:
1 7

V= —
2 J_.

R_,vo R, dn.

By definition, ¥ is axisymmetric. By the chain rule we have

V- (R-poR,)=(V-0)oR,=(oR,,

and therefore

]

Theorem 3.2.2 (Proposition 1.2.7 in [9]). There exists a unique (&, p) € HL(Q) x L2(Q)
satisfying (31). Moreover, if f is axvisymmetric, then (w,p) coincides with the solution to

(30).

Proof. Proposition 3.2.1 implies that the inf-sup condition on axisymmetric functions

lv) {)7 (j 21 5 T -
owp 20D Biglg, Ve e B3O
e H()\{0} ||U||H1(Q)
is satisfied. Therefore the existence and and uniqueness of (31) follows from the general
theory of saddle point problems (see Proposition 2.2.2 and the proof of Theorem 3.1.1). It

suffices to show that if the data vector field f is axisymmetric, then so is the solution pair

(@, p).
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Let ¥ € H}(Q) and fix n € [—7, 7]. Assume that the pair (4, p) solve (30), and the data

vector field f is axisymmetric. Observe that the vector field R,ooR_, € H}(Q), so we have

a(w, Ryvo R_,) + b(R,00 R_,,p) = / f-RpoR ,di Vo€ HjQ), (32a)
Q
b(w, §) =0 V§ e Li(Q). (32b)

Let A, B and C be any square matrices. Observe that A : (BC) = (BTA) : C, and so we
have
a(a, R,0) = a(R_,u,v) VYu,v € Hy(Q).
The proof of Proposition 3.2.1 shows that V- (R,v0R_,) = (V-9)o R_, and so we have

b(R,00 R_,,p) =b(vo R_,,p).

Hence, using the change of variables § = R_,Z, and the fact that f- R = R_, f-v and

f is axisymmetric, we get that
/ f-RooR_,di = / R, foR, vdj= / f-odi, Vo€ Hj(Q).
Hence, the system (32) becomes

G(R_jito Ry, ©) + (6, o Ry) = / Foodi,  Voc H\Q), (332)
Q

b(R_,io R,,q) =0, V§ € Li(Q). (33Db)

Since (30) has a unique solution and 7 € [—m, 7] was taken arbitrary, we conclude that
(@, ) = (R_,@o R,,po R,), hence (@, p) € HL(Q) x L2(Q) and solves (31). This completes
the proof. n
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3.3 The Axisymmetric Stokes Problem in Cylindrical Coordinates

In this section we formulate the axisymmetric Stokes problem and its variational for-
mulation in cylindrical coordinates. To this end, we recall some notation from the previous
chapter.

We take into consideration the cylindrical coordinate system (r, 8, z) with r = m ,
0 = arctan(iy /%), and z = Z3. For a vector field © = (91, 02, 03)7, we denote by v,, v, and

v, its radial, angular, and axial components, respectively, i.e.,

U, = 01 cosf + Uy sin b,

Vg = —018in 6 + 0y cos b,

V, = ?}3.
We denote v = v(r, 0, z) = (v,, 0y, 0,)7 so that
v = Ryv, (34)

where the rotation matrix Ry is given by (7) (with n = 6(Z)). Likewise, for a scalar function
§:Q =R, weset §: Q — R such that ¢(z) = g(r, 0, 2).

Proposition 3.3.1. Let v, : Q — R? and ¢,G : Q — R be related via ©(r,0,z) = Rev (%)
and q(r,0,z) = ¢(z). Then there holds

9q
or
_— o0
vq—RfG %8_3 )
2q
0z
v, 105, Ov,
or r 00 0z
Vo=Rg| % 10 0% | Ry+ I(v® V),
95, 109, 00,
or r 00 0z
. v 10v 10%*w 0%*v 1, d?
R
U=l or? +T8r +T2 002 + 072 +r2(d02R 9)'0
. 10v, 0vy 0v. 0v, 1,0(rvg) Ov, )T
VX”—R*’(M@ 50 o o " ae))
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where

—sinf
Iy := dR =
0= Jpli-o= cos 6
0

Proof. The identities readily follow from the chain rule and the identities

00 — %(Re)zj, and 5972]. = (R9)3,j-

—cosf O —sin
- 1
—sinf 0|, Vo= ” cos
0 0 0

3.3.1 Cylindrical strong form derivation

or

o1,

= (Ro)1>

]

Throughout this section, we assume that the source function f is axisymmetric so that

the solution to the Stokes problem is axisymmetric (cf. Theorem 3.2.2), i.e., w € H{(Q) and

p e L2(Q). In this case we conclude from Proposition 3.3.1 and (8) that

op
or
Vﬁ:Rfe O )
op
0z
Oty Oty
a0 B
Vi=R_y| 2% o % | R+ Iae Vo),
Oty Ot
o 0 %7
X Pu 10w  Puy 1, d°
om0 )L
u =1l 8T2+T8r 022 T2(d02R g)u
Uy
(o 0w a1 |
T o2 Tror T 92 2| Yl '

Consequently, the momentum equations

_ _V((‘?zu 10u

or2 ' ror

0

of the Stokes problem (25a) reduce to

_ op
Uy ar

Pu 1|
tam g |m| )]0
o5
0 o
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For the divergence constraint V -1 = 0, we compute the trace of Va in (35) to get

. 0u, Ou, o«
V-u= o + o +tr<]9(u®v9)> (37)
ou, Ou, 1_ _
- or + 8z rorT Vrs - 8

From (36)—(37), we conclude that, assuming @ and p are axisymmetric, the Stokes prob-

lem (25) in cylindrical coordinates reduces to the following system:

0*u, 10u, 0*u, 1 _ op
—v( o2 + T or + 0.2 T_gur> + o fry (38a)
2 10u 24 1 _
—V(a o , 100 | Ot —lg) = fo, (38h)

o2 ' r or 022 72

o*u, 10u, 0*u,., Op -
d Or? + r or * 022 )+ 0z 2 (38¢)
o, & ou,

87’+r 0z

vrz'u:

= 0. (38d)

Similar to (25), this system involves four unknowns on a three-dimensional domain. However,
since uy does not appear in the divergence constraint, it is decoupled from the system.
Furthermore, if fy = 0 then uy = 0 (see [7, 9]). Finally since p and w do not depend on 0
(cf. (8)), the problem can be posed on the two-dimensional domain 2. This feature will be

explored in subsequent sections.

3.3.2 Bilinear forms in cylindrical coordinates

In this section we derive expressions of the bilinear forms a(.,.) and b(.,.) in cylindrical
coordinates. While this can be done based on the system (38), we instead make a change of
variables in (28)—(29) and apply the identities (8).

Without loss of generality we assume that fy = 0 so that the angular component of @

vanishes. In this case, Proposition 3.3.1 shows that

Vit = R_gV,.uRy + Iy(u ® V0),
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oyu, 0 0,1,
where V,,u = 0 0 0 |. Let v be an axisymmetric function with zero angular

o,u, 0 0,u,
component. We then compute

Vi : Vo = (R_gV, Ry + [y(a® V0)) : (R_gV,.0Re + [y(v @ V0)) (39)
= (R_gV,2aRy) : (R_gV,.0Rg) + (Ip(w® V) : (I)(v @ V0))
+ (R_erzﬂRg) . (Ig(’ﬁ X 70))

Using the property A : B = tr(AB) for matrices A and B, we easily find that

(R_gvmﬁRQ) . (R_QVTZT_JRQ) = tr(R_gvmﬁvw’l—)Rg> (40)
=tr(V,,uV,,v) =V, u:V,,v.

Next we write

(R-o¥,0Ry) : (Io(0 © V0)) = tr(R_gV-itRoly(v © V)

= tr (R,g((vmfaRgIe@) ® W)).

A calculation shows that

0 -1 0 0
Rolg= |1 0 0 =  Rplyv = | o,
0O 0 0 0

Because the second column of V,..w is the zero vector, we conclude that V,,uRylyv = 0 and
(R_gV,.uRy) : (Iy(v @ VO)) = 0. (41)
Finally, another calculation shows that
(Io(@ © V) : (Is(5 © V) = (Iya) - (Iy)|VO]* = T_12uv (42)
Applying the identities (40)—(42) to (39) gives us

. . 1
Vu: Vo=V, u:V, v+ —5 Uy Uy
r
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We now apply this identity and the identity (37) in the definition of the bilinear forms

a(.,.), b(.,.) and make a change of variables to conclude that the bilinear forms in cylindrical

coordinates reduce to

S«

a(a,

o Uy Uy
) = / / (Vyyu: V.0 + = )rdrdzdf, (43a)
o Ja

b(a, §) = — /0 " /Q (V,. - @)gr dr dz db. (43D)

3.4 Dimension Reduction

For an axisymmetric function © we set v : Q — R? as
v(r,z) = (v.(r, 2),v,(r, 2))T = (0.(r,0, 2),0,(r, 0, 2))7, (44)

where we recall that (v,,0p,0,)7 is the cylindrical representation of ©. Likewise, for an

axisymmetric function ¢, we set ¢ : 2 — R as

q(r,z) = q(r, 0, 2). (45)

We then define the following bilinear forms on €:

Uy Uy
a(u,v) = /Q (Vmu Vv + 3 )rdrdz, (46a)
b(v,q) = —/ (V. - v)grdrdz. (46D)
Q

Since the cylindrical components of an axisymmetric function does not depend on the variable

6, we conclude from (43) that

a(u,v) = 2ra(u, v), b(v,q) = 27b(v,q) (47)

for all ¢ € L2(Q) and @, o € H{(Q) with zero angular component.
Due to a change of variables into cylindrical coordinates, the measure d¥,disd¥s is

transformed into rdrdfdz, and therefore it is natural to seek solutions in weighted Sobolev
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spaces on € associated with the measure rdrdz [43]. To this end, we define the following

variants of the spaces L2(Q) and H™(Q):

V) = {w:we L2,(Q) N H{(Q)},
Vig(Q) = {w € HL,(Q) : w|r =0},
Hll,O(Q) = {w W e HII(Q)7w|F = 0}7

where I' is the part of 02 that does not intersect with the z-axis.

We define the norm on V}'(Q) by [lw||y(q) = (||w|]2L2_1(Q)+\w|§{11(9))1/2, where |w|gmq) =

(2= 51=m HDBwHia(Q))l/Q. Finally we set

V(Q) = Vllo(Q) X HII,O(Q), Q(Q) :={q e L}Q): /qu drdz = 0}. (48)

Proposition 3.4.1 (Proposition 1 in [7]).

1. The space {© € H}(Q) : Ty = 0} is isomorphic to V(Q) via the mapping © — v given
by (44).
2. The space ig(Q) is isomorphic to Q(Q2) via the mapping § — q given by (45).

This result immediately gives us the following theorem.

Theorem 3.4.2. There exists a unique (u,p) € V() x Q(Q) satisfying

a(u,v) + b(v,p) = /Qrf cvdrdz  Yv e V(Q), (49a)

b(w,q) =0 Vg € Q(Q). (49b)

Moreover, the pair (@, p) given by the (inverse) mappings uw — @ and p — p solve the system

(31) provided that fy = 0.

Proof. We verify the conditions stated in Proposition 2.2.2 with X = V(Q) and Y = Q(Q).

1. Proposition 3.4.1 shows that the continuity of the bilinear forms a(.,.) and b(.,.) follow
directly from (47) and the continuity of a(.,.) and b(.,.).
2. Proposition 3.4.1 shows that the coercivity of the bilinear form af(.,.) follows directly

from (47) and the coercivity of the bilinear form a(., .).
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3. Let © € HYQ) and ¢ € L3(Q). Let v € V() and ¢ € Q(Q) be the images of © and §
under the mapping defined in(44) and (45) respectively. Recall that the following inf-sup

condition
b(v, g ) o
ap AP g e I3(Q)
e HE()\{0} HvHHl(Q)
holds. Since V% =V, -v and ||v|ly@q) < [|[v o Roll iy = 19 g1y, we have
27h b(, s
sup 2mb(v,9) > sup M Vg e LE(Q).
vevo} [vllvie veHL()\{0} 19| 71 63)
Consequently, there is C' > 0 so that Vg € Q(€2) we have
3 b(v, g b(v, g
2 Cldlaw = Cliliey < swp 2l < gy 00

seri@noy 1Plm@) ~ vevinioy |vllv)

Therefore the inf-sup condition is satisfied.

Since we have confirmed all of the conditions in Proposition 2.2.2, we conclude that there
exists a unique solution to (49). We consider the following problem: Find (u,p) € {0 €
H(Q): T =0} x L2(Q) such that

a(um)%@,p):/@f-m:z Vo e {v e HY Q) : 5y =0}, (50a)
b(w,q) =0

b(a, Vg e L2(Q). (50b)

Recall that fy = 0 implies @y = 0, so we narrow our search to be in the space {¥ € I-AI&(Q) :
vg = 0}. Hence, the system (31) becomes equivalent to (50). It is easy to check (by going
backwards in cylindrical coordinates change of variables) that the image of the solution to

(49) under the inverse mapping (u, p) solves (50). This completes the proof. O
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3.5 A Commutative Diagram

In this section we expand the results of the previous sections, and show how the axisym-
metric Stokes problem fits within a commutative de Rham complexes in both the two and
three dimensional domains. In addition we draw connections between these complexes via
commutative projections.

Recall the space Hy(div; Q) defined in (2) and define the auxiliary function space
Hy(curl; Q) == {v € L*(Q): V x© € L*(Q), © X fa|yq = 0}.
The three dimensional de Rham complex with minimal L*-smoothness is given by [23]
0 —— HYQ) —Y Hy(curl; Q) —% HI(Q) —Ys L2() —— 0. (51)

If the domain € is contractible then the sequence is exact, i.e., the image of each map is the

kernel of the succeeding map [23]. In more detail, the exactness property gives

1. Functions ¢ € H(Q) with vanishing gradient are identically zero;

2. If v € Hy(curl; Q) is curl-free, then there exists a unique w € H} () such that Vi = v;

3. If ¥ € Hy(div;Q) is divergence-free, then there exists w € Hy(curl; ), unique up to a
gradient, such that © = V x w;

4. The divergence operator V- : Hy(div; Q) — L2() is surjective.

Here we study a three-dimensional de Rham complex with additional smoothness so that it

is suitable for the Stokes problem (25). To this end, we define
Hy(curl; Q) := {v € Hy(curl; Q) : V xv € H(Q)},
and consider the sequence of mappings (see [23])
0 —— HYQ) —Y Hy(curl; ) —% HI(Q) —Ys L2() —— 0. (52)

Proposition 3.5.1. If Q is contractible, the sequence (52) is exact.
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Proof. Lemma 3.1.2 establishes that V- : H}(Q) — L2(Q) is surjective. Moreover, it is
clear that if v € H} () satisfies Vo = 0, then v = 0.

Now suppose that © € Hy(curl;Q) is curl-free. By the exactness of (51) and since
Hy(curl; Q) C Hy(curl; Q), there exists a unique w € H} () such that ¥ = V.

Now suppose that © € H}(Q) C Hy(div;Q) is divergence-free. Then again, by the
exactness of (51) there exists w € Hy(curl; ) such that © = V x w. This implies that
V xw € HY(Q), and so w € Hy(curl; Q). This completes the proof. O

To draw connections between the three-dimensional complex (52) and a two-dimensional
one defined on 2, we first discuss an intermediary complex consisting of axisymmetric func-
tions. In particular, we shall construct an analogous complex of (52) with axisymmetric
function spaces. Motivated by Proposition 3.2.1, this will be done using “averaged pullback

operators” defined as follows.
Definition 3.5.2.

1. We define ¢ : L*(Q) — L*(Q) such that

1 s
¢(v) = / R_,v 0 R, dn.

2 ),
2. We define ¢ : L2(Q) — L2(2) such that

6(d) i/ jo Rydi.

T o —

Remark 3.5.3. It is clear from their definitions that ¢(v) and ¢(§) are axisymmetric, and if

¥ and ¢ are axisymmetric, then ¢(v) = v and ¢(§) = ¢.

Lemma 3.5.4. The operators ¢, ¢ are idempotent. Moreover, there holds

1. Vo(q) = ¢(Vi)
2. V x ¢p(w) = p(V x w).
3. V-(v) =¢(V-0).

Proof. We assume that the functions ¢, w, and ¥ are smooth. The general setting may

then be obtained by a standard density argument.
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1. The chain rule shows that, for a fixed n € [—7, 7],
V(o R,) =RIVjoR,=R_,VjoR,,

and therefore

2. The chain rule shows that (cf. [50])

V x (R_ywo R,) =V x (Rlwo R,) = det(R,)R,"(V x W) o R,
R_,(V x W) o R,,

and it readily follows that V x ¢(w) = ¢(V x ).
3. Let v € L*(Q). By [Lemma 3.59 in [50]], we conclude that

V- (RpoR,)=(V-0)oR,

hence the result follows.

Theorem 3.5.5. The diagram

s HNS) —Ys Hy(curl: ) — HI(Q) Y [2(Q) ——

s L J» s

—— HNO) —Y Hy(curl; Q) 2 HI(Q) —Y 12(Q) ——

O — O

OO
—~
(@)
w
~—

commutes. If Q0 is contractible, then each horizontal sequence is exact.

Proof. The commutative property is established in Lemma 3.5.4.
If  is contractible, then the first horizontal sequence is exact (cf. Proposition 3.5.1). To

prove exactness of the second sequence we show:
1. If G € H}(Q) satisfies V§ = 0, then § = 0;
If w € Hy(curl; Q) is curl-free, then w = V¢ for some ¢ € H} ().

V x b for some w € Hy(curl; Q).

2
3. If o € HL(Q) is divergence-free, then o
4. The divergence operator V- : HY(Q) — L2(Q) is surjective.
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Property 1 is obvious. Moreover, 4 is shown in Proposition 3.4.1.

Now suppose that w € I:I0(0url; Q) C Hy(curl; Q) satisfies Vx w = 0. By the exactness
of the first sequence, there exists ¢ € H&(Q), not necessarily axisymmetric, such that w =
V. We then have ¢(G) € H}(Q) and
Vo)) = $(Vi) = p(w) = w.

This establishes 2.
Likewise, suppose that suppose v € ﬁ& () with V- % = 0. Then the exactness of the

first horizontal row in (53) implies the existence of w € Hy(curl; Q) such that ¥ = V x w
We then have ¢(w) € Hy(curl; Q) and

V x gp(w) = (V x w) = $(v) = v.

Thus, we have shown 3, and the proof is complete. O

3.5.1 Reduction operators

We define the following function space

ow 10( w)
W) = fwe @) : 5 S € mly(0), wr = 0,
with norm
A(rw) o
ooy = (g + 1 o gy + 1 2o 2, 0172

Observe that the space W (Q) is defined so that it is isomorphic to the subspace of Hy(curl; €2)
consisting of vector fields with zero radial and axial components. Indeed, if w € H, (curl; Q)

with w = (0, wy, 0)T then we have that

SV (lawz _ 0wy dw,  Ow, 1(8(7@9) B awr))
e 08 0z’ 0z or’r*> Or o9’
_ 0wy 1 8(7“11_)9) T

= 0z 0, r Or )T

Since w x 1 = 0 and V x w € H{(Q), we conclude that wg € L?(Q) with wy|p = 0, and
Owe 10UI) ¢ H ().

9z 'r or

Now, we inroduce some definitions. In what follows, V() and Q(€2) are given by (48).
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Definition 3.5.6. Define

1. 7Ti: Hy(curl; Q) — W(Q) such that
(Tiw)(r, z) = wy(r, 0, 2)
2. Tz : HY(Q) — V(Q) such that
(T20)(r, z) = (0,(r, 0, 2),0:(r, 0, 2))".

3. T : LA(Q) — Q(Q) such that

In addition, we define

Lemma 3.5.7. There holds

1. V.. x Ti(w) = T3(V x @) for all w € Hy(curl; Q);
2. V.. T3(®) =T5(V-9) for all v € HL().

Proof. By Proposition 3.3.1 we have

ro0 0z 9z or'r
B (_ dwy Ow,  Ow, lﬁ(rwg)>T
N 0z 0z or’'r Or

10w, Owy Ow, Ow, 1 <a(ru§9) awT)>r
or a0

Re?X’d)Z(

for all w € I:IO(curl; Q). Tt then follows from the definition of 73, 77, and V,.x that

. 5 Owy 10(rw
TV xw) == (_8_297; ((97’9)

) = V. x Tilw).

Finally, by (37) we have

y ov, 0v, 1.
Vo= ar T8z Trtr

<

and it readily follows that T3(V - ¥) = V,. - T3(®).
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Theorem 3.5.8. The following diagram is commutative. If Q is contractible, then each

horizontal sequence is exact.

0 —— HHO) —Y Hy(curl; Q) 25 HY(Q) —Y 12(Q) —— 0
l ¢ l(b ld) l¢> l
0 —— HYQ) —Y Hy(curl;Q) —2 HI(Q) —Y [2(Q) —— 0
T
0 > 0 y W(Q) —5 V(Q) —=5 Q(Q) —— 0

Proof. The commutative property follows from Lemmas 3.5.4 and 3.5.7. The exactness of
the first two horizontal sequences follow from Theorem 3.5.5.

Suppose that w € W () is smooth enough with V,, x w = 0. Observe that the rect-
angular vector representation of w is w = (W, w9, 0)T with w = Wy = Wy cos(#) — wy sin(0)
and 0 = w, = w; cos(f) 4+ wysin(f). The equation 0 = w, yields w; = — tan(f)w,. Also, the
normal vector reads 1 = (7,0, 73)T on ' with 72 + 72 = 1. Hence, the condition w x i = 0
gives us (wqng, —wing, —wang) = (0,0,0). Hence, we conclude that either w; = 0 or wy = 0,
and hence by the fact that @, = — tan(f)w, we have that wyp = 0.

By the definition of V,.,x, we conclude that 2% = 0 and hence w(r, z) = w(r). Moreover,

we have that %a(g:;) = 0 and hence w = ¢ for some constant ¢. But wyr = 0, hence

w(ry) = - = 0 for some 79 > 0. Hence, we conclude that ¢ = 0 and we have that w = 0.

Now suppose that v € V() with V,,-v = 0. Define © € H}(Q) such that its cylindrical
representation is o(r, 0, z) = (v.(r, 2),0,v,(r, 2))7, and note that 73(v) = v. We also have
V-9 =0 (cf. (37)), and so © = V x w for some w € Hy(curl; Q). Let w = 7;(w). Then
Lemma 3.5.7 shows that

Ve X w =V, x (Ti(w)) = T(V x ) = T5(d) =

Finally, suppose that ¢ € Q(Q2), then there is ¢ € LQ( ) with 73(¢) = ¢q. Proposition

3.4.1 shows that there is © € H(Q) with V- = §. Let v = 73(®). Then Lemma 3.5.7
shows that

Vi v =V, (T:(0) = T(V-9) = Ts(q) = q.

This completes the proof. O
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4.0 CONNECTION BETWEEN GRAD-DIV STABILIZED STOKES FINITE
ELEMENTS AND DIVERGENCE-FREE STOKES FINITE ELEMENTS

In this chapter, we use recently developed theories of divergence—free finite element
schemes to analyze methods for the Stokes problem with grad-div stabilization. For example,
we show that, if the polynomial degree is sufficiently large, the solutions of the Taylor—-Hood
finite element scheme with a grad-div stabilization term converges to an optimal convergence
exactly divergence—free solution as the grad-div parameter tends to infinity. In addition, we
introduce and analyze a stable first-order scheme that does not exhibit locking phenomenon

for large grad-div parameters

4.1 Introduction

grad-div stabilization is a well-known and simple stabilization technique in numerical
discretizations to improve mass conservation in simulations of incompressible flow. In its

simplest form, the methodology adds the consistent term (written in strong form)
—V(V -u)

to the momentum equations of the (Navier-)Stokes equations. Here, v > 0 is a user-defined
constant, which is referred to as the grad-div parameter. In addition to improving conserva-
tion of mass of the scheme, this stabilization technique may also improve the coupling errors
of the velocity and pressure solutions. This can be advantageous for situations with large
pressure gradients, e.g., in natural convection problems.

While enjoying many benefits, the use of grad-div stabilization comes with several prac-
tical disadvantages. These include a deterioration of the condition number and reduced
sparsity of the algebraic system. Another disadvantage is the possible emergence of ‘locking’

for large grad-div parameters. Indeed, simply energy arguments show the discrete velocity
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solution satisfies ||V - uy|| = O(y™ 1), and therefore, in the limiting case, the discrete solu-
tion is divergence—free. If the discrete divergence—free subspace does not have rich enough
approximation properties, then grad-div stabilization, while improving mass conservation,
may lead to poor approximations.

The stability and convergence analysis for grad-div stabilization for incompressible flow
have been explored in, e.g., [54, 27, 28, 38, 2]. These estimates, together with numerical
simulations, provide a guide to choose optimal 7-values. For example, references [53, 48,
54, 13] suggests v = O(1) as the optimal value. On the other hand, numerical experiments
in [29] and the analysis in [38, 2| suggest that the optimal choice may be much larger and
depend on the finite element spaces, the mesh, and/or the viscosity of the model.

In another direction, and the path taken in this chapter, is to identify and characterize
the limiting solution as the grad-div parameter tends to infinity. For example, in [16, 46], it
is shown that the Taylor-Hood finite element scheme on special (Clough-Tocher) triangula-
tions, no locking occurs in the limiting case v — oo, and the Taylor-Hood grad-div solution
converges to the analogous (divergence—free) Scott—Vogelius solution.

The purpose of this chapter is to extend and generalize the results in [16] by incorporating
the recent theories of divergence—free finite element Stokes pairs. In this regard, we make two
main contributions. First we show the absence of locking for the two-dimensional Taylor—
Hood pair for a general class of meshes. In particular, we show that high—order Taylor-Hood
pairs are generally locking-free. In addition, we show that the limiting (Taylor-Hood) so-
lutions converge to the solution of the divergence—free Scott-Vogelius scheme, defined on
general triangulations. The second contribution of the chapter is the introduction and anal-
ysis of a new low—order and stable finite element pair that is locking—free. The velocity
space is simply the linear Lagrange finite element space, and the pressure space consists of
piecewise constants with respect to an auxiliary coarsened mesh.

The chapter is organized as follows. In the next section, we introduce the notation and
a framework for the grad-div finite element method for the Stokes problem. We show that
the discrete solutions converge to a solution of a divergence—free method with rate O(y™1).
In Section 4.3, we apply this framework to the two-dimensional Taylor-Hood elements. The

general theme of the results is that additional mesh constraints are imposed for lower degree
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polynomial spaces. In Section 4.4, we define a stable first-order scheme for the Stokes
problem, and show that the solutions converge to a divergence—free method as v — oo.

Finally, in Section 4.5 we provide some numerical experiments.

4.2 Notation and Framework

The Stokes equations defined on a polytope domain 2 C R? with Lipschitz continuous

boundary 02 is given by the system of equations

—vAu+Vp=f in €, (54a)
Vou=0 inQ, (54b)
u=0 on 02, (54c)

where the w is the velocity, p the pressure, and V, A denote the gradient operator and vector
Laplacian operators, respectively. In (54a), v is the viscosity.

We define the following function spaces on €):
L) = {w: Qs R [l o = (/ w]? dz) 2 < o0},
Q

ey = (3 I1D7w3a)? < oo},

|B]<m

H"(Q) ={w:Q—R: ||w|

and set (-,-) denote the inner product on L*(Q2) and set || - || = || - [|12(). The analogous
spaces with boundary conditions are given by

L2(Q) = {w e L[*(Q) : /Q wdzr = 0},

HMQ) = {w e H™(Q) : D’wlsq =0,Y8: |B| <m —1}.

We denote the analogous vector-valued function spaces in boldface; for example H () =
H'(Q)? and L*(Q) = L*(Q)* We also define the space of Hj(Q) divergence-free vector
fields

Vi={ve HyQ):(V-v,q) =0,Yq € LI(Q)}.
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The weak formulation for (54) reads: Find (u,p) € Hj(Q) x L3(Q) such that V(v,q) €
H;(Q) x L3(Q)) we have

v(Vu,Vv) — (V-v,p) = (f,v), (55a)
(V-u,q) =0. (55b)

It was shown in the previous chapter that problem (55) has a unique solution [30].
Let X, x Y, C H}(Q) x LE(Q) be a conforming finite element pair with respect to mesh
parameter h > 0. For each such a pair, we define the space of discretely divergence—free

vector fields as follows
Vi, = {’U e X} (V . ’U,qh) = O,th S Yh}

We note, for many finite element pairs, there holds the non—inclusion V;, ¢ V.
The discrete Stokes problem corresponding to the pair X, x Y}, reads: Find (u,pp) €
X, x Y}, such that V(v, q) € X, x Y}, we have

v(Vuy, Vo) — (V-v,p) = (f,v), (56a)
(V-up,q) =0. (56Db)

Problem (56) has a unique solution provided that the pair X} x Y}, satisfies the inf-sup
condition, that is, there exists a constant 8 > 0 independent of the mesh parameter h such
that

Vv,
sip 0D s g vge v, (57)

vex\foy |V

We introduce the corresponding grad-div stabilized problem, which reads: For given

v € R with v > 0, find (u),p;) € X), X Y}, such that V(v, ¢) € X, X Y}, we have

v(Vu), Vo) +v(V-u],V-v)— (V-v,p)) = (f,v), (58a)

(V - ufq) = 0. (53b)

Again, standard arguments show that (58) is well-posed provided the inf-sup condition (57)
is satisfied. Adding the term v(V - u},V - v,) improves mass conservation and can reduce

the effect of the pressure error on the velocity approximation. The limiting case v — oo is

studied in the following two theorems.
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Theorem 4.2.1. Let X, X Y}, be a conforming finite element pair satisfying the inf-sup
condition. Let {7;}3°, C R with v; — 00, and let (u;,p;) € X, X Y}, be the solution for (58)
corresponding to ~y;. Then the sequence {u;}2, C X} converges to some wy, € X, NV.
Moreover,

IV(u—w,)|| = inf [|[V(u—v) (59)

veX,NV

Proof. We follow the ideas in [16, Theorem 3.1] and begin with an a priori bound which is
obtained by taking v = u; and ¢ = p; in (58):

V[Vl + %l - wll? = [(f, wi)l. (60)
Thus, we have the following inequality

V[Vl < [Ifllen VieN,

where || f[l.n = supyex,\ (o} %. The above inequality shows that the sequence {u;}2,

is a uniformly bounded sequence in the finite dimensional space Xj,. Hence, {u;}2; has a
convergent subsequence {'u,ij }; that converges to some wy, € X,.
To show wy, € V, ie., V- w, = 0, we use (60) and the Cauchy-Schwarz inequality to

obtain
1

\/ 2V,

Because ||V - v|| < 2|Vl for all v € H}(Q2) and u;; — wy, it follows that

IV -y || < [ £l Vi €N, (61)

IV - wn|| = |V - (wn, — wi; + )|

< IV (wn =) || + [V -y |
1
2v7;.

]

< V2 V(wy — )| + | £llen — 0 as j — oco.

Hence, we conclude that ||V - wy|| = 0, and so wy, € V.
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To show the estimate (59) and the uniqueness of wy, we observe that for v € X, NV

we have

v(Vwy, Vo) — (f,v) = lim v(Vu;;, Vo) + lim v, (V- u;,, V- v) — (f,v)

]—>OO ]—)OO

= lim (v(Vu;;, Vo) +7,(V -4, , V- v) = (f,v))

Jj—00

=0.

Hence, w), satisfies

v(Vwy, Vo) = (f,v) Vve X,NV, (62)

and (59) immediately follows by Cea’s lemma.

By the Lax-Milgram theorem, problem (62) has a unique solution. If {u;, }x is another
convergent subsequence of {u;}$2; that converges to some z;, € X}, then z is a solution to
the problem (62). Since the problem (62) has a unique solution, we conclude that wy, = zy,
which means any convergent subsequence of {u;}$; converges to the same element in X,

Hence the entire sequence {u;}32, converges to wy,. O
Theorem 4.2.2. Suppose that the conditions of Theorem 4.2.1 are satisfied. Set
QhZ:V'Xh:{V"UZ’UGXh},

and suppose that Yy, C Q) and Xy X Qy, 1s an inf-sup stable pair, i.e.,

sp V)

> Bollall Vg € Qn, IBg > 0. (63)
veX,\{0} HWH

Then the sequence {(w;, p; — vV -u;)}52, C Xj X Qp converges to (wy, pr) € (XpNV) X Qy

satisfying
v(Vwy, Vo) — (V- v,pp) = (f,v) Yo € Xy, (64a)
(V-wp,q)=0 Vg € Q. (64b)
There also holds
BorHlpw = (i = %V - wi)l| < BallV(wn — w))| (65)

< IV - ]| < min{265';7 % (207) "2 £l
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Proof. The convergence u; — wy, for some w;, € X; NV is established in Theorem 4.2.1.
Since wy, is divergence-free, it clearly satisfies (64b).
To show the convergence of the modified pressure sequence, we first use with the inf-sup
condition for the pair X, x @, (63) and the inclusion Y}, C @}, to obtain
—(V-v,p) +%(V-u;, V-v
Bollpi =iV -wif| < sup ( )

veX,\{0} [Vl

(f,v) —v(Vu;, Vo)
= S f *, +v V’U/l .

Thus, {p; =7V -u;}2, C Qp is a bounded sequence, and thus has a convergent subsequence:
pi; — %i; V - wi; — py, for some py, € Q. We then find that, for any v € X,

(Vwy, Vo) — (V- v,p,) = lim ((Vu,,, Vo) — (p;;, V- 0) + 75, (V - uy,, V - 0))

J—00

= (f,v).

We conclude that (wp, pr) € X, x Q) satisfies (64). The convergence of the entire sequence
{(uwi, p; — %V - u;) }2, follows directly from the arguments in Theorem 4.2.1.
Next we establish the rate of convergence given in (65). As a first step, we first note that

|Vwg|| < vt f]l«n Consequently, by the inf-sup condition (63),

(v : Uaph) (f)v) - V(waw V’U)
Bolpn|| £ sup ~—=——+ = sup < 2/ ||+, (66)
9 vexfoy ||V veX,\{0} V|

Write e; = wy, — u; € V,, and note that
v(Vei, Vv) — (ph —pi, V-v) +7(V-€;,V-v) =0 Vv e X, (67)
Consequently, by setting v = e; and using V - w, = 0, we find
vIVel* + %l V- will* = (V- e, — pi) = (V- €i,p1) < IV - willl|pall-

Therefore by (66),

9
£l
YiBq

IV - ]| <

%

Combined with (61), this establishes the last inequality in (65).
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To derive a convergence rate for |Ve;|| with respect to ~;, we introduce the space
R,= (X, NnV)r={veX,: (Vo,Vw)=0Vwec X, NV}

Because X, NV = {v € X, : (V-v,q) =0,Vq € Q1,}, and X}, X Y}, is assumed to be
inf-sup stable, there holds [45]

Vol < B5HIV v Vo e R (68)

Write e; = € +eff with € € X,NV and el € R;,. Because |Ve;||? = ||[VeY|*+ || Vel
and V - e = 0, there holds by (68)

Vel < B IV - effll = 5o IV - eill = B IV - |-
On the other hand, by taking v = € € X;, NV in (67), we get

0=v(Ve;,Ve)) — (o — i, V- €)) +7(V - e, V- e€f)

=v(Ve;', Ve)) +v|Vel|* = v|[ Vel
Thus €? = 0, and therefore
IVeill = [ Veill < B IV - uill.

Finally, we use the inf-sup condition on X, x ), to derive the convergence rate of the

modified pressure equation as follows:

(V-v,pp) = (V-v,0:) +7%(V-u;, V- v)

Bollpn — (pi — %V -w;)|| < sup

veX,\{0} ||V”||
—v(Ve;, V
—  sup —v(Vei, Vv) < V||Ve|.
vex\foy |V
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Remark 4.2.3. Since w;, € X, NV, the error |V(u — u;)|| can be decomposed as follows

IV(w —w)|| = [[V(u = wp + wn —

< ||V(u —wy)|| + || Ve
< i _
S ety IV =)l + 522 1 F

Since the pair X}, X @, is inf-sup stable, we have by [15, Theorem 12.5.17] to get the estimate
IV —w)ll < (14 5-) inf V(-] + || £] (69)

u— )| < — ) in u—v —\Fllsn,

Bo/ veXi By

where C' > 0 is a constant independent of h, 8o and ;.
For comparison, the following estimate for grad-div stabilized finite element methods for

the Stokes problem was derived in [38]:
2 .
[V —w)|? < inf (41V(w—0)?+ 22V 0]?) + = inf [lpn -l (70)
ve v, qnE€Yy
Note that

inf (4V(— o) + 22V o)) < inf (4]V(u ) + 227 -]?)

vEV;, veX,NV

< (1+4) nt 9=

Q veXy

for a generally different constant C' > 0. Thus, we see that the first term in the right-hand
side of (70) is sharper than the analogous term in (69). On the other hand, unlike estimate
(70), the bound (69) does not depend on v. Thus, we conclude that the estimate (69) can

be sharper than the estimate (70) for small values of v.
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4.3 Application I: Taylor-Hood Pairs

In this section, we apply Theorem 4.2.2 to the two—dimensional Taylor-Hood pair and
show, under assumptions of the mesh and the polynomial degree, the Taylor-Hood finite
element method with grad-div stabilization does not experience locking in the limit v — oo.
To proceed, we require some additional notation.

Denote by 7, a conforming, shape regular, simplicial triangulation of Q C R2. For
7 € Th, we denote by h, = diam(7) and set h = max, <7, h,. Let V] and VP denote the sets
of interior and boundary vertices of Ty, respectively, and set V, = V] U VE.

Let Pr(S) denote the space of polynomials of degree < k with domain S; the analogous
vector-valued space is denoted by Py (S) := [Px(9)]?. We define the piecewise polynomials
with respect to the mesh 7, as

Pe(Th) == H Pr(7).
TETH

For an integer k > 2, the Taylor—-Hood pair is given as

X" =Pi(Th) N Hy (),
VI =P (Th) N HY(Q) N L3(Q).

We also define the image of the divergence acting on the Taylor-Hood velocity space:
H=v. X" ={V-v:ve X"} (71)

It is well known that the pair XT# x Y,'# is inf-sup stable provided that each 7 € T}, has
at most one boundary edge [10]. We assume this mild condition is satisfied throughout this
section.

To apply Theorem 4.2.2 to the Taylor-Hood pair, we split the results into three cases,
depending on the polynomial degree: k > 4, k = 3, and k = 2. The general theme is that

additional mesh conditions are introduced for lower degree polynomial spaces.

52



4.3.1 High order pairs: k£ >4

To apply Theorem 4.2.2 on the Taylor-Hood pair for £ > 4, we need to establish the
inf-sup stability of the pair X/ x QTH. To do so, following the notation introduced in [37],
we introduce the concept of a singular vertex and the vertex singularity of a mesh.

For z € V,,, let T. C 7}, denote the set of triangles that have z as a vertex. We assume
that 7, = {m,...,7n}, enumerating such that 7; and 7;;; share an edge for j =1,..., N —1,
and if z is an interior vertex, then 7 and 7y share an edge. Letting ¢; denote the angle

between the angle between the edges of 7; originating from z, we define

o, max{|sin(f; + 6)],...,|sin(@y_1 + On)|,|sin(0; + Oy)|} if z € V],
T max{|sin(6y + 6], ..., | sin(@y_1 + x|} if 2 € VP,

Definition 4.3.1.

1. We say that a vertex z is singular if ©, = 0; otherwise we say that z is non-singular.
2. The measure of vertex singularity of the mesh is given by the positive number
O, := min 6, > 0.

2V
©.#0

Remark 4.3.2. An interior vertex is singular if and only if exactly two straight lines emanating
from the vertex (and hence N = 4 in this case). A non—corner boundary vertex z is singular
if exactly two triangles have z as a vertex. Finally, a corner (boundary) vertex z is singular
if only one triangle in 7, has z as a vertex. Note that, because we assumed that each 7 € T},
has at most one boundary edge, there exists no corner singular vertices.

The quantity ©, gives an indication on “how close” a non-singular vertex z is from
being singular. Essentially, if ©, is small, then there exists a vertex in 7, that is a small
perturbation of a singular vertex. Note that if the cardinality of 7T is greater than 4 for all

z € VI, and greater than 2 for all 2 € VP, then O, is uniformly bounded from below.
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Let
Sh:{ZGVhi @ZZO}
denote the set of singular vertices in the mesh 7,. A characterization of the divergence

operator acting on the Taylor-Hood velocity space is given in the next lemma for high—order

pairs. Its proof is found in [37, 58].

Lemma 4.3.3. Suppose that k > 4. Then there holds

N
Vi =v- X" ={qePea(T) NLHQ) : > _(~1)qlr(2) =0 Vz € S},
(=1

Moreover, X} x QT represents an inf-sup stable pair with inf-sup constant B¢ independent

of size of the triangles in Ty. Rather, B = CO, for some h-independent constant C' > 0.

Combining Lemma 4.3.3 with Theorem 4.2.2 then yields the convergence of the (high—
order) grad-div stabilized Taylor-Hood pair.

Theorem 4.3.4. Let {7;}32, C R with v; — oo and (u;,p;) € X x VI be the solution
of the grad-div stabilized Stokes problem (58) corresponding to ~y; using the Taylor—Hood pair
with k > 4. Then w; — wy, and p; — vV - u; — pp as i — oo for some wy, € X,?HHV
and pr, € QFH with (wy, pr) being the solution for (64) with X, x Qn = X x QTH. In

particular,
O lpn — (pi =%V - w) | < [[V(wh —w;)|| < CO min{O 7, (vy,) ™2}, (72)

where C' > 0 is independent of h, v, and O,.

If u € H*(Q)) for some s > 1, then the divergence—free function wy, satisfies
IV (w = wp)|| < Ch |l ey, (73)

where £ = min{k + 1, s} and C > 0 is independent of h, v, v and ©,.
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Remark 4.3.5. For fixed v, Theorem 4.3.4 implies that the convergence for the sequence
{(wi,ps — %V - ;) Y2, to (wp,pr) is O(v; 1) provided ; > ©72v. Otherwise, for smaller
/2)

grad-div parameters the theorem predicts O(~, ! convergence.

Remark 4.3.6. Theorem 4.3.4 states that {u;}°, converges to an exactly divergence—free
solution with optimal order properties as ¢« — oo; this is true on meshes with singular

vertices or “nearly singular” vertices.

Proof. The convergence and convergence rates for the sequence {(w;,p; — vV - w;)}2,
directly follow from Lemma 4.3.3 with Theorem 4.2.2.
To prove (73), we first use the estimate (59):

IV(w—w,)| < inf [[V(u—v)

’UGVﬂXh
Following [25], we introduce the modified H?-conforming Argyris (TUBA) finite element
space [4]
Y= {s € H(Q) NPry1(Tn) : sis C? at all non-corner vertices of T,}.
We then have [25]
VxY¥, ={Vxs: seX,} CVNX,,

where V x s = (0s/0xy, —0s/0x1)T is the two-dimensional curl operator. Therefore, by

writing w in terms of its stream function u = V x ¢ for some ¢ € HZ(Q) N H(Q), we

have
) _ < B
nf V=) < nf V(o)
= inf D2 = )l £ OH sy < Ot
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4.3.2 The cubic—quadratic Taylor—-Hood pair

To apply Theorem 4.2.2 to the cubic-quadratic Taylor-Hood pair, we incorporate the
recent stability results of the cubic-quadratic Scott—Vogelius pair in [36]. In particular, a
characterization of the space Q1 (cf. (71)) was explicitly given and inf-sup stability results
were shown. To explain these results further, we introduce the concept of an interpolating
vertex.

Recall that for a vertex z € V,,, T, = {m,...,7n} denotes the set of triangles that have

z as vertex. Set N
W, :={acR": Z(—l)jaj = 0}.
j=1
Set
Q, = int( UreT: T),
and define

X, ={ve X suppv C Q. : /V-’vd:v:OVTGﬁ, (V-v)(o)=0

T

Vo e VW\{z}}.

Definition 4.3.7. We say that z € V), is an interpolating vertex if, for all a € W, there
exists v € X, such that (V- v)|;,(2) = a; for all j € {1,2,..., N}. We denote the set of all

interpolating vertices in V), by L.

Remark 4.3.8. examples are given in [36], where the local interpolating vertex property in

Definition 4.3.7 is satisfied by all interior vertices. Examples include

1. Criss-crossed mesh

2. Every mesh Ty, such that |7.| = N is odd for all z € VL.

It is also shown in [36] that not every interior vertex in a type-I triangulation (cf. Figure 1)

is an interpolating vertex.

Now, we state the following lemma which gives a stability result of the cubic Scott-

Vogelius pair. We refer to [36] for a detailed proof.
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Figure 2: Type-I triangulation on (0, 1)? on which each interior vertex is not an interpolating

vertex.

Lemma 4.3.9. Suppose that k = 3 and Vi C L},. Then there holds

M:

e =v X" ={qeP1(Th) NL{Q 1){ql,,(2) = 0 ¥z € Sy}

e=1
Moreover, X' x QT represents an inf-sup stable pair with Bq independent of size of the

triangles in Tp,. Rather, Bg = CO, for some h-independent constant C > 0.

Combining Lemma 4.3.9 with Theorem 4.2.2 then yields the convergence of the grad-div
stabilized Taylor-Hood pair.

Theorem 4.3.10. Let {v;}22, C R with v; — 0o and (u;,p;) € X[H x V;I'H be the solution
of the grad-div stabilized Stokes problem (58) corresponding to ~y; using the Taylor—Hood pair
with k = 3. Assume VI C Ly, i.e., all interior vertices in Ty, are interpolating vertices. Then
u; — wy, and p; — 4V - w; — pp as 1 — oo for some wy, € X}THHV and p, € QfH with
(wp,, pr) being the solution for (64) with X, x Qn = X x QTH. The rate of convergence
of (wi,p; — iV - w;) satisfies (72).
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4.3.3 The quadratic-linear Taylor-Hood pair on Clough-Tocher splits

The case quadratic-linear Taylor-Hood pair on Clough-Tocher splits was discussed and
studied in detail in [16]; here, we state these results for completeness.

A Clough—Tocher split (or refinement) of a shape-regular triangulation 7 is obtained
connecting the vertices of each triangle 7 € T, to its barycenter. Thus, each triangle is split
into three sub-triangles. Denote by 7,7 the Clough-Tocher split of 7, and, with an abuse

of notation, define the quadratic-linear Taylor-Hood pair on 7,¢7:

X =Po(TC") N Hy (), (74a)
YV, =PUTET) N HY(Q) N L(Q). (74b)
The following lemma gives a characterization of the divergence acting on X% and states

that the quadratic-linear Scott—Vogelius pair is stable on Clough—Tocher splits. Its proof
can be found in [5, 35].

Lemma 4.3.11. Let X' x Y,'# be defined by (74). Then there holds
vy = v X = Pu(TT) N LE(9Q).
Moreover, X' x QTH represents an inf-sup stable pair with inf-sup constant Bq independent

of size of the triangles in Tj.

Combining Lemma 4.3.11 with Theorem 4.2.2 then yields the convergence of the (low—
order) grad-div stabilized Taylor—-Hood pair.

Theorem 4.3.12. Let X! x Y, be defined by (74), and let {v;}32, C R with v; — oo.
Let (u;,p;) € XIH x VI be the solution of the grad-div stabilized Stokes problem (58)
corresponding to ;. Then w; — wy, and p; — v,V - u; — pp as © — oo with rate O('yi_l) for
some wy, € XNV and pr, € QL™ with (wy,, pr) being the solution to (64). If u € H*(Q)

for some s > 1, then the divergence—free function wy, satisfies
IV (w = wp)|| < Ch|ul| ey, (75)

where ¢ = min{3, s} and C > 0 is independent of h, v, v and fq.
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Proof. The convergence and convergence rates for the sequence {(w;,p; — vV - w;)}2,
directly follow from Lemma 4.3.3 with Theorem 4.2.2 (see also [16]).
To prove (75), and to show that the constant C' > 0 is independent of g, we first use
the estimate (59):
IV(u—w) < inf [IV(u— o)

’UGVﬂXh
Following the ideas in Theorem 4.3.4, we introduce the modified H?-conforming Hsieh—

Clough-Tocher finite element space [39]
Sht = Hy(Q) N Ps(Ty).

We then have [39]
VxET ={Vxs: seST}cVnX,.

Writing u = V x 1) for some ¢ € HZ(Q) N H**1(Q), we have

inf |[|[V(u—v)|| < inf |[V(u—2o)

veVNXy ’UGVXE%T

= inf [|D*(¢ = s)|| < Ch™ 9]l ger(q) < Ch Y| ey

sEZ}?T

4.4 Application II: The P; x F, Pair on Powell-Sabin Splits

In the previous section, we considered the Taylor-Hood pair with grad-div stabilization
for various polynomial degrees. The general theme in the arguments is to use the stability
of the Scott—Vogelius pair to prove convergence and the absence of locking in the limiting
case v — 00. In this section, we show that the grad-div connection discussed in the previous
sections can be generalized to a low—order Py X Py pair defined on a Powell-Sabin split mesh
by incorporating the recently developed divergence—free methods in [32, 17].

As before, we start with a shape-regular simplicial triangulation 7, of Q. We then
construct the Powell-Sabin split of 7, as follows [55, 42]. Let 7 € 7T, be a triangle with

vertices z1, zo and z3 labelled counterclockwise, and let zy be the incenter of 7. Denote the
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Figure 3: A Powell-Sabin local split of a triangle. Note that the vertices z4, 25, and z5 are

22

singular vertices in global mesh.

edges of 7 by {e;}?_;, labelled such that z; is not a vertex of ¢;. Let z3,; be the interior
point of the edge of e; that is the intersection of the line segment connecting the incenters
of the triangles 7 and its neighboring triangle that has e; as an edge. We then construct the

PS = {,...,76} by connecting each z; to z, for 1 < i < 6; see Figures 3 and

triangulation 7
4.

Let 7,75 = |J |J 7 be the global triangulation of 2, and VF* be the set of vertices of
KETH TERPS

T.PS. Let S5 € VP be the set of all singular vertices in 7,7°. Let S = {z € 8% : 2 ¢ 00}
be the set of interior singular vertices, and SP = {z € SF'¥ : 2 € 9Q} be the set of boundary
singular vertices. Observe that each 2 € S/ is attached to exactly four triangles, and each
z € SP is attached to exactly two triangles. By construction, the cardinality of S is

exactly the number of edges in 7},.

Definition 4.4.1. Let p € Py(T,%) = {q € L*() : - € Py(7),V7 € T,'9}. We say that p
satisfies the weak continuity property on TS if for any » € S} and {m,...,ma} = T. C T,'°

we have that

p|7'1 _p|72 +p\7'3 _p|7'4 = 07
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and for any z € SP and {r, 7o} = T, C T,F¥ we have that

p‘Tl = p“l‘g'

We introduce the finite element pair X% x QFS defined on the Powell-Sabin triangulation

T,.F5 proposed in [32]:

X% =PuT,"%) N Hy (Q), (76a)

PS = Lq € Po(TFS) N LA(Q) : q satisfies the weak continuity property}. (76b)

Now, we state the following lemma concerning the image of the divergence operator

acting on X% and the inf-sup stability of X% x QF5. We refer to [32] for a detailed proof.

Lemma 4.4.2. There holds

PS _ nPS

with bounded right-inverse. Therefore, X5 x QP is inf-sup stable, with inf-sup constant

Bo independent of h.

We propose a smaller and simpler pressure space that conforms to the framework in the

previous sections. To this end, we let
IC}I:S:{U T:2€ 8P
TET:

be the mesh obtained by taking the union of the triangles associated with each singular
vertex. Thus, KP¥ is a set consisting of quadrilaterals (in the case that z is an interior
singular vertex) and triangles (in the case that z is a boundary singular vertex); see Figure
4.

We define the auxiliary pressure space
VPS5 ={qe L) : qlx € Po(K),VK € K. (77)

Remark 4.4.3. Tt was shown that the pair X/ x QP is inf-sup stable when defined on the
mesh 7,75, Since Y,'¥ € QFS, the pair X} x Y,F'¥ is stable. Hence, we can incorporate

Theorem 4.2.2 to conclude the following theorem.
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\ |
BN

Figure 4: A triangulation 7, of the unit square (left), its Powell-Sabin refinement 7,79
(middle), and the mesh KPS (right).

Theorem 4.4.4. Let {7}, C R with v; — oo and (u;, p;) € X% x VIS be the solution
of the grad-div stabilized Stokes problem (58) correspondes to v; using the pair XI5 x Y,F5.
Then w; — wy, and p; — ;¥ - u; — p as i — oo with rate O(~; ) for some wy, € XNV

and pr, € QFS with (wy,, py) being the solution for (64) with X, x Q, = X} x QFS.

4.5 Numerical Examples

In this section, we perform some simple numerical experiments and compare the results
with the theoretical ones given in the previous sections. In all tests, we take the domain to

be the unit square Q = (0,1)?, and choose the source function such that the exact velocity

and pressure solutions are given respectively as

7 sin? (7o) sin(27y)

L, ' ) p = cos(mz) cos(my). (78)
—m sin®(my) sin(27x)

4.5.1 The P; x F, pair on Powell-Sabin splits

In this section, we report and discuss the numerical results for the P; x Py pair on
Powell-Sabin splits.
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Figure 5: Numerical results on Powell-Sabin splits using the Py x Py pairs for fixed h = 1/32

and viscosity v = 1. The plot shows O(v; ') convergence for all three quantities.

Let 75, be a quasi-uniform Delaunay triangulation of Q with h = 1/32, and let 7,75 be
the corresponding Powell-Sabin global triangulation (cf. Section 4.4). We compute problem
(64) with X, x Q, = X x QP¥ defined by (76), and denote the solution pair by (wy, ps).
We also compute problem (58) with X}, x Y}, = X9 x Y, (cf. (77)), and denote the solution
pair corresponding to ~; by (u;,p;). The grad-div parameters are taken to be v; = 10° for
1=1,...,6.

4.5.1.1 The P; x F, pair on Powell-Sabin splits with fixed viscosity v =1

In Figure 5, we plot the quantities ||V (w, — w;)||,||V - w;|| and ||pn — pr;|| versus ~; for
fixed h = 1/32 and fixed viscosity v = 1, where pr; = p; — v;V - u;. The plot clearly shows
linear convergence with respect to ;! for all three quantities, which is in exact agreement

with Theorem 4.4.4.
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4.5.1.2 The P, x F, pair on Powell-Sabin splits with varying viscosity

In these series of tests, we compute the same problem as the previous section, but for
different viscosity values: v = 1077 for j = 1,2,3,4. We report the differences |V (wy;, —
w)|,||V - w;|| and ||pp — pri|| versus the grad-div parameter in Figure 6.

Again, we observe that all three quantities converge with rate O(v; ') for each value of
v, at least for moderately sized values of ;. On the other hand, we see that, for small values
of v, the differences ||py — pri||L2() and [V (wy, — u;)||12() increase (with rate = O(v;)) as
~v; — oo. This behavior is due to round-off error as we now explain.

Observe that (67) reads
v(Ve;, Vv) — (pp —pi,V-v) +%(V-€;,V-v)=0 Yo € X},

where e; = wj;, — u,;. Consequently, by setting v = e; and using V - w;, = 0, and dividing by

v and rearrange terms, we find
2 2 1
[V (wn — w120 = [[Veil|” = ;(ph —pri, V- uy).
We computed the term (p, — pry, V - u;), and we observed that as soon as this term is
less than machine epsilon, both quantities |V (w;, — w;)|| and ||pn — pri|| grow as v; — 0.
4.5.2 Taylor—Hood finite elements

In this section we report and discuss the numerical results for Taylor—Hood finite element
with polynomial degrees k£ = 4,3,2, and compare the results with the theoretical ones
established in Section 4.3. We compute problem (64) with X, X Q, = X x QT and we
denote the solution pair by (wp,py). Also, we consider the problem (58) with X, x Y}, =

XTI x VI and we denote the solution pair by (u, p;) that corresponding to ;.
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Figure 6: Numerical experiments using the P, x Py pairs on Powell-Sabin splits with fixed

h = 1/32 and varying viscosity v. The plot shows O(v; ') convergence for all three quantities.

The increase in the first and third plots for large values of ~; is due to round-off error.
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4.5.2.1 Grad-div Taylor-Hood methods on perturbed criss—cross meshes with

fixed viscosity

Recall from Lemmas 4.3.3 and 4.3.9 that the stability of Scott—Vogelius pair depends
on the vertex singularity of the mesh ©, given in Definition 4.3.1. This in turn affects the
convergence behavior of the grad-div solution (u;, p;) to the divergence—free solution (wy, py);
see Theorems 4.3.4 and 4.3.10. The purpose of the tests presented in this section is to gauge
the affect of the vertex singularity of the mesh, and to compare the numerical results with
the theoretical ones derived in Section 4.3.

To this end, we start by constructing criss—cross triangulation of 2 with A = 1/20 which
has O(h™?) singular vertices. Then for each singular vertex of the triangulation, we add its
coordinates by (r1,79)h®™!, where r; € {—2, —1, 1,2} is chosen randomly, and with exponent
a € {0,1,2,3}; see Figure 7. The resulting perturbed mesh has no singular vertices, but
simple trigonometric arguments show the vertex singularity of the mesh is ©, =~ h®.

We report the quantities quantities |V - w;|, ||V (w, — w;)||, and ||pr — (pi — 1V - w;)||
using the Py x Pr_1 (k = 3,4) Taylor-Hood and Scott—Vogelius elements with v = 1 in
Figure 7. For comparison, the convergence estimate for the Taylor-Hood element stated in

Theorems 4.3.4 and 4.3.10 read

hellpn — (0 — %V - w)) || < IV (wp, — w;)|] < Ch~*min{h=~; Yy, /%),

)

which suggests a deterioration of the “errors” for large perturbation exponents «. Indeed,
Figure 7 shows pre-asymptotic O(y; Y 2) convergence rates for a = 0 before achieving O(y; ')
rates for large values of ;. On the other hand, for larger a-values (e.g., a = 2,3), we see
pre-asymptotic convergence (k = 4) or no convergence (k = 3). The deterioration of the
errors for large a-values is most evident for the modified pressure, where Figure 7 shows
no convergence with respect to v; for o € {2,3}. Therefore we conclude from these results
that the quantity ©, stated in Theorem 4.3.4 does influence the convergence of the grad-div
solution.

On the other hand, Figure 7 shows ||V - w;|| = O(v; ') for any value a. Consequently,
the convergence estimate of this quantity stated in Theorem 4.3.4 may not be sharp for this

quantity.
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criss-cross meshes with A = 1/20 and v = 1. Left: & = 4. Right: k = 3.
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4.5.2.2 Grad-div Taylor-Hood methods with varying viscosity

In this series of tests we compute the grad-div Taylor-Hood method with k£ = 3,4 and
vary the viscosity v = 1077 j = 1,2, 3,4 on a perturbed criss cross mesh with h = 1/20 and
a = 0. In this setting, vertex singularity of the mesh is ©, = O(1). The estimates stated in
Theorems 4.3.4 and 4.3.10 read

v pn — prill < IV (wh — w)|| < Cmindy; ()72,

We report the quantities ||V (w —w;)||, ||V -u;|| and ||p, —pr:|| for v, = 10" and k € {3, 4}
in Figure 8. We observe that the estimate ||V - u;|| converges with rate O(v; ') regardless of
the value of v. The errors ||p;, — pri|| and ||V (wy, — w;)|| initially converge with rates O(v; ')

but quickly increase for large ~;-values with rate O(+;) due to the round-off error (cf. Section

45.1.2).

4.5.3 Grad-div Taylor-Hood methods on type—I triangulations

In the final set of numerical experiments, we compute the grad-div Taylor—-Hood pair on
type—I triangulations with h = 1/24 (cf. Figure 2). Recall from Remark 4.3.8 that on this
mesh, not all interior vertices are interpolating vertices, and therefore the cubic—quadratic
Scott—Vogelius pair is not stable on this mesh.

Similar to the previous sections, we compute the grad-div stabilized finite element method
using the Py x Pr_1 pair with £ = 3,4 and fixed viscosity ¥ = 1. As the Scott—Vogelius pair
(wp, pr) is unavailable on this mesh, we instead compute the errors |V(u — w;)||, |V - u|,
and ||p — pr;||, where (u,p) are given by (84).

We report these quantities in Figure 9. We observe a clear convergence of the divergence
of the computed solution with ||V - u;|| = O(y; ") (asymptotically) in both cases k = 3, 4.
On the other hand, the errors for the quartic—cubic pair perform much better for large values
of the grad-div parameter v;. Indeed, in this case the errors stabilize relatively quickly at
7; = 10%. On the other hand, for the cubic-quadratic case, we see that the errors ||V (u—u;)||

and especially ||p — pr;|| increase for large ~;-values. This behavior may be due to the
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Figure 8: Py x P,_; grad-div sequences errors for O(h) perturbed mesh with different vis-

cosities. Left: k£ = 4. Right: k = 3.
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instability of the Scott-Vogelius pair and the lack of a discrete divergence—free subspace with

optimal approximation properties.
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5.0 LOW-ORDER DIVERGENCE-FREE APPROXIMATIONS FOR THE
STOKES PROBLEM ON WORSEY-FARIN AND POWELL SABIN SPLITS

In this chapter we derive low-order, inf-sup stable and divergence-free finite element
approximations for the Stokes problem using Worsey-Farin splits in three dimensions and
Powell-Sabin splits in two dimensions. The velocity space simply consists of continuous,
piecewise linear polynomials, where as the pressure space is a subspace of piecewise constants
with weak continuity properties at singular edges (3D) and singular vertices (2D). We discuss
implementation aspects that arise when coding the pressure space, and in particular, show

that the pressure constraints can be enforced at an algebraic level.

5.1 Introduction

The 4™"-order SV finite element pair introduced in [59] was the first known finite element
pair to yield a divergence-free solutions for incompressible flow models on simplicial trian-
gulations. Afterward, several articles study the stability of lower order finite element pairs
that yield divergence-free approximations [56, 57, 5, 62, 63, 64, 34, 35, 65]. The main scheme
in these articles is that the stability of lower order finite element pairs can be achieved on
certain refinements of simplicial meshes.

In this chapter, we show that the lowest (possible) polynomial order velocity space can be
defined for the Stokes problem is inf-sup stable and yields divergence free solutions provided
that it is coupled with a piecewise constant pressure space that satisfies a certain weak
continuity property, and a certain mesh refinement is used; in particular, Worsey-Farin
splits for (3D) domains, and Powell-Sabin splits for (2D) domains.

Although the discrete pressure space we use is not available on computational software
packages due to its weak continuity property, we still can use the saddle-point approach to
find the approximated solutions by enforcing the weak continuity property at the algebraic

level. We provide Algorithms that show how to implement this method on standard finite
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element software packages (e.g., FEniCS).

Also, we provide numerical experiments that support our theoretical results.

The chapter is organized as follows. In the next section we give notation that will be

used in the rest of the chapter. In Section 5.3 we prove stability of the analogous three-

dimensional pair on Worsey-Farin splits. In Section 5.4 we discuss implementation aspects

on Powell-Sabin splits and in Section 5.5 we do the same for Worsey-Farin splits. Finally, in

Section 5.6 we provide numerical experiments.

5.2 Preliminaries

In this section we develop basic notation that we use throughout the chapter. We provide

this in the following list:

T, is a shape-regular, simplicial triangulation of a contractible polytope Q C R? (d =
2,3).

h, = diam(7) for all 7 € T, and h = max,c7, h,.

For an n-dimensional simplex S (n < d) and m € {0,...n}, denote by A,,(S) the set of
m-dimensional simplices of S.

For a simplicial triangulation Q,, of €2 we define the spaces of piecewise polynomials

Pe(Qn) = [] Pe(7), Pu(Qn) = [] Pi(r),

TEQ) KeQy

Pe(Qn) = Pr(Qn) NL3(Q),  PL(Qn) = Pr(Qn) N HY(Q).

Thus ﬁk(Qh) consists of piecewise polynomials of degree < k with respect to the triangu-
lation Q) with mean zero, and ’P;(Qh) is the space of continuous, piecewise polynomials
of degree < k with vanishing trace (i.e., the kth degree vector-valued Lagrange finite
element space).

The constant C' denotes a generic positive constant, independent of the mesh parameter

h.
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5.3 Inf-sup Stability on Worsey-Farin Splits

Let 75, be a simplicial triangulation of a polyhedral domain € C R3. The Worsey-Farin
triangulation T,V¥' is obtained by splitting each tetrahedron into twelve sub-tetrahedra by
the following procedure. Similar to the Powell-Sabin case, for each 7 € 7T,, we connect
the incenter of 7 to its vertices. Next, the incenters of neighboring pairs of tetrahedra are
connected with an edge. This creates a face split point (a vertex) on each face of 7. If 7 has
a boundary face, then we connect the incenter of 7 to the barycenter of the face by a line.
Finally, the face split points are connected to the vertices of the face. For each 7 € Tj,, we

denote by 7W¥ the triangulation resulting from local Worsey-Farin refinement of 7, i.e.,
™ =Lk e TV kCTh

Definition 5.3.1. An edge in a 3D simplicial triangulation is called singular if the faces

meeting at the edge fall on exactly two planes.

By construction, the Worsey-Farin triangulation contains many singular edges; for each
face in the unrefined triangulation Ty, there are three associated singular edges in T,V¥.

Let £ denote the set of singular edges in 7,V¥, and let 8;?’1 and 5}‘?’3 denote the sets of
interior and boundary singular edges, respectively. For each e € £, let T, = {Te(l), e ,Te("ﬁ)}
denote the set of tetrahedra that have e as an edge. Here, n, = 4 if e is an interior edge,
and n, = 2 if e is a boundary edge. We assume the tetrahedra are labeled such that 79 and

j+1
Te(J ) share a common face.

5.3.1 Finite element spaces on Worsey—Farin triangulations

Similar to the two-dimensional case, the divergence operator acting on the Lagrange

finite element space has weak continuity properties on singular edges (cf. [33]).

Lemma 5.3.2. Fore € £, and a piecewise smooth function q, define

q£1)|e - q532)’e + Qég)’e - qg4)‘e e c (c:/f’l,

06(61) =
qél)|e - qé2)|e ec g}f’Ba

where ¢ = q|_w . Then there holds f.(divv) = 0 for all v € P(TVF).
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Analogous to the Powell-Sabin case, we define the finite element spaces to discretize
the Stokes problem on Worsey-Farin splits. We first define the spaces without boundary

conditions

VM = PUTY),
YV = (g€ Po(TV) 1 0.(q) =0 Ve e 511

Then, we define an intermediate pressure space
W ={g € Po(T") : 0.(q) = 0 Ve € ).
We now define the spaces with boundary conditions

V' = vV 0 H (),
YWVE — yWE A 12(Q).

5.3.2 Stability of V;VF x y,WF

In this section, we show that the pair V\'VF x Y,WF is inf-sup stable. First we introduce
some notation.

Let 7 € Ty, and let 7 denote the local triangulation of 7 consisting of four tetrahedra,
obtained by connecting the vertices of 7 with its incenter, i.e., 7* denotes the Alfeld split
of 7. For a face F' C 7, denote by FCT the set of three triangles formed from F by the
Worsey-Farin refinement, i.e., FCT is the Clough-Tocher refinement of F. We denote by
AL(FCT) the set of three interior edges in F“T, and let e € AI(FCT) denote an arbitrary,

fixed interior edge of FCT.

Definition 5.3.3. Consider the triangulation F¢T of a face F' € Ay(7), and let the three
triangles of FCT be labeled Qq,Q2, Q3. Let e = 9Q; N OQ, be an internal edge, let ¢ be
the unit vector tangent to e pointing away from the split point mp, and let s be the unit
vector orthogonal to t such that s x nyp = t. Then the jump of a piecewise smooth function

p across e is defined as

[Pl = (plo, — plg.)s:
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We now state the degrees of freedom for the spaces ‘O/hWF and ?hWF. The proofs of the

following two lemmas are given in [33, Lemmas 5.11-5.12].

Lemma 5.3.4. A function v € V,Y¥ is uniquely determined by the values

v(a) Va € Ao(r),
/F(v ‘np)  VE € Ag(r),
/6 [dive], Ve e AI(FSM)\{er}, VF € Ay(r),
/T (divo)p  Vp e Vo(r) = Polr®) N I(r).

for each T € T

Lemma 5.3.5. A function q € Y,'¥ is uniquely determined by

/ [d,  Vee AI(FCT)\{er}, VF € Ag(r),
/qp Vp € Po(m™).

for all T € Ty,.

If we restrict ourselves to f/hw ¥ then we only take interior faces F in the first set of degrees

of freedom.

Proposition 5.3.6. Let v € V¥ and 7 € T,. For m = 0,1, there holds
2
[Vl < CH20 (003 o(@P+ | / venp| +hdivol ).
a€Ao(7) Fehq(r) “F
Proof. Let 7 be the reference tetrahedron, and let F. : 7 — 7 be an affine bijection with
F.(2) = A;2+b, with A, € R®3 and b, € R?. We define © : 7 — R? via the Piola transform

Ao (2)

v(x) = det(A)’ r = F.(2).

Let 7VF be the split of 7 induced by 7W¥ and the mapping F !, i.e.,

W= {F7YK): Ker"T}

T
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Then o is a continuous piecewise linear polynomial with respect to #V¥, and therefore by

equivalence of norms, and Lemma 5.3.4,

ol (X W@k Y | o

ac€No(7) FEAQ(%)
— 2 — 2
+ Y 3 / |avel| [+ sup ‘ / (divf;)ﬁ‘ ).
Fefs(7) eeAl(FCT)\ (e} ¢ ¢ peV(7) T

”ﬁ”L?(;—):l

By well-known properties of the Piola transform, we have

1 —
divo(z) = der(A )divf)(i), /Fv-npz/ﬁ'ﬁ-’hﬁ.

Thus, we have

|'v|Hm <C’( Z | det(A,) A v (a) | + Z /'v nF

a€No(T) FEAQ(T

+ [ det(A Z Z sup }/(&Rﬁ))ﬁ
FeNo(r) e€A 1 (F) \{eF} e pevo(s) |7
||13HL2(_;.):1

)

Next, for p € Vo(7) with 10]|L2(# = 1, let p : 7 — R be given by p(z) = p(2). Then

pE ]O}O(T)a ||p||L2(T) Y 6‘T|’ and

/+ (dive)p = / (divo)p.

We conclude

—~ 2
sup ‘/(divﬁ)ﬁ‘ < sup ’/ (divo)p <Ch3||d1V’U||L2(T

PEVO(7) pEVo(7)

1212 (5)=1 Pl L2 () =/6I7]

Finally, we use ||A7Y| < Ch! and |det(A,)| = 6|7] < Ch3 to get

Hm (7 <C<h4 Z lv(a) ‘/v nF

a€Ao(T) FelAs(T)

s 3 /dm ‘ + 13 divo ] ).

FEeA(7) ee Al (FOT)\{ep} ~°

|'v
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and therefore

(V] Frm sy < CRZ T2 0 Gy < CRZTT (hf— Z (@) + Z / C "F

a€No(T) FelAs(T)

+ Rt

FelAx(1) eeA1(F) \{6F} ©

+ B2 divo 2

<cn (3 jula)?

a€No(T)

2
+ Z ‘/’U’I’LF’ +h§_”dlvv”%2(7_)),
FeAqy(r) 7T

where the last inequality comes from standard trace and inverse inequalities. O]
Theorem 5.3.7. The pair V;VF x YW is inf-sup stable.

Proof. Fix a q € Y,VF, and let w € HL(Q) satisfy divw = ¢ and IVw||r20) < Cllqll2()-
Let w,, € 7071(77L) be the Scott-Zhang interpolant of w with respect to 7,. Define v €
P (T,VF) such that

v(a) = wp(a) Va € Ao(T),
/F('v~np) :/F(w.nF) WF € Ao(7),
/ [divo], = / [, Ve € Al(FCT)\{er}, VF € Ag(r),

/T (divo)p = /T qp Vp € Vo(7).

Noting (dive — ¢) € ;¥ and
/ [divo—g], =0 Ve e AI(FST)\{ex}, VF € As(r),
/(divv —q)p Vp € Po(th)

for all 7 € T}, (by the divergence theorem), we conclude dive = ¢ by Lemma 5.3.5.
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We apply Proposition 5.3.6 to (v — wy) with m = 1:

V(0 —wn)lfay < O (0 [w—w)@P+ Y )/(v_wh).npf
my JF

a€Ao(T) FelAo(
+ 2 |div(v — w) 3

2
—on (Y ‘/F(w—wh)~np‘ + 1 lg — divuy |22, )
FGAQ(T)

< Ch;? (hi D llw —wilfage + h2llg - div'wh”%?(ﬂ)
FEAQ(T)

< C(llalagr) + 172w = wallia + 19w = wa) 3 + [ Vwala)).

We then sum over 7 € 7, and apply stability and approximation properties of the Scott-

Zhang interpolant to conclude ||V 120 < Cl|q|| 2.

5.4 Implementation Aspects for Powell-Sabin Splits

The only tricky part to implement these finite elements is the pressure spaces since they
have non-standard constraints in their definitions. In this section and the subsequent one,

we give details to form the algebraic system for the Stokes problem.

5.4.1 A basis for the weak continuity pressure space and the construction of

the algebraic system

Recall the pair X/¥ x QP9 defined on the Powell-Sabin triangulation 7,7 in equation
(76).

Clearly, the space QF® is a non-standard space, and in particular the space is not ex-
plicitly found in current finite element software packages. Nonetheless, in this section, we
identify a basis of the space Q7% and as a byproduct show that the weak continuity property
0.(¢) = 0 can be imposed purely at the algebraic level.

To be consistent with the notation introduced in section 5.2, let VPSx YPS = XS x QPS.
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As a first step, we note that, by definition of the Powell-Sabin triangulation,
TS ={KY: KD €T, €8}

With this (implicit) labeling of the triangles in 7,7®, we can write the canonical basis of

Po(TFS) as the set {pl} C Po(TFS) with
gpgj)|K(l) = 51},261',]' VZ,'U € Sh7 L= 17 ey Ty, j = 17 ceey Mg

The next proposition shows that a basis of }‘}hps is easily extracted from the basis of

Po(T,FS) (see Figure 10).
Proposition 5.4.1. For each z € S, and j € {2,...,n,}, define
Y =P+ (1) V.
Then {¢§j) : 2€8), j=2,...,n.} forms a basis of Y.
Proof. Note that the number of functions {ng )} given is s (n. — 1), and

dim Y, = dim Po(T,7%) = |Sul = D mo =[Sl = Y (n. — 1).

z€S8y, z€Sy

Because ng ) ¢ S}hps, and they are clearly linear independent, we conclude that {ng )} form

a basis of Y/FS. O

We now explain how Proposition 5.4.1 provides a simple way to construct the stiffness
matrix for the Stokes problem using the V;PS x Y/PS pair. To explain the procedure, we
require some notation.

Let A be the matrix associated with the bilinear form
(v,w) — / vWo : Vwdr over v,w € V'S,
Q
and let B is the matrix associated with the bilinear form

(v,q) > — /ﬂ(divv)qu over v € f/hPS’ q€ 730(7;1138)‘
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Figure 10: Local mesh T, with z € S. Top row: Values of canonical basis functions of
piecewise constants {909 ) z,. Bottom row: Values of basis functions of piecewise constants

with weak continuity constraint {¢¥ ) s
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The stiffness matrix for the Stokes problem based on the (unstable) ‘O/hPS x Po(T,F®) pair is
given by

A B

BT 0
We emphasize that this system can be easily constructed using standard finite element

software packages.

Let {¢®}Y_, denote a basis of VS with N = dim V;"S so that
Aij=v / Vol : Ve de.
Q

Let M = dim Py(7;7®), the number of triangles in 7,F®, and introduce the local-to-global
label mapping 0 : S x {1,...,n,} = {1,2,..., M} such that

Big(zj) = — / (dive)pl) da.
Q
Then by Proposition 5.4.1, we have for z € §;, and j = 2,...,n,,

= [ (v do = - [ (ivg®) do - (-1 [ (divg®)el do
Q Q Q

= Bio(zg) T (—1) Bio(z1)-

This identity leads to the following algorithm.

1. Construct Powell-Sabin triangulation 7,7®

2. Construct B € RV*M hased on the V;PS x Py(T,F3) pair.
3. Set B=DB.
4. For each z € S, and for each j € {2,...,n.}, do the elementary column operation

B:,a(z,j) = B:,a(z,j) + (_1>jB:,a(z,1)-

5. Delete column B. ;. 1y for each z € Sj,.

The stiffness matrix for the Stokes problem based on the ‘O/;IPS X ths pair is then given

A B
BT 0

(79)
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5.5 Implemenation Aspects for Worsey Farin Splits

5.5.1 A basis for ?hWF and the construction of the algebraic system

Notice that the collection of local triangulations 7, (with e € &) do not form a disjoint
partition of the global triangulation 7,W¥. In particular, there exists K € T,V¥ such that
K € T.and K € T, with e,s € £ and e # s. As a result, the methodology used in the
previous section for Powell-Sabin meshes is not directly applicable.

Instead, we consider a geometric decomposition of the mesh based on the face split points
in TW¥. To this end, we denote by S} and SP the sets of interior and boundary face split
points, respectively, and set S, = SfUSP. For 2z € Sy, let T, := {Kz(l), e Ké”Z)} denote the
set of tetrahedra in T,V¥ that have z as a vertex. Here, n, = 6 if 2 is an interior vertex, and
n, = 3 if z is a boundary vertex. For an interior face split point z, we assume the simplices

in 7, are labeled such that
KO KO KO crW KW KB KO

for some 7M. 7@ € T, and that K and KY*® share a common face for j € {1,2,3}. For
a boundary split point z, the set 7, = {K S), K 9, K §3)} is labeled arbitrarily.
We clearly have
TV ={KY: 2€8,,j=1,...,n.}, (80)

and the map (z,j) — K ) i injective. Furthermore, each local partition 7, contains three

singular edges.

Proposition 5.5.1. There holds
dim Y\VF = 4|SI| + |SP.
Proof. By Proposition 5.3.5, we have
dim Y\V" = 4|7,] + 2|1 F,
where |F!| is the number of interior faces in 7T;,. From (80), we have
12| = [T, ] = 618;] + 3184,
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and by construction of the Worsey-Farin split, there holds
[Fal = IS3].
Therefore,

dim YV = 4|7, | 4 2| Fl| = (6Sh| + 3|S7]) + 2[Si| = 4]Si| + |SP.

W

]

For an interior split point 2z, and for a piecewise constant function ¢ on 7, the three

constraints 0.(q) = 0 read

G—q@+q¢p—qu=0
P— 9+ — ¢ =0,
43— ¢+ q—q6 =0,
where ¢; = q| )
We write this as a 3 x 6 linear system
Q1
qz
4as

q4
qs

de
We clearly see that this matrix has rank 2 (e.g., adding the first and third rows gets the
negation of the second row). We find that the nullspace of C'is given by

( A
1 1 0 —1
1 0 1 —1
1 0 0 0
null(C') = span : , ,
0 1 0 0
0 0 1 0
0 0 0 1
\ Vs

These four vectors implicitly give us a basis for Y,V¥. In particular, we have
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Proposition 5.5.2. For z € S, and j € {1,2,...,n,}, let 909) be the piecewise constant
function

gpgj)|K£i) = 0y,20;j Vo,2€ 8, i=1,...,n,, j=1,...,n,.

For an interior face split point z, define

Y =0 + ol 1+ 2,

P = o + ),

6O = o0+ 2,

Y = ol — ) — .
For a boundary face split point z, define

P = P + o) + .
Then {ng)} is a basis of Y;VF.

Proof. The proof essentially follows from the same arguments as Proposition 5.4.1, noting

that the number of given ng ) is
4|8 + 8P| = dim Y\VF
by Proposition 5.5.1. [

As in the two-dimensional case, Proposition 5.5.2 give an algorithm to construct the
stiffness matrix for the Stokes problem using the V;\WF x YWF pair. First, we construct the

stiffness matrix based on the V;\WF x Py(T,VF) pair:

A B
BT 0

Y

and then perform elementary column operations on the B.
Let {¢®}N | denote a basis of V;WF with N = dim V;\"F and let M = dim Py(7,VF)
be the number of tetrahedra in T,VF and introduce the local-to-global label mapping o :

Spx{1,...,n,} = {1,2,..., M} such that
Brr == [
Q

Proposition 5.5.2 leads to the following algorithm.
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Construct Worsey-Farin triangulation 7,V¥
Construct B € R¥*M based on the V;\VF x Py(T,VF) pair.
Set B = B.

Ll

For each interior face split point z € §;, do the elementary column operations

B:,a(z,S) = B:,U(Z,B) + B:,U(z,l) + BZ,U(z,2)7
B:,cr(z,4) = B:,a(z,4) + BZ,O’(Z,l))
B:,a(z,5) = B:,U(z,S) + B:,J(z,2)a
B:,J(z,ﬁ) = B:,J(Z,G) - B:,a(z,l) - B:,U(z,Q)-

5. For each boundary face split point z € S, do the elementary column operation

B:,U(Z,B) =B o(z,3) + B:,U(z,l) + B:,U(z,Q)-

)

6. Delete columns B. ;. 1y and B, ,(;2) for each z € Sj,.

The stiffness matrix for the Stokes problem based on the ‘O/,LWF X Y};’V F pair is then given

by

A B
BT 0

(81)

5.6 Numerical Experiments

In this section, we perform some simple numerical experiments for the Stokes problem
on Powell-Sabin and Worsey—Farin splits. We note standard theory shows that the velocity

and pressure errors satisfy

lu — wplo) < (L+ 67 inf |o, — ulm), (82)
v EVY

Ip = pall2@ < inf [Ip = gll2@) + 2| | (83)

P — DPrllL2) _qlenyh P — 4|2 3 U — Up|H1(Q),

where either V, x Y, = VIS x YPS or V, x V), = VWF x VWP > 0 is the viscosity, and 3

is the inf-sup constant for the finite element pair Vj, x Y},.
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Table 3: Errors and rates of convergence for example (84) with v = 1.

h Hu_uhHLQ(Q) rate Hp—thLQ(Q) rate Hv'uhHLQ(Q) ﬁ

272 1.70E-01 - 5.26E 00 = 2.70E-14 1.56E-01
273 5.66E-02 1.587 3.77E 00 0.480 6.65E-14 1.38E-01
24 1.35E-02 2.068 1.68E 00 1.166 2.38E-13 1.07E-01
275 3.35E-03 2.011 8.28E-01 1.021 8.38E-12 1.06E-01
276 8.77E-04 1.934 4.25E-01 0.962 4.05E-10 9.34E-02

5.6.1 The Stokes pair on Powell-Sabin splits

We consider the example such that the data is taken to be = (0,1)?, and the source
function is chosen such that the exact velocity and pressure solutions for (54) are given

respectively as

7 sin? (72 sin(27wy)
u = , p=cos(mxy) cos(mrs). (84)
—7 sin?(7ay) sin(2mwy)
Let 7, be a Delaunay triangulation of Q and 7, the corresponding Powell-Sabin global
triangulation.
The resulting errors, rates of convergence, and inf-sup constants are listed in Tables 3 and
4 for viscosities ¥ = 1 and v = 1072, respectively. The results show that the L? pressure error
and the H' velocity error converge with linear rate, the discrete velocity solution (and error)
are independent of the viscosity v, and the pressure error improves for small viscosity. The
experiments also show that the inf-sup constant does not deteriorate as the mesh is refined
with 8 &~ 0.1. These results are in agreement with the theoretical estimates (82)—(83)
In Tables 5 and 6, we compute the right-hand side of (83) and (82), respectively, and
compare the data with the computed errors |[p — pul/r2() and |u — up|p1(). Again, the
results are consistent with (82)-(83), and they suggest that the term |u — wy|p1 () is the

dominant term in the pressure error (83).
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Table 4: Errors and rates of convergence for example (84) with v = 1072

h Jlu—wuplle) rate  |lp—pulle)  rate ||V - upllr2q)
22 1.70E-01 - 1.02E-01 - 2.43E-14
273 5.66E-02 1.587 5.79E-02 0.816 5.88E-14
24 1.35E-02 2.068 2.76E-02 1.069 2.36E-13
275 3.35E-03 2.011 1.37E-02 1.010 8.39E-12
276 8.77E-04 1.934 6.96E-03 0.977 4.05E-10

Table 5: Errors for example (84) with v = 1072 and the RHS of (83) .

h Ap=pullze  fw—wnlavey B infeprs[lp — gl RHS of (83)
272 1.02E-01 3.77E 00 1.56E-01 6.08E-02 3.02E-01
273 5.79E-02 2.17E 00 1.38E-01 2.77E-02 1.84E-01
24 2.76E-02 1.07E 00 1.07E-01 1.35E-02 1.13E-01
275 1.37E-02 5.32E-01 1.06E-01 6.61E-03 5.67E-02
276 6.96E-03 2.72E-01 9.34E-02 3.28E-03 3.24E-02

Table 6: Errors for example (84) with v = 1072 and the RHS of (82) .

ho|u—up|mo Bn infy, cyrs [vp — ulm@) RHS of (82)
272 3.77E 00 1.56E-01 3.08E 00 2.28E+01
273 2.17E 00 1.38E-01 1.63E 00 1.34E+01
24 1.07E 00 1.07E-01 8.04E-01 8.31E 00
275 5.32E-01 1.06E-01 4.06E-01 4.23E 00
2-6 2.72E-01 9.34E-02 2.05E-01 2.39E 00
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5.6.2 The Stokes pair on Worsey-Farin splits

We consider the example such that the data is taken to be = (0,1)3, and the source
function is chosen such that the exact velocity and pressure solutions for (54) are given

respectively as

7 sin? (7)) sin(2m,)
u = | —rsin®(rxy)sin(2nz;) |, P = cos(mxy) cos(mag) cos(mrs). (85)

0

Let 75 be a Delaunay triangulation of Q and T,V be the corresponding Worsey-Farin
global triangulation.

The resulting rates of convergence of the numerical experiments for viscosities v = 1
and v = 1072 are listed in Tables 7 and 8, respectively. We also state the computed inf-sup
constant on these meshes, and the results show that that it stays uniformly bounded from
below with 8 =~ 0.13 on all meshes. The stated errors, especially those in Table 7, indicate
that the rates of convergence are still in the preasymptotic regime. On the other hand, for
small viscosity value v = 1073, Table 8 shows that the pressure error converges with linear
rate. This behavior suggests that the velocity error is the dominating term in (83).

To verify this claim, we explicitly compute the right-hand side of (83) and (82) and report
the results in Tables 9 and 10, respectively. The results show that indeed |u — wuy| Hi(Q) 18

the dominating term in the pressure error (83).

5.6.3 Iterated penalty method for (P;,Py) pair on Worsey-Farin splits

We consider the example such that the data is taken to be Q = (0,1)3, and the source
function is chosen such that the exact velocity and pressure solutions for (54) are given

respectively as
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Table 7: Errors and rates of convergence for example (85) with v = 1.

h |u—wunl2@ rtate |lp—pnllrz) rate ||V -2 s
1/2 1.29E 00 - 9.81E 00 - 5.07E-14 1.31E-01
1/4 8.58E-01 0.588 19.4E 00 -0.98 5.20E-13 1.31E-01
1/8 3.93E-01 1.286 16.6E 00 0.414 2.68E-12 1.32E-01
1/16 1.32E-01 1.573 10.5E 00 0.667 4.10E-12 1.32E-01
1/32 3.69E-02 1.839 5.75E 00 0.872 4.32E-12 1.32E-01
1/48 1.68E-02 1.941 3.93E 00 0.936 6.07E-12 1.32E-01

Table 8: Errors and rates of convergence for example (85) with v = 1073.

h |u —wunll2@) rtate |lp—pnllz)  rate [V -wunlr2)
1/2 1.29E 00 - 1.33E-01 1.28E-15
1/4 8.58E-01 0.588 6.97E-02 0.932 3.43E-14
1/8 3.93E-01 1.286 3.70E-02 0.911 3.22E-13
1/16 1.32E-01 1.574 1.91E-02 0.953 6.40E-13
1/32 3.69E-02 1.838 9.68E-03 0.980 9.52E-13
1/48 9.63E-03 1.940 4.89E-03 0.983 1.03E-12
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Table 9: Errors for example (85) with v = 107% and the RHS of (83) .

h o —=pullze v —wnlm@ B infqeg/}yvp P —qllz2@) RHS of (83)
1/2 1.33E-01 1.07E+01 1.31E-01 5.00E-01 5.81E-01
1/4 6.97E-02 8.50E 00 1.31E-01 6.70E-02 1.31E-01
1/6 4.81E-02 6.82E 00 1.32E-01 4.43E-02 9.59E-02
1/8 3.70E-02 5.60E 00 1.32E-01 3.30E-02 7.54E-02
1/10 3.02E-02 4.71E 00 1.32E-01 2.63E-02 6.19E-02
1/12 2.55E-02 4.06E 00 1.32E-01 2.19E-02 5.26E-02

Table 10: Errors for example (85) with v = 107 and the RHS of (82) .

h|uw—up|mo) B infvhe‘thp |vp, — u|mg) RHS of (82)
1/2 1.07E+01 1.31E-01 9.99E 00 8.62E+01
1/4 8.50E 00 1.31E-01 5.85E 00 5.05E401
1/6 6.82E 00 1.32E-01 4.08E 00 3.49E4-01
1/8 5.60E 00 1.32E-01 3.10E 00 2.65E+401
1/10 4.71E 00 1.32E-01 2.49E 00 2.13E+401
1/12 4.06E 00 1.32E-01 2.08E 00 1.78E+01
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Table 11: Errors and rates of convergence for example (86) with v = 1.

hJlu—upl2@  rate  |u—uplgi rate  |[p—phllie@  rate
272 1.11768 - 11.55063 - 25.32256 -
273 0.48896 1.19273 7.53829 0.61566 22.35349 0.17992
24 0.15482 1.65908 4.15598 0.85905 13.67635 0.70882
275 0.04176 1.89040 2.13224 0.96282 7.24129 0.91736
1/48 0.01881 1.96680 1.42643 0.99145 4.88909 0.96875

where
9=g(z.y,2) =22 —2")*(y —y*)*(z — 2)".
Similar to the previous section, we let T, be a delaunay triangulation of Q and T,V¥ be the
corresponding Worsey-Farin global triangulation.
The iterated penalty method [15] applied to the Stokes equations with Vh = ‘O/;lWF reads:
Let u) = 0 and p,y > 0 be parameters. For n > 1, u} is recursively defined to be the

solution to the variational formulation

n—1
V<V,U’Z7 V’U) + ’y(V v, V- u}b = (f7 'U) - (Z IOV ’ ’U;Z, V- ’U), Vv € ‘O/hWF' (87>
=0

It was shown in [15] that lim, . u}l = w, and lim, o0 Y 1y pV - uj, = pp. Also, [15]
suggests to use ||V -uj || 12) as a stopping criterion since the difference error between uj, uy,
is given by

up, — unllr2@) < CIV - uyl|r2@)-

The resulting rates of convergence of the numerical experiment are listed in Tables 11.
The errors ||u — u}t||12(q) and ||p — p}{|r2() are computed with ||V - w12y < 1077 and

v = p = 100.
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6.0 CONCLUSIONS

In this chapter, we make some conclusions regarding the work introduced in the previous
chapters and future plans.

While we were successful proving the stability for the lowest order RT finite element pair
for the axisymmetric Darcy problem, we still have to investigate other Darcy finite element
pairs like lowest order BDM.

It was shown in [43] that the TH finite element pairs is stable under the axisymmetric
variational formulation. We tried to prove the stability of Stokes div-free finite element pairs
(e.g. SV), but the analysis was vague. We ran some numerical experiments and the results
were hinting towards the stability of such elements.

While the theoretical results in chapter 4 suggest that the approximated solution of the
grad-div stabilized variational formulation converges to the divergence-free solution of the
non grad-div stabilized variational formulation as v — oo, the numerical experiments show
that the error increases as v — oo due to round-off error. We still have to investigate the
optimal v to use in numerical experiments.

In the near future (as a part of my new job at Iowa State University), I will be inves-
tigating the use of variational formulation methods for solving Fluid-Structure interaction

equations (FSI).
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