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Abstract

As sizes, lengths, or shapes of a system grow large or shrink to zero, a system will
approach limiting forms. As the parameter is allowed to grow or shrink, the system could
resemble a simpler system. The sufficient conditions for when the equations of motion will
morph from the original system to a target system will be presented. The ball and arc equations
of motion morph to those of the ball and beam as the arc’s radius is allowed to grow. The
equations of motion for the rotary pendulum, pendubot, and two-link robot manipulator will
morph to the equations of motion of the inverted pendulum cart.

The effect of a parameter growing large or shrinking to zero has on the controller for the
original system will not be fully investigate in this work. A case for when controller morphing
might be possible will be examined. A controller for the rotary pendulum will morph to a
controller that stabilizes the inverted pendulum cart. Next, a controller for the pendubot will be
morphed that does not stabilize the dimensionless inverted pendulum cart. Lastly, a controller
for a fully actuated two-link robot manipulator will be morphed to a stabilizing controller for a

fully actuated inverted pendulum cart.
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Chapter 1 - Introduction

1.1 Research Question

A ball on an arc, as the radius of the arc is allowed to grow without bound, will locally
resemble a ball on a straight-line segment, once the radius is large enough. As sizes, lengths, or
shapes of a system change, the system will approach limiting forms. When these limiting forms
are reached, the original mechanical system will morph into a second or target system. What are
the conditions for when a system’s equations of motion will morph to a simpler system’s
equations of motion?

The ability to morph from a higher complexity system to a simpler one could aid in
controller development. A necessary but not sufficient test of the more complex system
dynamics is to check that the more complex system morphs correctly into the simpler one.
Should the dynamics and controller of two systems morph, there is no need for a new controller
to be designed; it has already been done. When will a controller designed for the original system
morph to a controller that works for the simpler system?

This work will present the sufficient conditions for morphing the equations of motion and
will investigate morphing a controller that is based on the system’s energy. Several examples

will be presented evaluating both equations of motion morphing and controller morphing.

1.2 Previous Work

1.2.1 General
Underactuated mechanical systems (UMS) are systems with more degrees of freedom
than actuators which usually have nonlinear dynamics. Some examples of such systems include

gantry cranes, the inverted pendulum cart, unicycles, and rockets with gimbaled thrusters. There



are many ways to design a controller for these systems. One way is through linearizing the
system and then the controller can be found using pole placement, LQR, gain scheduling, and
other well-known methods. Energy based control techniques, such as Controlled Lagrangians
[7] and [8], the Lambda Method [5], and Interconnection Damping Assignment Passivity Based
Control (IDA-PBC) [20], design a controller to replace the original system with an
asymptotically stable one. In [20], it was shown that Controlled Lagrangians and the Lambda
Method were subsets of a general procedure. The Direct Lyapunov Approach (DLA) [29], also
uses the control law to replace the original system with an asymptotically stable one where the
new system is automatically Lagrangian without having to impose additional constraints. In
[30], it was shown that by setting part of the IDA-PBC control law to zero, DLA and IDA-PBC
produce the same control law. The survey paper [16] lists these methods and others in greater

detail, and contains the equations of motion for some of the more common systems.

1.2.2 Dimensionless Parameters

Many times, a simulation of a real or assumed system might appear in a publication, but
there is no mechanism to compare one system to another. One system might be harder to
control owing to inherent dynamics and some controllers may or may not be better choices to
stabilize a given system. Converting a system to dimensionless form, would provide insight into
the effect of parameter changes on nonlinear terms. A control law based on these dimensionless
equations could be tuned for the dimensionless ratios and then utilized for different scaled
models.

For finding dimensionless parameters, the method that appears most in literature is the

Buckingham-Pi Theorem [11], [23], [6], and [21]. In [11], a gain-scheduling controller is



designed for a dimensionless gantry system. The dimensionless parameters in [11] have
similarity to those used here. Reference [23] uses a dimensionless parameter to design a rate-
limiter for a first order system. Dimensionless parameters are utilized to reduce model
uncertainty in the bicycle model in [6]. In [21], the dimensionless framework of a bicycle model
is investigated to determine the impact of tire size on the model with the aim of doing smaller
scale model testing. Reference [9], points out that the Buckingham-Pi theorem does not mention
what to do with complex poles.

Some papers appearing in the literature do not explicitly use Buckingham-PI Theorem to
arrive at their dimensionless equations. In [25], a spring mass system is rendered dimensionless
to classify the stable equilibrium for the system. The effect of emergency lane change
maneuvers is examined in [27] using a dimensionless equation for the minimum resultant vehicle
force and an optimal state feedback control. In [2], certain conditions are identified for when
two systems can be governed by the same control law dependent on their time constants. The
system dynamics are rendered dimensionless by manipulating the equations to be independent of
the choice of units in [10]. Reference [10] shows that the dimensionless parameters of the
passive dynamics of a quadruped robot revealed intrinsic properties that were not observable on
the original system. So that a comparison between systems is possible, the process used to obtain

dimensionless equations in [15] and [32] will be utilized in this work.

1.2.3 Morphing
The literature contains some examples that utilize morphing. A general dimensionless
approach is taken in [27] when looking at switching converters. The authors of [33] consider

topological equivalence to examine the stability of different nonlinear time-periodic systems. In



[17], a diffeomorphism is presented that converts a non-straight line reference path to a straight-
line path in the transformed domain to simplify motion control for a mobile robot. Similarly,
[18] utilizes a feedback equivalence transformation for unmanned aerial vehicles to map curved

paths to straight lines, simplifying the controller.

1.3 Organization of the Dissertation

In chapter 2, the process for rendering a system dimensionless will be presented. The
dimensionless parameters that will be identified can be utilized for comparing systems,
controllers, and the effect of different parameters on the output. Then the sufficient conditions
for when the equation of motions of the original system will morph into those of a second target
system as a length, size, or shape is changed of the original system is presented.

In chapter 3, the morphing of the equations of motion of the ball and arc to the ball and
beam will be examined. The derived equations will be subjected to different sets of assumptions
to compare the resulting equations of motion to those in the literature, similar to [15]. For the
ball and beam, a math error was discovered in the equations of motion that are used extensively
in the literature.

The successful morphing of the equations of motion and a controller of the rotary
pendulum to the inverted pendulum cart will be presented in chapter 4. The controllers from [19]
for the rotary pendulum and inverted pendulum cart will be utilized because [19] presents
sufficient information to simulate and replicate results.

The more complex pendubot system will be examined and morphed to the inverted

pendulum cart in chapter 5. The controller from [24] will be utilized to provide result replication



and this particular IDA-PBC controller will not successfully morph to control the dimensionless
inverted pendulum cart.

Chapter 6 will examine a fully actuated two-link robot manipulator to demonstrate that
the sufficient conditions for morphing equations of motion work for a fully actuated system. The
equations of motion and a controller for the two-link robot manipulator will be morphed to a
fully actuated inverted pendulum cart. The controller comes from [28] which has sufficient
information to allow for simulations to be performed.

Finally, chapter 7 will present conclusions and discuss future work in this area.



Chapter 2 - Process Overview

As lengths, sizes, or shapes of a system change this can cause the equations of motion of
a system to become unwieldy especially if a length or radius becomes large. Converting
equations of motion and controllers to dimensionless parameters can alleviate this issue. Once
the system’s length, size, or shape grows sufficiently large or shrinks to zero, the system would
start to resemble a simpler system.

First in this chapter will be a review of the derivation of equation of motion for a general
underactuated mechanical system. Then a process for rendering these equations of motion to
dimensionless form will be presented. Lastly, a theory for when a more complex system will
morph to a simpler system will be presented. This chapter has been previously published see

reference [32].

2.1 Equations of Motion

Knowing the potential energy and kinetic energy of a rigid body mechanical system and
utilizing Lagrange’s equation, the equations of motion are derived. Kinetic energy, 7, is made
up of the mass matrix, M(q) € R™ and the generalized velocities, g € R”, of the mechanical

system and is
1., .
T:Eq M(q)q. (2.1)

The mass matrix, M(q), is a function of the generalized positions, g € R”, due to the dependence
of mass moments of inertia on the configuration of the mechanical system. The potential energy,
V(q), of a mechanical system is a function of positions and relative positions of the n bodies of

body mass centers in conservative fields such as gravitational (a function of mass center



locations) or strain energy (a function of relative positions of bodies connected by massless
springs). The Lagrangian, L, is the difference between kinetic and potential energy, L = T — V(q).

The motion equations are then determined by

d(oL) oL
il e =y

where Q is an n-vector of generalized forces acting on the » rigid bodies and includes applied
and frictional forces and torques. The operation of (2.2) yields n equations. This formulation
applies to both fully actuated and underactuated systems.

Now that the equations of motion for the system have been derived, the equation can be
converted to dimensionless form. The first step is to identify the units and common terms for
each equation. Then, divide and simplify each equation by a judiciously-chosen common term
with an eye towards the length or shape changing. This process results in dimensionless
parameters which are ratios of common units, mass, length, time, etc. These dimensionless
parameters demonstrate the impact changing parameters could have on the system dynamics.

The morphing of a mechanical system involves changing dimensions and shapes so that
the original system changes into a second or target system. Each system has different equations
of motion, and usually, different generalized coordinates and velocities. One result of the
morphing is that equations of motion of the original system change into those of the target
system. If the equations of motion morph, then so does the Lagrangian. The morphing of the
Lagrangian requires the kinetic energy of the original system to morph into the kinetic energy of
the target system and the potential energy of the original system to morph into the potential
energy of the target system. The kinetic energy morphing requires the mass matrix of the

original system to morph into the mass matrix of the target system, and the generalized



coordinates and velocities of the original system must change into the generalized coordinates
and velocities of the target system.

Therefore, the conditions necessary for the successful morphing of a mechanical system

are:

1) The successful morphing of the generalized coordinates and velocities of the original
system to the target system.

2) The morphing of the original mass matrix as a function of the original generalized
coordinates to the mass matrix of the target system where dependency is now on the
target system’s generalized coordinates.

3) The original potential energy expressed in terms of the original system’s generalized
coordinates morphs into the potential energy of the target system expressed in terms
of the target system’s generalized coordinates.

The satisfaction of these three coordinates is necessary for the dynamics of the original system to
morph into the dynamics of the target system. Since the equations of motions for either system
depends only on the generalized coordinates and velocities, the mass matrix, and the potential
energy, then the successful morphing of these quantities constitutes necessary conditions for the

successful morphing of the motion equations.

2.2 Control Law

While the morphing of equations of motion is relatively straight forward, what happens to
a controller as the original system morphs into the target system? Are there sufficient conditions
for when a controller will morph? These questions will not be entirely answered here but the

analysis will demonstrate where controller morphing might be possible. In the control of rigid



body mechanical systems, if the control law utilizes the mechanical energies, controller
morphing might be possible.

Controllers based on IDA-PBC, [20], for underactuated systems start with the
Hamiltonian, H(q, p), of the mechanical system where p is the generalized momenta defined as
the mass matrix times the generalized velocities. The Hamiltonian is the sum of the kinetic and

potential energies. The motion equations then are
pz—VqH(q,p)-l-Gm (q)u (2.3)

where V, denotes the gradient with respect to ¢ and Gr(q) € R™ is a map from the m inputs of u

to the various degrees of freedom where m < n because of underactuation. The Hamiltonian is

H(q,p)z%pTM‘] (q)p+V(q). (2.4)

Note (2.2) and (2.4) produce the same equations where G.(q)u is the same as the generalized

forces Q. The IDA-PBC control law procedure solves for a new Hamiltonian

H, (q,p)%pTM;l (@)p+V,(q) (2.5)

where M4(q) is the new positive definite symmetric mass matrix and Va(q) is the new potential
energy function. In deriving the new Hamiltonian, the generalized coordinates, velocities and

momenta of the mechanical system have not changed. The control law takes the form

u=u,(q,p)+u,(q.p) (2.6)

where u.s(q, p) is the energy shaping input providing the changes in dynamics and uai(q, p) is the
damping injection input making the system passive through the generalized inputs. The control

law results in the new motion equation

p=-M,(q)M "' (¢)V,H,(q.p)+(,(¢.0)-G,(9)K.G, (q))V,H,(q.p) (2.7



where J>(q,p) € R™ is a skew symmetric matrix and K, € R™" is a positive definite, symmetric
matrix of viscous damping coefficients. The skew symmetric matrix J2(q,p) is termed as energy
conserving since it vanishes from the product of the system input and output making no
contribution to the system’s passivity or energy. The main contribution of the matrix J>(¢q,p) is
that the designer chooses the elements of the matrix to aid in the process of finding the new mass

matrix Ma«(q). The damping injection input stems from the matrix K, and is
u,(q.p)=-K,G,(q)V,H,(4.p)- 2.8)

To find the new mass matrix M4(q) and potential energy Vi(q), (2.3) is set equal to (2.7) and then

(2.8) cancels the term involving K, resulting in
G, (q) u, (q,p) = VqH(q,p) —MdM_1 (q)Vqu (q,p) +.12Md_1 (q)p (2.9)
To eliminate the input from (2.9), (2.9) is multiplied by the left annihilator G,*(g) € R™" where

G, (q) Gu(q) = 0. Substituting for the Hamiltonians H(q, p) and Hu(q, p) in (2.9) yields two

equations
G (@){V,(P"M" (9)p)+2J,(¢.) M, () p-M,(9)M " (q)V,(p"M; (4) )} =0 (2.10)
and
@)V, (a)-M,(9)M " (¢)V,V,(q)]=0 (2.11)

each of which is a partial differential equation (PDE). Equation (2.10) determines M4(q) and

(2.11) provides Vi(q). The energy shaping input then is

u,(4.9)=(6"(4)G,(q)) G (a){V,V (4)-M,(a)M " (4)V,V,(q)} +

v, G p'M7(q) Pj""]z (g.p)M;' (q)p (2.12)

1

(61(4)G,(q)) G.(q)
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The above covers the methods of Controlled Lagrangians, the Lambda Method, and IDA-
PBC. For the DLA, [30] shows that requiring the term in braces in (2.10) to vanish produces a
new mass matrix, and the energy shaping input for the kinetic energy also vanishes. Then (2.10)
-(2.12) also applies to the DLA.

For (2.10)-(2.12), the solution to (2.10) depends on M(q) and J>(q.p) while the solution of
(2.11) depends on V(q), M(q) and J2(q,p). The matrix J2(q,p) is arbitrary for IDA-PBC, as noted
by [20], whereas for Controlled Lagrangians, it depends on M(q) and Mu(q) through

J2(4. p)

M,(q)M" (q){[vq (M(q) M (q)p)]r -V, (M(g)M;' (q)p)}M1 ()M, (). (2.13)

For Controlled Lagrangians, Ma(q) and J2(q,p) show a dependence on the kinetic energy of the
mechanical system. While morphing the equation of motion of (2.2) is clear, the influence of
morphing on Mu(q) and J2(q,p) is not. Equation (2.2) only requires differentiation whereas
solving for Mu(q) and J2(q,p) requires solving PDEs. The influence these derived values have on

the control law as it is morphed from the original system to the target system is uncertain.

2.3 Conclusions

In summary, equations of motion can be derived, knowing a system’s kinetic and
potential energy function, utilizing (2.2). As a size, length, or shape changes a system will
morph to a target system if the necessary conditions for morphing are met:

1) The generalized coordinates and velocities of the original system morph to those of

the target system.

2) The mass matrix of the original system morphs to the mass matrix of the target

system dependent on the target system’s generalized coordinates.
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3) The potential energy function of the original system morphs to that of the target
system expressed in terms of the target system’s generalized coordinates.
Upon solving for the equations of motion, one can render them dimensionless to aid in
comparison or ease of modifying the characteristics of a physical system. The effect this
morphing has on controllers has not been fully realized yet and a general theory is still in
development.

In the case of a system utilizing a control based on the Controlled Lagrangian method
controller morphing is possible. When the equation of motion morph from the original to a target
system, then M(q) and V(q) morph. The controller, u, utilizes M(q), M«(q), V(q), Vi(q) and
J2(q.p), where J>(q,p) is dependent on M(q) and Mu(q), and Vai(q) depends on M(q) and M«(q) as
well as V(q). If it can be shown that if Mu(q) successfully morphs for the original system to that
of the target system’s Mu(q), where ¢ is now the target system’s generalized coordinates, then the
controller # would successfully morph from the original system to the target system.

Chapters 3 through 5 will present underactuated systems whose equations of motion meet
the necessary conditions for morphing to a somewhat simpler target system. Chapter 4 will also
present a controller which successfully morphs and then present simulations to compare the
systems. Chapter 5 will present a controller which upon being morphed does not successfully
stabilize the target system. Chapter 6 will present a fully actuated system whose equations of

motion and a controller successfully morph. Lastly Chapter 7 will present conclusions.
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Chapter 3 - Ball and Arc to Ball and Beam

Now that the sufficient condition for equation of motion to morph has been presented,
three sets of systems will be investigated. The first example supporting the sufficient conditions
is morphing the ball and arc system to the ball and beam system. Control of the ball and arc has
not been investigated to the same extent in the literature as the examples in the subsequent
chapters, therefore this chapter will only be examining equations of motion. The ball and beam
systems and ball and arc systems that appear in the literature are subjected to many different
assumptions, some incorrect, and a full set of equations of motion with few assumptions is not
readily available. In this chapter the equations of motion will be derived utilizing both Newton-
Euler and Lagrangian-Euler derivations and then compared to often used equations of motion in
the literature.

In the first section of this chapter, the ball and beam will be analyzed and equations of
motion will be derived. Next, these equations of motion will be compared to models existing in
the literature. Then, the equations of motion will be rendered dimensionless.

In the second section, the ball and arc system will be studied and equations of motion will
be derived and then compared to the often-cited equations of motion. Lastly, the equations of
motion will be rendered dimensionless.

Then the equations of motion for the ball and arc system will be morphed to those of the
ball and beam. Lastly, conclusions will be presented about these two systems. The contents of
this chapter have been published in ASME Journal of Dynamic Systems, Measurements, and

Control see reference [15].
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Figure 3.1: Ball and Beam with Offset

3.1 Ball and Beam Analysis

The ball and beam first appeared, to the author’s knowledge in the literature in 1989, in
[12]. In that work, the ball was modeled as a point mass and the beam rotated about its mass
center. An often-cited ball and beam paper that doesn’t have these assumptions is [13], but has
incorrect equations of motion. In [4], the ball again is not a point mass and the beam rotates
about a point offset from the center of mass, but they use an incorrect kinematic analysis to
derive their equations of motion. In this section, the equations of motion for the ball and beam
will be derived similar to [15], where the ball is not a point mass and the beam rotates about a
point offset from the beam by a distance H. The distance /scum measures the length from the
rotation point to the center of mass of the beam as shows in the free body diagram of Figure 3.2.
Then the equations of motion will be rendered dimensionless. Lastly, the equations of motion

will be compared to those in [12], [13], and [4].
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Figure 3.2: Ball and Beam Free Body Diagram

3.1.1 Equations of Motion
3.1.1.1 Newton-Euler Derivation
Figure 3.2 shows a free body diagram of the ball and beam. Summing the forces on the
ball in the x direction, Newton’s second law shows
F, —mgsin(6)=mi (3.1.1)
and doing the same in the y direction produces
—mgcos(6)+N = mj. (3.1.2)
Summing the moments about a line passing through the ball center parallel to the z axis, which
has a positive, right hand direction out of the plane of Figure 3.2, Euler’s equation yields

RF, =J,0,. (3.1.3)
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Summing the moments acting on the beam about the point of rotation using the same positive

direction used for (3.1.3) and adding (3.1.3) shows that
Tyy— Nr+F.H+gmyl,  sin@)—J,0,+RF, =J,,0. (3.1.4)

beam

Referring to the ball and beam in Figure 3.2, the ball’s center location coordinates

relative to the X-Y frame origin are
x,=rcos(8)—(R,+H)sin(0) (3.1.5)
and
y. =rsin(0)+(R, +H )cos(0). (3.1.6)
The ball’s center velocity components in the X-Y frame are
x, =rcos(0)-rsin(0)0—(R,+H)cos(6)0 (3.1.7)
and
y, =rsin(0)+rcos(0)0—(R,+H)sin(0)6. (3.1.8)
The ball’s center acceleration in the X-Y frame is found by differentiating (3.1.7) and (3.1.8) with
respect to time to obtain
%, =7 cos(0)—27sin(0)0 —rcos(0)6” —rsin(0)G+(R, + H)(sin (0)6” —cos(0)F) (3.1.9)
and
§, =#sin(0)+27 cos (0) 6 —rsin (0) 6 +rcos(0) G —(R, + H )(cos(0) 6 +sin (6)6).(3.1.10)
Let x and y represent the ball center coordinates in the x, y frame. Referring the ball kinematics to

the x-y coordinate system, the velocity and acceleration components of the ball center become

x=1%, cos(0)+y,sin(0)=F—-(R +H)0, (3.1.11)

i=5% cos(0)+ 7y, sin(0)=i-r0> —(R +H)#, (3.1.12)
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y=—1%,sin(60)+y, cos(0)=r6, (3.1.13)
and
j=—% sin(0)+j,cos(0)=270+rf—(R +H)O". (3.1.14)

The angular velocity and acceleration of the ball stem from the time derivatives of the

ball orientation angle given by

0, :9_R_0 (3.1.15)
to get
0, _o- (3.1.16)
Ro
and
d, :é—% 3.1.17)

In [4], the authors list the orientation angle of the ball, here given by (3.1.15), as just #/R,
neglecting to add 6, the rotation of the beam. When the beam rotates to 7/4 and the ball does
not rotate, the kinematic equation in [4] would have the angular position of the ball as zero when
it should be, from (3.1.15), 7/4. The time derivative of the kinematic analysis in [4],
6 = —1/R,, also shows that the angular velocity of the beam is not included in the angular
velocity of the ball.

Substituting into (3.1.3) for the angular acceleration of the ball in terms of 8 and # by
using (3.1.17) including the accelerations from (3.1.12) and (3.1.14), substituting Frfrom (3.1.1),

and N from (3.1.2), the equation of motion for the ball becomes

—(R,m(R, +H)+JB)9+[mR0 +‘;—3Jf—rmR092 +mgR, sin(0)=0.  (3.1.18)

[
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Dividing the last result by R, shows the ball equation is

[

—(m(Ro +H)+%jé+[m+%}’—rm92 + mgsin(0) =0, (3.1.19)

a step done to eventually provide a symmetric mass matrix. Substituting into (3.1.4) using N

from (3.1.2), Frfrom (3.1.1), together with (3.1.17), the beam’s dynamic equation becomes

((R()+H)2m+JB +Jbeam +mr2)é_L(H+R0)m+%]f+2mrfé

, (3.1.20)
+rmgcos(6)—(H + R, )mgsin(0)— gmyl,,.. sin(6)—7,, =0.
The dynamic equations of motion take the form of
M(q)q+C(q.9)q+G(g) =7 (3.1.21)

where M(q) € R™ is a symmetric, positive definite matrix of inertial and mass terms, where 7 is
the number of degrees of freedom, C(q,q) € R™ is a matrix of Coriolis and centripetal
acceleration coefficients, G(q) € R” is a vector of gravitational forces and torques, 7€ R"is a
vector of actuations, and ¢ € R” are the generalized coordinates. Time derivatives of ¢ provide

the generalized velocities and accelerations, denoted as ¢ and @, respectively. Using (3.1.19)

and (3.1.20) the matrices for (3.1.21) are

beam

(R, +HY) m+Jy+J,,, +mr —(H+R0)m—‘;l

M(q)= o, (3.1.22)
—(H+R0)m—'1]e—3 m+J—l§
) rmi- rmé
C(g.9)= i o I (3.1.23)

—(R, + H)mgsin(0)+rmg cos(0)—gmyl,,,, sin(0)

ngsin(6) : (3.1.24)

Ga)-|

and
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T
r{ BB}. (3.1.25)

3.1.1.2 Lagrangian Formulation
The kinetic energy for the ball and beam is

_1 A2 1 32 1 22, .2
T==J 9+5J393+5m(x +57) (3.1.26)

2 beam

where x and y are specified in (3.1.11) and (3.1.13), respectively, and using (3.1.16), the kinetic

energy becomes

1 | . A | 2] .
T= 2l 45746 —JBHRL+5JB %+5m;>2 —m(R,+H)76
0 0 (3.1.27)

- % mr6 + % mO*R? +m6*R H + %mé’sz.

The gravitational potential energy is

V =mgrsin(0)+mg(R, + H)cos(0)+m,gl,,. cos(0). (3.1.28)
Utilizing L = T— V and (2.2), the ball position equation is
Jy s [y .. 2 .
— R—+m(RO+H) 0+ F+m #—mre® +mgsin(6)=0. (3.1.29)

The beam position equation is

(J3+m(RU +HY +mr? +Jbeam)é—[%+m(& +H)J'r‘

o

(3.1.30)
+2mri@ + mgr cos(0)—mgsin(0) (R, + H)— gm,l, . sin(0) =7,

Equations (3.1.29) and (3.1.30) are the same as (3.1.19) and (3.1.20), respectively.
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3.1.2 Comparison to Models in Literature

To compare the equations of motion of equation (3.1.29) and (3.1.30) to those of [12], the
ball’s inertia Jp, radius R,, and offset H, are set to zero, the center of mass of the beam is moved
to the rotation point, and the ball equation is divided through by the mass of the ball, m. Then

(3.1.29) and (3.1.30) become
#—r6” +gsin(0)=0 (3.1.31)
and

(mr2 +mem)6'5+2mrﬂ9.+mgr cos(0) =1, (3.1.32)
which match the equations of motion from [12]. The mass matrix presented in [13], has a ball of

mass m and radius R, rolling on a beam rotating about a point in line with the center of mass of

the ball is

Jy+J,,, +mr’ 0

beam

M(q)= . A (3.1.33)

2

This matrix is using the inertia and radius of the ball together with the roll without slip
condition but the off-diagonal terms are zero. In an attempt of simplifying the mass matrix of
(3.1.22), three different assumptions are examined. First, assume a slider, moving on a

frictionless beam surface, replaces the ball, where radius R,, equal to half the slider thickness, is

not zero, and the offset H is -R,. This assumption changes the kinematics of (3.1.5)-(3.1.8) to

x, =rcos(0), (3.1.34)
y, =rsin(0), (3.1.35)
x, =Fcos(0)-rsin(6)0, (3.1.36)

and
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V. =fsin(0)+rcos(9)9. (3.1.37)

Since the slider cannot rotate, (3.1.16) becomes

0,=0. (3.1.38)
Then the kinetic energy of (3.1.26) becomes
r=l; gl 9’2+1m(x2+y'2) (3.1.39)
2 beam 2 B 2 s

leading to a mass matrix of

beam

3.1.40
0 . ( )

wia)-|”

+J. +mr? O}

which does not match the mass matrix of [13]. Next, assume the ball rotates with radius R,, rolls

without slip, and the offset H is -R,, then using (3.1.34)-(3.1.37) and (3.1.16), (3.1.26) becomes

_ 1 ’2 1 ’2 A I;' 1 7;'2 1 ) )
T = ran” + 5740 —JBGRTO+EJB—5+§m(x +57). (3.1.41)
The corresponding mass matrix is
Ty +J 5 I _%
M(q)= o, (3.1.42)
JB JB
——= —Z+m
R, R;

which is not the same as in [13]. Lastly, solve (3.1.22) for the value of H that causes the off-

diagonal terms to be zero. Setting H to

_J,+mR]
mR

o

H = (3.1.43)

results in a mass matrix of
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JZ
+J, +—5 0

M(q)= % ; (3.1.44)
B
O P—Fm

mr® +J

beam

which also does not match that of [13]. There is not a set of assumptions that yields the same

equations of motion as those presented in [13].

3.1.3 Dimensionless Equations of Motion
Now to transform the ball and beam equations from (3.1.22)-(3.1.25) into dimensionless
equations, divide the beam (first) equation by mR, and ball (second) equation by mR,. By

canceling like coefficients, the terms for (3.1.21) become

J, P 2H H* J,. [JB H] §
s+l —+—+—+— - s+1+— 2]
.| mR R R, R mR mR; R,
M(q)§= . (3.1.45)
i mR; R, mR; ]
ror r .
AR R |Y
C(q.4)4= ”r S ERE (3.1.46)
-—60 0 R,
é(— (R, +H) sin (@) +—cos(0)— hean sm(@)}
R R, R mR,
G(q)= , (3.1.47)
£ sin(0)
and
s
T=| mR’ | (3.1.48)
0
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Table 3.1 shows the dimensionless parameters that will be utilized for this chapter. Utilizing

Table 3.1 and multiplying both equations by ” to change the time scale to unitless time, t,

(3.1.45)-(3.1.48) become

Lrkg) +p* kg —k,—1—k,

. k + 9"
M(q)q"=|"" ( } (3.1.49)
—k, —1-k, k,+1 o
N, | PP Pt
C(q,q )q :{ . }{ (3.1.50)
-po p
cos(@)—(1+k. +kk.)sin(@
G(q)=|" (9)=( e s )sin(9) : (3.1.51)
sin(0)
and
Ty
T= 3.1.52
{ 0 ( )
do d’é d’p
where 9'=—", 0"=—, p'="L and p"=
dr i’ P
Table 3.1: Dimensionless Ball and Beam and Ball and Arc Parameters
Dimensionless s
ki k3 ka4 ks ke k7 P y Ty
Parameter
Ball and mB Jbeam ‘]B Zbeam E L Ra }/ 22-BB
Beam m mR; mR; R, R, N R, g mR’
Ball and a Jarc JB Iai E £ (R + Rn )¢ Ro 727’-&4
Arc m mR’ | mR’ R, R, R, R, g mR?
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3.2 Ball and Arc

h

Figure 3.3: Ball and Arc

The ball and arc first appeared, to the author’s knowledge, in 2007 in [3]. In that paper
the ball is modeled having a non-zero radius rolling along a circular beam which was rotating
about a point that was not the center of mass. This paper has the same kinematic error for the
ball’s rotational angle as [4]. The ball and arc of [26] modeled the ball as a point mass and
constrained the center of mass of the arc to the rotation point. The ball and arc model in Figure
3.2, consists of a ball of mass m and radius R, rolling without slip along an arc of radius R with
mass m,. The arc rotates about a point o that is a distance of H from the arc’s edge and a
distance of /. from the center of mass of the arc. In this section, the equations of motion for the
ball and arc of Figure 3.2 will be derived using both Newton-Euler and Euler-Lagrangian

analyses. Then the equations of motion will be made dimensionless.
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Y

Figure 3.4: Ball and Arc Free Body Diagram

3.2.1 Equations of Motion
3.2.1.1 Newton-Euler Derivation

For the ball and arc in Figure 3.4, the ball’s center relative to the X-Y frame origin is
x,=(R+R,)sin(¢—0)+(R—H)sin(6) (3.2.1)
and
¥, =(R+R,)cos(¢—0)—(R—H)cos(6). (3.2.2)
In the X-Y frame, the ball’s center velocity components are
%, =(R+R,)cos(p—0)($—0)+(R—H)cos(0)0 (3.2.3)

and
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5. =—(R+R,)sin(p—0)($—6)+(R—H)sin(0)6. (3.2.4)

In the X-Y frame, the ball’s center acceleration is

% =(R+R,) cos(p-0)(3-8)-sin(3-0)(4-0)')

(3.2.5)
+(R —H)(cos(@)é—sin(é’)é?z)
and
. . N2 . . .
5, ==(R+R,){cos(¢-0)(9~6) +sin(¢-0)(¢-6)) a2
+(R—H)(sin(6)é+cos(9)92).
Summing the forces in the X direction, Newton’s second law shows
F,cos(¢—0)+ Nsin(p—0)=mg, (3.2.7)
and, similarly in the Y direction, produces
—mg —F, sin(¢—0)+ N cos(¢—0)=mj,. (3.2.8)

For a line passing through the ball, parallel to the z axis which has a positive, right hand direction

out of the plane, summing the moments shown in Figure 3.4 and using Euler’s equation yields
~R,F, =J40,,. (3.2.9)
The angular velocity of the ball, 834, stems from calculating the velocity of the ball and

the velocity of the contact point. To do this, first the analysis finds the position vector from the

origin to the contact point using

Firo = W0 THys- (3.2.10)
where
sin(@)
r,, :(R—H) —cos(@) (3.2.11)
0
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and

Rsin(¢—6)
r,, =| Rcos(p—0) (3.2.12)
0

where r,, denotes the relative position vector to point u with respect to point w. Next, the unit

Fass

7yl

radial vector e, is e, = , where || ¥, |= R and the unit tangent vector e; is ¢, =—k xe,. The

velocity of the contact point is v, = H(k) xr,,, and the velocity of the ball is v, = Xi + yj .

Finally, 054 is

) (v.—v,)
Oy, =— R -e,. (3.2.13)
The operation of (3.2.13) produces
: )(R+R,) .
0, __9 R+ )6 (3.2.14)

The time derivative of (3.2.14) shows

+0. (3.2.15)

Integrating with respect to time (3.2.14), the orientation angle of the ball becomes

0,, =—@+e. (3.2.16)

o

Substituting the accelerations from (3.2.5) and (3.2.6) into (3.2.7) and (3.2.8), along with

F, from (3.2.7), N from (3.2.8), and 64 from (3.2.15) into (3.2.9), the equation of motion for

the ball becomes
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—mR. —RRm—J, +(R—H)R mcos(¢))0+| RRm+Rm+J,| —+1
(-mRZ ~RR,m~J, +( )R,mcos(4)) ( oM M B(R D¢ (3.2.17)

—(R,m(R—H)sin($))6" - gsin(¢—60)R,m=0.
Multiplying the last result by (R + R,)/R, produces a symmetric mass matrix, where the ball

equation is

(R+R0)[—mR0 —Rm—%+(R—H)mCOS(¢)Jé+(R+Ro)2(mUJe_?]& (3.2.18)

o

~((R+R,)m(R~H)sin(¢))6* ~(R+R,) g sin($~0)m=0.

Summing the moments acting on the arc about the fixed point of rotation using the same positive

direction used for (3.2.9) and using Euler’s equation shows that

~(R—H)Nsin($)+F, (R-(R-H)cos(¢))+gm,(l

Loesin(0)+7,,=J,0.  (3.2.19)
Using Frfrom (3.2.7), N from (3.2.8), and adding (3.2.9) to (3.2.19) shows the arc equation of

motion is

(<2(R+R,)(R=H)mcos(§)+J,, +(2R ~2HR+2RR, + R + H* )m+.J, )0

_(R+Ro)(mRu+Rm+j€_3_(R_H)mCOS(¢)j¢-

0 (3.2.20)
+(2(R+R,)m(R—H)sin(¢4))g0—(R+R,)m(R—H )sin ()¢’
+g(R+R,)msin(p—0)+g((R-H)m—1,m,)sin(0)=1,,.

From (3.2.18) and (3.2.20), the matrices for (3.1.21) are
M1 M?2
M(q)=|,,, (R+Ra)z(m+ i] (3.2.21)

where
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M1==2m(R+R,)(R-H)cos(¢)+J,, +(2R* ~2HR+2RR, + R} + H’ )m+J ,,

J (3.2.22)
M2=—(R+R0)(—m(R—H)cos(¢)+mR+mRa+R—B],
plus
)(R—H)sin(p)m(R+R,) —(R-H)sin(¢)m(p-0)(R+R
Clgy| SRS @OmER) ~(Rom)sn(@m(G-0)(ReR)] o
—0(R—H)sin(¢)m(R+R,) 0
G ()= g(R,+R)msin(p—0)+g((R—H)m-m,_],, )sin(0) ’ (3.2.24)
—-mg (R, +R)sin(¢—0)
and
Tpa
= ) 3.2.25
=i 6229
3.2.1.2 Lagrangian Formulation
The kinetic energy of the ball and arc is
r=ty il +1m(x2+y'2) (3.2.26)
2 arc 2 B~ BA 2 c c ) e

With %, and y. from (3.2.3) and (3.2.4), respectively, and 6 z4 from (3.2.14), the kinetic energy

becomes

2mOR; (§—0)(R+R,)(R—H)cos(§)+J, R:6" +J,0°R. +
1

2R’

T=—— |\ mR!($~0) +2mRR: ($~0) + & (1, +mR*) R +J, R + . (3.2.27)

(-2RH +2R* + H* ) m&”R =24 (J , + mR* )OR} +2R¢J , ($—0)R,
The potential energy is

V=mg((R+RO)cos(¢—9)—(R—H)cos(&))+magl

arc

cos(6).  (3.2.28)
Then using (2.2), the ball position equation is
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Lo ) YA
_(R+Ro)(mR0+Rm+R— (R H)mCOS(¢)j9+(R+R0) L’"*R(g}j (3.2.29)

o

—(R+R,)m(R—H)sin(¢)0* —(R+R,)gsin(¢—0)m=0

and the arc position equation is

(-2(R+R,)(R=H)mcos(p)+J,, +(2R* ~2HR+2RR, + R + H* )m+.J , )0

_(R+Ro)[mRo +Rm+%—(R—H)mcos(¢)jg5

o

(3.2.30)

+(2(R+R,)m(R—H)sin(¢))p60—(R+R,)m(R—H )sin($) ¢’
+g(R+R,)msin(¢—0)+g((R—H)m—1,.m )sin(0)=1,,.

Equation (3.2.29) and (3.2.30) are the same as (3.2.18) and (3.2.20), respectively.

3.2.2 Comparison to Models in Literature

For the ball and arc in this paper to match those of [26], change the ball to a point mass,
m, with the ball’s inertia Jp and radius R, set to zero, and move the point of rotation to the arc
center of mass by setting /.. to zero. Then the kinetic energy of (3.2.26) becomes

1 5 1
T==J,0"+=m(x’+7’). 3.2.31
S0+ om(E 457 (3.231)

and the equations for the velocities of (3.2.3) and (3.2.4) become
%, = Rcos(p—0)($—06)+(R—H)cos(6)6 (3.2.32)
and
. =—Rsin(p—0)(4—0)+(R—H)sin(6)6 . (3.2.33)

For the potential energy, let /.. = 0 and then (3.2.28) becomes

V = mgy (3.2.34)

where y=Rcos(¢—0)—(R—H )cos(8). Then the matrices of (3.2.21)-(3.2.25) become
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Mg)= —Rm(R—(R—-H)cos(4)) R*m

where

M1==2Rm(R—H)cos(§)+J,.+(R +(R—H) |m,

C(M){ Rm(R—H)sin($) —Rm(R—H)sin(¢)(¢f—6'?)}’

—Rm(R—H)sin(¢)9 0

B ngsin(¢—6?)+g(R—H)msin(@)
G(q){ ~Rgsin(p—0)m }

and

{ M1 —Rm(R—(R—H)cos(4))

|

(3.2.35)

(3.2.36)

(3.2.37)

(3.2.38)

(3.2.39)

which, when put into (3.1.21) and solved for ¢, produce the same generalized accelerations as in

[26].

3.2.3 Dimensionless Equations of Motion

For the ball and arc system of (3.2.21)-(3.2.25), divide the arc (first) equation by mR,’

and the ball (second) equation by mR,(R+R,). Then the terms for (3.1.21) become

M1 M2 0
M(q)§= v 1. s (R+RU)¢.
mR; R,

where
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M1=—2(R+R")(R_H)cos(¢)+ J""’2+(2RZZ—2HzR+2—R+1+H—jj+ JBz,
R, R, mR2 \ B> R R, - :
(3.2.41)
M2=—(—(R_H)cos(¢)+—+1+ J]’; ],
o [ m o
plus
(R—H)(R+R R-H .
GBI RAR) gy = )sin(¢)(¢—¢9) 0
clgddi=| v ’ (R+R) .|, (3242
—Q(R_H)s1n(¢) 0 R, ¢
Rél(R"RJFR) s1n(¢ 9)+£(R;H)—m“ %”)sm(&)}
G(q)=| *~ 7 o , (3.2.43)
—ésin( -0)
and
PB4
t=| mR;|. (3.2.44)
0

With the parameter definitions in Table 3.1 and multiplying both equations by 7%, (3.2.40)-

(3.2.44) become

Mla)a"= Uﬁ <1A+4§4>H<k7 fzw} o
where
M1=-2(k, —k¢)(k;, +1)cos(@)+k, +2k; —2k ks + 2k, +1+k; +k,, (3.2.46)
M2=—((—k, +k;)cos(g)+k, +1+k,),
plus
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Nt ¢'(k7—k6)(k7+1)sin(¢) —(k7—k6)sin(¢)(¢’—9') o'
Cla.a)a { ~0'(k, —k, )sin(¢) 0 (kg [ O
| (K +1)sin(¢—0) +(k; =k, —kks )sin ()
G(q) —{ —sin(¢-0) : (3.2.48)
and

= 3.2.49
™= (3.2.49)

where H’Zﬁ, 9”=d—2f, ¢’:@,and ¢":d—zqf.

dt dt dt dt
3.3 Morphing

To show that as R gets large the ball and arc morphs into the ball and beam, first note that

as R grows, ¢ becomes small. To check the sufficient conditions necessary for morphing the

equations of motion for the ball and arc to ball and beam first approximate sin (¢) =g,

1
cos(¢)~1 —Egéz , then adding and subtracting (14, )¢” in M1, and simplifying (3.2.45)-

(3.2.49) produces

M1 M2 6"
M(q)q :{MZ (1+k4)}[(k7+1)¢”} (3-3.1)

where

MU=k, + (1 k) ke, —(ky + kg + 14k ) 8 + (K, +1) ¢,
(33.2)

M2=—(k +1+k 1 k,—k )¢,
6 4 2 7 6

Clad) - ¢ (k,—ky)(k, +1)¢ —¢(k7—k6)(¢$'—9')}[ ¢ } (3:33)

—0'(k, —ky) ¢ 0 (k, +1)¢'
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(k, +1)pcos(0)—(1+ kg + k ks )sin(0)

_(¢cos(9)—5in(9)(l_%¢zjj |

(3.3.4)

and
T
r{ N}. (3.3.5)

To convert the second generalized coordinate, ¢, to arc length, first it must be noted that
(R+R,)$ = r, then from Table 3.1 p =r/R, = (k7+ 1) ¢. Similarly, p'= (k7+ 1)¢’ and p"" = (k7 +
1)¢". As R—oo, the quantities ¢ and ¢5 approach zero and k7 grows but the product k7¢ becomes
the constant value p, then (k7+ 1)¢p — ki¢p— p, and (k7+ 1)¢p' — k7¢9"— p'resulting in (3.3.1)-

(3.3.5) becoming

M(q)q" - fey+ (14 kg ) +ky+p* —(ko+1+k,)[[ 6" (33.6)
—(ks +1+k,) 1+k,  |LP")
pp po |0
Cla.a')d = , 3.3.7
(4.4)4 {—G’p’ 0 }[pl o0

peos(0)—(1+k, +kks)sin(0)

G(q){ sin(0) } (3.3.8)

and

r
‘r:{(ﬂ. (3.3.9)

As R—o for the ball and arc, Juc—JBeam, Mma—mp, and lure—> lpeam, then (3.3.6)-(3.3.9)
exactly match those of (3.1.49)-(3.1.52). Since (3.3.6), (3.3.8), and the generalized coordinates
and velocities of the ball and beam matches those of (3.1.49), (3.1.51), and the generalized

coordinates and velocities of the ball and beam, the sufficient conditions for morphing are met.
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3.4 Conclusion

In this chapter, the equations of motion were derived for both the ball and beam and ball
and arc systems with few assumptions. Then the equations of motion were compared to existing
models in the literature. The comparison revealed several errors occurring in other previous
dynamic analyses. Finally, with the conditions for morphing theory being met, the equations of

motion for the ball and arc system successfully morph to those of the ball and beam.
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Chapter 4 - Rotary Pendulum to Inverted Pendulum Cart

The next example supporting the sufficient conditions for morphing is morphing the
rotary pendulum to the inverted pendulum cart. In this chapter, it will be shown that the
equations of motion, as well as a controller, for the rotary pendulum cart successfully morph to
the equations of motion and a controller for the inverted pendulum cart.

The equations for the inverted pendulum cart and rotary pendulum cart will be derived
and rendered dimensionless similar to [32]. Next, a controller from [19] will be presented for
both systems and converted to dimensionless form. Lastly, simulations will be performed
demonstrating that the process of converting to dimensionless quantities was successful.

Then the radius of the arm of the rotary pendulum will be allowed to grow without bound
to show that the equations of motion and controller for the rotary pendulum cart morph to the
respective quantities for the inverted pendulum cart. Then simulations will be performed to
showcase the successful morphing. Lastly, conclusion about the rotary pendulum morphing will

be presented. This chapter has been previously published see reference [32].

4.1 Inverted Pendulum Cart Analysis
The inverted pendulum cart is an often-used example in the control literature. The
inverted pendulum cart of Figure 4.1 from [32], is modeled with a cart of mass m. to which a
pendulum of mass m, and length / is attached. The pendulum is modeled as a point mass at the
end of a long slender, massless rod. In this section, the equations of motion for the inverted
pendulum cart will be derived using Euler-Lagrange and then the equations will be made
dimensionless. Next, a controller from [19] will be presented and rendered dimensionless.

Lastly, simulations will be performed of the original system and the dimensionless system. This

36



controller was chosen because [19] also has a controller for the rotary pendulum. In [19],

simulation results are presented and that will be used as a check that the equations of motion,

dimensionless system, and ultimately the morphed system of this work match those existing,

accepted results.

Y J mp,i
 AJ— m,
Q Q >
«— X _— X

Figure 4.1: Inverted Pendulum Cart

4.1.1 Equations of Motion
The kinetic energy for the inverted pendulum cart of Figure 3.1 is

T =%mp126'?2 +%(mc +mp)5c2 +m,]cos(0)0x

while the gravitational potential energy is
V =m,glcos(0).
Utilizing (2.2), the cart position equation is

(mc +mp)5é+mpl cos(&)é_mp[ Sin(0)92 =1,

and pendulum position equation is
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m lcos(0)%+m 1’6 —m lgsin(0)=0. (4.1.4)

For the inverted pendulum cart, where the pendulum is modeled as a point mass, the matrices of

(3.1.21) are
M| T m,lcos(0) il
@)= m I cos(0) ml> | (4.1.5)
C(q,q){g _m”lsi)n(e)ﬂ, (4.1.6)
0
G(q)=[_m lgsin( 9)}, 4.1.7)
and
Tipc
r:[ : } (4.1.8)

4.1.2 Dimensionless Equations of Motion
To transform (4.1.3) and (4.1.4) into dimensionless equations, divide (4.1.3) by m,/ and

4.1.4) by m,/I* to cancel units of mass and length from the equations, resulting in
y myp

—(mcn—:pmp ) §+ cos(0)6—sin(0)0° = ;’—’;Cl 4.1.9)
and
cos(@)%ﬂ?—%sin(&):& (4.1.10)

Then, multiplying (4.1.9) and (4.1.10) by //g, having units of second?, transforms time, ¢, to
unitless time, t. Using the parameters from Table 4.1, the dimensionless equations of motion

for the cart and pendulum are
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(k,+1) p"+cos(8)8"—sin(6)6"” =1, (4.1.11)

and
cos(8)p"+6"—sin(0) =0. (4.1.12)
2 2
where 6’ = a0 , 0" = d—f ,and p" = d /20 . The resulting mass matrix is
dt dt dt
Mig) = k+1  cos(6) “L13)
D= cos(0) 1 | o

Table 4.1: Dimensionless Inverted Pendulum Cart and Rotary Pendulum Parameters

Dimensionless 5
k1 k2 P 4 Ty
Parameter
Inverted 5
m, ) T
Pendulum -- z — Y T
m, [ g m pl
Cart
Rotary m, )i ¢R i yzz'RP
Pendulum m, R l g m, IR
4.1.3 Controller
The controller, designed in [19] for the inverted pendulum cart, is
2
Kﬁsin(e)(aﬁ2 +Dcos(9)) _Bgll‘?zﬂx+ Bu,
T = 4.1.14
fre B’ (c+1)cos’ (6) ( )
a J—
A
where a = myl%, f = myl, . = m,+ me, D = -m,gl, x and ¢ are unitless constants, and
u, = cA(x + pcos(0)0). (4.1.15)

With ¢ > 0 is a constant with units of seconds™,
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and

where ¢ is a unitless constant.

(4.1.16)

(4.1.17)

Now that an energy-based controller for the rotary pendulum cart has been identified,

the controller will be rendered dimensionless based on zy for the rotary pendulum from Table

4.1.

4.1.4 Dimensionless Controllers

Utilizing the definition of zv, defined in Table 4.1, and dividing by m,/ converts the

controller of (4.1.14) to a dimensionless controller. Making this substitution and simplifying

yields

al

N

[Ksin(é’)(éz +D, cos(@)) —ByeD\ A5 )IC+BNude/1N

y Ay —(x +1)cos*(6)

where An=1+k;, Dn= -1/)/2,

and
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Lastly, multiply (4.1.18) by y* and utilizing the definition for p from Table 4.1, obtains the

dimensionless control law of

(/csin(e)(é"2 —cos(&))+BNgﬁ]2vp+BNudN)/IN
fn = Ay —(x+1)cos? (0)

(4.1.22)

where p' = ap and

Uy =ychy (p'+ py cos(0)8). (4.1.23)

4.1.5 Simulation

Simulations of the inverted pendulum equations of motion of (4.1.3) and (4.1.4) with the
controller of (4.1.14) were performed using as control parameters ¢ = 0.015, x = 20, ¢ = 0.00001,
and &= -0.02, where ¢ has units of seconds™ , x, & and ¢ are unitless, and initial conditions of x =
3, x =0, where x has units of meters and 8 =7/6, 8 =0, where the angles are measured in radians,
radians are dimension. Also simulations with the same control parameters and initial conditions
for the dimensionless equations of motion described by (4.1.11) and (4.1.12) using the
dimensionless controller of (4.1.22) were executed. Figure 4.2a shows cart position x and p
responses of these two simulations while Figure 4.2b compares the pendulum angle 6 and Oy
responses. The axis scales in Figure 4.2, for the dimensionless quantities p and ¢ are modified

according to Table 4.1 so the responses are the same size as x and z.
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Figure 4.2: Simulation Results for the Inverted Pendulum Cart

4.2 Rotary Pendulum Analysis

For the rotary pendulum of Figure 4.3, the pendulum is modeled as a massless rod of

length / with a point mass, m,, and the arm is a point mass, m,, located a distance R from the

rotation point. In this section, the equations of motion will be derived and then rendered

dimensionless. The controller for the rotary pendulum from [19] will be presented and then

made dimensionless. Next simulations will be presented of the original and dimensionless

systems.

4.2.1

Equations of Motion

The kinetic energy for the rotary pendulum of Figure 4.3 from [32] is

1 51 : | ) .
T=—ml0’ +§(mp +m, ) R*§ +m IR cos(0) g0+ m, [’ sin’ (0)¢" (4.2.1)
while the gravitational potential energy is
V =m,glcos(6). (4.2.2)
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Figure 4.3: Rotary Pendulum Cart

The position equation for the arm, found using Lagrange’s equation and (2.2), is

((mp +ma)R2 +m,[* sin’ (9))(}5+mlecos(9)é+

N ) (4.2.3)
2m,I* sin(6)cos(0) g0 —m IRsin(0)0* =,
and the ball position equation is
mplzé +m IR cos(é’)éf— mpl2 sin (9)005 ((9);252 —m,glsin (9) =0. (4.2.4)
The matrices of (3.1.21) for this system are
Mig)= (mp +m, )R2 +m,I*sin’(0) m,IRcos(6) , 4.2.5)
m IR cos(6) m I’
Cla.i) = mplzzsifl(ﬁ)cos(ﬁ) 49'. —m [Rsin(0)0+m I’ sin(0)cos(0)¢ , “426)
—m, I’ sin(0)cos(0) ¢ 0
G(q)= 0 4.2.7
(@)= —m lgsin(0) |’ (4.2.7)
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and

T
T =[ RP] (4.2.8)

4.2.2 Dimensionless Equations of Motion
To transform (4.2.3) and (4.2.4) into dimensionless equations, divide (4.2.3) by m,/R and

(4.2.4) by mp/*. Then, the dimensionless arm equation is

M(%&H%} sinZ(e)Gés'}cos(e)é

m
g 4.2.9)

+2(%T sin(H)cos(@)(?éjé—sin(9)92 _ tre_

and the dimensionless pendulum equation is

9+cos(9)(§¢']—(%)2 sin(¢9)cos(¢9)(§¢'j2 —%in(e) ~0. (4.2.10)

Letting R/I¢ = p, which also holds for the first and second derivatives, and multiplying (4.2.9)
and (4.2.10) by y?, transforms time, ¢, to unitless time, t. With Table 4.1, the dimensionless

equations of motion for the rotary pendulum are
(144 +k; sin® (0)) p" +cos(0) 0" + 2k; sin (0) cos (0) p'0’ —sin (0) (') =z, (4.2.11)
and

0" +cos(8)p"—k; sin(@)cos(ﬁ)(p')2 —sin(0) =0. (4.2.12)

4.2.3 Controller

The full control law from [19] is
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Tpp = Uy +Uy,, (4.2.13)
where u; converts the system through partial feedback linearization to cancel out the nonlinear
terms and u2,, stabilizes the resulting system. To convert the equations of motion so that the
parameters morph into recognizable quantities, first define a.,= mpl?, By = mplR, Ay=(mp+ma)R?,
and D,, = -mpgl. Note, k;;, and ¢, are unitless constants and

u, =-a,, sin(60)cos(0) 0 +a,, sin’ (0)4. (4.2.14)
Next, the stabilizing controller is

: B & D A’

5,0, sin(é?)(ocme2 +D,, cos (9)) _ ’Pg’P—M +B, u,, — «,,F,cos(0)
p = S 4.2.15

Ha Ji (Krp + l)cos2 (9) ( )

a, - 2

1p

where ¢, > 0 is a constant with units of seconds™,

F,=a, sin(H)cos(H)gﬁz, (4.2.16)
ﬂ,,,[ f,,,—1]
p,=—|K,+— |, 4.2.17)
P ﬂrp P grp
1 B
B =—1|a,——2cos’ ()|, 4.2.18
s {a,p 2, cos” ( )J ( )
and
t,, =, A, (6+p, cos(6)6) (42.19)

where &, 1s a unitless constant.
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4.2.4 Dimensionless Controllers
To transform the controller of (4.2.13) to a dimensionless controller, divide (4.2.13) by
mplR and simplify using the definitions of k; and k2. Utilizing the dimensionless parameters A,y

= (1+k;) and D,,n= -1/y%, the dimensionless controller is

L =uyy iy, (4.2.20)
7
where
u, =k (—sin(@) cos(@)(§ ¢j 0 +sin’ (0)(? 415}], (4.2.21)
L Aoy, sin(@)(92 +D,, cos(@))
2 Ay —(Krp +1)C052 (0)
R (4.2.22)
2 2
Aoy (—BrpNgrpDrpN/lrpN (l ¢j + Bty — K,k F,y cos(@))
+ 9
Ay —(K‘rp +1)cos2 (0)
R 2
F,, =sin(0) cos(@)(7 ¢j , (4.2.23)
R . .
udrpN = crpﬂ'rpN ((7 ¢j + prpN COS(H) 0] ’ (4224)
1 g, —1J
Doy =——| K, +22— |, (4.2.25)
o ﬂ'rpN [ : grp
and
1 1
B, = 5—{1 ———cos’ (9)]. (4.2.26)
p rpN

Finally multiply (4.2.20) through by y* and using the definition of p from Table 4.1, the

dimensionless controller is
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Ty =ty i,y (4.2.27)

where
F, =sin(6)cos(6) p"”, (4.2.28)
uy, = k; (—sin(0)cos(0) p'0" +sin’ (6) p"), (4.2.29)

Aoy, sin(6’)(9'2 —cos(@))
T oo 0) 4230)
/IrpN (BrpNgrp/lrin + BrpNudrpNy - Krpk22FaN Cos (6)) B
Ay = (K, +1)c0s’ (6) ’
and

Uy = A€,y (' + Py 005(0) ). 4.2.31)

4.2.5 Simulation

The analysis produced simulations of the rotary pendulum equations of motion of (4.2.3)
and (4.2.4) with the controller of (4.2.13) together with the dimensionless equations of motion of
(4.2.11) and (4.2.12) with the dimensionless controller of (4.2.27) to validate the dimensionless
process was performed correctly. For both simulations, the control gains were ¢, = 0.015, x;, =

25, & =0.00001, and &, = -0.02, the same as used in [19]. For the simulation using controller

(4.2.13), the initial conditions were ¢ = 1, ¢ =2, @ =1, and =2, where the angles are measures

in radians, and for the controller of (4.2.27) p =R/, p'=2R\/l/g/l,On=1,and Ox'=2,/1/g.
Figure 4.4 compares the responses of these two simulations where Figure 4.4a compares the

rotary pendulum arm angle ¢ and p while Figure 4.4b compares the pendulum angular position &
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and fy. As done for Figure 4.2, the axis scale for the dimensionless quantity ¢ was modified

according to Table 4.1 so the responses are the same size.

Arm Position(rad)

w

8Position of Arm Responses to Full vs Dimensionless Controllers
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Figure 4.4: Simulation Results for the Rotary Pendulum

4.3 Morphing

As the radius of the rotary pendulum arm is allowed to grow without bound, do the

equations of motion and the controller of the rotary pendulum become those of the inverted

pendulum cart? To check the sufficient conditions necessary for morphing the equations of

motion for the rotary pendulum to the inverted pendulum cart, first examine the generalized

coordinates. The second coordinate for both systems measures the angular displacement of the

pendulum. The first generalized coordinate for the rotary pendulum in the dimensionless system

is pR/I. As the radius of the pendulum arm base is allowed to grow without bound ¢ grows small

to cover the same distance, then ¢R becomes a straight-line displacement and ¢R// morphs to the

p of the inverted pendulum cart. Similarly, the generalized velocities of the rotary pendulum
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morph to those of the inverted pendulum cart. The mass matrix of the dimensionless rotary

pendulum cart is

2 .2
Yo 1+ k +k; sin®(0) cos(0) (4.3.1)
cos(0) 1

and as R grows large, k> goes to zero showing (4.3.1) matches the mass matrix of the inverted
pendulum cart, (4.1.13), provided ki is the same ratio of the cart mass to the rotary pendulum
mass. Lastly, the potential energy of the dimensionless rotary pendulum from (4.2.11) and
(4.2.12) is

V =cos(0) (4.3.2)
which is the same as the potential energy function of the dimensionless inverted pendulum cart.

Therefore, the sufficient conditions for morphing the rotary pendulum dynamics to that of the

inverted pendulum cart are met.

4.3.1 Equations of Motion and Controller
As the radius of the arm of the rotary pendulum grows R becomes large and then k> —0.

This transforms equations (4.2.11) and (4.2.12) to
(1+k ) p"+cos(0)0"—sin(6)6"” =7, (4.3.3)
and
6"+ cos(8) p"—sin(8) =0. (4.3.4)

These equations match those of the dimensionless inverted pendulum cart (4.1.11) and (4.1.12).
Next the controller of (4.2.27) becomes

Ty =y +ly,y (4.3.5)
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where

u, =0, (4.3.6)
L Aoy (/crp sin(@)(@’2 —cos(9)+BrpNgrp/t;Np+BrpNudrpN}/)) 437
N Ay = (55,, +1)c0s” (0) ’
and
Uy = A Cy (p' + Doy cos(@)é”). (4.3.8)

The dimensionless, morphed controller of (4.3.5) matches that of the dimensionless cart

controller of (4.1.22).

4.3.2. Simulations

A simulation of the controller of (4.3.5) applied to the morphed equations of motion of
(4.3.3) and (4.3.4) was performed. The simulations of the rotary pendulum cart and inverted
pendulum cart used the same constants except for ¥ which was equal to 25 for the rotary
pendulum cart and 20 for the inverted pendulum cart. The simulation used the same constants, c,
K, &, and £, as those used for the cart with initial conditions of p = 3//, p"' =0, Oy = /6, and Oy'= 0
and produced the results of Figure 4.5. Figure 4.5a shows the cart position for the inverted
pendulum cart of Figure 4.2a compared to the morphed rotary pendulum’s position. Figure 4.5b
shows the pendulum angular position of Figure 4.2b compared to the morphed rotary pendulum.
For the morphed systems of Figure 4.5, dimensionless time was multiplied by y to have units of
seconds for ease of comparison. The morphed cart position, p, was multiplied by the length of
the pendulum in Figure 4.5a to scale the response to compare to the cart position of the inverted

pendulum cart.

50



Cart Position Response for Inverted Pendulum Cart Pendulum Angle Response for Inverted Pendulum Cart
vs Morphed Rotary Pendulum vs Morphed Rotary Pendulum
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Figure 4.5: Morphed Rotary Pendulum Simulation Results

4.4 Conclusion
In this chapter, the equations of motion for the rotary pendulum cart were successfully
morphed to match the equations of motion for the inverted pendulum cart. Also, an energy-
based controller for the rotary pendulum cart was successfully morphed to a controller for the
inverted pendulum cart. The process of morphing the controller did not cause the constants to be
the same as the inverted pendulum cart, just the symbolic form. This chapter has shown one set

of systems which supports the sufficient conditions for equations of motion to morph.

51



Chapter 5 - Pendubot

As a final underactuated example supporting the conditions of morphing, the Pendubot
will be investigated. First, the equations of motion will be derived and then the coordinates will
be modified to match those of the inverted pendulum cart. Next, the equations of motion will be
rendered dimensionless and morphed to those of the inverted pendulum cart. Then a controller
will be presented that has simulated results in the literature. The controller will be rendered
dimensionless and then the length of the first link will be allowed to grow large. Lastly, the

equations of motion and controller for the full and dimensionless systems will be simulated.

5.1 Equations of Motion

The pendubot contains two links where the first link is subject to actuation. For the
system of Figure 5.1, the first link is of length L1, with mass m1, subject to actuation u, and its
rotational displacement, g1, is measured counterclockwise from the negative Y axis. The second
link is pinned to the end of the first and has length L>, mass m», and its rotational displacement,
q2, 1s measured counterclockwise from a line extending out of the first link. In this section, the
equations of motion will be derived, rendered dimensionless, and then morphed to those of the

inverted pendulum cart.

5.1.1 Full Equations of Motion
For the pendubot of Figure 5.1, the kinetic energy is

., 1 2 - 1 : . |
TZE Iqlz+§m1(xfc+yi,)+5m2(xzzc+y220)+512(q1+q2)2 (5.1.1)

while the gravitational potential energy is
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m, = 2kg
L =2m
L,=1m
m, =lkg
L, =1m
L, =0.5m
g=9.81"
S

Figure 5.1: Pendubot Diagram

V:’nlg.ylc +m2g);20'

The position and velocity for the center of mass of the first link are
x, =L, sin (q1 ),
Y. ==L, cos(q,),
X, =L, cos(q,)q,,
and
Y. =L, sin (ql )q’l.
The position and velocity for the center of mass of the second link are
X, =L;sin(q,)+L,sin(q,+q,),

Ve =—L COS(%)_ch COS(% + %):
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(5.1.3)

(5.1.4)

(5.1.5)

(5.1.6)

(5.1.7)

(5.1.8)



X, =L cos(q,)q + L, cos(q,+4,)(4,+4,). (5.1.9)
and
V,. =Lsin(q,)q, +L.,sin(q,+4,)(4,+4,). (5.1.10)
The position equation for the first link, found using Lagrange’s equation, (2.2), is
(2chmzL1 cos(q,)+ (L +L2, )my + Lym +1, +1, )q‘l +

(Lmy L cos(g,)+myL, + 1, )i, —2m,L L, sin(g,) 4,4, (5.1.11)

my,LL ,sin(q,)q; +g (mch2 sin (g, +¢, ) +(Lm, + L.m, )sin(q, )) =u

and the second link’s position equation is

(mchlecOS(Q2)+mzLiz +12)‘i1 +(Li2m2 +Iz)‘]2

B (5.1.12)
+m, L, L ,sin (q2 )ql +gm,L ,sin (q1 + qz) =0.
The matrices of (3.1.21) for this system are
M(q)=
(2L,,L, cos(g,)+ L + L, )my + Lymy + 1, + 1, (Lycos(qy)+ L, )myL, +1, | (5.1.13)
(L1 cos(q2)+ch)m2ch +1, Lf,zm2 +1, ’
 [-mLL,sin(q,)g, -m,LL,sin(q,)(d +q,)]
C(q,q)z[ 24 2‘ ( 2).2 o) ( 2)( 1 2) , (5.1.14)
mL L, Sm(% )Ch 0 ]
G(q) _ {g(mchz Sin(% +q2)-|‘—(le2 +Lc1m1)sm(‘11))_ ’ (5.1.15)
gmL,, Sm(% +92) ]
and
! (5.1.16)
T=| | 1.
0
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5.1.2 Change of Coordinates
With an eye towards this system morphing to the inverted pendulum cart, move the mass
center of the second link to the end of a very light rod. In doing this, set the quantity L> equal to
L and call it L, for simplicity, and set /> to zero. Modifying the first coordinate to measure the
angular displacement relative to the positive vertical axis changes g1 to 7 + dq1. Then to convert
the coordinate to circumferential displacement in the clockwise direction, factor out the quantity

-L1 from terms multiplying the time derivatives of g1. Then after simplifying, (5.1.13)-(5.1.16)

become
I L 21 ]
—| 2L, cos(q, )+ L, +—= |m, —=%Lm, — L (Llcos(qz)+L2)mzL2 )
. L, L L “LSG | (s 17
M(q)§= . G G
- (cos (g,)+ —2J m,L, Lm, :
L Ll .
m,L, sin(qz)c]2 -m,L, sin(qz)(qu'2 —(—Lléql)) L8
Cl¢:9)d=| L, . _ [ ! 1}, (5.1.18)
mzfsm(qz)(—L,éql) 0 9,
1
G(q)- —g(n12L2 sin(8q, +q, ) +(Lm, +Lclm1)sin(5ql))} (5.119)
~L, sin(é’q1 +q, ) gm,
and
r =m (5.1.20)
0

In order for the mass matrix to be symmetric, divide the first link equation by -L1, then the

matrices are

55



2 2
(2ﬁcos(q2)+l+L—§Jm2 + Lc; m, +I—12 —(cos((]2)+£jm2L2 .
.| L L L L ~Lod| 540
M(q)§= ! N
—{cos(q2)+—2jm2L2 Lm, 2
L Ll .
L, . ) . . L .
- sin(e:)d mysin(an)| Lg = (<104 || s
C(q.4)d= L 1 { 61'1 l}’ G122
m, fsin(q2 )(-L,5,) 0 ’
1
g mzisin(5ql+q2)+ 7”2+Lc1 m, |sin(dq, )
G(q)- L I : (5.1.23)
-gm,L, sin(é‘q1 + qz)
and
_u
=T | (5.1.24)
0

5.1.3 Dimensionless Equations of Motion
To convert to dimensionless equations of motion, divide the first link equation by m»L»

and the second link equation by m>L>” to obtain

i 2 7
2£cos(q2)+1+L—§+—zlﬁ —112 —(cos(q2)+—2j L ..
.. L, Ly L omy myL 1 ——04,
M(q)q: . L, , (5.1.25)
—[COS(QZ)-F—Z] 1 9,
L Ll .

L . . . . L A

L ', (5.1.26)

L, . L .. .
—=3sin ——90 0 q
1, (qz){ L qu L 2
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G(q) = ,(5.1.27)
g o[ 4 J j
——=-sin —0q, |+¢q
L 2 { L, ( L, 1 ’
and
_u
t=| m,LL, | (5.1.28)
0

Multiplying (5.1.25)-(5.1.28) by La/g, transforms time to unitless time, z. Utilizing the

dimensionless parameters from Table 5.1, the matrices for the equations of motion of (3.1.21)

become
M(q)" = 2k, cos(q,)+1+k; +kyk+ kg —(cos(g,)+k,) {p? (5.129)
—(cos(q2)+k2) 1 I
C(q qr’)q'=__k2 oinle: ) sin(a:)(g:~har) [p} (5.1.30)
’ _kzsin(qz)p’ 0 4| o
G(q)= &, sin(~k,p +q,)+(1+kk, )sin(—k,p) (5.131)
i —sin(—k,p+q,) ’ o
and
T
= . 5.1.32
=N (5.132)
2
where ¢} = % and g —Z%
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Table 5.1: Dimensionless Pendubot Parameters

Dimensionless )
ki k> ks ko P V4 Ty
Parameter
m L, 1, L, oq,L, L, 7u
Pendubot — — e — -
m, Ll mzL% L1 Lz g mszLl

5.1.4 Morphed Equations of Motion

To check the sufficient conditions necessary for morphing the equations of motion for the
pendubot to the inverted pendulum cart, first examine the generalized coordinates. The first
generalized coordinate for the pendubot, in the dimensionless system, is dq1L1/L>. As the length
of the first link is allowed to grow without bound dg: grows small to cover the same
circumferential distance, then dg1L1 becomes a straight-line displacement and -d¢1L1/L> morphs
to p which matches that of the inverted pendulum cart. The second coordinate for the pendubot
measures the angular displacement of the second link counterclockwise whereas the pendulum of
the inverted pendulum cart of chapter 4 is measured clockwise. For the second coordinate to
morph, then g2 will need to be multiplied by -1 to have the same directionality of 4. In a similar
manner, the generalized velocities of the pendubot morph to those of the inverted pendulum cart.

The mass matrix of the dimensionless pendubot is

2k, cos(q, ) +1+k, +kik +k, —(cos(q,)+k
M( _ 2 (%) 2 THo Ky T Ky ( (92) 2) . (5.133)
—~(cos(g,)+k,) 1
As L1 grows large, k2 and ks go to zero, and k9 goes to one, then the mass matrix can be
simplified to
I+k  —cos(q,)
M(q)= 1 : 1.
(4) {_COS (@) 1 (5.1.34)



Now substitute in -6 for ¢ then, ¢, becomes —0" , and (5.1.34) is

M(q)= {_i;]?e) Coi(le)}. (5.1.35)

For a symmetric mass matrix, multiply the second row of (5.1.35) by -1, and then the resulting
mass matrix matches the mass matrix of the dimensionless inverted pendulum cart, (4.1.13),
provided ki is the same ratio of masses. Lastly, the gradient of the potential energy of the

dimensionless pendubot from (5.1.31) is

G(q)- {kz sin(—k,p+q, )+ (1+k.k, )sin(—kzp)} ’ (5.1.36)

—sin(—k2p+q2)
As L grows large, k> and p go to zero, and then integrating (5.1.36) results in a potential energy
function that will morph to the potential energy function of the dimensionless inverted pendulum
cart. Therefore, the sufficient conditions for morphing the pendubot dynamics to that of the
inverted pendulum cart are met.
As the length of the first link, L, is allowed to grow, the dimensionless parameters ko will
go to one, and kg will go to zero. As the first length grows large in order to maintain the same

circumferential displacement dg; will become small, then using g2 equals —0 and multiplying the

bottom row by -1, (5.1.29)-(5.1.32) become

M(q)q" { Ik COS(@M’)"}, (5.1.37)

cos(6) 1 6"
)i =] Sm(e)e}[" } (5.1.38)
’ 0 0 6| o
0
G(q)= _—sin(@)}’ (5.1.39)

and
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= 5.1.40
‘L'—O. (5.1.40)

Putting these matrices into (3.1.21) yields equations of motion that match those of (4.1.11) and

(4.1.12).

5.2 IDA-PBC Controller

5.2.1 Full Controller
The IDA-PBC controller from [24] will be applied to the pendubot equations of motion

since there are enough details to perform simulations. The full controller is given by

1 -
u= VIV_|:/I1VIVd +4 [Evz (PTMdIP)"'Vsz}}

(5.2.1)
+pTMd1a|:dlp2 —d;p :| +k, {dzpz —d,p, :|’
d Ad
where £, is a positive constant. The desired mass matrix is
d d
M,=|"" "*| (5.2.2)
d, d,

where A, =dd, —d,d,, d\ = ke, d» = d2 = k(c1-c2), ds = k(c3cos(g2)-c2), c1= miLe® + mali? + 1,

2 =maL? + b, ¢3 = mal1Lea, 4 =miLe1 + maL1, ¢s = maLeo, and k is a positive constant.
Utilizing the potential energy function of the pendubot of (5.1.2), the mass matrix of (5.1.13),

and the desired mass matrix, the desired potential energy function is found to be

c k 2
Vi(ai:02) ==> g (cos(a, + ) +1)+ (02 + 24, (7 +4.,)) (5.2.3)
where £k, is a positive constant. The derivatives of V" and V,; then are

V\V =c¢,gsin(q,)+csgsin(g, +q,), (5.2.4)
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VYV, = —%sin(q] +q,)+2k, (q2 +2¢, —(7z+qd1)), (5.2.5)

and

VoV, = _%Sin(% +q,)+k, (‘12 +2q, _(”+qd1))- (5.2.6)

D

Next, the generalized momenta is p = {
P>

}_ The matrix J> is skew symmetric and J>(1,2)is

o
defined to be p"M,'a, where a :{ : } , with
aZ

a, =c, sin(qz)(ﬂf +/11/12), (5.2.7)

, 6 (2¢,—2¢, —¢)cos(q,)+c] —¢; —c,¢
—cos’(g,)c; +¢c,

a, =c,sin(q, )k , (5.2.8)

B k(cos(qz)c3 (¢,—cy)+ee,—c3 —cz¢)
- cos’(g,)c; —cc,

(5.2.9)

9

and

. k(e (2, ~2¢; ~p)cos(q2) + ¢ —ci ) (5.2.10)

(—cos (q2)2 i +ecy)

Lastly, the derivative of p"™M, p is

[ ((c1 —02)p1 —p2¢)2 sin(q2)
(—cos(qz)c3¢+c§ +(—2¢,+¢)c, +¢f )2 k

V,(p'M,'p)= (5.2.11)

5.2.2 Dimensionless Controller

Next, to convert the pendubot controller to have the second link modeled as point mass,

let L. and L» be equal and 1> to be zero. For the first link to measure the circumferential
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displacement from the vertical y-axis, let g1 be equal to 7 —pL»/L1. Now to render the controller
of (5.2.1) dimensionless, after invoking the substitutions above, multiply u by —y*/(m2LL1)
which results in the dimensionless controller

1 1 1 1
T, =— VV+A——VV, + 1, ——V, (p'M]
N mLg 1 Amleg 1Va 22m2L1g z(P dp)

+4, 1 vV, - 1 pTM;1a|:_d3pl +d,p, :| 4 1 k, |:d4p1 —d,p, :|
m,L,g m,L,g A, m,L,g A,

(5.2.12)

Simplifying the terms in (5.2.12) and factoring out m2L1?, the ¢;s become c1, = kiko*+1+ks, con =
k2?, and c3, = k2, and the dis become din = kg, dan = dsn = k(c1n - C2n), and dan = k(c3,c08(q2) - c2n),

where ¢, = ¢/( maL1?). Then the desired mass matrix is

M, = D L (5.2.13)
n d d4n

3n
and the determinate of the mass matrix is

Adn = dlnd4n - dan3n : (52 14)
Factoring out mzL from c4 and c¢s leaves c4, = kikot+1 and ¢s, = k2. Next the derivative of the

potential energy function of the original system with respect to the first variable of ¢, can be

rewritten as
vV, =¢,sin(k,p)-c;,sin(q, —kp), (5.2.15)

and the derivatives of the desired potential energy function are

vV, :%sm(% —kyp)+ 2k, (g +2(~kup) + 74y )5 (5.2.16)
and
ViV, = C;; sin(q, —k, ) +k,, (4, +2(~kyp) + 74, (5.2.17)

with kp, = ky/(m2L1g). The elements of a, are
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@, =G, Sin(%)(ﬂfn +ﬂ'lnﬂ'2n)

and

c3n (zcln - 2c2n - ¢n )COS (QZ ) + Clzn - cin - cZn¢n

&y, =Gy, Sin(‘]z)kz

where

- Cosz (q2 )c32n + ClnCZn

_ k (COS (qz )c3n (cln - czn ) + clnCZn - cjn - C2n¢n )

and

2 2
cos (q2 ) C.’m - C]ilc2i1

k (c3n (2Cln - 2c2n - ¢n )COS (qZ) + Clzn - CZ2n - C2n¢n )

n

(_ COos (q2)2 C??n + ClnCZn)

Finally, the generalized momenta, which are defined as p, = M,q, become

2

Py, = _(2csn c0s(q,)+c,, +cln)p'+(cos(q2)+c3,,)q£

and

Py = _(COS(% ) + G, )P' +k,q;

Lastly, the derivative of p" M, 'p simplifies as

C3n ((cln _c2n )pln _p2n¢n )2 Sln(qz)

V, (PTM;]P)A =

Now (5.2.12) simplifies to

2

(_Cos(q2)03n¢n +C22n +(_201’l +¢”)62” +Clz”) k

(5.2.24)

1
Ty ==V, + 4,V + 5,4,V + k4, Evz (PTM(;IP)n

- 2P£M;1an|:

where kv, = yk/(maLi?).

_d_’anpln + dlnp2n

A

dn
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d4npln

— d2np2n

A

dn

|

(5.2.18)

(5.2.19)

(5.2.20)

(5.2.21)

(5.2.22)

(5.2.23)

(5.2.25)



5.2.3 Controller Morphing

As L is allowed to grow, k9 goes to one, k> and kg go to zero, and p becomes small to

maintain the same circumferential displacement. Then c2,, ¢34, c5, are equal to zero, ¢, and ¢4,

are k; +1. This makes d1, = kgn, don = d3, = k(k; +1), and da, = 0. The dimensionless control law

of (5.2.25) then becomes

_pZn
=V V +AVV, +k | —L2_
7’—N 1" n /’l'ln 17 dn vn|:k(kl+l)

where
V.V, =(k +1)sin(0),
ViV, = 2kpn (% + ﬂ_qdl)’
Py =—c08(q,) p'
and

A, =—k.

n

Let gaqi be equal to m and ¢» equal to -0, (5.2.26) simplifies to

—okk O+k
Ew PO S+ 1)

5.3 Simulations

cos(0) p'

(5.2.26)

(5.2.27)

(5.2.28)

(5.2.29)

(5.2.30)

(5.2.31)

After the morphed controller was derived simulations were performed. First the simulation of

the original equations of motion of (5.1.11) and (5.1.12) with the controller of (5.2.1) was

performed using initial conditions of g1 =n— 1.1, g2 = 1.1, and ¢, = ¢, =0, with control gains of
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@ =500, k=10.0033, k, =30, ky, = 20, and g4 = m, similar to [24]. Next, a simulation was
executed on the dimensionless equations of motion represented by (5.1.29)-(5.1.32) with the
dimensionless controller (5.2.25). The dimensionless simulations had controller gains of ¢4 =
125, k=0.0033, kya = 1.5291, k.o = 1.1288, and initial conditions of p =4.4, g = 1.1, and

p=¢q,=0. Figure 5.2 compares the results of these two simulations to validate the

dimensionless process was performed correctly. For both plots in this figure, the time axis for
the dimensionless simulation was scaled by y to compare to time in seconds. For Figure 5.2a, the
y-axis for the rho values was scaled by Lo/L1 and then © was added to the link one position to
compare it with the original link displacement. Lastly, the morphed equations of motion
represented by the matrices of (5.1.37)-(5.1.40) were simulated using the morphed controller of
(5.2.31), utilizing initial conditions of p = 3/L», g = /6, and p =g, =0, to match the initial
conditions of the dimensionless inverted pendulum cart system of section 4.1.5, and the same
controller gains as the dimensionless simulation utilized. This simulation produced unstable

results.

12 Second Link Displacement for full vs dimensionless systems
. T T T T .

First Link Displacement for full vs dimensionless systems

9%
3.8—” ___:‘1 i 1 AL
36 ft ] 0.8 ‘ |
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Ml 'H a4 ol _
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Figure 5.2: Comparison of the Original and Dimensionless Pendubot Systems
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For this IDA-PBC controller, why did the morphed control law with the morphed
equations of motion not produce stable results when the dimensionless system did produce stable
results? Looking at the dimensionless potential energy function of (5.2.28), once the first link is

allowed to grow large and dg; goes to zero the new potential energy function then morphs to

V,= kpn%z (5.3.1)
which is positive for all values of g». Using the definition of the ds, letting the first link grow,
the dimensionless desired mass matrix becomes

| ke, k(k +1)

M, {k(klﬂ) 0 }

which is not a positive definite matrix. This is one reason why going from the dimensionless

(5.3.2)

control law of (5.2.25) to the morphed control law (5.2.26) all the terms involving My dropped
out. This controller presents the question, if the desired mass matrix successfully morphs to a
positive definite matrix, will a simulation of the morphed controller with morphed equations

produce a stable result?

5.4 Conclusions

In this chapter, the equations of motion of the pendubot fulfilled the sufficient conditions
for morphing to the inverted pendulum cart. An IDA-PBC controller from [24] was applied to
the pendubot and rendered dimensionless. Simulations of the dimensionless equations of motion
and controller were performed, demonstrating that the process of rendering a system
dimensionless did not alter the simulations results. The process of morphing the controller did
not lead to stable simulation results for the morphed system. This chapter has shown another

underactuated system which supports the sufficient conditions for equations of motion to morph.
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Chapter 6 - Fully Actuated Two Link Manipulator

The examples that have been presented in the prior chapters have all been underactuated
systems. In this chapter, a fully actuated system will be investigated to illustrate that the
sufficient conditions for morphing equations of motions applies to fully actuated systems. A
controller will also be presented that will successfully morph.

In [28], the author presents a two-link planar robot manipulating an unknown load,
shown in Figure 6.1. This robot is fully actuated and as the length of the first link grows large
this system would resemble a fully actuated inverted pendulum cart. To test this idea, first the
equations of motion will be presented for the model in Figure 6.1. Then the controller from [28]
will be presented. Next, the equations of motion and the control law will be converted to
dimensionless form, and then morphed. Lastly, simulation results will be presented that verify
the process of rendering the system dimensionless does not alter the response and the successful

morphing of the two-link manipulator to a fully actuated inverted pendulum cart.

6.1 Equations of Motion

For the two-link robot manipulator of Figure 6.1, the kinetic energy is

., 1 2 - 1 : . |
TZE Iqlz+§m1(xfc+yi,)+5m2(xzzc+y220)+512(q1+q2)2 (6.1.1)

while the gravitational potential energy is

V=mgy,. +mgy,.. (6.1.2)
The global position and velocity for the center of mass of the first link, the link attached to the
origin, are

X, =L, cos(q), (6.1.3)
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Figure 6.1: Two Link Robot Manipulator

Y. =L, sin(q,),
X, =-L,sin(q,)q,,
and
Y. =L, cos(q,)q,
The global position and velocity for the center of mass of the second link are
X, =L cos(q,)+ L, cos(q +9q,),
V5. =L, sin (q1 ) +L, sin(q1 +4q, ),

X, =—L, Sin(%)q'l -L, Sin(ql +%)(41 +Q2)a
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(6.1.4)

(6.1.5)

(6.1.6)

(6.1.7)

(6.1.8)

(6.1.9)



and

N =1L COS(%)q'l +L, COS(% + %)(41 +42)-

The equation of motion for the first link, found using Lagrange’s equation, (2.2), is

(2L62m2L1 cos(q, )+ (L3 + L2, ym, + Ly, +1, +1, )q‘l +

(Lc2m2L1 cos (% ) +m, L, +1, ) g, —2m,L,L , sin (% ) 49, —

m,L L, sin(q2 )‘122 + g(mchz COS(% + q2)+(L1m2 +L,m )COS(% )) =,

and the second link is

(mchlecOS (‘b ) +m, L, + 1, ) q,+ (Lizmz +1, )‘b
"'mlechsm(%)q.l2 +gm,L,, COS(% + ‘Iz) =U,.

The matrices of (3.1.21) for this system are

M(q){(

(L1 cos(q2)+ch)m2ch +1, Lym, +1,

C(q q) _ _mleLcZ sin (q2 )qZ _m2L1L02 sin (qZ )(ql + qZ )
’ m,L,L, Sin(%)q'l 0 ’

G(q) _ {g(mzl‘cz Cos(ql T4, ) + (lez +Lclm1)cos(q1 )):l
gm,L , cos(q,+q,) ’

and

21,1 cos(g,)+ L + L, )my + Lymy + 1, +1, (Lycos(qy)+ L, )myL,, +1

(6.1.10)

(6.1.11)

(6.1.12)

2], (6.1.13)
(6.1.14)

(6.1.15)

(6.1.16)

Lastly, if the second link is modified to be modeled as a long, massless, slender rod with a point

mass a distance of L, from the end of the first link, then /> =0 and L. = L>. The matrices for

(3.1.21) then become
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M (q) = (2L.L,cos(gy )+ L + L3 )my + Ly + 1, (L cos(q, )+ Ly )m,L, (6.1.17)

(L1 cos(c]2)+L2)m2L2 Lm, , 1.
C(q q): —-m,L,L, Sin(%)‘?z —m,L\L, Sin(q2)(q1 ‘HL) (6.1.18)

’ m,L,L, sin(q,)q, 0 , B
6(a)= g(m,Ly cos (g, +4,)+(Lim, +Lm, )cos(q,)) (6.1.19)

gm,L, cos(q,+9g,) ’ h

and
= {”1} (6.1.20)
u,

6.2 Controller

In [28], the first step in designing the controller is to recast the equations of motion into

the form
M(q)§+C(4.9)4+G(q)=Y (¢.4.4)0 =71 (6.2.1)
where ¥ (¢,4,4), for the two-link manipulator, is a 2x6 matrix of functions of the generalized

coordinates and its derivatives, ¢ is a column vector of inertia parameters. Using equations

(6.1.11) and (6.1.12), ¥ (¢.4.4) and ¢ are

G G+d Yl geos(q) goos(q) gcos(q+q,)

Y(q.4.4)= 6.2.2
(a-4.4)=| g+q, Y2 0 0 gcos(q +q,) (6:22)
Y1=cos(q,)(24, +d,)—sin(g,)(d> +24d,) (6.2.3)
Y2=cos(q,)q, +sin(q,)q; (6.2.4)

and
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o= Lmy+ B +1, Lm, mLL mL, mlL, mL,] . (6.2.5)
Then the control law is
T :Y(q,q,v,a)(0'0+u2L)—Kr (6.2.6)
where Y (q,q', v,a) is a 2x6 matrix of nominal functions of the generalized coordinates,

velocities, and errors relative to a reference trajectory, 6o is a column vector of nominal inertia
parameters, u>; is designed to achieve robustness to the uncertainty of (¢ — o), and K is a

positive definite diagonal gain matrix. The new variables are defined as

v=¢'-1q, (6.2.7)
a=v, (6.2.8)
r=q+qj, (6.2.9)
and
Gg=q9—q° (6.2.10)

where 4 is a positive definite diagonal gain matrix and ¢ is a reference trajectory. For the two-

link manipulator of Figure 6.1,

Y (.dov,a) = a, a+a, Yal gcos(q) gcos(q,) gcos(q,+q,) 62.11)
0 a+a, Ya2 0 0 gcos(q,+q,)
Yal=cos(q,)(2a, +a,)—sin(q, )(g,v, +4,v, +4,v,), (6.2.12)
Ya2 = cos(q, )a, +sin(q, )4, (6.2.13)
Y, Y'r . .
( %TV’)‘ if ‘(YTr)i‘>£2u
u, = ; , (6.2.14)

-y, (YTr)i if ‘(YTY) ‘ S &y,

Eori i
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L2 (my + Amy )+ L, + 1, |
(L, +AL, )2 (m2 +Am,)
L (m,+Am,)(L, +AL,) (6.2.15)

L.,m,
L, (m,+Am,)
| (my+Amy) (L, +AL) |

and ¥ = 60 — 6. Then, after substituting and simplifying, the control law is

a, ((‘70)1 +(u, )1)+(a1 +"2)(("'0 ), +(”2L)z)+Ya1((°'o ), +(”2L)3)+
gcos(ql)((cfo)4 Jr(L¢2L)4)Jr(gcos(ql)((0'0)5 +(uy, )5) (6.2.16)
+gcos(qI +q2)((0'0)6 +(u2L)6)—K(1,1)r, =u,

and

(al +a2)((00 )2 +(”2L )2)+Ya2((60 )3 +(u2l )3)+gCOS(q1 +C]2)((0'0 )6 +(u2L )6) (6.2.17)
-K(2,2)r, =u,.

6.3 Dimensionless System

6.3.1 Equations of Motion

As the length of the first link grows large, the first link can be morphed to a cart with a
straight-line displacement measured relative to the positive y-axis. For this purpose, redefine ¢i
as /2+0q1, then the derivatives of ¢ are the derivatives of dq1. Next, convert the first coordinate
to measuring the circumferential displacement of the link by factoring out L; from terms

multiplying the derivatives of dq1. The matrices for (3.1.21) become

72



I L (Lilml+ll) ]
2L, cos +L+—=2|m,+—= (L, cos +L,)m,L
( 2 (%) | Lljmz L (1 (qZ) 2)m2 2 |:5‘41L1} (6.3.1)
q b

(cos(qz)Jri]msz Lm, ’

L Ll .
| -m,Lysin(q,)d,  -myL,sin(q,)((64.L)+Lg,)] Si L

Cle.9)d=| L, . . (632
mzfzsm(qz)(éqlLl) 0 4,

1

g (msz cos (% +0q,+q, ) +(Lm, +L.,m,)cos (% +6q, D
G(q)= , (6.3.3)
gm,L, cos(% +0q, + %)

and

U
T= { } (6.3.4)
u,

For a symmetric mass matrix, divide the first link equation, top row, by Li. After simplifying the

cosine functions in the G matrix, (6.3.1) through (6.3.4) are

_ 5 L2 I ]
[2£cos(%)+l+L—§sz +w [C(’S(%)"'éjmzL2 ;
.. L L L L 5q1L1
M(q)q= |: i }, (6.3.5)
[cos(q2)+%)m2L2 Lm, P
- ] N
L, . . L . ; ;
—m, fsm(qz)q2 —m, f51n(%)((5%L1)+L1%) gL
C(q.4)d4= 1 1 { 'I ]}’ (630
2
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L . L
~ —g(mzfs1n(5ql+q2)+[mz+ Lll

G(q)

—gm,L, sin (5q1 +q, )

and

mI]sin(éql )J

: (6.3.7)

(6.3.8)

To render the equations dimensionless, divide the first link equation by m»L> and the second link

equation by maL,?. For dimensionless coordinates the first coordinate, dg1L1, needs to be divided

by L. The dimensionless matrices for (3.1.21) then are

2 I’m +1 ~
[2—cos(q2)+1+—§j+( T ) cos(q2)+% 5G,L,
M(q)g=|" " ! Mt L |, (639
L .
cos(g,)+—== 1 9,
L i J
[ N . L(sr) . )l
__Zsln(qz)q —sm(qz)[f[ ‘[]j l]+q2] 54,L,
o\ - 1 1 2
—Zsin(qz)( 9 1J 0 ‘B
1 L, |
_£ ﬁsin L[ oal, +q, |+ l+im1 sin L[ oaly
L\ L L\ L L m, L\ L,
G(q)= s . (6.3.11)
_ & gin| 22| 244 +q,
L2 Ll L2
ul
LL
r=| (63.12)
U,
mzL;
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Multiplying by Lo/g = ?, transforms time to unitless time, ¢, and then using the dimensionless

parameters from Table 6.1, equations (6.3.9) - (6.3.12) become

2k, cos +1+ k2 +k2k +k, cos +k "
M(q)q”= 2 (qz) ) T RoKy T Ky (‘Iz) 2 ,0” ’ (63.13)
cos(q,)+k, 1 !
—k, sin ' —sin ko +qg)| o
C(q,q')q': 2 ‘ (%)q,z (%)( 2P qz) p,:|’ (6.3.14)
k, Sm(‘]z)p 0 | 9>
—k, sin(k,p+q,)—(1+k.k )sin(k,p) ]
G(q)=| (ke .%) (14 )sin(k:p) : (6.3.15)
—s1n(k2p+q2) |
T
r{ N}. (6.3.16)
Ty
Table 6.1: Dimensionless Two-Link Manipulator Parameters
Dimensionless )
k1 /) ks ko P V4 Ty Tno
Parameter
Two-Link m ﬁ I, L, dq,L, L Y 27/11 /4 2uz
Manipulator n, L m, L} L, L, g m,L,L, | m,L}

6.3.2 Controller

Supporting the coordinate change for the g1 to be measured relative to the positive y-axis

Y (q.4.v,a) becomes

L —a,+
< L “TR g —gsin(k,p) -gsin(k,p) —gsin(k,p+q,)

6.3.17
Ya2 0 0 —gsin(k,p+q,) ( )

LZ
0 —a,ta,
1

where
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L . . L, . . L
Yal = cos(qz)(zfzal +a2j—sm(q2)[q2v2 +fzpv2 +q, fzvlj, (6.3.18)

1 1 1

and

L L . L
Ya2 =cos —24g +sin ZpH2y, 6.3.19
(%)Ll | (%)Ll 'OL | ( )

1
To convert 7 to dimensionless form, as see in Table 6.1, (6.2.16) is multiplied by y*/(m2L>L1) and

(6.2.17) by y*/(m2L2?). Performing this operation and simplifying slightly obtains

4 ((00)1+(”2L)1)+[£a g ]((60)2+(MZL)2)+Ya1((GO)3+(u2L)3)
1 mlez 1 2

m,L,L, m,L,L,

1

: ((‘70 ), + (1, )4) ((0'0 ) +(”2L)5) - (("o ) + (12, )6)
- k - k 6.3.20
sin ( 2p)[ 3 + i sin(k,p+q,) mi ( )
- {—K(l’l) ﬁ} =1,
m,L,L, \ g
and
£_2a1 +a2j((60)2+(2u2L)2)+Y 2((60)3+(21’l2L)3)
1 m,L, m,L,
(( ) +(u ) ) K(2 2) - (6.3.21)
c
—Sln(k2p+q2) 0 :nszzL 6 _{ mzlé gZ}z—z’m,
where
Yal = cos(qz)(2%a1 + azj—sin(qz)(q;v2 + %p'v2 +q, %vl j, (6.3.22)
1 1 1
L . L L
Ya2 = cos(qz)fza1 +sm(q2)fzp fvl. (6.3.23)

1 1 1

The variables a; and v; are functions of unitless time and 4 has been multiplied by ’Lz/ g - Let

K1, and K>, be the terms in brackets in (6.3.20) and (6.3.21). Examining (6.2.14), &z, has the
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same units as (¥'r);, then to render uo; dimensionless, ¥; needs to be made dimensionless. Let

(u,,), ==Y, (u,,),, where

(Yry if (YTr) >&,
(#00), = () o> (6.3.24)

(YTr)l_ if ‘(YT”)i‘ngL,-

&

and ¥; = (60); — 6i, then (6.3.20) and (6.3.21) simplify to

(”0)1 _Tl(u2Ld)1 +[£a ta ](‘70)2 _\PZ(”zLd)z +Yal (‘70)3_‘1}3 (”2Ld)3
1 2

a,

m,L; , m,L L, m,L L,
—sin(kzp)((ao \ _,:: Zl(uw ko) _m\f;(um L J (6.3.25)
—sin(kyp -+ 4, L2 _m\le(um kg, =,
and
[i 4+ azj ().~ \Pzz(und ), +Ya2 (90): - LPZZ(“W )
1 sl sl (6.3.26)

) (o), _m\szz(“zLd );

—Sin(k2p+q2 — K, =17y,

Substituting o from (6.2.15) and & from (6.2.5) into (6.3.25) and (6.3.26) simplifies zv to
a, (1415 He + e+ dm, (1= (1)), ) )+ Yald 1+ (dm, +dm,dL, +dL, ) (1= (1, ), ))
(ot + ay )k (14 dL, ) (14 dmy ) (1= (), )+ (020), )

—sin (k, ) (ko + 1+ dm, (1= (1, ), )
—sin(k2p+q2)k2 (1+(dm2 +dL, +dm2dL2)(1—(u2Ld )6)>—r1K1n =7,

(6.3.27)

and Tz to
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(k2a1+a2)((l+dL) (1+dm2 ( um, 2)+ Uy, )
+¥a2d (1+(dm, +dm,dL, +dL,)(1-(u,,),)) (6.3.28)

—sin(kz,oﬁtqz)(1+(a’m2 +dm,dL, +dL2)(1—(u2Ld )6))—K2nr2 =Tyy»
where

Yald = cos(q, )(2k,a, +a,)—sin(q, )(gsv, +k,p'v, + @5k, ), (6.3.29)
Ya2d =cos(q,)a, +sin(q, ) p'k,v,, (6.3.30)

dLy=AL>/L,, and dma=Ama/m;.

6.4 Morphing

To satisfy the sufficient conditions necessary for the equations of motion of the two-link
manipulator to morph to a fully actuated inverted pendulum cart, the generalized coordinates
must morph into those of the inverted pendulum cart. The second generalized coordinate for
both systems measures the angular displacement in a counterclockwise direction of the second
link (pendulum) with respect to the vertical. The first generalized coordinate for the
dimensionless two-link manipulator is dg1L1/L>. To maintain the same circumferential
displacement as L; grows large dq1 becomes small, then dg1L1 becomes a straight-line
displacement and dq1L1/L> morphs to the p of the fully actuated inverted pendulum cart.
Similarly, the generalized velocities of the two-link manipulator morph to those of the fully

actuated inverted pendulum cart. The mass matrix of the dimensionless two-link manipulator is

2k, cos(q,)+1+k; +kok +k, cos(q,)+k,

M(g)= cos(q,)+k, 1

: (6.4.1)

and as L grows large, k> and ks goes to zero, k9 goes to one, showing (6.4.1) matches the mass

matrix of the inverted pendulum cart, (4.1.13), provided 41 is the same ratio of the cart mass to
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the two-link manipulator mass. Lastly, the gradient of the potential energy of the dimensionless

two-link manipulator is (6.3.15) which after letting k> go to zero would result in

G(q)= { o } (6.4.2)
—sin(q, )

the same gradient of the potential energy function of the dimensionless fully actuated inverted

pendulum cart. Therefore, the sufficient conditions for morphing the two-link manipulator

dynamics to that of the fully actuated inverted pendulum cart are met.

After letting L; grow large, k> and kg go to zero, ko9 go to one, and p go to zero, the

matrices for the equations of motion of (3.1.21) become

| 14k cos(q,)
M(q)= LOS (o) 1 } (6.4.3)

0 —si '
C(q,q'){o Sm(oqz)ﬂ, (6.4.4)
6= ° 6.4.5
=] _gin(q,)| (6:4.5)

and

r= [:N } (6.4.6)

Equations (6.4.3)-(6.4.6) are the same as the equations of motion for an inverted pendulum cart

that is fully actuated. The control laws of (6.3.27) and (6.3.28) simply to

(cos(q,)a, —sin(qz)q;vz)(1+(dm2 +dm,dL, +dL2)(1—(u2Ld )3))

(6.4.7)
+a, (1+k1 +dm, (1—(u2Ld )1))_’”1K1n =T,

and
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ay (1 dL, )’ (14 dimy ) (1= (1t0), ) + (1), |
+cos(g, ) a (1+(dm, +dm,dL, +dL, ) (1-(1,,,), ) (6.4.8)

—sin (g, ) (1+(dm, +dmydL, +dL, ) (1= (1), )) = Ko = o

To check that the morphed control law produces a stable response, simulations were performed.

6.5 Simulations

After the equations of motion and controller had been rendered dimensionless and
morphed, simulations were performed. The controller matrices K and 4 were defined to be
diagonal matrices with ones on the diagonals and zeros for off-diagonal terms and &2,; = 1. The
unknown load parameters were defined as AL>= 0.125m and Am> = 2kg. For Figure 6.2, the
initial conditions of g1 = (1.1-1/2), ¢, =0, #=0, and § = 0 were used for the two-link
manipulator comprised of (6.1.17)-(6.1.20) with (6.2.6). The dimensionless equations of motion
of (6.3.13)-(6.3.16) with the controllers of (6.3.27) and (6.3.28), had initial conditions of p =
(1.1-/2)L1/La, p =0, =0, and 8 = 0. For both systems, and the morphed system, the desired
trajectory was g? = [0;0], both links stabilized straight up, and g¢ = [0;0]. To easily compare the
plots in Figure 6.2, the x-axis for the dimensionless system was multiplied by y to have units of
seconds. Figure 6.2 demonstrates that converting to dimensionless form did not change the
response of the system and was performed to validate that the dimensionless process was
performed correctly. The simulation of the morphed system is shown in Figure 6.3. Figure 6.3
uses initial conditions of p = (1.1-1/2), p =0, =0, and 6 = 0, the same desired trajectory, the
morphed control law of (6.4.7) and (6.4.8) applied to the system of (6.4.3)-(6.4.6). Similar to
Figure 6.2, the x-axis was scaled by y to have units of seconds. To improve the response for the

morphed system, the controller matrices K and 4 could be modified.
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Figure 6.2: Original vs Dimensionless Two-Link Manipulator Simulations
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Figure 6.3: Morphed Two-Link Manipulator Simulation

6.6 Conclusions

The two-link manipulator of Figure 6.1, is an example of a fully actuated mechanical

system. The equations of motion for the two-link manipulator met the sufficient conditions for
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morphing to a fully actuated inverted pendulum cart. The control law presented in section 6.2,
after being converted to dimensionless form morphed to a stable controller, as demonstrated by
Figure 6.3 showing that this approach could work for fully actuated systems.

A real-world application that could benefit from the morphing of the two-link robot
manipulator would be an overhead crane or a Segway. As the radius of the first link grows large,
with some potential control gains modifications and coordinates changes, the resulting control

law could be to be applied to stabilize the crane or Segway.
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Chapter 7 - Conclusions

7.1 Summary

The sufficient conditions for when equations of motion will morph as size, lengths, or
shapes grow large or shrink to zero was presented. The sufficient conditions are:

1) The successful morphing of the generalized coordinates and velocities of the original

system to the target system.

2) The morphing of the original mass matrix as a function of the original generalized
coordinates to the mass matrix of the target system where dependency is now on the
target system’s generalized coordinates.

3) The original potential energy expressed in terms of the original system’s generalized
coordinates morphs into the potential energy of the target system expressed in terms
of the target system’s generalized coordinates.

These sufficient conditions were applied to, and met by, three systems that were underactuated
and one fully actuated system.

To aid in morphing, dimensionless parameters were utilized. To accomplish this, each
equations of motion was divided by a term comprising the common units of that equation. For
each system, the choice of dimensionless parameters for the original system was chosen with the
end goal of matching the dimensionless target system. Then the process was applied to a chosen
controller.

In chapter 4, a controller utilizing the method of Controlled Lagrangians was successfully
morphed from the rotary pendulum to the inverted pendulum cart. Chapter 6, had a robust,
sliding-mode controller successfully morphed from the two-link robot manipulator to a fully

actuated inverted pendulum cart. The IDA-PBC controller presented in chapter 5, where J2(q.p)

&3



was arbitrarily chosen, once morphed, did not produce a stable controller for the morphed

equations of motion for the pendubot.

7.2 Future Work

The process of converting to a dimensionless system may seem ad hoc in the examples
presented earlier in this work, to remedy this a general process for rendering a system
dimensionless should be formalized.

The further investigation of morphing equations of motion and controllers is needed for
systems that are underactuated to a greater extent than the systems presented here, or have more
degrees of freedom than the systems used here.

Controller morphing needs more investigation and two major questions that result from
the preceding analysis are: Under what circumstances will a control law morph and produce
desirable results? What effect does the morphing process have on non-energy-based controller?

For energy-based controllers, one sufficient condition could be that the new (desired)
mass matrix of the original system morphs to one that is positive definite in the target system.
Another sufficient condition could be that the new potential energy function for the original
system morphs to one that is positive definite in the neighborhood of the desired equilibrium.
Are there other sufficient conditions for energy-based controller to morph?

To increase the applicability of the morphing process, the process for morphing from a
simple to more complex system should be investigated for the equations of motion and control
laws. As well as the scaling for when the length or radius is considered large enough for the

system to morph.
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Appendix A - Ball and Beam

This Appendix is organized in three major parts. These are:
A.1 Derivations of Equations of Motion using Newton-Euler
A.2 Derivations of Equations of Motion using Lagrangian-Euler

A.3 Comparison of the Equations of Motion to those in the literature

A.1 Derivations of Equations of Motion using Newton-Euler

Ball and beam offset NE method.mw

:> restart

:} with| Lineardlgebra) -

Beam equations:

[> €03 = Jjy g0 — (~N7+ tgp+ FpH+ gy ]
Ball Equations:

> egd = F,— m-g-sin(6)-m ddx:

|> eg5:==-m-g-cos(6) + N-m-ddy:

beam

sin(8) — Jpdiify + R, Fy) -

[> eq6:= R, -FyJp-ddty

Kinematics ’

> X = :'-cos(e) — [Ro + H) -S{n(e) :

B dx, = a:.f'-cos(e) — r-sin(e) ds — (Ro + H) -cos(e) b

v

ddX, = ddr-cos(8) — 2- cirsin(8) - — r-cos(8) 8" — rsin(8) -6 + (R, + H) sin(8) 8" — (R, + H)cos(8) -ddo:
¥, = r-s{n(e) + (R, + H) -cos(e) :
d, == dr-sin(8) + r-cos(8) -d8 — (R, + H) -sin(8) b

v

v

v

ddY, = ddrsin(8) + 2 cr-cos(8) -8 — r-sin(8) &’ +rcos(8)-dde — (R, + H) cos(8) &’ — (R, + H) sin(8) -
dey = sr}::pfyﬁ'(dc&'c-cos(e) + da'};-sin(e]_,'fr'r'g‘}
ddx = (-H— R,)ddo—rdé" + ddr

v

> ddy = sr}?:pfyﬁ'(dcf};-cos(e) - dcﬂ(c-sin(e)._'fr'r'g‘)
ddy = (-H—R,) a6 + 2 dr de + ride

> ddy = ddsi— 29

o

Start substituting
can solve eq3 for N and eq4 for Ff

[> Fo= sofve[eq{ F,.)
F,i= —mrdd — Hmdde+ mgsin(8) — m R, dds + ddrm

> vi= solvel eqs, N)
2 7
N:=-Hmds —mR_d& + m gcos(8) + 2 drmdd+ mrddo

Eimph'fy eq3d and eq6
> expand|eg3)
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R
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> egb
R, (—m' rdét — Hmddé + mgsin(§) —mR, ddé+ dd.f'm) —J [d{fﬁ — i—m]
o
[> variables == [ dd8, de d. db] -
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A.2 Derivations of Equations of Motion using Lagrangian-Euler

Ball and beam offset lagrange.mw

|:> restart :
|:> with( Lineardlgebra) :

¥ Lagrangian Derivation

Kinetic Energy
1 ] 1 2 1 2 .2
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| > ef = diff (L. db) :
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A.3 Comparison of the Equations of Motion to those in the literature

¥ Comparison to Models in Literature

To start let the offset be equal to the radius of the ball
[> H=-R,:

> X
reos(8)
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diff(diff{L.q_dot).t)-diff(L.q)=Qi

|> el = diff(L dr):
> el= subs({8=8(r). r=71(t)}. el) :
|> el = subs({do=diff(8(1). 1). dr=diff (r(1). 1) }. el -
| > e2 = difflel 1) :
> e2= subs({diff(8(1). 1. 1) = dde diff(r(1). 1. £) = ddr}. e2) -
| > e2 = subs({8(f) =8.r(r)=rLe2):
> variables = [ dd6. ddr, d6, dr]
> Egyn = collect(simplifi{e2 — diff | L. r).'trig’). variables)
J, dd6 (mRJ‘ + f-) ddr ,
Eg, ,i=-— + L —mrdd + mgsin(8)
ball Ro R;
[> 3= diff(L.db) -
| > e3 = subs({8=6(1).r=r{1)}. e3)
> 3= subs({do=diff(8(1), 1), dr=diff (7(1). 1) }. €3) :
| > ed = diffle3. 1) :
|> ed= subs({diff(8(1). 1. 1) = dd8 diff(r(1). 1. 1) = ddr}, e4)
|> o4 = subs({diff{8(1). 1) = db, diff (ri1). 1) = dr}. e4) -
| > ed = subs({8(r) =8.r(r) =7} &) :
> Eqpm ™= cof!ecr(simpfﬂﬁ'(eéf —dif(L.8) — 'r,'mfg‘), vm‘fab}es)
N T, ddr -mpgl, sin(6)R_+mgrcos(8) R — 1R
Eqy, o= (m17 + 7, + j&mn) dde— 2 + 2mrdedr + —2— e (0%, = (0%, g
(]
coeff| [Eqbe anF ddﬂ] coeff| [Eqbe anF dd}']
> M= simplify
coeﬁ'[f.'qm,? a’dﬁ'] coeﬁ'[f.'qm,? dai'r]
. J;
”“r+“'rb+“'rbemn "R
o
M= )
Iy mR +.J
R, Rﬁ
Eepez:t above but with M(1,2)=0
T [m-RO-RO + fb] :
L mR,
1 1 1
> Ti= ?fm”-ds? + (%) (de)? + ?-m-(afxz +47)
) drmR_+ded,)’ 4 A
4 7 dﬁ—ﬂ] m —[ Ol = D) + < dg
r S N e R, 4 m R,
2 2 2
=> X = r-cos(e) - (&, +H) -sin(a) :
=> dx, = a’r-cos(e) - r-s{n(e) -df — (Ro + H] -cos(e) -df:
=> ¥, = }‘-sin(s) + (R, +H) -cos(e) :
=> dr, = a’r-sin(e) + r-cos(e) -6 — (Ro + H] -sin(e) -df:
>

dx = sim_p!gj.-(di;-cos(ﬁ) + a’l’c-sin(ej,'ﬁ'fg‘)
drmR_+ d6.J,
@ }FfRO -

93

(2.14)

(2.15)

(2.16)

2.17)

(2.18)

(2.19)

(2.20)



B dy = simpfyj'(a"l’c-cos(e) - df'(;-sin(e},'ﬁ'fg‘)
dv = rdo @21

> do— do— 2.

L ]
;> expand|T) :
> simplify( T, 'size')

Rl[a')‘d61+air:‘]ml+{dﬂ“[f +J, )R)‘+df‘3‘1)}::+dﬂlﬁ
o feam o & &

(2.22)
2}F!R;
Potentizl Energy
|:> V= m-g-r-sin(e) + m-g-[Ro + H) -cos(e) + mg-g-fbem-costej :
Lagrange
> L= epand(T— V)
" 2 b .
g dg  Jdi  Ja" 52 g g, 2 g gcos(8) J,
L= 22 + 2 + = + & AL <l —mgrsin(8) + ———— —m,gl,__ cos(8 (2.23)
2 2 2R 2 2mR 2 (®) R, 52 suam<05(©)
diff(difiL.q_dot).t)-diff(L.q)=Qi
> el = diff (L. a‘:)
> el = subs({8=8(1),r=r(t)}. el) :
> el = subs({db dﬁ[e Jt).ar=diff(r(1).1) ). el) :
|> el = difflel, 1) :
> e2 = subs( {drﬁ[e t.t) =dda diff(r(r).1.1) = ddr}, e2) -
> e2 = subs({6(¢ (1) =7} e2) :
> variables == [dd@,daﬁ,dﬂ, ar]:
> Eg,.n= collect(simplifi{e2 — diff (L. r).trig'). variables)
{Rim + fﬁ,) delr R
Eqppi= ————— —mrdé + mgsin(§) (2.24)
R
@
> 3= diff(L. do) -
| > e3 = subs({8=8(1).r=7(1)}, e3) :
| > 23 = subs( {d6=diff(8(1).1). dr=diff 7(1). 1) }. £3) -
|> ed = diffle3. 1) :
|> ed = subs({diff(8(1). 1. t) = dde, diff(r(r). 1. 1) = ddr}. e4) -
|> ed = subs({diff(8(1), t) = d8 diff(rit). 1) = dr}. e4) :
|> ed = subs({8(r) =8, 7(r) =7}, e4) -
> Eqy, = coﬁfecr(srmpfyﬁ.(eﬁf diff(L,8) — 't,'ﬁ'ig‘),vm‘iabfes)
[')[—””: +_jb(’mn +i]mkl+f]dd6 R (R AL (e} 2 (S}Rl Rl
= 5 -gm o Mp — Jp | S0 -+ m~ grcosl — TR m
Eqy,,, ¢ 2 ER— c +2mrdsd + o (Bo lbean™s — %) N 20 (225
R,m R,om
coeff| (Eqbe ant dd@] coeff| (Eqbe anr dd}']
> M:=
coeff| [ Eg;» ddﬂ] coef| {Eqm,} da}]
PR S J, .
2 [ m; _m;mn + To mR,+J
2 z 2 0
M= Bom (2.26)
Rim +J
D o
R
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Appendix B - Ball and Arc

This Appendix is organized in three major parts. These are:
B.1 Derivations of Equations of Motion using Newton-Euler
B.2 Derivations of Equations of Motion using Lagrangian-Euler

B.3 Derivation of the Dimensionless Equations of Motion

B.1 Derivations of Equations of Motion using Newton-Euler

ball and arc NE method.mw

:> restart :

:> with| Lineardlgebra) -

Ball Equations:

|> eq2 = gvaf(gapam’(Ff cos(o - 8] + .-‘»"-sin(o - 8) - m-(fd\'}} :

|> eq3 = gvaf(eapam’( -mg — Ff-sin(o — 8} + ;‘»"-cos(o - 8) - m-daﬁ'}) :

> egd =R Ff- Jyddd:
Arc equations:
|:> egl = gvfrf(m;mm’(uzm-ddﬂ— (—(R —H) -;‘\r"-sin(o) + 1+ g-ma-l’am-sin(e) + FfR-FEf(R—H) -cos[o)))) :
Kinematics
> xi= (R+R,)sin(0— 0) + (R — H) sin(8) -
> &= d{'ﬁ(.\; o) dp + d;jﬁ(.\; 8) -df:
(> dde = simplify( simplifil diff | v, o) -dp + diff (. 8) -db + diffi . dp) -ddp + diff (b, d6) - dddirig').size')

-

ddx:= ~(dp— d6)” (R + R, ) sin( 0 — 8) + (ddp — dld6) (R + R,) cos(0— 8) — (-d& sin(8) + ddcos(8) ) (H— R)
> y= (R + Ro) -cos(p— 6) — (R — H) -cos(e} :
> dv = diff (3, 0) -dp+ diff (3. 8) -d6:
> ddy = simplify( simplif diff(dv. o) -dp + diff (dv. 8) -d6 + diffiav. dp) -ddp + diff (v, d) - ddd'irig') size')
ddy = - (dp— dg)* (R+R,) cos(0 — 8) — (ddp — dd6) (R + R, sin(0 — 8) — (6" cos(8) + ddesin(8)) (B — R)
> rdo == rso + rds :
51'11(8)

> rso= (R—H)-| _cos(8)

L 0
Rsin(p—6)

> rds = | R-cos(p— 6)

0

> normrds i= R :

rels
> ogr= :
[ normrds ]

0
> dv, = CrossProduct| -dg-| 0 __:'do}:
-1
1 0
> dvy=dc| 0 [+dr| 1
0 0
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> et = CrossProdiict 0 |er

cos(o - 8}
et:=| -sin(o —8) 3
0

. (k)
> #dd:=-simplify| DotProduct —r - er||:

(a"l;c—a"l:d]l {d\' —d\'a, 5 .
R,, -ef =+ Ra -erz,ﬁ ig’

doR + doR, — d6R,

> dd = —simplify

dd = - B J— “@
> dda = simplifi( simplif diff(d4. o) -dp + diff (d4. 8) -d + diff (d4. dp) -ddp + diff(d4, d8) -ddarrig’) size')
(R+R,)dds
ddd=-—— % 4 s ©)

[
Start substituting
solve eq3 for N and eq2 for Ff
| > Ff= simplifi/(solve(eq?. Ff).size') :
| > N = simplifi(solve(eg3, N),'size') :
simplify eql and eqd
> Egqy = simplifi(simplifi{ expand| eval( eg4) ).rrig’) size') :
(> variables == [ dde. de. de dp] -
> Eqy.n+= coﬂec.r( simphyﬁ.'( Equ,}'sf:e'], vm‘iab;’es)
{—}?IRg - mRRi —5R, - Rg (H—R)m cos{o}) dde (mRRi + }uRg + R+ JbRO) ddp
Eqyn= X, + z

+ R, (H— R) msin(0) a6’ ()

Rimgcos(o} sin(#) — sin( ) Rg cos(8) mg
+
[> Eq,, = simplifi(simplifi{ epand(eg] — egd).mig).size) :
> Eg, = coffecr[Equ vm‘iabﬁes]

(2mR, (R+R,) (H—R) cos(0) + mR, +2mRE, + (2B — 2RH~+H') m+J, +J,) R ) ddo

— are
Egy, = = @)

o

[EmRG (R+R) [—%H+ %R] cos(¢) —mRz—En.rRRi+ (—lea:—fb) RO—JbR] ddp

+ —Edlﬁ(H—R)m(R

R

(]

+R,)sin(0) d6—2m (R+R,) [—%H+ %R] sin(6) a5

-mR, (R + RO) gsin(8) cos(9) + geos(8) mR, (R + RO) sin( o) — Rog([H— Riym+1_m } sin(8) — R,

are a
+
R’D
i gy (R+R),)
> = — x
o
3 A A . A 3 .
1 (—mR —mRR.—J,R — R (H— R)mcos(0) ) dds (}MRR"+};':R + J, R+ J R_|ddp . a4
EqbaH::R_ ° LA OR 2 ) + 2 2 R ¢ L 0) +RO(H—R)msm{o}a9“ (8)
o o o

R

o

Bl o) a0 Beelns |

g}roup terms for M, C and G matrices

coelf (Eq,. )-8
> G = simplify| simplify Jtrig' |, 'size’
Cogﬁ[Eqba;; g] g
oo =((m [R + Ro:] cos(0) + (H—R)m+ Famma) sin(8) — cos(8) sin(¢) m [R + Rﬂ}) g ©

(R+R,)gm(-sin(0) cos(8) + cos(o) sin(8))
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> M= sr’mpa"g}fi'(sr}npfyj.'[ coeff| [Eqa} - dd@],'fr'?g‘],'sr’:g']
Mi=2m(R+R,)) (H—R)cos(0) + (2B + (2R, — 2H) R+ Ry + H' ) m+ J, +J,
> M2:= s;fmp.f'yfi'(srmphﬁ'( coeff| (Eqam ddlﬁ],'frr'g‘],'sr:g']
(R+R,) (mRo (H—R)cos(0) +J, + mRR, + Rim)
R

o

M2 = -

> M= s;fmpfgﬁ'{snu pfﬂﬁ.'[ cogff] (Eq.mr} ddEl] ,'F;r';fg‘},'s;f:e']
(R+R) (}JIRO (H—R)cos() +J, +mRR, + Rﬁ}u)
R

o

M3:=-

> M4 = s;f}r:pfyfi'(s;fmpfyﬁ.'[ cogﬁ[Eq.mr? ddlﬁ) ,'fr';fg‘},'s;f:e')
{Rim + “’Tb) [R + RO)J

M= 5
R

MI M2
M3 MH
RISy G , 2N v ) e
> 1= sr};up."yfi'[srmpa’yﬁ.'[ 5 cog}?’[Equ a‘El] + cogf{Eqam a‘a") -t fr'rg‘],sr:e]
Cl:=-dp(H—R)m(R+R,)sin( 0)

> (2= sfmpfgﬁ-[sr’mpfﬂj.'[ % coeff( Eq,,. dp) + coeff| (Eqw\c, s’ ) -d@,'fr'?g‘],'sr’:e']

€2:=m (R +R,) sin( o) (dp— d) (H— R)
> (3= sr‘;a:pfgfi{sr’mphﬁ'( coeff] {Egba I a8t ) -d@,'fr'r’g‘),'.sr’:e')

C3:=(H—R)m(R+R,) sin(¢) 46
> (4= sfmp."'j_')fi{s;fmp@ﬁ'( coe_ﬁ{Egba# a‘lf;') -d@'fr';fg‘),'.s;f:e')
c4:=0

ol c2
3 4

> (=

B.2 Derivations of Equations of Motion using Lagrangian-Euler

ball and arc lagrange.mw

;> restart
| > with| Lineardlgsbra) :
Kinetic Energy
1 2 .2 1 o] N 1 .
> T= eapam’[ ?-m-(m‘;’ + m:) + ?{m-ae" + sr}np.fyfi'[ ?_;TD((IA(IA)]] :
|> %= (R+R)) sin(p—8) + (R— H) -sin(e) :

} di = (R+R,)cos( 8 — 6) (db— db) + (R — H)-cos(8) -db-
:> ¥, = (R+Ro] cos(p—6) — (R—H}-cos(e) :

|> v, =-(R+R,)sin(p— 6)(dp— ) + (R-H)-sin(8) -b:

| > rdo = rso+ rds:
sin(e)
> rso = (R—H]- -cos(8)
0
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R-sin( ¢ — 6)
> rds = | R-cos{p— 6)
0

=> normrds = abs(sim_pfyﬁ'( sqrt(}‘ds% + mis% + misg’] ]] :
Simpfyj.'(rds% + }‘ds'% + }‘ds% ]
> normrds = :
L R
ras .
=> = [ normrds ] ’
> = CrossProduct| -d6-| 0 |.rdo|:
-1
1 0
> v o=di | 0| +d |1
0 1]
0
> et = CrossProduct| -| 0 |, er
1
o [vc_vd]l (%) L
> dd = -simplify z, e + %, -ety,'size
‘ ((ds— dé) R, + Rdp) (sin(6— 6)° + cos( 6 — 8)°)
dd = -

RG

B simplifi( simplifil expemd| eval(T) ), 'trig'),'size’)
! (-2mRdo(dp— db) (R +R,) (H — R) cos(0) + m (dp— db)* R, + 2 Rm (dp— d6) R, + (( (B — 2HR +2R*) m + J,

2

S

+ Jye) d6" = 245 (B m + J;) d6+ a8 (Rom + J,) ) RS + 2Rl J (d — dlb) R, + J, R* i’

arc

Potential Energy

|:> V= mgy,+ ma-g-fmc-cos(e} :

Lagrange

|:> L= expand(T — V) :

diff{diff{L.q_dot).t)-diff(L.q)=Qi

| > dLdphi = diff (L. d3) :

| > dLdphi == subs({6=6(), 9 = 0(1) }, dlaphi) -

> el = subs( [dﬁ'= dfﬁ( 8(1), f),d¢=a&ﬁ[¢(f),f), ] dzduhf) :

(> drdphich = diffiel.t) :

| > e2 = subs( {diff(o(1). t.t) = ddo. diff (8(1). t) = do. diff(8(1). t. t) = dd6, dif( 6(1). t) = db ), dLdphid) -
|> e2 = subs({s(t) = p8(r) =8}, e2) :

(> variables = [dde dds, 8. dp] :

> Eqyn= collect( simplifi( simplifi{ e2 — diff (L. 0).trig’).size'). variables)

(—}J!Ri (H—R)cos(g) — }FIRi - R}JIRﬁ - JbRO) (R+R,) dds {Rmki + mRi +RJ, + beO:] (R+R,)ddp

Eg, .= + +m(H
ball Rﬁ Ri

(—sin(o cos(8) g}::Rﬁ + sin(8) cos( o) gm}ti) (R+R))
&

— R) sin(o) (R + R,) dé” +

[> dLdtheta = diff(L. db) -

| > dLdtheta = subs({6=6(2), = o(t) }. dldtheta) -
|> &3 = subs[ [de=dy?’( Bi1), f],d¢=a‘1ﬁ[¢(f},f}, ] dIa‘rhera) :

(> didthetad: = diff{e3. 1) -

[> e4 = subs({diff( (1) . 1) = dds. @iff(6(1). ) = do. @iff(8(1). t.t) = dd6. i (8(1). t) = d6 }, dLakhetadt) -
;> ed = subs( {o(t) = 0.8(t) = 8}, e4) :
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> Eg, = co;’.iecr[simp.’rﬁ{simﬁyﬁ'[#_él — aiff( L, 6).'trig').size'), variables)

—2;;;(R+Ro) [—zﬂ —+ %] sin[o}dlf;’

-+

-m(R+R) sin(8) gR, cos(0) + mcos(8) g (R+R,)R, sin(0) — ((H—=R)m~+m,]

&aoarc

r (2m(R+R,) (H—R) R cos(0) + mR, +2RmR, + ((H' —2HR +2R") m + J, + J, ) R ) ddb
Gore = R
o
5 H R 3 5 3 3 )
[_m {R+Ro) [—2— + - R cos(¢) —mR, —2RmR; + (—R"H:—Jb) R — JR|ddp
+
R
o

—2mdp(H—R) (R+R,)sin(0) do

) gR, sin(e)

R

o

E}roup terms for M, C and G matrices

(R+R,)gm (sin(8) cos(0) — sin( o) cos(6))

Mi = simp.’ﬂj','[simpfﬂﬁ'( coeff| [Eqwc, dd 3] ,'frig‘],'si:e']

Mi=2m(R+R)) (H—R)cos(0) + (28 + (-2H+2R )R+ H + &) m+J,+

M2 = simpfﬂj','[simpfgj'[ coeff| [Equ ah'{}] ,'ﬁ'ig‘],'si:e']

M =-

coelf(£q,,.2) 8
> G = simplify| simplify Jtrig’ | size’
COG_}?[:EQ'M;P g] £
-((m [R + RG:] cos(¢) + (H—R)m+ m, l’am) sin(8) — sin( o) cos(8) m (R + Rﬂ)) g
G =

are

[R + RO) {mRo (H—R)cos(0) + RmR_ + mRi + J"b)

R

o

M3 = simpf{jj?[simph‘}j’.'[ coeff| [Eqba” ddﬂ],'ﬁ'fg‘],'si:g']

[R + RO) {mRo (H—R)cos(0) + RmR + mRi + J'b)

M=~
R

o

Mg = simpfﬂﬁ-[simpfﬂj’,'[ coeff| [Eqba” dd@],'ﬁ'fg‘],'si:g']
5

{mRi + Jb) (R + RO)

Mi = _
R

MI M2

M3 A
1

Cl = sfmp?ﬂﬁ'[sfmpfﬂﬁ'[ 5 coeff| [Equ a’ﬂ] + coe_ﬁ‘(Equ d& ) -(fﬁ!'frig‘],'si:e']

Cl=-mdp(H—R) (R+R,)sin(o)

M=

- coeff| (Equ d{a] + cog_ﬁ{Equ dz_:‘)?' ) -d_@'ﬁ'ig‘],'si:e']
: coeﬁ[Equ dl?] + coeﬁ(Equ a’rbz} -df_ﬁ,'frig‘],'si:e']
C2=m(R+R,) sin( o) (dp — d8) (H— R)

3= gm;phyj'(smgphyﬁ'(coe_ﬁ"(.’fqba;} dﬂz) -dg'rig’ ),'Si:e')
C3:=m(H—R)(R+R,) sin( o) a8

4= simp?ﬂﬁ{simpfﬂj.{coeﬁ‘(Eqba‘rp d@z ] -d@,'ﬁ'ig‘],'si:e']

C2 = sfmp?ﬂj,{simpfﬂj’,'[

L
B
C2:= simp.i'yﬁ'[simpfyﬁ'[ %

Cd=10
clroc2
c3 4

-mds(H—R) (R+R,) sin(¢) m (R+R,) sin(o) (dp— d8) (H— R)

=
m(H—R) (R+R,)sin(0) do 0

Eompar{ng to [23]
=> }mr== 0:J=10:R, =0:
> %= Rsin(¢ — 8) + I-sin(8) :
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>

B

>
>
>
[>
>
>
>
>

A%

v "V Ll

v

A%

v

v

Eg

>

>

>

Ti=

arc

} ¥, = Rcos($—8) — I-cos(8) :
> dx, == R-cos(p— 6) -(dp— db) + I-cos(ﬂ) -de

d, = Rcos( ¢ — 8) (dp— db) + Icos( &) db

dy, = -Rsin( ¢ — 8) (dp — d6) + I-sin(8) 6

1 2 2 2. 2 ——
E(H’J‘(R (do—E) cos{f‘n—ﬁ] + 2RId6cos(8) (dop— dB) cos( o — 8) + R* (dp— d6) " sin( o — 8)” — 2R [ dbsin(8) (do
) 2 3 ) 7, dé*
— d8) sin( 6 — 8) + P d6* (cos(8)* + sin(8)7))) + =
Vi=mgy,:

:> L= expand(T— V) :
diff(diff(L.q_dot).1)-diff{L.q)=Qi

dLdphi = diff(L. dp) -
dLdphi = subs( {6 = 6(1),
el = subs( [d@ = d{fj"(e
dLphick = difflel. 1) -
1).t.t) = ddo. diff{ (). t) = do. diff(8(1). . t) = dd6. diff( 6(t). 1) = d6 }. dLdphidk) :

a2 = subs( {dif o

o2 = subs( {o(t) =

0, 6(1)

dy, = -Rsin( ¢ — 8) (dp— d6) + Isin(8) db

> T= sr'mpfijfv[ %-rﬂ'-(fix2 + aﬁ.;‘] + L-Jm-dﬂ?‘,'sr':e']

=41}, dLa’phr]
) =dﬁ[¢ ] dephr‘) :

=6}.e2) :

variables = | dd6, ddp, d6, dp] -
Eqy = collect( simplifi( simplifi( €2 — diff (L. 0).'trig’) 'siz€’), variables)

Eqypi=-Rm(-lcos(¢) + R) ddé + RYmddy— Rm Isin(9) dé* — Rm (sin( ) cos(8) g — sin(8) cos(9) g)

dLdtheta = difflL.

de) -

dLdtheta = subs({6=6(1), 0= o(#) }, dldrhefa]
e3 = subs([a‘ﬁ diff| 6(1) r) do=diff{ ol?) ] dLa‘rhem):
dLdthetack = diff|e3, 1) -

o4 = subs( {diff{ o(z)
=4.68(1)

ed = subs( {8(1)

tt) =ddo. diff( 6(1). 1) = do diff( 6(1). 1. t) = dd6. diff 6(1). 1) = d6 }. dLdthetadt) -

=B},e4} :

Eg, = collect( simplifi( simplifi( e4 — diff (L, 6) mrig) 'size'). variables)

—_ {—ERJnfCOS(‘?} +

~+ mgRsin(4) cos(8) —

G = simplify

M=

d&) -dl?,'ﬁ'ig‘],'sf:e'] .

simpff}j{sfmp!{}jb(coeﬁ'(EqM I e ) -dﬂ,'ﬁ'ig‘),'si:g') . sim_pbyj'(sim_p!f}j{coeﬁ{fiqm? a’gsz ) -d@,'ﬁig‘),'si:e'}

simplify

(R2+P)m+ Jm,c) ddé+ (RmIcos( o) — 7 m) ddp + 2m RId6dpsin(¢) — mR1dg sin( ¢)

mgR cos( o) sin(6) + mglsin(6)

,'ﬁ'ig‘}'si:g']

((-Rcos(0) + 1) sin(8) + cos(8) sin(0) R) mg

m (cos( o) sin(8) — sin(o) cos(8) ) Rg

E%roup terms for M. C and G matrices

coglf(Eq,,. ) &
Cwﬁ(Eqba;} g] ‘£

sfmpfyj'.'[ sfmpf{;j.'( coeff| |: Egq,,. dd 9],'#?3‘],'3?:9‘] sfmpiyj'.'[ sfmpfyj'.'( coeff| |: Eq,,. dd{a],'ﬁfg‘],'sf:e']
sfmpi’rﬁ'( simphjﬁ'( coeff| [ Egqy . cle 6],'ﬁ'ig‘],'si:e'] sfmphﬁ'( simphyﬁ'( coeff| [ Eg; i ddl?],'f?'ig‘],'si:e']

-2miRcos(¢) + [R1+ .p“] m+J -Rm(-Icos(0) +R)
M=

-Rm(-lcos(0) +R) Rm

mRIdpsin(o) -sin(o) RIm (dp — df)
-mR1dgsin(¢) 0
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C = [ [simpfyj','[ simpfyj','[ 5 coeﬂ[Eqwf dﬂ] + coeﬁ{Eqm_c, dﬂz) -dﬂ,'ﬁfg‘],'si:e'], simpfyj',{simpfyjl{ 5 coeﬂ[Equ d{?] + coe_g?{Equ

as

(16)

an
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(19)

20

2
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B.3 Derivation of the Dimensionless Equations of Motion

BA dimensionless.mw

;> restart .

| > with( Lineardlgebra) -

(R+R) (—mRz - RmRi — LR, —(-R+H) Rim cos[o}) ddg . (R+R) (RmRi + mRz +JLR+ JbRO) ddp

> Eqyp= = = + (R
&, R,
a3 )
R~+R_)(sin(8) gR mcos(o) — cos(8) gR. msin(0
+R,) (-R+H)msin(0) d&” + (R+R,) (sin(6) eR, E} (8) g%, msinf0))
R
o
E _ (R+ RO) (—}::Ri— R}::Ré— J,R,—(-R +H)R§mcos(a])dd9 [R +Ro) (Rmkﬁ +}::Ri + R +JbRo) ddp 2 L
Dpal) = 2 + 2 +( @
o o

YR (R4 H)m (o) e (R+R)) (sin( 8) gkim cos(0) — cos(8) g}i‘im sin( -’J])

S

(2(-R+H)R,(R+R,)mcos(0) + mR. +2RmR. + ((H —2RH+ 2R ) m+ J, + J, ) R ) ddo

arc
RQ

> Eqan: =

[2 [%R— %H] R, (R+Ro]mcos(o} —}J:Ri—2RmRi+ (—}?IRl—fb) RO—JbR] ddp
4 2 2

= —2ds(-R+H) (R

[
+R ]msm o}d@—?[ ; R— —H] R+Ro]msin[o}d¢3

-sin(6) gR, (R+R ]mcos o) + cos(6 ]gRO(R+Ro]msin{o] —g((-R+H)m~+1,m ]Rosin(e]
+

o arc @
RQ
5 3 3 )
B (2(-R+H)R,(R+R,)mcos(0) + mR +2RmR. + ((H —2RH+28) m+ J,+ J, ) R,) ddo o
arc R,
[2 [% — ?ﬂ\| R, (R+R,) mcos( o) —mRi—ERmRi+ (—}?IRJ —fb) RO_JFE-,.R\| ddp

4 2 2 ) - 4 —2d¢(—R+H)(R+Ro)fa:5in{o}a'9

o
R H) . )
_2 [ >~ TJ (R+Ro)msm(o} dy’

-sin(8) gR, (R+R,)m cos( o) + cos(8) gR, (R+R,)m sin( o) — g((-R+Hym+1, m)R, sin(8)
R

o

E}roup terms for M, C and G matrices

coeff(Eq,,. £) €
> G = simplify| simplify Jtrig' |.size’
coeﬁ"[Eq-M# g] ‘g
o -((m(R+R,) cos(0) + (-R+ H)m + L Mz) sin(8) — sin(o) cos(8) m (R+ RO)) g ®

(R+R,)gm (sin(8) cos( o) — cos(8) sin(s))
> MI = simpfﬂfi'(sr’mpfﬂj’.'[ cogﬁ”(ng - ddﬂ],'fr'ig‘],'sr’:e']

MI=2m (R+R,) (-R + H) cos(0) + (2 2R+ +(- ?H+2}cﬂ)}c+ﬂJ +R§)m+; +, )
> M= sr’mpfﬂfi-[sr’mphﬁ'[ coqﬁ[Egam dd-ﬁ],'fr'?g‘],'sr’:e']
("”Ro (-R+ H)cos(o) + RmR, + }J:Ri + Jb) (R + RG)

M2=- 6}
> M3= sr’mpfgfi'(sr’mphﬁ'( coeff| (Egba I dd@],'f?'r‘g‘],'sr’:e']
VB (mRO (-R+ H)cos(o) + };mRO +mR; + J'b) (R+R) ©
o
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> M4 = sfmphyﬁ'[ Sifmpfyj,'[coeﬁ' [.E‘fqm,P ah’:?],'ﬁ'fg‘],'si:e']

> M=

M3 M2

Ml M2 }

NP Ry ) | . .
> (l= srm_p!yj'.'[srm_pfyj'[ 5 coelf( Eq,,. d8) + coeﬁ’(Eqmw dBZ] -dﬂ,'fr'rg‘],'sr:e']
Cl=-dp(-R+H) (R+R,)msin(0)

> (2= sfmp.?ﬂj','[simpfyj'[ % coeff| (Eqm - d:_?] + coeﬁ‘(Equ dg}z ) -d_@'ﬁ'fg‘],'si:e']

C2:= (R+R)m sin(o) (dp— @8) (-R + H)
> (3= simp.?ﬂj','(sfmpffﬁ'(coe_ﬁ'(Eqm,P e } -dﬂ,'ﬁ'ig‘),'si:e')

C3:= (-R+H)(R+R)msin(0) db
> (4= sim_pfyﬁ'(sfmphﬁ'(coeﬁ’(EqM,? abz } -d@,'ﬁ'ig‘],'si:e'}
C4=10

cl c2
c3 4

> C=

-dp(-R+H) (R+ R, )msin(0) (R+R,)msin(o) (dp—db) (-R + H)

(-R+H) (R+R,)msin(0) db 0
Eonversion to dimensionless
Eg,
> Eg = —2C:
are m Ri
I Edpan
> Egyop=

mR, (R+Ry)

o ! , coeff(Eq,,. £) £
> = 3] ify| i ity Jtrig' |.size’
simplify| simplify coeﬁ[EqM; g] " rig |.size
((m(R+R) cos(0) + (-R+ H)m+ 'Fa}\::ma) sin(8) — sin(0) cos(8) m (R+ RG)) g
Rim
&= (]
2 (sin(8) cos(¢) — cos(8) sin(0))
RO

> M= simpffﬁ.'( simpfyﬁ'(coeﬁ (‘Eqmv:’ dd B],'fr'ig‘],'si:e']

2 . 7
v 2m(R+R) (-R+H)cos(0) + (2R + (-2H+ 2R )R+ H + R m+ J; +,

are
a
mR
> M= simpfﬂj',-(simpfﬂj’,'[coeﬁ (Eqmc, a’d{}],'ﬁ'ig‘],'si:g']
{}HRO (-R+ H) cos(o) + RmR + mRi + Jb) (R + RG)

M2 =-
Ri m
> M3 = sfmpfﬂj','[sfmpfﬂj','[coef [Equ,? ddﬂ],'ﬁr'fg‘],'sf:e']

Ve -mR (-R+ H) cos(o) — RmR, — mRi —Jy

mRi
> Md = simpfﬂj','(simpfﬂﬁ,'[coeﬂ (EqbafP dd&],'fr'ig‘],'si:e']

A (}?IRﬁ + Jb) (R + RO)

3
mRO
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M|
M OM# |
> Cl= smxpfyj[srmpfyj,[ coeﬁ Eg,,. dd +coe_ﬁ(£q dﬂl) -d&'f!'ig‘],'si:g']

ds(-R+H) (R+R,)sin(0)

> M=

Cl=- - (as)
B,
_> C2:= simpffﬁ'[simpff]ﬁ'[ % coeff( Eq,,. db) + coeﬁ(Eqm,c, (ffffj'] -dl?,'fi"fg’],'ﬁ:g']
(-R+H)(R+R) sin( o) (ds — d6)
C2= ; (19
7,
=> C3 = sfmpfﬂj,'(sfmpfﬂj',-(coe_ﬁ‘(.&'qbaﬁ g ] -dﬁ,'fr'fg‘],'sf:e']
o3 LR H}l sin(¢) 48 20)
=> 4 = simpfyj,'(Sifmpfyj','(coeﬁ'(EqM” dr_f:z ) -dl_ik,'ﬁ'ifg‘),'si:e')
i c4:=10 1)
I cl C2
> (= :
3 4
Eubstituteindimmsiu‘nless parameters
2 (k=) (B +1)cos(o) + B +28 2k K+ 2k +1+R+E -((-F+k)cos(o)+ b+ 1+ k)
M=
g —((—Ft_,+5t6)-cos(o)+.7t.+1+?§] 1+
| ds (& — &) (& + 1)sin(6) (& + &)sin(o) (s — o)
e (= + &) sin( 0) 0
o (;q + 1)-5{11(0— e]+(;;. — k= 5‘“1'*"“5) -sin(e)
| -sin(o — 8)
> Fi= W ]:
| 0
>
> M= gxwmf[ simp?yj','[mbs[ [cos[o} =1- % -02, sin(o) = 0], *Ml: 1],'5?:@']]
;‘Lﬂ==—ol.-i'ﬁ.%.+Ol.%—ol.§+ol§.+.%+%+.'§+2%+1 22)
> M2 = sm:p.’yj',[mbs[ [cos[o} = 1——-02 51n( ) ] M 2]]
Mz==w_e§—kﬁ—1 23)
_:> M3 = srfbs[ [cos[o} = 1—%-02, sin(o) = o], Mz:z]
I M=1+F (24)
> Cl= m;mmf[st{bs[ [cos{o] = l—L-o2 51n( ) ] ¢ 1]]
Cl=-dpoks ke +dpo i — dpoig+dpok, @
> 2= e:n.;mmf[mbs[ [cos[o) = 1—% -02, 5in(o) = 0], Cl:z]]
C2= dpoky— dpok, — 0dbiy + odoF, 26)
> CF:= e:n.;mmf[ srfbs[ [cos[o] =1- %-02, sin(o) = 0], CZ: 1]]
C3 = odoky — odok, @
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. . _ 1 2 . _
G2 = sm:pfyj','[subs[ [cos[o) = I—E-O B sm(o) = 0], Gz: ID
G2 =-sin(-8+ o)
M= srfbs[ [fi,_,z-o?':|'-3?"= 02=0,0=0], x‘lrﬂ)
M=o +RB+k+k+2k+1

M2 = srabs[ [02 =0.0= {}], M2)

M=tk —
M3 = srabs[ [o2 =0,0 =0], ;‘LuB:]
M= 1+ at_1

Cl= mbs[ [a’{?o R% =p-dp.o=0, 02={}], Ci’)

Cl=pdp
€2 1= subs( [ok} d8=p-d 6=0,06" :0], 0_9)

C?=pdo
€3 1= subs( [oft} dB=pdi 6=0,6 =0], 03]

C3 = —pdb

Gl = simpfyﬁ'[mbs[ [02 =0,0= 0], :.'impfyﬁ'(s:{bs( { et ocos(8)=pcos(8) } expand( Gl) ),'ﬁ'ig‘) ),'si:e')
Gl = {_"ﬁ = — 1) sin(8) + p cos(8)

G2 = sfm_pfyﬁ'[mbs[ [at, B=p, 02 =06= {}]= G.?),'ﬁfg‘)
G2 = sin(8)
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Appendix C - Inverted Pendulum Cart

This Appendix is organized in four major parts. These are:
C.1 Derivations of Equations of Motion and Controller
C.2 Simulink file and MATLAB code for the simulation of the Full System
C.3 Simulink file and MATLAB code for the simulation of the Dimensionless
System
C.4 MATLAB code to produce the plot for Chapter 4

C.1 Derivations of Equations of Motion and Controller

IPC.mw

|:> restart :
|:> with( Lineardlgebra) -
Y Equations of Motion
Kinetic Energy
1 T 1 , 2 2 4.
|:> T= ?-mp-?‘-dﬁ" + ?-(mc+ mp) a4+ n.rp-f-cos(e)-m at:
Potential Energy
|:> Vi=m, g.i'cos 8)

Lagrange
[ L= expand(T—7):
dFFGL.q_dot).0-dRL.0)=Qi

> el = difL. dv)
i el = dom, + (Ixmp + mp Tcos( 8] dg (1.1)
> el = subs({8=0(t), x=x(1)}, el)
I el :=dem_+ :fxmp + n, Tcos(8(r)) 4o (1.2)
> el = subs( {do=diff(6(1). 1), dv = diff{x(1), )} 1)
d d d
el = [Em t |m + [?.‘L(f)J }er+}:rp€c05(8(f)] [ & 8[?]}| 1.3
> &2 = diffiel1)
& ) & ) d ) & )
7= - | — 1 —_—
a2 [ pp .\[r)x m, + [ e (r)} ", mpimn(e(r)] [ & 8(r)}| + }:l:p.i'cos(e(r)] [ pp e(r)J (1.4)
> e2 = subs({diff(8(1). 1. t) = ddd, diff(x(1). 1. t) = ddx}. e2)
o . . d ) )
e2 1= debem_ + el n,— mp.?sm( 8(1)) [ vy 8(?)J| + }J:P.?cos(e(r]] dde 1.5
> 22 = subs({diff(8(1). 1) = dB. diff(x(1). 1) = ). e2)
e2 :=ddxm, + dd.\'mp —m, Tsin(8(r)) agt + m, Tcos(8(1)) ddb (1.6)
> 2= subs({6(f) =8, x(r) =x}. &2)
I e2 = ddvm, + dd.\'mp —m, Tsin(8) a6~ + m, Icos(8) dds (L.7)
| > variables = [dd, debx, d, dx] :
> Eq .= fo.?fen(snupfyfi'( e2 — diff (L. x) — TIPC‘-WT‘QJ)‘ vm'!’a-";l.?e.s]
Eq, =, Tcos(8) dds + (m, + }up) e — m, Tsin(8) g — TUpe (1.8)
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23 = diff(L. d8)

e3 =m, P de + mpiccs(e) i
e3 == subs({8=0(1).x=x(t)}. &3)
ei:= mp.’ldﬂ + }::P.?cos[e(r')] dx
e3 = subs( {df=diff(8(1). t). dv=diff(x(1). 1) }. €3)
e :=mp.’L1 [% B(F)] + mp?cos[@(r’)] [%v(r)]
ed == diff{e3. 1)
94::}::?.?‘1‘[ :; 8(?’)] —mp.?sin(e[r)) [%8{?’]] [%.‘r[r)] +mp3c05(8(r)) [ :_; .‘((r’]]
ed == subs( {diff(8(1). 1. t) = dd6, diff(x(z). 1. ) = dddx}, e4)
o4 ::}J:P.?lddﬂ— }J:P.?sin(e[r)) [% 8(?')] [
e4 = subs( {diff(8(1). 1) = db, diff(x(1). 1) = dc}. e4)
ed =, P dde — "y Isin(8(1)) dodx + "y Tcos(8(1)) defx

e|a

.r[r')] + }sz.?cos(e(r)) delc

e4 == subs({08(1) =8,.x(t) =x}, e4)
ed:= mp.’lddﬂ - mp.i'sin{e] dbck +m, 1 cos(8) dd

Egyy = collect(simplify(e4 — diff (L. 8).trig ). variables)
Eqy 0= My P dds + s Tcos(8) ddx — }J:Pg.? sin(8)
coef( chmr ddx] Coeﬁ [charf ddﬂ]
coell( Eqy,p dex)  coelf(Eqy,; dd6)

. m+ o, o, Icos(8)
e 2
", Tcos(8) m, F

o coeﬁ'{chdelz} -dx cogﬁ'(chmrdﬂz} R}
coe_ﬁ{Eqba‘,} 05,2) -dx coeﬁ{Eqba” dﬂ]
. 0 —mpl’sin(e)(fﬂ
] 0
o coelf (g, €) 8
. Cmﬁ[‘ﬂ"m,r} 8] 8
0
- —mpg.’sin(e]
re 0l (B gpe Tpc) Tpe
coef | gy ppe) e
Foo| IPC
0
x
=4
x
g:= 8
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¥ Dimensionless Equations of Motion

divide cart equation by mp*1 and pendulum equation by mp*1"2
chﬂ?'f
> Eqno;mcm = ]
L P
Eg
> Egnormy,, = ;i‘;: :
L "p
Y coeff]| (Eqnor'm are ddr) coeff| (Eqnorm cart dai'ﬂ)
M=
coeff| [ Egnormg,;. ddr) coeff| ( Egnormy, ., dd S]
n, +m
1 cos( 8)
M= £ 2.1
cos(8) .
I
s e coe_ﬁ'{Eqno?mcmr dx‘z) -ax coeﬁ{Eqno?mcmr dﬂz) -df
W=
coeﬁ'{Eqmrm balf (ﬁ)’) -alx coeﬁ(.’_‘fqmrmm,} dﬂ)
0 -sin(8) db
Cn:= (2.2)
1] 1]
coeﬁ"[Eqm??ﬂcmr g] g
> Gn=
coeﬁ(Eqnor?ﬂ bal? g} g
0
Gn:= _ sin[e]_g (2.3)
I
. R coeff{ Eqnorm, gy Tpc) Tppc
i —
coeﬁ(Eqnormba‘,} TJPC) Tpe
s
Fn:= mp.? (2.4)
0
x
> gni= i
5]
Y coeff| (Eqno?m cart ddr] -1 coeff| (Eqno?m cart dd@]
Mt =
coeﬁ'( Egnormy . dd\r) -1 coeﬁ'( Egnormy ;. da’ﬂ)
m,_ +m
——Z cos(8)
Miz:= ny (2.5)
cos(8) 1
Ehange of variables:
Jimp1-2=kl, mc/mp=k6, g/l=1/gamma"2 multiply both equations by gamma"2 create rho'(1) and 6'(x)
q(original=[x;6] q(nn)=[rho;0] q(normalized)=[rho'(x), 8'(1)] have to change sin(t) to sin(1)
Tpe/mp/l=tn
k. +1 cos(8)
> M= % :
cos(8) 1
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4

0
> G :
" | —sin(e)
]
> Fn=
L T
5|

Pendulum"

K-ﬁ-sin(e)-(ot-dﬂl + d-cos(e)) -

B-a-d-[mc + mp} x

o

i

0 -sin(8) do

¥ Controller from "A Normal Form For Energy Shaping: Application to the Furuta

4

+ B'”a‘.-‘::]

o —

B (1c+1)-(cos(8) )’ J
(mc+mP}

« P sin(8) (o:d8 + deos(8)) —

-

Bad{mc +m ) X
4[3:?_

+ B“a?::

> = c(m o+ }JIP] (m +p-c05(8} -dﬂ)

o ﬁl-(cos(e))l]

> B L [a [}J:€+}er]

| B (,.[=1

> N (mc + mp] + t ]]

> simplifi Tsize')

[o:— [32 cos(8)

o —

Uy =C (mc

P:=

2

m, + mp

ad[n:c + }?Ip): x

pl p
B (1 + 1) cos(8)”
m, +}HP

- mp} (e + pcos(8) o)

2 2
_ fcos(8)
m, +m

S

(1)
B[“ C )

m, =+ mp

At

2 (6 2
cosl
o Frcos(8)”
m, -+ mp

¢ (m, +m,) (v + pcosi8) 48)

kP sin(8) (0:d8” + deos(6)) —

¢p’

-+

g

Dimensionless Controller
r 5
=> o= mp-?“.
_> p= JJJP-F:

(> #1= (mc + mp] :

(> di=-m_gl:
K d My g

o —

GJ(K+ 1) cc:Js(S}2

, =+ mp
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7 4
s 1
> 4T
L H
> P
hY
m 1 [K+ E"—l
y g
- (4.1)
mc+}:rp
=> Pp = F-Pd.:
-1
(57
> Pi= ¢t
L Ay
> B
R
| mt P cos(8)”
m - L
3 mc+m
£ 4.2)
9
r 5
=> Bn = }JJP.’L“-BG;:
R
— cos(8)”
s
N R
L 9
> Ufiss
i ¢ (mg =+ my) (dc + pcos(8) d8) (4.3)
> un = }arp-f-:{dd
wn =, Ty, (4.4)

> = c-la,-(p + P, cos(8) d@) :
[K-sin(e) (a‘ﬂ“+a‘d cos(e)) B, add "a‘ 2 [%] +Ba"”da‘]

(K+1] cos } J

> m=m_-I
r

[K-sin(e) (aﬂ”+ad cos( )) Byedy (}

- LD ) ]

> ol = simplify

inultiply by gamma”2

) o [K-sin(e)-(dﬂz—cos(e)) +Bd'e"(;"d) (p .
> = simplify = Jsize' |
1_(K+u(m4qy]

;'Ld
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C.2 Simulink file and MATLAB code for the simulation of the Full System

x

1 —| wdot_x I_.' xdot

u 4 ¥ > ;— -‘I
fon
Statas » theta
J
thetadot_theta
p thetadot
function y = fcn (u)
%% Main Vectors
X u(l); % feedback array
theta = u(2);
xdot = u(3);
tdot =u(4);
%% Generalized quantities
q = [x thetal'; % Generalized coordinates
gdot = [xdot tdot]'; % Generalized velocities

%% Physical parameter values

Mc = .44; % kg - cart mass

Mp = .14; % kg - pendulum mass

g = 9.81; % m/s"2 - gravity

1 = 0.215; % m - pendulum length

alpha = Mp*1"2;

beta = Mp*1l;

gamma = Mc+Mp;

d = -Mp*g*1l;

%% Linear model parameters

C = 0.015;%0.001;

kappa = 20;%50;

epsilon = 0.00001;

rho = -0.02;%1;

$psi = 0;

$% The G,M,C, P and KD matrices

G = [0; d*sin(theta)]l; %gravity terms

mass = [gamma, beta*cos(theta); beta*cos(theta), alphal;%mass matrix
C = [0, -beta*sin(theta)*tdot; 0, 0]; %Centripetal and coriolis
matrix

$inclined plane

S G = [-sin(psi) * (Mp+tMc) *g; -Mp*l*g*sin(theta)]; %gravity terms
% mass = [Mc+Mp, Mp*l*cos (-theta+psi); Mp*l*cos (-theta+tpsi),
Mp*172];%mass matrix

$ C = [0, -Mp*l*sin(-theta+psi)*tdot; 0, 0]; %Centripetal and

coriolis matrix
$% Evaluate the control law

B = 1/rho* (alpha-beta”2/gamma* (cos (theta))"2);
P = (kappa+ (rho-1) /rho) * (beta/gamma) ;
ud = c*gamma* (xdot+p*cos (theta) *tdot) ;

tau (kappa*beta*sin(theta) * (alpha*tdot”2+d*cos (theta))-B*...
epsilon*d*gamma”2*x/beta”~2+B*ud) /...

(alpha-beta”2/gamma* (kappa+l) * (cos (theta)) "2);
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inclined plane

tau = (kappa*Mp*1l* (-Mp*1"2*sin (-theta+psi) *tdot”2-cos (-theta+...
psi) *Mp*g*1*sin (theta) )+ (Mp*1"2-Mp"2*1"2*cos (-theta+tpsi)"2/...
(Mc+Mp) ) *epsilon*g* (Mc+Mp) "2* (x+ (kappa+ (rho-1) /rho) *Mp*1* (—-. ..
sin(-theta+psi)+sin(psi))/ (Mc+Mp))/ (rho*Mp*1)+ (Mp*1"2-Mp"2*. ..
17"2*cos (-theta+psi) *2/ (Mc+Mp) ) *c* (Mc+Mp) * (xdot+ (kappa+ (rho-. ..
1) /rho) *Mp*1*cos (-theta+psi) *tdot/ (Mc+Mp) ) /rho) / (Mp*. ..
17"2-Mp"2*172* (kappa+l) *cos (-theta+psi) *2/ (Mc+Mp) ) —-. ..
(Mc+Mp) *g*sin (psi) ;

% Evaluate the Dynamic

o° A A o° o° o° o° o°

o\°

gdotdot = inv(mass)* ([tau;0]-C*gdot-G) ;
xdotdot = gdotdot (1) ;
ddtheta = gdotdot (2);

%% M-File output
= [xdot;tdot;xdotdot;ddthetal];

=

%% End of

C.3 Simulink file and MATLAB code for the simulation of the Dimensionless

System 5 g
. rhodot_rho I_. rhodot
u o 1 >
States p thetad
]
thetadot_thata
p thetaddot
function y = fcn(u)
%% Main Vectors
X u(l); % feedback array
theta =u(2);
xdot = u(3);
tdot = u(4);
%% Generalized quantities
q = [x theta]l'; % Generalized coordinates
gdot = [xdot tdot]'; % Generalized velocities
%% Physical parameter values
Mc = .44; % kg - cart mass
Mp = .14; % kg - pendulum mass
g = 9.81; % m/s"2 - gravity
1 = 0.215; % m - pendulum length
k1l = Mc/Mp;
dn = -1;
sd = qg/l;
gn = 1+k1;
%% Linear model parameters
c = 0.015;
kappa = 20;
epsilon = 0.00001;
rho = -0.02;

%% The G,M,C, P and KD matrices
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G = [0; dn*sin(theta)];

mass = [gn, cos(theta); cos(theta),1l];

C = [0, -sin(theta)*tdot; 0, 0];

%% Evaluate the control law

Bn = 1/rho* (1-(cos (theta))”2/gn);

pn = (kappa+ (rho-1)/rho) /gn;

udn = sgrt(l/g) *c*gn* (xdot+pn*cos (theta) *tdot) ;

tau (kappa*sin (theta) * (tdot”"2+dn*cos (theta) ) -Bn*epsilon*...
dn*gn”~2*x+Bn*udn) *gn/ (gn- (kappa+1) * (cos (theta)) *2) ;

%% Evaluate the Dynamic

gdotdot = inv(mass)* ([tau;0]-C*gdot-G) ;
xdotdot = gdotdot (1) ;
ddtheta = gdotdot (2);

%% M-File output

y = [xdot;tdot;xdotdot;ddthetal];
%% End of
C.4 MATLAB code to produce the plot for Chapter 4
1=0.215;
g=9.8;

figure (1) ;

plot (x.time, x.signals.values, '-k',rho.time*sqgrt(1/g),l*rho.signals.values, '--
k', 'Linewidth', 1)

grid on

legend('x',"\rho")

title('Position Response of the Cart for the Full vs Dimensionless Systems');
xlabel ('time (s) and time (dimensionless) *\gamma') ;

ylabel ('x(m), \rho(dimensionless)*1(m)"');

figure (2);

plot (theta.time, theta.signals.values, '-k',thetad.time*sqrt(1/qg),
thetad.signals.values, '--k', 'LineWidth', 1) ;

grid on

legend('\theta', "\theta {N}'")

title('Theta Responses for Full vs Dimensionless Equations of Motion');
xlabel ('time (s) and time (dimensionless)*\gamma') ;

ylabel ('angle (rad)');
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Appendix D - Rotary Pendulum

This Appendix is organized in six major parts. These are:
D.1 Derivations of Equations of Motion and Controller
D.2 Simulink file and MATLAB code for the simulation of the Full System
D.3 Simulink file and MATLAB code for the simulation of the Dimensionless
System
D.4 Simulink file and MATLAB code for the simulation of the Morphed System
D.5 MATLAB code to produce the dimensionless plot for Chapter 4
D.6 MATLAB code to produce the morphed plot for Chapter 4

D.1 Derivations of Equations of Motion and Controller

RP.mw

[} restart
|:> withi LinearAlgebra) :

¥ Rotary Pendulum

¥ Lagrangian derivation point mass for arc point mass for pendulum

5

> Ti= %-mp-z’z-dez + %-(ma + n.lp]-Rz-d@z + isip-f-R-cos(e)-d¢'d6+ %-mp-ﬁ-(sm(e))‘

-dqbz :
Potential Energy
[} V= ii.lp-g-?-cos(e) :
Lagrange
> L= expand(T— V) :
diff(diff(L.q_dot).t)-diff(L,q)=Qi
> el = diff (L, dq)]
> el i=subs({6=0(). 6=6(1)}. el) :
el == subs[[d(—] dz ( (1), 1), do=diff (¢(1), 1) }. el) :
| > e2 = diff (el. 1) :
> e2 = subs({diff(6(¢), t. t) = dd6, diff(¢(?). t. t) = ddp}. e2) :
el = subs([d@ﬁ(e 1), ) ae. diff(o(t). )=d¢}, e2) :
({

vV Vv

>
| > e2 = subs(10(7) =0, ¢(7) = 0}. e2) :
| > variables = [dd@ dde, de, dp]

v

Eq, = coffecz‘(s.r’mpfiﬁf‘(e,? — diff (L, ¢) — t,'ﬁ'ig'), 1'm'.f'abfe.5')

Eq

arm ”

+ Ean.-"sm[ ) d cos(6) de — m, IR sin(9) de* — 1

=m, IR cos(0) ddé + (—:ﬂnpi’z 005[8)2 +m, R+ R’ m, +m, fz] ddg (1.1.1)

113



(> e3:= diff(L. d6) :

| > ed = sub.s( {B= o(1), ¢=¢>[f]}, e.?) :

| > ed:= subs({do=diff(8(¢). t), do=diff (¢(7). t) }, e3) :

| > ed = diff (e3, 1) :

| > ed = subs( {diff(0(1), t, t) = dd6, diff (¢(1), t, t) = ddp}, e4) :
| > ed = subs( {diff(6(¢), t) = d6, diff (¢(1), t) = do}, e4) :

| > ed = sub.s( {B[.f] =0, (1) = qb}, 94) :

> Eqy = coifecz‘(s.fnwfy}(ﬂ - dgg?(L, B),'h’ig'), va}'.fabfe.s)

Eqy = m, P dde + m, IR cos(8) ddp — m, P sin(0) d¢2 cos(8) — m, g Isin(0)

coe_?ﬁ”( Eq,..» ddqb) coeﬁ’( Eq,. dde}

> M=
coeﬁ”(Eqbaﬁ, ddqi)) cogﬁ”( Eq, i dd@)
2 2 2 2 2
e -mpf‘cos(e) +m R +R mp+mpi’" mpIR cos(8)

m_ 1R cos(8) m_ P
P P

. mpfzsin(ﬁ)z + (ma+mp}-R2 mp-Z-R cos(9)

m_-I'R cos(8) m_ P
B P P
> C

l-d|.—~

= Hco@ﬁr(Eqm-mn dqb?] -dp + %-co@ﬁ[Eqm.m, dqb],coeﬁ”[ﬁqmm, de)z] .de +
.coeﬁr[Eqarm, dﬂ] }
[CO%ﬁﬂ(ng’aﬁ“ d¢2) . coeff (Eqy, . d0) H

q

m_I sin(0) cos(8) d8 -m_I[Rsin(8) do+ m fsm(e) dpcos(9)
c=| ? P P

-r?rpfzsin(e) dpcos(9) 0
coeff(Eq,,,, €) 8
> Gi=
coeff (Edyyp 8)°8
0
B —r?{ogfsin[e)
coeﬁr(Eqmlm, 1:) T
> Fi=-
cogﬁ(EqbdF 1:) T
T
F =
0
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delep
dde

dp
do

| > #ri=ul Hu2:

> dg = s ddg = :

T
0
eq = H (mp P sin[ﬁ!)2 + (ma + mp] Rz] ddg + m, IR cos(8) dde 1.1.7)

+ mp?z sin(8) dpcos(0) d6 + (—mpr sin(0) do + n.lp?z sin(0) d¢cos[8)) d6 — t}

2 3, y) )
{mpi" dde + mpr cos(0) ddg — mp?‘ sin(©) d” cos(0) — mpgism(ﬁ)”

¥ controller for rotary pendulum
;> #ri=ul +u2:
2
> #mp-’=mp-f‘ :
> #dip= —mp-g-!:
> #srp-‘:(ma + mp) R*:
> #brp-‘zmp-f-R:
> Falpha = arp-sin(0) -cos(8) -d¢2 :

by (cos(0))” };S;;g-] :

> Brp = S.’;H.Tpfi;ﬁ’[L'
p

] arp — o
> prp = simplify| | €+ (p—1) J[ bip ],'sr’ze'} :
p STD

> udrp = sm:pfg_‘i-'(c-s;p- (qu +pr'p-cos(€|) -dﬂ),'s.r’ze') :

Brp-e drp-sipe-
K-br'p-sm(e)-(m'p-dﬂz+dr‘p-cos(9)) it PF’SFP i + Brp udrp

brp”
bip® (k+ 1)-cos(8)’

[mp_ D (K )cos( ) N

K-b:p-Fa{vha-cos(e)

sTp
- . = Jsize'
[ [ brp™- (k + l)-cos(e)- N
arp —
SIp
> ul = m'p-sm(e)z-ddgb+ arp-sin(0) -cos(8) -dp-do :

> u2 = simplify

:> urp = simplify(ul + u2.'size') :
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¥ Dimensionless equations

1= — .
> egh= :?prR |
) eq,
> eql = —
i i??pf‘
A coeff(eql, ddp) coeff(eql, dda)
> ME= 1 oeffleq2. ddg) coeff(eq2. deb)
m, I3 sin[@)2 + (ma + 3.r.=p] R cos(6)
m_IR
Md = p (1.3.1)
R cos(9) )
/
[ (i?i‘a+??i‘p) R / ) 9
TT—F? sin| @ |) ~ cos(8)
> Md:= p
%'COS[@J 1
e (1+%) + % (sin(8)) * cos(6)
i cos(0) 1
cogﬁ”[eq], d¢2]-d¢+ %-cogﬁ"[eq}, dqb] cogﬁ”[eq}, d@zj-dﬂ—l— %-coeﬁ“[eqf, d@]
> Cd = “ =
coqﬁ‘(eq.?, d¢2] -dip coeffeq2, db)
Isin(0) cos(8) do ~sin(8) do+ 1sin(0) do cos(8)
Cd:= R R (1.3.2)
-sin(0) cos(0) do 0
> cd=
[R%) s ) cos( [%J -sin(8) d6 + [R;] : sin(0) [%dqb]cos(e)
I 2
-[?) “sin(0) cos(0 ( q{)J (%J 0
kz-sm(e) cos(8) d0 -sin(0) do kg in(8) cos(O )d¢
> Ccd=| } :
-sin(8) cos(@ )k dy 0
| coeff(eql, g)-g
Gd =
g [ coeff(eq2. g) g
0
Gd:=| sin(0)g (1.3.3)
/
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4 0
> Gd:=
-sin(0)
coefflegl, T) T
P i C )
coeff(egq2, 1) T
T
Fd:=| m,IR (1.3.4)
0
i 2
"c-'\{
> Fd:= i??pIR
0

Dimensionless controller
B 2

> #mp:a?ip-f“.

> #mpn:=mp-22-mpd:

> #arpd=1.:
> #drp= —mp-g-i:

> #drpn.:—mp-g-f-drp:
> #drpdi=—1:
2,
> #srp:(ma + 3?3p}-R :
> #sipn -’:rir:'p-R2 sprd
> #s;pd-':(kﬁ + 1) :
> #brp-:mp-f-R:
> #brp?'i.:i??p-Z-R-brpd
> #bipd=1.:
> #Falpha=arp-sin(0)-cos(9) -d¢2 :
2
> #Faﬂw‘sa;i-':mp-fz- (%J -Falphad -

2

> #Falphad:=sin(0)-cos(8)dy’ :

R (( br'pz'(cos(e))z }1'3;';2'}1

> #Bip -':s.r'mphﬁ-'[ ﬁ [m'p - op

> #Brpn =m, P -Brpd :

p sipd

K+ (p— 1) }( brp ],'s.fze'} :

> #prp:i=simplify
o1y r=simplify o po
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> #udfp-’=sﬁuphﬁ«‘(c-s;p- (dqb + pr'p-cos(e) -dﬂ),'srze') :
> Hudrpn -’=i:-'3p-f-R-udi'pd:
> #Hudrpd:= (c-srpd- (dl,v + prpd- cos( 8) -dﬂ) ) :

pr-a-dip-srpz-tp

lc-sin(e)-(f:rrp-a'ﬂ2 + di'p-cos(e)) — - + Brp udip
> Hulrp:=simplify 5 ?}i
[ [ brp‘-(K+ l)-cos(e)‘ ”
frp sTp

K-brp-Faﬂvha-cos(e)

[mp_ [ bip™- (k+ 1)-::05(0) N

sIp

Jsize' | :

> #ulrpn -'=mp-f-R-u2rpd:
1

(k+1)-cos(6)’ N

srpd

> w2rpd = ((K-sin(e) . (d62 + drpd-cos(e)) — Brpd-e-drpd-

1 —

stpd* - + Brpd udrpd — K K Falphad-cos(6) ) )

> #rff-'=m'p-(sin(e)2-dd¢+ shl(e)-cos(e)-dqb-dﬂj :
> #r;}r?-’:mp-f-R-ki-u}d:

> wuld = kg- (sm(e)z-daﬁy+ sin(0) -cos(e)-dw-dﬂj :
morphing

> k=0:

> uld

0 (1.5.1)

:> dipd:=-1:
> ulrpd
K sin(0) (d62 — cos(e)} + Bipdasrpdz‘lp+ Brpd udrpd
(1 + 1) cos(6)’
srpd

1 —
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D.2 Simulink file and MATLAB code for the simulation of the Full System

> phi
| phidot_phi r——» phidot
» 1 »
u ¥
ﬁ States » thetarp
thetadot_theta
e thetarpdot

function y = fcn(u)

%% Main Vectors
phi = %

% feedback array

’

theta =

phidot
thetadot

(1)
(2);
(3);

= ’

= u(4);

c e c

%% Generalized quantities

Q

gdot

o\

[phi theta]';

Generalized coordinates

[phidot thetadot]'; % Generalized velocities
%% Physical parameter values

Md = 0.44; % kg cart mass

Mp = 0.14; s kg pendulum mass

g = 9.8; % m/s"2 gravity

1 = 0.215; % m pendulum length

R = 1;

alpha = Mp*1"2;

beta = Mp*1*R;

gamma = (Mp+Md) *R"2;

D = -Mp*g*1l;

%% Linear model parameters

kappa = 25;

psi = -0.02;

c = 0.015;

epsilon = 0.00001;

%% The G,M,C, P and KD matrices

G = [0; D*sin(theta)]; S%Sgravity terms

mass = [gamma+alpha* (sin (theta)) "2, beta*cos(theta);...
beta*cos (theta), alpha ];%mass matrix

C = J[alpha*cos (theta) *sin(theta) *thetadot, ...

alpha*cos (theta) *sin (theta) *phidot-
beta*sin (theta) *thetadot; ...
-alpha*cos (theta) *sin (theta) *phidot, 0];
coriolis matrix
%% Evaluate the control law

%$Centripetal and

Falpha = alpha*sin(theta) *cos (theta) *phidot”"2;

Fa = -alpha*sin(theta) *cos (theta) *phidot*thetadot;
P = (kappa+ (psi-1)/psi) * (beta/gamma) ;

ud = c*gamma* (phidot+p*cos (theta) *thetadot) ;
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™
|

(alpha-beta”2* (cos (theta))"2/gamma) /psi;

u2 = (kappa*beta*sin(theta) * (alpha*thetadot”2+D*cos (theta))-(B*...
epsilon*D*gamma”2*phi) /beta”2+B*ud-kappa*beta*Falpha*cos (...
theta)) / (alpha- (beta”2* (kappa+l) * (cos (theta)) *2) /gamma) ;

gdd = inv(mass) * ([u2;0]-C*qgdot-G) ;
phidd = gdd(1l);

ul = alpha*sin (theta) "2*phidd+Fa;
tau = u2+ul;

%% Evaluate the Dynamic

gdotdot = inv(mass)* ([tau;0]-C*gdot-G) ;
ddphi = gdotdot (1) ;

ddtheta = gdotdot (2) ;

%% M-File output
= [phidot;thetadot;ddphi;ddthetal;

oo K
oo

D.3 Simulink file and MATLAB code for the simulation of the Dimensionless
System

rhorp

h 2

]
phidot_phi I—b rhodotrp

I
u ‘ Y ” % I.--I

fen States thetarpd

Y

)

thetadot_theta

Y

thetarpddotl

function y = fcn(u)

%% Main Vectors

rho = u(l); % feedback array

theta = u(2);

rhodot = u(3);

thetadot = u(4d);

%% Generalized quantities

q = [rho thetal'; % Generalized coordinates
gdot = [rhodot thetadot]'; % Generalized velocities
%% Physical parameter values

Ma = 0.44; % kg - cart mass

Mp = 0.14; % kg - pendulum mass
g = 9.81; $ m/s"2 - gravity

1 = 0.215; % m - pendulum length
R = 1;

k6 = Ma/Mp;
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k4 = 1/R;

gn = 1+k6;

%% Linear model parameters

kappa = 25;

psi = -0.02;

C = 0.015;

epsilon = 0.00001;

%% The G,M,C, P and KD matrices

G = [0; -sin(theta)]; S%gravity terms

mass = [1+k6+k4"2* (sin(theta)) "2 cos(theta); cos(theta) 1];%mass
matrix

C = [k4"2*cos (theta) *sin(theta) *thetadot...

k4~2*cos (theta) *sin (theta) *rhodot-sin (theta) *thetadot; ...
-kd4”2*cos (theta) *sin (theta) *rhodot 0]; %Centripetal and
coriolis matrix
%% Evaluate the control law

Falpha = sin(theta) *cos (theta) *rhodot"2;
Fa = sin(theta) *cos (theta) *rhodot*thetadot;
p = (kappa+ (psi-1)/psi)/gn;

ud = c*gn* (rhodot+p*cos (theta) *thetadot) ;

B = (1-(cos(theta))”"2/gn)/psi;

u2 = (kappa*sin(theta) * (thetadot”2-cos (theta))+...
B*epsilon* ((1+k6)"2) *rho+B*ud*sqrt (1/g)-...
kappa*k4~2*Falpha*cos (theta)) /...
(1- ( (kappa+1l) * (cos (theta)) "~2) /gn) ;

gdd = inv(mass)* ([u2;0]-C*gdot-G) ;

rhodd = gdd(1);

ul = k472* (sin(theta) "2*rhodd-Fa) ;

tau = u2+ul;

%% Evaluate the Dynamic

gdotdot = inv(mass)*([tau;0]-C*gdot-G) ;

ddrho = gdotdot (1) ;

ddtheta = gdotdot (2);

o)

%% M-File output
= [rhodot;thetadot;ddrho;ddthetal];

=

%% End of
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D.4 Simulink file and MATLAB code for the simulation of the Morphed
System

| rhorpc

]
) rhodot_rho »| rhorpcdot

u ‘ Hg ” % LE

fen Slates | thetarpc

O

thetadot_theta
=Ehetarpcdot

function y = fcn(u)

%% Main Vectors

rho = u(l); % feedback array
theta = u(2);

rhodot = u(3);

thetadot = u(4);

oo
)

Generalized quantities

q [rho theta]'; % Generalized coordinates
gdot = [rhodot thetadot]'; % Generalized velocities
%% Physical parameter values

Mc = 0.44; % kg - cart mass
Mp = 0.14; % kg - pendulum mass
k6 = Mc/Mp;

1 = 0.215;

R = 1;

g = 9.81;

k4 = 1/R;

gn = 1+k6;

dn = -1;

%% Linear model parameters

kappa = 20;

psi = -0.02;

c = 0.015;

epsilon = 0.00001;

$% The G,M,C, P and KD matrices

G = [0; -sin(theta)];

mass = [1+k6, cos(theta); cos(theta),1l];

C = [0, -sin(theta) *thetadot; 0, 0];

%% Evaluate the control law

p (kappa+ (psi-1) /psi) /gn;

ud = c*gn* (rhodot+p*cos (theta) *thetadot) ;

B = (1-(cos(theta))”2/gn)/psi;
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tau = (kappa*sin(theta) * (thetadot”2-cos (theta))+...
B*epsilon* ((1+k6)~2) *rho+B*ud*sqrt (1/g)) /...
(1-( (kappa+l) * (cos (theta)) "~2) /gn) ;

%% Evaluate the Dynamic

gdothetadot = inv(mass)* ([tau;0]-C*gdot-G) ;
ddrho = gdothetadot (1) ;

ddtheta = gdothetadot (2) ;

%% M-File output

y = [rhodot;thetadot;ddrho;ddtheta];
%% End of

D.5S MATLAB code to produce the dimensionless plot for Chapter 4

1=0.215;

g=9.81;

R=1;

$T=t*sqrt(g/1l);

figure(3);

plot (phi.time,phi.signals.values, '-

k', rhorp.time*sqgrt (1/g9),1l/R*rhorp.signals.values, '--k', 'LineWidth', 1)
grid on

legend ('\phi', "\rho")

title('Position of Arm Responses to Full vs Dimensionless Controllers');
xlabel ('time (s) and time (dimensionless)*\gamma') ;

ylabel ('Arm Position(rad)'");

figure (4);

plot (thetarp.time, thetarp.signals.values, '-k', thetarpd.time*sqrt(1/qg),
thetarpd.signals.values, '--k', "Linewidth',1);

grid on

legend('\theta', "\theta {n}")

title('Theta Responses to Full vs Dimensionless Controllers');

xlabel ('time (s) and time (dimensionless) *\gamma') ;

ylabel ('Pendulum Position(rad)"');

D.6 MATLAB code to produce the morphed plot for Chapter 4

1= 0.215;

g=9.81;

figure (5);

plot (x.time,x.signals.values, '-

k', rhorpc.time*sqrt(1/g), rhorpc.signals.values*1l, '--k', 'LineWidth', 1)
grid on

legend ('IPC', '"RP")

title('Cart Position Response for Inverted Pendulum Cart vs Morphed Rotary
Pendulum') ;

xlabel ('time (s) and time (dimensionless)*\gamma') ;

ylabel ('x(m), \rho(dimensionless)*1 (m)");

figure (6);

plot (theta.time, theta.signals.values, '-k',thetarpc.time*sqgrt(1/qg),
thetarpc.signals.values, '--k', "Linewidth',1);

grid on

legend ('IPC', 'RP")
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title ('Pendulum Angle Response for Inverted Pendulum Cart vs Morphed Rotary
Pendulum') ;

xlabel ('time (s) and time (dimensionless) *\gamma') ;

ylabel ('Pendulum Angle(rad)');

Appendix E - Pendubot

This Appendix is organized in six major parts. These are:
E.1 Derivations of Equations of Motion and Controller
E.2 Simulink file and MATLAB code for the simulation of the Full System
E.3 Simulink file and MATLAB code for the simulation of the Dimensionless
System
E.4 Simulink file and MATLAB code for the simulation of the Morphed System
E.5 MATLAB code to produce the plots for Chapter 5

E.1 Derivations of Equations of Motion and Controller
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Pendubot IDAPBC.mw

>

VoV

'

a3 = 4diff (L, dg2) -

e3 = subs{ {gl=gl(t),g2=g2(f)}. e3) :

a3 = subs( {dgl=diff (qlit). 1), dg2=diffig2(1).1) ]}, &3) :

ed == diff{es. i) :

ed = subs({diff(q1(t). 1) = ddg . diff (q2(1). 1. 1) = dllg2}, ed) :
ed = subs({diff(qi(1). 1) = dgl diff (q2(1). 1) = dg2}. 4] :

ed = subs({ql(r) = gl q2(1) = g2}, e4) -

Egyn = collect(simplifi{ed — diff (L. g2).frig'). variables)

Egynn = (mf Lc2Licos(g2) +m2 L + I?] ddgl + (m? L + I?] ddg2 + ;;':_”Li'dq.é’lld sin(g2)

+ m2gLlc?sin(gl) cos(g2) + m2gLlc2 cos(gl) sinfg2)
M = simp?ﬂj'[coeﬂ[Eqmm, ddgf],'si:e']
MI=2m2Lc2LIcoslg?) + (LFP + LeP ) m2 + LePml + 11+ 12
M2 = simpfyj'[ coeff| [ Eqpar ddq,?],'si:e']
M2 == m2Lc2LIcos(g2) + m2 LeP+ 12
M3 = simp?ﬂj'[ coeff| [ Egp,n ddgl ],'si:e']
VAR
M = simp?ﬂj'[ coeff| [ Eqpan dd?,?],'si:e']

m2Lc2LIcos(g2) + m2Lc? + 12

5
Mg == m2LcZ” + I2

fcle=ml Lol + m2 LP + 11 -
c2m=m2 Le? + I2-
#c3:=m2-L1-Lc2:
Ml = 2-c3-cos(g2) +cl+c2:
M2 = ¢3-cos(g2) +¢c2:
M3 == c3-cos(g2) +¢c2:
M= c2:
N 2 1 it
CI = simplify coeﬁ"(Eqmm, dgl )-dqf + 7 coeﬁ'(Eqﬁ"ﬁ dqf),s;.e]
Cl=-m2LI1Lc2dg?sin(g2)

- coeff| { Edpnir dq?],'si:e']
—LILcZsin(g2) m2 (dgl + dg2)

2

N 2 1 it
C'3 == simplify coeﬁ"(Eqﬁ”E dgl )-dqf + 7 coeﬁ'(Eqﬁ"ﬂ dgl ),s;.e]
C3:=m2LIdglLc2sin(g2)

{

C2:= sin:phﬁ'[foeﬁ"(ﬁ?ﬁukﬁ dg?’ ) g2 + %
[
[

A 1 P
C4 == simplify coeﬁ"(Eqﬁ”E dg?z ) dg? + 7 coeff| {Eqﬁ"ﬂ dq?],s;:e]
C4=10

CI = -c3sin(g2) -dg2:
C2:==-c3sin(g2) - (dgl + dg2) :
C3 = c3-sin(g?) dgl-
croc2
c3 ¢4
Gl = simp?ﬂﬁ'[coeﬂ[Eqﬁ”H g] -g,'si:e']

Gl = g((cos(g2)m2Le2 +m2LI+ Lelml)sin(gl) + m2Lc2cos(gl) sin(g2))
G2 = simp?ﬂj'[coeﬂ [Eqﬁ”ﬁ g] -g,'si:e']

G2 = Lec2m2 (sin(gl) cosig2) + cos(gl) sin(g2)) g

Gl
G2
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cogﬁ"[Eqmm, H] ‘U
coegg?"[Eqrﬁ”;.jb :{] u

> #edi=ml Lel+m2-LI:
|> #c5=m2-Lc2]
> expand( V)
-gmlLcicos(gl) —m2gLlcos(gl) —m2glc?cos(gl) cos(gl) +m2glc?sinigl) sinlg2)

> Vi=-c4d-gcos(gl)-c5 gcos(gl+g2):

M A2
> M=

A3 ME

2cicos(g?) +cl+ 2 cicos(gl) +¢2
cicos(gq?) + 2 c2

M=

> H:= Sim_p!{ﬁ'[ %-;‘I’:ﬂdﬁp]y[j-ﬁ:ﬁf:rpb'( Transpose( p). Matrixlnverse( M) ). p) + V,'si:e'] :
> dHgl == simplifv(diff | H q1),'size")

dHgl == glsin(gl) cd + cIsin(g! + g2))
[> dHg?2 = simplifv(diff ( H. g2).'size')
(iHQ‘: =

1

2 2

[cos(qz)" c3*—cl c?]l

—p2)) c3sin(g2) (c3 (pl — p2) cos(g2) — fpr))

ol
(gfﬁ (cos(:ﬁ)l eF — el ff]ﬂ sin(gl + g2) + (c3p2cos(g2) — 2 (pl

> dHpl = simplifv(diff | H, pl).'size")
, -c3plcos(g?) +c2(pl —p2
dbp] = —S3P2c0s(g?) + c2 (pl — p2)
-cos(g2) ec3 +cle2
> dHp?2 = simplifv(diff | H, p2).'size')
r o —c3(pl —2p2)cos(q?) + (-pl + p2)c2 +clp?
aHp2 = T3
—cos{g2) c3" 4+ clc2
Controller
> ¥
-cdgcos(gl) —cigcos(gl + ¢g2)

1
> Gi=

0
> Gr=|01]:
(> Multiph(Gr. G)
B 0

I

> p= £

P2
(> M

2c3cos(g2) + el +c2 c3cos(g2) +c2
cicos(g?) + &2 c2
phi (el —¢2

> Ml p ( ) .

(el —c2) k(-c24 c3cos(g2))
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(1.14)

(L15)

(1.16)

(L17)

(1.18)

(1.19)

(1.20)

@l

(2.2)

(2.3)



>

[>
>

> eql = Multiply

0 G2
J2 = 7
-2 0
PMep = simplifv( Madtiply( Mudtiph( Transpose( p), MatrixInverse( Md) ), p).'size')

-cos(g2) cj‘pfl +plipl —2p2)ec2+2clplp2 —p?lo

s . 2 (2.4)
(—cos(q2) cAn+c2+ (-2cl+0)c2+ f.E“] e
PMp = Mudtiplhy( Midtiply( Tramspose( p), MatrixFnverse( M) ), p) -
dpMepq2 = simplifi diff | pMeD, 42))
3 — 2 _ 1. .
dpMepg? = c3 ((ed — e2) pl — p2¢)  sin(g2) 5

.
(-costg2) 3o+ c2 + (-2l +0)c2+cl*) &

ivlcl is a function of q2 only similar to M

simplifi diff pMp, 1))

simplifil diff | pMp. g2)) Multiply

Git, — simplify Mudtiphi Md MatrixInverse{ M) ),

|

2(-c3plcos(q?) + c2(pl —p2)) (-c3(pl — p2)cos(g2) + clp?) sin(g?) c3 @.6)

+ simplifi( 2 - Mudtiply( Madtiphy( J2, MatrixInverse( Md) ), p) )

eql = S 5 3
[—cos(gzj”cﬁ” + ! ff]
. 2sin(g2) ((cl — c2) pl — p2 o)lcj‘ _ 272(plcos(g2) el + (-pl+p2)c2 —cip?)
> 2 3 A
(—cos(g-rB) 3o+ + (2el+0)e2+ ci‘”) [505(9’2) c3o—e2 +(2el—0)e2—cl ) T
[> 3=k
> 4=-2k:
diff (V. g1 1112 diff \Vd(gl. g2). g1
> eq2 = simplify| Midtiph| Gt, W7V gl) — Mudtiply . 1rdgl. ). ¢1)
diff (V. 42) 3 14| diffiVd(ql. q2). q2)
eq? — cSgsin(gl + g2) — k[ — I’d(qf,gz)] +2;c[ — vl qf)] @7

pelsolve(eg2 =10, Vd(gl, g2))
Vgl q2) = cSgeos(gl + g2) —; Fllg2+2gl) k 2.8)
Vilgl. a2) == £ (coslgl +q2) + 1) + (g2 + 2.q1 — (vi +gdl) )"
simplifi{ eg?)
0 (2.9)
L = simplify( Mudiiph( Md Matrixinversel M) ) 'size')
0 ol al -
2e3 —_) = = el S L |
(c3(cl—c2)cos(g2) +c2(cl—c2—o)) i (7 [d “7 3 ]COS({’L) telmer el OJK
L= - - SR (2.10)
-cos(g2) c3" +cle? -cos(g2) c3 " +cle2
i -2k
11=L(1.1):
12:=L(12):

alphal = ¢3-sin(g2)- (1P + 11-12) -

2= simplify| Multiphy| Tr Mdtiply| — @ nd alphal ||, o
72 = simplify| Multip anspose| Multiply| —— & di 2l alpha? Jsize
= 1 - = ([f.ﬂ"[o—cf—i—ff) cos(g2) —eliel —c2))ed(-ed{cl—c2)cos(g2) +c2(0—cl (2.11)
d.-‘w’d[cos(g_"’)“ c3 —cl c_”]"
+ c?)] i@ (d2p2 — d4pl)sin(g2) + o2 (cos(qzjl eF — el ff]ﬂ (dl p2 — dﬁpi])
alphal
J2 = simplify| Multiply| Transpose( Madtiply( MatrixInverse| Md). p) ). Ioha2 Jsize'
alp
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2= (~(p1cos(g2) 3+ (~p1 + p2) €2 — c1p2) (€3 (1 — €2 — o) cos(g2) + el (c] — c2)) 3 (3 (el — c2) cos(g2)
+e2{el—e2—10)) ;gsin(qf) — o2 (cos(gd)lfﬁl —cl f?)l (cipl —ple2—p2 0))/{(035((]?] cio—c+ (21
—¢)ec2— ffl) k(cos(gﬂ)lfﬁl —cl f?}l)

> simplify| eql 'size’)

2 Pes (ffl —et e o) sin(g2)

!
213" 0? A v
[4[M+fﬂnw§) cﬁ‘[f}—ff—%] cos(g2) + >
2o
— d{}i] (plcos(g2) c3 + (-pl +p2)e2 —clp?) (elpl — ple? —p?o)]/((cos(g?)lfﬁl

—cle2) [cos(qf) cio—c + (2c1—0)c2— fjl)laij')

> alpha? = simplifi(salveleql = 0, alpha?) 'size')

[2 c3 [f.E —e2— %] cos(g2) + cP—c?—c2 0] c3sin(g2) i

o = )
—cos(g2) e3 +clc?

> dvgl = diff(v.q1)
dVgl = cdgsin(gl) + cigsin(gl + g2)
> avddl = diff(Vd(gl. g2). g1)

dvddi ==—w +2/p (g2 +2g] — 1 — gdi)
(> drddz = df( Vgl 92).2) _
dVdd? ==—w +ip(g2+2g] —n—gdl)

> simplifvl 72 size')

-(plcos(g2) c3 + (-pl +p2)c2 —cip2?) (c3(cl—c2— ) cos(g2) + cl(cl —c2)) c3(cF (el — c2) cos(g2) + c2 (!

—c2—10)) a'tlsin(q?)

yeq|er—ero 2 5 2_ 2 o0l ess . N2ed — o) pled—po
2e3 | el —¢2 5 cos(g2) + cl” — 2 c20 | c3sinlg2) & | cos(g2)” 3 cle?)” (elpl —ple? — p20)

—C4:35(g,12]J e+ cle?

{[cos(q?] c30—e + (2c1—0)e2— ffl) k(cos(rﬁ)l e — el f:"]l)

> ul s

simplifi| dVgl'size')
wl = g(sin(gl) cd + c5sin(gl +g2))

> ol

~lam1-dVegl
12 = —lamli dVegl

> ul=-lam2 dVdg2

13 = —lam2 dVeg2
> ud = —Fam}%pgw:imrg_?
Ntk >
= — lam?2 p;rfapag_
> u5 = Mlriph| T (G). simplif| Mulriph| Mudriph o I S ize
15 = Multiply| Tremspose( G, simplify| Multiply| Mudtiply . .o |.size
v P g 4 z -2 0 [ dedd| -a3 a1 ||'F
uS 12 (dl p2 — d3pl)
i detMd
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(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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) 1 dd  -d?
> ud = -simplify| Kv-Mudtiply| Multiply| Tr Gl. —— 'size’
a simplify| Kv-Mu zp{}[ ultiply| Transpose( G, e | —as ar D |.size
) Ev(d2p2 — d4pl)
G _ ——= 224
" detMd (2-24)
L |:> =yl Fu2 +u3+ud:
¥ Change of Coordinates
Modify gl to measure the circumferential displacement clockwise relative to the positive vertical axis, factor out -L1 from terms
muthtiply the time derivatives of q1
> gl =pi+ &gl
gl == n+ &I 3.1
Mi
M
-Li =
> M= "
= A
-LI
2c3 2
- cos(qi)f—t— ol e cicos(g?) +¢c2
M= (3.2)
_ cicos(g2) +¢2 o
LI N
[oF)
— 2
N, Cz
> = C3
=2 ¢4
-Li
3si g2
£3sinlg?) dg? Smfr_"ff Vd22  _ 3sin(q2) (dgl + dg2)
C= . , (3.3)
_ c3sin(g2) dgl 0
Li
fm a symmetric mass matrix divide top rows by -L1
MiI M2
¢ -LI
> M= Ly
M3
M
-Li
2cicos(gl) + el +c2  c3cos(g?) +e2
2 Ll
M= (3.4)
_ ciecos(g2) + 2 o
LI N
cl 2
2 -Li
-LI
PR e 2)
3
= 4
-LI
_ cisin(g2) dg2 3 sin(g2) (dgl + dg2)
z LI
C= (3.5)
_ c3sin[g?) dgl 0
Li
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(3.6)

(3.7

Gl
-Li
G2
2((cos(g2) m2Le2 + m2L1+ Lelml) sin(w + dgl) + m2Le2cos(m + dg1) sin(g2))
G 11
Le2m?2 (sin(m + 8g7) cos(g2?) + cos(m + &) sin(g2) ) g
(c4-sin(gl) + e5sin( g7 + ¢2)) g
G LI

-c3 sin{qu + gf) g

Y Dimensionless Equations of Motion

model the 2nd link as a massless rod with a point mass of m2 located at distance Le2 from pivot point, this will make I2 = 0. Then divide
the first link by m2L2 and the second link by m2L.2"2 to convert to dimensionless form. Note to convert to rho need -deltagl*L1/L2

MI A2
m?-[—f,}]l -Li-m2-L2
> M=
M3 M4
-Lim2-L2 ”?_‘J.E_')z
2e3cos(g2) + el + 2 cicos(g2) + ¢2
”?_‘j‘zjl m2LiL2
M= (4.1)
cicosig?) +c2 c2
m2LIL2 maL?
. L2 Li .
3sin(g2) | - == -==-
c3sin(g2) da? 3 sm(g_)[ 77 [ i da‘e.’fﬂqi’] +dq2]
S o ;'HZ-L.EE Lim2-L2
2
] c3sin(g2) —%- —%-dde.’mqf] .
Lim2
. Lz ,
. . 3 2) | - ==-(drho) + dg2
c3sin(g2) dg2? c3sin(¢2) [ LI (drho) 7 ]
IR Lim2L2
s O m2 LLI;
c3sin(g2) - = (drho)
L 0
Lim2
. L2drho o
3sin(g2) | - + dg2
c3sin(g2) dg2 c3sin(g2) [ LI ¢ J
c m2 LI m2Li1L2
= .
c3sin(g2) — Ladrho
_ LI 0
m2L1
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ol (-4 ) - B4 o)

> cf = m.f‘-Lc]z + mL’-LIE +II:
> 2= mL’-LZ?':

> c3=m2 LI L2:

> cd=ml Lel+m2-L1:

> ci=m2L2:

> mapleval M)

1\ 12 Ll
Lim2-L2
T cssiaf <22 (2L 314 g2
) 1\ 12 Te)e
m2-L?
(c4sin(8gl) + cisin(dgl +g2)) g
m2LiL2
G = s
B c3sin( gl +¢2) g
m2L2
[c4-5in[—%-(rhu)]+c55in[—%-(rhu]+q2}}g
Ll-m2-L2
> Gi=
) c55in[—%-(rhu] +q2]g
m2-L2
[ L2p ) . L2p 1)
[—f451n[ 11 f|+f551ﬂ[——££ +g.°}|}|g
m2LIL2
¢= L2 A
. P
i f551n[—?+r]2j|g
m2L2?*
u
> tan = -Lim2L2
0
U
Ti= m2LIL2
0

gwitch to dimensionless parameters and mutliply through by gamma”2 to convert all to unitless time

2m2L1L2cos(g2) + m2LP + LePmI+ 11+ m2L2?  m2LiL2cos(g2) + m2L2

m_‘]ijl m2LIL2
_ m2LIL2cos{g2) + m2L2 i
m2LIL2
B map| eval, C)
L2sin(g2) dg2 . [ L2drho )
- 2) | - ———— + dg2
1] sin(g2) 77 22|
2 .
m2L1L2sin(g2) — L24H0.
) Ll o
m2L1
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> map|eval, G)
. L2p . L2p
— 2 2 - 2
(m_LE+LcIm}]s1n[ 17 ]+m-£25m[ 71 +q_]]g
m2LiL2
(4.8)
. Lp
e
] sm[ 77 q. ]g
Lz
B map( eval, tan)
U
m2LIL2 (4.9)
0
| > ol = elnm2 L2
|> 2= cInm2 L2
|> 3= cinm2 L2
|> cln= K41+ S
|> cin= it
| > cin= i&2:
> 2c¢3ncos(g2) +cin+c2n —(cos(g2) + &2)
) - (cos(g2) + &2) 1
I 2&*3c05(g72)+kfeiﬂl+_.t§+1+.t°l —cos(g?) — &2 10
-cos(g?) — &2 1
S C -iZ2sin(g2) dg2 sin(g2) (-k2drho + dg2)
| -k2sin(g2) dro 0
-i2sin(g2) dg? sin(g2) (- &2 drho + dg?
| e (@J‘q (g2) ( iq2) @11)
-2 sin(g2) drho 0
G (Kl-k9+ 1) sin(-&2p) + &2 sin( -2 p + g2)
> =
-sin( -&2p + g2)
-(Kl &9+ 1)sin(2p) — E2sin(2p — g2
o (129) ~ R2sin(i2p ~2) o
sin(2p — ¢2)
T
> fau = "
0
(> = intf( G(1, 1), rho)
. -kl G- 2
V= cos(i2p — g2) — ( K_j cos(i2p) (4.13)
(> V= it Gi(2,1). g2)
Vi = cos[f{?p — Q'E'} (4.14)
> Fn=cos(2p-g2) + w cos{iZ2p) :
Y Dimensionless Controller
utlizing the dimensionless parameter un to convert u to dimensionless form means dividing u by (m2L11.2) and multiply by gamma®(2);
|:> gl = pi — k2-tho:
(> dgl =-k2-drho:
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™S diff Vi tho)
~(kI 70+ 1) sin(k2p) — &2 sin(i2p — g2)

ul
> ulni— ————
wn m2-Ll-g
e —5{n([t?p — rt} (m2L1+ Lelml) — m.’LBsin(Ec?p —T— r}?}
' m2LI
| > wln = sin(i2p) (K K2+ 1) — &2 sin(-2p |+ ¢2) -
12
> ulni= —
e m2-Li-g
O = - lam 1 dVeg 1
m2Lig

> Il = i8m2 L
> ml = kl-m2:
> Lcl= k9-LI1:
> I2=i2L1:
> lami = 11:
> dVddi
m2i2Ligsin{i2p —n— g2)
k

+2p(-2&2p+n+ g2 — gdl)

m2 k2 Llgsin(-&2p + ¢2)

> dVdgl = T

+2mp(-2R2p + 7+ g2 —gdl) -

> simplifi(1u2n'size')
- 3 = ! = [(nr.”e’tﬁ’Ligsin{.fr_"p—qZ‘]—2k@{—2;&f’p+}t+qﬁ—qa’f])(
2wt Lr (—.5:3 o+ cos(g2)” — &8 — 1] £

. . .. . . _’14 . . . . . 7
—LI‘K?N:.”(MKO‘—K?+.~:S+1]:05((}2) + i mLP — (P + s+ 1) m2i2PLF +5))

1 1 5
> uln= - (P — 2+ 8+ 1) coslg2) + 2 (i@ + B +1
(—h‘koz+cosg")2—ks—1][[ ’t?[ ) cos(a2) ( )

i &2

o .
+ ————= | | @sin(Zp—9g2) -2k —2.r'c’3p+rt+q2—qdj’] :
m"Li‘Eh”z][ ( ) gl2{ )

(- (ki — i + &8+ 1) cos(g2)) [ sin(i2p — g2) — 2k m,f‘;’ﬂ {—2;c:p+pi+q:—qd:}]

> uln= -
(—Hkﬂz+cos[q2]2—.ﬁﬂ—l]
_"’2_ E E s g =2 H =2 —_ —_ . @;t:’ - =2 M hp
[L (i +s+1) + — iz ][L sin(2p — ¢2) — 2k mSng{ 2R2p + pi+ g2 qa’f}]
L [ atf.chE+cosg2 i —1]

| > phi = phin-m2- L7
> simplifilulnsize')

. ! (k2 59 + 2% — &8 — 1) cos(g2) + &2 (-l k9 + &2 — &8 + phin
m?giﬂﬂj[ ;{L{Q‘+cos(g7 ]
—1]][rn9ﬂﬂjgsm[£2p—g9) 2k 2k2p+:rc+g_7—gdf)))
i u3
ni= —
> i m2-Li-g
e 2 dVeg?
I = — SO GVAGe
Hn m2Llg
;> lem2 = [2:
> dVdd?
2k in(i2p—n— g2
m_at_L}gsml[:_p r—g2) +ip(-22p+n+g2—gd)
> dlVeg2 = m2i2Ligsin(K2p — n — ¢2) +hp(-282p+n+g2—gdl) -

i
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B simplifi{ u3n'size')

1

+2a%_°3—2e%§+phirf—2] cos(g2) + g F?_"’)‘pffm— (a’dkﬂl+ B+ 1] })

> uin=

-+

Pm2Ll [—Ed g cos(qf)l —&—-1)g

1

2 (ki + cos(g2)? — 8 —1)
1)%) [ sin(2p — g2) —

pi2
m2glL2?

:> fp=fpnm2-glLli:
> simplifi{u3n'size')

1

kip
m2gl2?

ion =

.2 - . pl .
ac_""‘m_”LI[—ed.ntﬂ“+ cos(g2)” — 8 — I]g

_
m2glLl

(—2Ft?p+pi+q2—qd})]]:

R
+ l]ﬂ) (}J:_”.frflfgsin(ic?p—qz} — k@(—zkfp + ?t+q2—r}d}]])

> simplifi( uZn'size')|

1

m2gi2L] [—.fd o+ cos(q_”]l — &8 — 1]

- 1]] (m2i2Ligsin(i2p—g2) —2kip(-22p + ?t+q2—qdj’]])

> dl

> d2 s

> di s

> d4

kphi

kel —¢2)

d2

k(c3-cos(g2) —c2)

-

dl = kphinm2 2P

d2

<k}

.'c[[.'n‘ freapuny 1] m2 L — .fr_"‘dm_”LIJ]

.'c[[m‘ ey 1] m2 LR — ,%_"!4}”_”133]

dd = .fc[—.fr_ﬁmfl.fl + i mor cos(r}f)]

detMd == simplifildl-dd — d2-d3size")
]
et M == m2* (cos(q?) K2 phin— 2+ [2 KA+ 258 — phin+ 2] 2t - (Kf O+ s+ I]H) Pt i

> M= sim_pj‘yj.'[coeﬁ [Eqn"ﬁ ddqf],'si:e']
> M= sfngpfyﬁ'[coeﬁ {Eqﬁ”ﬂ, ddq.?],'sf:e']
M2 =
(> 3= sr‘mpiyj'[ coeff| (Eqn"k} ddqf],'sf:e']
M3 =
(> Mg= s:r'mpfffu[ co@f'[Egﬁnﬂ ddq?],'sr’:e']
Mg=m2Lc? 4+ 12
—drho- | £
. drha 75
> pi= Multiply| m2-L1°-M
£
a2 | 13

~m2LP (2!72(:05(@2) LR S+ 1+ 27_72] drho |
v

D=

—m2LP (-cos(g2) — &2) drho | £

W
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LI

| _&

R2LI

m2Le2Licos(g2) + m2Le? + I2

m2Lc2L1cos(qg2) + m2LeP + 12

—m2LP dg2 |
W

{{}ar?.fﬂlfgsin{.-%;’p —n—g2) +kp(-22p+ n+g2— gdl)) (.'Tf[—sz.'?ﬂl

[(k?[—2.-’tf.-’tf)z+2.-’c,"2—2e'tﬂ+phm—2]cos(q3) T it P phin— (k1 kP + &8

(R (—2k P+ 2% — 258 + phin— 2) cos(g2) + i2* + P phin— (kI & + &8

(((-i7 ko + &2* — 8 — 1) cos(g2) + &2 ( -kl k& + &2* — &8 + phin

M= 2m2Le2Llcos(g2) + (AP + S+ 1) LR+ LeP)m2+ 2

—m2LP (-cos(g2) — &2) dg2 |
v

g
LI

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.22)



(> pl=p(1.1)

pli=-m2L P (2i2cos(g2) + Rl kP + 8+ 1+ i) dho | —E— — m2LP (-coslg2) — B2) dg2 | —Z (5.23)
J Bl J Bl
[> p2+=p(2.1)
2 : [ = 2, [ e
Pi=-m2LIF (- N -2 " | —m2LF i
p2 m2 L1 -cos(g2) x_]drho\:, DLl m2L1 dq2\:, oLl (5.24)

i . . uo e
> ubn = srmpiy”‘i[ m,sr_e]

6 ==—[(k_7(—2k2drho+ dg2) cos(g2)? — drho (2 + 1) (k1 k9 — k2 + &8 + 1) cos(g2) + drho i + (-dg2 (5.25)

+aho) i+ (i + s +1) dho—dg2) i — (WP + s+ 1) drheio + dgz (ki@ + 5+ 1))

| _& -

| £ Lv]/((cos[g?] w2 phin— it + (25l i + 2068 — phin+2) i — (k1 i + s +1) ) m2kL1i2% o)
W

> Kvi= Km-sqrt[ %] :

> simplifi| utn,size')
(2 (-2 k2 dvho + dg2) cos(g2)® — drho (k2 + 1) (K1 0P — ;2% + 78 + 1) cos(g2) + dvho k2 + ( -dg2 + dho) k2 (5.26)

+ (ki + S+ 1) drho — dg2) i — (k1 i0? + k8 + 1) drhoi? + dg2 (kI 70* + 8 + 1]]Kvn]/
(i L2 (cos(q2) 2 phin— i + (241 i + 278 — phin+2) i — (i@ + i85+ 1)°) m2 )

Kvn-sqrt[ %] -m2- L7
> Kyi= = :

i Ll
> simplifi{ uen size')
(2 (-2 k2 dvho + dg2) cos(g2)® — drho (k2 + 1) (K1 0P — ;2% + 78 + 1) cos(g2) + dvho k2 + ( -dg2 + dho) k2 (5.27)

+ (3P + B+ 1) drio — dg2) i — (ki k6 + &5+ 1) diho i + dg2 (k1 1 + ks + 1)) 5m) | ((cos(g2) 72 phin

—it Qi+ 25— phin+ 2) i — (i + s+ 1)) &)

> usn = srmpffﬁ[ m_;-“ili'g:n:d]

1usn ==—[ }r_?i} 1'1‘_7([(2.5{_734-[—Zﬂﬂz—lﬁ—l]ﬁ—phﬁ?] drho + dq2[k3k!“?—k_72+k8+l]]cos(g2)+(k_74 (5.28)
v

—phiniz— (ki + s+ 1)) drio+ (-2 + (- i + k5 + 1) &2 + piun) dg2)]/(£r_72 (cos(g2) i2 phin— i2*

+ 2/ P+ 278 — phin+2) i — (ki + s+ 1)°) km2gL1)
> simplifv| alphal size')
. L —(m21Psin(q2) (R2 (k1 39 — 2 + ks — phin+ 1) cos(g2) + (k1 &% + &S (5.29)
(—kf.&?l+ -:eas[gr.?]l — 8- 1]
+1) (i -+ +1)) (i — 2+ 8+ 1) coslg2) + 2 (ki — i? + 8 — phin+ 1)) i)
E simplifil alpha? 'size')

- P (P isa1)
Enr.?[kl’[kfﬁﬂl—k?l+h?—ﬂ+1]cos(g2]—K‘—— 2phn | (i +E8+1) ]zﬂsin(gs)fml
i 2 2 2 2 530
—k &+ chs(ngl — @l —1
> n2 = simplifi| Midriphy| Tr Midtiply| — a2 alphal ||,
n2 = simplify| Midtip anspose| Multiply| —— i a |2 alpha? size
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n2 = [ £ nrj((kf&ﬂl—k?l+.h?+ L] cos(g2) +k1’[k1§:§‘2—k?l+h?—phm+ L]] ([—Eaﬂ"ffok?l

B2Ll
+ dg2i2) cos(g2)? — drho (2 + 1) (K1 5 — K22+ 8+ 1) cos(g2) + drioiZ* + (-dg? + dvho) i2° + (k1 k0 + k8
+1) drho — dg2) i2* — (k1 k9 + k8 + 1) drho &2 + dg2 (k1 ko + &5 + 1)) k(&2 (& & — &2* + k8 — phin
+(

+1)cos(g2) + (RIEP + ks +1) (WP — 2 + ;s + 1])Lﬂsin(g2)]/((km91—cos(g3)3+;r,s+ 1) (

—cos(q2) k2 phin+ k2 + (-2 k1 kP — 2k + phin—2) B2 + (k1 kP + s+ 1)°) &)

| =2 (i (miP - i+ s — P 1) cos(q2) — it — i phin+ (ki@ + s +1) | k(<2 drhoid® + ¢
oL 2 4 #

- dg?pfr:’n) .Eilsin[q.:’)]/((kfﬁﬂl - cos(g2]l + &8+ l] (—cos(g2] K2 phin + ot 4 (—2 il ko — 2 &8 + phin

)+ (i +is+1)) )
> simplifi{ expend(usn),size')

[ ((2ah0i2 + dg2 i + 2 (-1 i + k8 + 1) drho 2 + phindvho — dg2 (k1 79 + &8+ 1)) cos(g2) — drho i (5.32)

+ dg2i + (phindrio — dg2 (k1 i + 8+ 1)) k2 + (i i@ + &8 + 1) driro — dg2 phin) [ -2 i? [k?j drio

ot
— A2 o (ki + k8 + 1) i + (-phindrho + dg2 (ki + 18+ 1)) i + (0 i + ks + 1) drho i2

dg2 (k1 i + B8+ 1
2

+ phin [1 + &8 — % + kfkﬂl] drho — ]1 ] cos(qu — [Edrfmk'j‘? + (-2 dg2 + drho) b
—saho (R + B+ 1) + (-3 — 38— 2phin—3) dho + 4dg? (i + S+ 1)) &% + (7P 0
42 (B84 1) kI + K5 — 2phit + 258 + 1) drho + 2 dg2 phin) B2 + [[3&!3&94+6k91(h?+1)h+3h5’1
—zpmrf+6m+3]dx~ho—z[h3,w4+zg91(w+1)h+k31—f”’;ﬁ+zks+1]dqz]ml+[(;u;zpl
+.-‘3z9+l)Sdr'Fro—2[1+hS’—%+Mﬁﬁz]dg_?phm]k’.’—a‘rﬁo(kfﬁ:ﬂl+w+l)l(kj.&ﬁl+k3—2phm+l]]
eos(g2)’ + [—3drhok39+ (2dg2 — 2drho) i2® + ((9 kI k& + 948 — 4 phin+ 9) drio + dg2) &2 + [(5@'@1
+5.-"G?—2phm+5]dr'ho—6[kfﬁﬂ2+£;?—%+l]dg2]ﬂﬁ+[[—9&!1@4—18[&?—4me+1].&929%}
—9.-"&5’2+(8phm—18)k?—phml+8pfrin—9]a’rho—3dg?[khﬁﬂ2+k?+1]].Ej+6(kj.&ﬂ2+k?+l] [[
" s . 2phin

2 2 3

- %]dﬁ'}?o+ dgz[kfkgz+k8— EF’T}?"'”+ 1]];@+3[h@2+ks—pm+ 1) [(hﬁ@:

phin

ol ol ] k] ol 2 ol it
+as+1) [kfk9“+k8— +1]cﬁ'ho+dg2[k3k9‘+ﬁc8+ *"2‘” +1]]kf—2[}ﬂk§"+k&+l] [[ o

2
s 1 I ) I, P
+T+phm+E]dr'ho+dq2[ﬂx9“+x8—phm+ll]ﬁ_y—dg2[ﬁclx9"+xé‘+l] (&2 K" + &5 — 2 phin
4
+1) 2+ drho (kI i@ + s+ 1) ]cos(g2]2+ [—dr'hoﬁr210+ (dg2 — drho) i2° + ((3 kI k0 + 3 &8 — 2 phin
phin

+3) drio + dg2) i2° + [(hkg%ks—zphfm 1]drho—4[1+k8— T+Mb~5‘] dq2] 2+ (P o

+ 2K (RS + phin+ 1) kI + k8 + (2 phin+ 2) k8 — pht + 2 phin+ 1) dvio — 2 dg2 (k1 08 + &8 — phin+ 1) ) i2°
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. 2
+ [(3ﬂ2k94+5;c9~5‘(;:8+1);d+3krf—phm2+5ks+3]aﬁ-ho+4[1+ks—“’}ﬂ+k1wf‘] dg2]§c?5+[

-7kl ke + 8+ 1) [h2k94+1ﬁ[k£— p?” + 1}kf+ﬁc§+ [——zihm +2st+ Pt Eﬁhm + 1] drho
—1[1+;ca—Pi—‘”+ﬂwf‘]dg2phm]kf—s[ﬂwf‘+ks+1][[mzm“ﬂ[kg—@ﬂ]wf‘waf

R _ 2 : . ) N -
+ [——Eihm +2];c8+ —ph;‘vf - —2-";}"” + IJ drho — Edg‘zph"”(ﬂjﬂjLﬁs“L 1) Jﬁrf+4(kb‘t92+k8+ I]J[[l

s Ph‘” +mm9*]m o+ dl?z] — (AP + a8+ 1) (dgz—m-ha)sﬂ—dqz(;mg%km1)4] cos(g2)
+[Mﬁ+k8+l][—m'hoﬁ?+[[Mﬁ+ﬁ+1]drho+dq2]k_76+[[3Mﬁ+3k£—2phﬁn+3]dvﬁo

—dg2 (P + s +1)) 2+ [—(hﬁ+k8+ 1)2a$-ho—3dgz[km92+ks— EPT""'”+ 1]];@& [[—3&;%:94

. 93 -
—5[;;@— P’;"‘” + 1]@2M—3ks~f+ (zphm—:s)ks—phm%zphm—s]m-hﬁ 2dg2 (ki i + s+ 1) ]»‘rf

phin

a - .‘1
+ [—(kjk&—fﬁc&‘+I]Jdrho+3[k32§i:94+2[k8— +1]£c9“5'k1+k§+ [—EPTM+2]£;8+WTW

_ zphm +1]dq2] 2 — (P + 58+ 1) (dg2— drio) i+ (i1 3P + k8 + 1) (k158 + 48+ 1) dvho

—dg2]]k?]sin(g?]]/[[ﬂﬁ?“—cos(g) +m5‘+l] fc?‘{ cos(g?]ﬂphfn+k_74+[—2Mﬁ—2k$+phﬁn
—z]ﬁﬂz+(ﬁdkr5'+k8+l]2)h)

ud
m2-Li-g

> udn =

phinm2 PP

5
5 ]cos(g2)+ [Mﬁ+§c§+l] m>* L

udn == [ [25&3 m2LP [[x;k&' + S+ ) m2t L P — it maL P -

— i mA L — ieh m?z.{.ﬁphm] kpﬂd’cﬂc}dq2]/[2 (—cos(g?)zk?s mP LIt + [.-tHcQz + &8

+ 1] mz k?GI.ﬁ] m?I.Ig]
DMepdg? = simplifv( dp] 2 size’
oMindg? — (sin(q2) (265 + (~21 K9 — 255 — 2) &2 — phin) cvo + g2 (&1 5 — B2 + &5+ 1)) cos(q?) + (2% — phinio — (i1 &
2
+ &8+ l)l) drho + [—.-"c?3 + [.-n'.k:gl + &8+ l] 2 +phm] d'g?) m,?glf)/[k?lk(cos(qﬁ) &2 phin — 2+ [2.-%1'.-%92 +2&8
2

— phin+ 2] g [kfkgl—k B+ l)l) )
B simplify(wdn,'size’)
sin(g2) ((~2drhoid® + dg2i® + 2 (KI5 + 78 + 1) drho k2 — dg2 il k9 + phindiho — dg2 k8 — dg2) cos(q2) — drho i (5.35)

+ dg2 kP + (—dg2 &l k0 — dg2 &8 + phindrio — dg2) k2 + drio kI® k6° + 2 k0% dvho (8 + 1) &l + drho k8 — dg? phin

4 2drhokS + drho)” (2 (<2 k1 k9P + 2 k22 — 258 + phin— 2) cos(q2) + &2 + i phin— (k1 k% + S+ 1]2))/

2
(3 (cos(q2) 72 plin— it + (270 3 + 258 — phin+ 2) 122 — (23 + 78+ 1)) (=1 2 + cos(g2)? — &5 — 1) i2*)

Y Morphed Equations of Motion
(> M= subs({i2=0, k0= 1,45 =0}, map(eval, M))

1+ il -cos(g?
_ cos(g2) ©.1)
-cos(g2) 1
(> Cm = subs( {2 =0, k0=1. &8 =0}, map(eval. C))
0 sin(g2) dg2
om=1 sin( go) 7 (6.2)
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[l
WO

:> gl =
| > dg2 = -db:
| > ddg2? = -dd6:

> Mn =

—cos(theta) -1

0 sin(g2) df
> Cm= (g2)

> Gm=
"= sin(e)

for symmetric mass matrix, multiply the bottom row by -1

> Mn =
cos(theta) 1

0 sin(g2) d6

> Gm =

(> Gm = subs({2=0,/9=1, =0}, map(eval, G))

~(1 + &I sin(0)
sin( -g2)

T
n
0]

Gm = [

> taum = subs({2=0,0=1, =0} map(eval tau))

tam =

—thetaj

14+ & cos(theta)

1]

0

1+ &l cos(theta)

1]

0 ]
—sin(e) |

Y Morphed Controller
(> subs{ (72 =0.7k9=1. k5= 0_phi =0). uln)

(1 + &) sin(0)

> subs({k2=0,k9=1, &8=0, phi =0}, 2u2n)

| Exror, numeric exception: division by zero

numeric exception: division by

[> subs{{i2=0.70=1&5=0.phi=0}. 13n)

| Exror, zZer
|> subs({k2=0k9=1k8=0,phi=0}. )

| Error, numeric exception: division by zer
[> subs{ {k2=0.79=1. &5 =0_phi=0}. 15n)

| Error, numeric exception: division by zero

[> subs({&2=0. k0= 1, &8=0, phi = 0}, u6n)

(-drho (1+ &) cos(8) — do (1 + &l)) Kvn

(1+ &)1k
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E.2 Simulink file and MATLAB code for the simulation of the Full System

: I_. O —{ =
- "' ¥ _hI ql.g2
fon - q2

v

o=
¥

Fa
v

> u dig
+ - dqg1
N I_’ -
Caontrol da2 —chq‘ll:lq2,—> dqg2
function y = fcn(u)
%% Main Vectors
gl = u(l); % feedback array
a2 = u(2);
dgl = u(3);
dg2 = u(4);
%% Generalized quantities
q = [gl g2]1"'; % Generalized coordinates
gdot = [dgl dg2]'; % Generalized velocities
%% Parameter values
ml = 2;
Ll = 2;
Lecl = 1;
Il = 0.667;
m2 = 1;
SL2 = 1;
Lc2 = 0.5;
I2 = 0;% 0.083;
g = 9.81;
cl = ml*Lcl”"2+m2*L1"2+11;
c2 = m2*Lc2"2+12;
c3 = m2*L1*Lc2;
c4 = ml*Lcl+m2*L1;
c5 = m2*Lc2;
al = cl+c2+2*c3*cos (g2) ;
a2 = c2+c3*cos (g2);
a3 = c2;
phi = 500;
k = 0.0033;
kp = 30;
kv = 20;
gdl = pi;

%% Equation of motion pieces

M = [al a2; a2 a3];

C = [-c3*sin(g2) *dg2 -c3*sin(g2) * (dgl+dg2); c3*sin(g2)*dgl 0];
G

[cd*g*sin(gl) +c5*g*sin (gl+g2) ;c5*g*sin (gl+g2) ],

% Evaluate the control law
dl = k*phi;
d2 = k*(cl-c2);
d3 = k*(cl-c2);
d4 = k* (-c2+c3*cos(g2));
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Md = [dl d2; d3 d4];

dMd = det(Md);

dvdl = -c5*g*sin(gql+g2) /k+2*kp* (g2+2*gl-pi-qdl) ;
dvd2 = -c5*g*sin(gl+g2) /k+kp* (q2+2*ql-pi-qgdl) ;

pl = p(l);
p2 = p(2);
dglH = c4*g*sin(gl) +cS5*g*sin(gl+g2) ;
dpMdp2 = (pl*(cl-c2)-p2*phi)"2*c3*sin(g2)/...
((-cos (g2) *c3*phi+c272+ (-2*cl+phi) *c2+cl”™2) "2*k) ;
lambdal = -(c3*cos(g2) *(cl-c2)+c2* (cl-c2-phi)) *k/ (-cos(g2)"2*c3"2+cl*c2);
lambda2 = k* (2*c3* (-1/2*phi+cl-c2) *cos (g2)-c2*phi+cl™2-c272) /...

(-cos (g2) "2*c3"2+cl*c2);

alphal = c3*sin(g2) * (lambdal”*2+lambdal*lambda?2) ;

alpha2 = c3*sin(g2) *k"2* (2*c3* (cl-c2-phi/2) *cos (g2) +cl*2-c2”2-c2*phi) /...
(-cos (g2) "2*c3"2+cl*c2);
j2 = (pl* (dd4*alphal-d3*alpha2)+p2* (-d2*alphal+dl*alpha?))/dMd;

u = dglH- (lambdal*dvdl+lambda2* (dvd2+1/2*dpMdp2))+j2* (-d3*pl+dl*p2) /dMd. ..
-kv* (d4*pl-d2*p2) /dMd;

%% Evaluate the Dynamic

gdotdot inv (M) * ([u;0]-C*gdot-G) ;

xdotdot gdotdot (1) ;

ddtheta = gdotdot (2);

%% M-File output

= [dgl;dg2;xdotdot;ddtheta;ul;

00 kg

% End of

E.3 Simulink file and MATLAB code for the simulation of the Dimensionless

System

" L—b qld

: e -
’ ﬁ ' L - e g2d

> u da

’ » dqid

v ] ]
Control da2 —dql‘ldqz—> dq2d
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function y = fcn(u)

)

%% Main Vectors

rho = u(l); % feedback array

a2 = u(2);

drho = u(3);

dg2 = u(4);

%% Generalized quantities

q = [rho g2]'; % Generalized coordinates
gdot = [drho dg2]'; % Generalized velocities
%% Parameter values

ml = 2;

L1l = 2;

Lecl = 1;

Il = 0.667;

m2 =1;

% L2 =1;

Lc2 = 0.5;

$ I2 = 0.083;

g = 9.81;

gdl = pi;

%% Dimensionless Parameters
kl = ml/m2;

Lc2/L1;

gamma = sqrt(Lc2/9g);

k8 = I1/(m2*L1"2);

k9 = Lcl/L1;

Q

%% Equation of motion pieces

-
N
I

cln = k1*k972+1+k8;

c2n = k2"2;

c3n = k2;

c4dn = k1*k9+1;

ch5n = k2;

aln = cln+c2n+2*c3n*cos (g2) ;
azn = k2+cos (g2) ;

a3n = 1;

M [aln -a2n; -a2n a3n];

C = [-c3n*sin(g2)*dg2 sin(g2) * (-drho*k2+dg2); c3n*sin(g2) * (drho) 0];
G = [(cd4n*sin(-k2*rho)+c5n*sin (g2-k2*rho));-sin(g2-k2*rho) ];
%% Evaluate the control law
phi = 500;

phin = phi/L172/m2;

k = 0.0033;

dln = k*phin;

d2n = k*(cln-c2n);

d3n = k*(cln-c2n);

d4n = k*(c3n*cos (g2)-c2n);
Mdn = [dln d2n; d3n d4n];

kp = 30;

kpn = kp/(g*L1*m2) ;

dvdln = cb5n/k*sin(g2-k2*rho)+2*kpn* (gq2+2* (-k2*rho) +pi-qdl) ;
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dvd2n = c5n/k*sin(g2-k2*rho) +kpn* (q2+2* (-k2*rho) +pi-qgdl) ;

$p = M*qgdot;

pln = (cln+c2n+2*c3n*cos(g2)) * (-drho) + (k2+cos (g2)) *dqg2;
p2n = (c2n+c3n*cos(g2)) * (-drho) +k2*dg2;
dglHn = (cd4n*sin(k2*rho)-c5n*sin (gq2-k2*rho)) ;
dpMdp2n = k2* (pln* (cln-c2n)-p2n*phin) *2*c3n*sin(g2) /...

((-cos (g2) *c3n*phin+c2n”2+ (-2*cln+phin) *c2n+cln”2) "2*k) ;
lambdaln = (c3n*cos(g2)* (cln-c2n)+c2n* (cln-c2n-phin) ) *k/...

(cos(g2) "2*c3n"2-cln*c2n);

lambda2n = - ((cos(g2)*c3n+c2n) *lambdaln-k* (cln-c2n))/c2n;
alphaln = c3n*sin(g2) * (lambdaln”®2+lambdaln*lambda2n) ;
alpha2n = c3n*sin(g2)*k"2* (2*c3n* (cln-c2n-phin/2) *cos (g2) +cln”*2-c2n"2-. ..

j2n = (pln*(d4n*alphaln-d3n*alpha2n)+p2n* (-d2n*alphaln+dln*alpha2n))/...

c2n*phin) / (-cos (g2) *2*c3n”2+cln*c2n) ;

det (Mdn) ;
kv = 20;
kvn = gamma*kv/L1"2/m2;
un = —-dglHn+lambdaln*dvdln+lambda2n*dvd2n+lambda2n*1/2*dpMdp2n+. ..

(

-j2n*k2* (-d3n*pln+dln*p2n) /det (Mdn) ) +. ..
kvn* (ddn*pln-d2n*p2n) /det (Mdn) ;

%% Evaluate the Dynamic

gdotdot
rhodotdot
ddtheta

= inv (M) * ([un;0]-C*gdot-G) ;
= gdotdot (1) ;
= gdotdot (2);

%% M-File output

=

%% End of

= [drho;dg2;rhodotdot;ddtheta;un];
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E.4 Simulink file and MATLAB code for the simulation of the Morphed
System

q1

o=

fen » g2m

» u da1
» dgim

function y = fcn(u) s
%% Main Vectors r—————b— dgZm
rho = u(l); % feedback array
theta = u(2);
drho = u(3);
dtheta = u(4);
%% Generalized quantities
q = [rho thetal'; % Generalized coordinates
qgdot = [drho dtheta]'; % Generalized velocities
%% Parameter values
ml 2;
L1l 2;
Lecl = 1;
I1 = 0.667;
m2 = 1;
$ L2 = 1;
Lc2 = 0.5;
s I2 = 0.083;
g = 9.81;

%% Dimensionless Parameters
k1l = ml/m2;
gamma = sqrt(Lc2/9);

k = 0.0033;
kp = 30;
kpn = kp/ (g*L1*m2) ;

kv = 20;
kvn gamma*kv/ (m2*L1"2) ;

%% Equation of motion pieces

Mm = [1+k1l cos(theta); cos(theta) 1];
Cm = [0 sin(theta) *dtheta; 0 0];
Gm = [0;-sin(theta)];

%% Evaluate the control law

um = 2*k*kpn*theta+kvn*cos (theta)*drho/ (k* (k1+1));
%% Evaluate the Dynamic

gdotdot = inv(Mm) * ([um; 0] -Cm*gdot-Gm) ;
rhodotdot = gdotdot (1) ;
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ddtheta = gdotdot (2);
%% M-File output
= [drho;dtheta;rhodotdot;ddtheta;um];

~

%% End of

E.5S MATLAB code to produce the plots for Chapter 5

g = 9.8
L2 =0
Ll = 2
figure
plotl

1;
.5;
(1)
= plot(gl.time,gl.signals.values, ...

gld.time*sqrt (L2/g),-gld.signals.values/2*0.5+pi, '-=-");

plotl (2) .LineWidth = 2;

title("First Link Displacement for full vs dimensionless systems")
xlabel ("Time (s) and Time (unitless) *\gamma (s)")

ylabel ("Link Position (rad)")

legend("g 1","\rho")

figure (2)
plotl = plot(g2.time,g2.signals.values, ...
g2d.time*sqgrt (L2/g),g2d.signals.values, '--");
plotl (2) .LineWidth = 2;
title("Second Link Displacement for full vs dimensionless systems")
xlabel ("Time (s) and Time (unitless) *\gamma (s)")
ylabel ("Link Position (rad)")
legend("g 2", "g 2d")
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Appendix F - Two-Link Manipulator

This Appendix is organized in six major parts. These are:

F.1 Derivations of Equations of Motion and Controller

F.2 Simulink file and MATLAB code for the simulation of the Full System

F.3 Simulink file and MATLAB code for the simulation of the Coordinated-
Changed System

F.4 Simulink file and MATLAB code for the simulation of the Dimensionless
System

F.5 Simulink file and MATLAB code for the simulation of the Morphed System

F.6 MATLAB code to produce the plots for Chapter 6

F.1 Derivations of Equations of Motion and Controller

2linkmanipulator.mw

|_> restart .
|:> with| Lineardigebra) :

Y Equations of Motion from "On the Robust Control of Robot Manipulators"

| > xlc= Lecl-cos{gl):

| > wlc:= Lcl-sin(gl):

| > x2c= LI-cos(gl) + Lc2-cos(gl + g2) :

| > 32c:= LI'sin(gl) + Le2-sin(ql + ¢2) :

| > dvlc=-Leclsin(gl) dgl:

| > dvic= Lelcos(gl) dgl:

| > dxZc=-Lisin(gl) dgl— Le2-sin(gl + g2)-(dgl + dg2) -

| > avZc = Li-cos(gl)-dgl+ Lc2-cos(gl + g2)-(dgl + dg2) -
gl dgl ddg ! i

> g= ldg = . : = . Ipi= :
42 dg2 ddg? p2

1 a1 . a1 o2, oy, 1 3, o2
> Ti= > Ildgl’ + = 12-(dg2 + dgl)* + 5 -mI-(acle® + dyI1e?) + = m2- (a2 + 2e?) -

> Vi=mlgylc+m2 gyl
V= gmlLclsin(gl) +gm2(Llsin(ql) + Lc2sin(gl + g2)) 1.1
£ gl + g gl q g<])

Lagrange

|:> L= epand(T— V) :
diff{difi{L.q_dot).t)-diff{L.q)=Qi
el = diff (L, dgl) -

v

;> el = subs({gl=gl(t), g2 =g2(1)}. el):
| > el = subs({dgl=diff ql(1). ). dg2 = diff(g2(1). 1) }. el) :
> e2 = difflelt):
| > e2 = subs({diff (ql(1). 1, t) = ddgl, diff(q2(¢). 1, ) = ddg2}, e2) :
| > e2 = subs({diff (ql(1). 1) = dgl diff (q2(t), 1) = dg2}, e2) :
| > e = subs({ql(t) =gl q2(t) =g2},e2) :
> variables == [ddgl, ddg2, dgl. dg2]:
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B Eqye = cof}ecr_(simp;gj','(e_i’ —_drﬁ” (L, gl) — taul'trig), variables)
Egye = (2 Le2LIm2cos(g2) + (Li‘l + Lc?j‘] w2+ Lelml+ 11+ IQ] ddgl + [LCQI_I}J:_” cos(g2) +m2 Le? + I?] ddg2

—2m2LldglLe2dg?sin(g2) — }a:.”Lch?dg?l sin(g2) + g(Le2cos(g2) m2 + Lim2 + miLel) coslgl)
—m2gLc2?sin(gl) sin(g2) — o

> e3 = giff (L, dg2) :

| > e3 = subs({gl=gl(t).q2=g2i1)}, e3):

> 3 = subs({dgl=diff (qi(1).1). dg2=diff |q2(1). 1) }. €3] :

> ed = diffied. 1) :

> ed = subs({diff (q1(1). 1,1) = ddgl. diff (q2(1). 1. 1) = ddgZ}, ed) :

1> o4 = subs({diff (ql(1). 1) = dgl. diff (q2(1). 1) = dg2}. e4) :

> e = subs({gl(t) =gl q2(t) = g2}, ed) :

> Egy,z = collect(simplifi{ed — diff (L. g2) — tau2'trig'), variables)

Eqys = (LCQLE}M_” cos(g2) + m2Le? + I?] ddgl + [}H?I.C_jl + 1_7] ddg2 + }Jr?LquIlLCQ sin(g2) + m2gLc2cos(gl) cos(g2)

—mI2gLeZsin(gl) sin(g2) — 2
(> 1= simp.?yj,'[coeﬁ [Eqﬁ"h‘, ddqi‘],'si:e']
Mi=2Lc2Lim2cos(g?) + (LE+ LeP)m2+ LePmI+ 11+ I2

> M2= sfmp.’rﬁ'[coeﬁ' (Eqﬁnﬂ, ddq;’],'sf:e']
M2 = Le2LIm2cos(g2) + m2Le? + I2

> M3= sfmphjﬁ.'( coef| {Eqﬁ";r} ddqi],'si:e']
M3 = Le2LIm2cos(g2) + m2Le? + I2

> M= sfmp.’yﬁ.'(coeﬁ {Eqﬁ";r} ddq,?],'sf:e']

5
M= m2LlcZ + 12

|> cl=mILeP +m2-LP +1I:
|> c2= m2-Le? + 12
|> c3=m2-Li-Lc2:
| > MI=2c3cos(g2) +cl+c2:
|> M2 = c3-cos(q2) +c2:
|> M3 = c3-cos(g2) +c2:
|> M= c2:
Mi uz}
> M= :
M3 M4

- 2 1 i
> Cl= Sm:p.i'yj'.'[coeﬁ‘(Eqmm‘, dgl }dq} + 5 coeﬁ‘(Eqﬁ”kP dql],sr_e]
Cl=-m2L1Lc2dg2sin(g2)

A 1 i
> (2= Srmphﬁ'[coeﬁ‘(Eqﬁ"ﬁ dez} -dg2 + 5 coeﬂ(Eqﬁ”ﬁ dg_j],sr:e]
C2:=-LiLc2sin(g2)m2 (dgl + dg2)

A 2 1 B
> (3= :.'m:phﬁ'[coe_ﬁ'(fqﬁnﬂ dgl } -dgl + el coe_ﬁ‘(Eqﬁ”E a’qi),sr_e]
C3 = m2LIdglLcZsin(g2)

> (04:= sr'mpiffv[ coqu"(Egﬁnﬂ dqzz} -dg2 + % coeﬁ'[Egﬁnﬁ a’qZ] ,'s.f:e']
c4—0
> (1 :=-c3-sin(g2) -dg2:
> C2:i=-c3-sin(g2) - (dgl + dg2) -
> (3 := c3-sin(g2?) -dgl:
cl Cc2 )
3 e |
= sr‘mpf{ﬁ'[ cogﬁ’tEq:mH, g] - g,'s:':e']
Gl = ((Lc2cos(g2)m2 + Lim2+miLcl)cos(gl) —m2Lc2sin(gl) sin(g2?)) g
> G2= sr'mpiffv[ cogﬁ"[Egﬁnﬂ g] - g,'s:':e']
G2 = Le2m2(cos(gl) cos(g2?) — sin(gl) sin(g2)) g

W

Q

[he
[

> cd = ml Lcl:
> cy=mlLil:
> o= m2-Lcl:
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(L3)

(L4)

(-5

(1-6)

(a-mn

(L8)

(1.9)
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v
Q)
by

T

= (cd + ¢5) -g-cos(gql) + ct-g-cos(gl + g2) :
|> G2 = c6-g-cos(gl +g2):
Gl
> G= :
G2
cagﬁ(Eqﬁ”ﬂ, mui] -tanl
> tam = -
coeff (Eqﬁ”_j r fcmZ] fene?
(7
T:=
0

" Dimensionless

For figure 1 in "On the Robust Control of Robot Manipulators” need to change ql to being measured from v axis so qly = ql-pi/2, dgly = dal,

ddgly = ddql
and then convert to arc length: s = q1y*L1 ds = dqly*L1 dds = ddq1y*L1

> gl= % +q}}j

:> dgl = dgly:
| > ddgl = ddgly:
to convert to arc length by dividing the terms multiplying rl and it's derivative
1
ML — M(1.2
(11) 77 M.2)
> M= |
M2.1] — M2.2
(21) 37 Mm22)
2Lc2Lim2cos(g?) + IPm2+ LePml+m2Le? + 11+ 12
Li

Le2LIm2cos(g2?) + mILeP + 12
M= s
Le2Llm2cos(g2) + m2Le2 + 12
LI

R
m2Le2” + 12

ClL1| — 2
| e(n) 75 et
> Cr:= map| eval,

0[2,1]-— C(2,2)

-m2Le2dg2sin(g2) -LiLcZsin(g2)m2 (dgly + dg2)
m2dglvLe?sin(g2) 0

Cr =

Ec—r symmetric Mr divide top row by L1
M) M[ 1,2]-L
L¥ LI

M[ 2, 1]-— M(2,2)

2Lc2LIm2cos(g2) + IPm2+LePml+m2Lle? +11+12 Le2Lim? cos(g2?) + m2Le? + 12
)
LF LI

R
2 B 2 2L+ 12
Le2Llm2 cos(g}—)j+ m2Le2” + 12 moIet 4

> Cr = map| eval,
0[2, 1]-L C(2.2)
_ m2Le2dg2sin(g2)
Cr= Li
m2dglvLec2sin(g2) 0

-LeZsinlg2) m2 (dgly + dg2)
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> Gr= map| eval, LI
G(2)
A A
Lim24+miLcl)gcos L + giy| + Le2m2 geos z + gly+ g2
g 3 g1 g 5 gLy T q.
= i = i
Gr = Ll (2.5
A
Lc2 m.’gcos[ % +gly+g2
= &
tau(1)
> faur = LI
tau(2)
k4
LI 2.9)

faur =
0

for dimensionless equations divide top row by M2*Lc2 and bottom row by M2*Lc2"2, note terms multiplving r1 and drl will need an Lc2 pulled

out to make the coordinate dimensionless

dglv-LI
> #gd= Le2 K
dg2
degly-L1
> #gdd= Lc2
dg?2
w1 —— af12] —L—
. : m2-Le2 ) m2-Le2
> Md:= ) |
M1 ———— 22| ———
m2-LeZ” m2-LeZ*
2Lc2LIm2cos(g?) + LEm2+ LePml +m2Le? + 11412 Le2Llm? cos(g2) + m2Le? + 12
LPLc2m2 LiLe2m2
Md = R | (2.
Le2Lim2cos(g2) + m2Le2” + 12 m2Le2” 412
Lim2Lc? m2 L
B 2 2
2Lc2 5 Le2” Lel'ml+11+12 Lc2 12
2) + 1+ + )+t ————
11 o) 2 1Pm2 <s(a2) + 71 T TiLcomz
> Md:= -
2 2 2
cos(g2) + L2 + EEC 1+ = =
LI Lim2Lc2 m2LeZ*
1 1
crf Ll ——— Cr| 2| ———
) ) ,[ ] m2-Le2 ,[ : ] m2-Le2
> Cd = map| eval, ) )
oot ——— of22| ———
m2-LeZ” m2-LeZ”
i sin( g2
- HZINGE)in(g2) (digly +dlo2)
Cd = ! . (2.8)
dgly sin(g2) 0
Le?
Le2 . . Lc2 L )
=8 o 2 - == = ; 2
‘ 77 dg2sin(g2) sm(qz)[ 71 [Lc? agj’}]+ag_]
> Cd= I I
c2 ., .
= = dgly 2 0
11 [ch 4.1]sm(q )
Gr{1)
| m2-Le2
> Gd = map| eval, Gr(2)
m2-Le2
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A A
b b
(LIm2 +miLcl) gcos[ EN + gly | + Lc2 m_”gcos[ 5 + gly+ g2
= & = i

LiLc2m2
Gd — (2.9)

A

gcos[ z +glv+ g2
2 J

Lc2

g ((EIm2+ Lclmli)sin(gly) + Le2m?2 sin(gly + g2))

Lc2 Lim2
> Gd=
__& ,
1c2 sin{gly + g2)
ter(1)
m2-Le2 |
> taud = |
a tr(2) |
m2-Le?
k)
taud = | LiLc2m2 (2.10)
1]
[> p=o-
| > Lc2:=L2:

Use dimensionless parameters where mu = L1*qly/L2, k2 =L2/L1, k% = Lcl/L1, k& = I1/m2/L.1"2, k1=m1/m2

s age | 2R2cosle2) +1+ R+ KR+ K cos(g2) +R2 |
cos(g2) + &2 1 .
> cd -R2dg2dsin(g2) -sin(g2) (&2 -dmud + dg2d)
o = .
i2-dmud sin(g2) 0
—%-[(1 + kO kI) sin(i&2-mu) + e'r_"s{n(e'c?-mu+q2)]
> Gd=
—%-sin(e%_"-mu+q2)
tand
LiLZm2
> taud =
fau?
LZm2

ilow need to render time dimensionless by multiplving bv Lc2/g this changes derivatives to functions of unitless time so Md and Cd are unchanged
—((1 + @&l sin(i2 mm) + 2sin(iZ2 - mu + g2))

> Gd= L :
-sin( &2 -mu + g2)
fawl L2
. LiL2m2 g
> f =
i fau2 L2
LZ?m2 &

¥ Controller
(> tauo= Yo thetad — Kr

0= Yat— Kr @3.0)
> tan=rtauo+ yau= Yal 60 + u) — Kr

false (3.2)

simplifies EoM to
| > #M{g)dr + Clg, gdot)r + K= Ya(thetal — theta + u)
| > #au=Muatiply(¥a (psi+ u))
yloy2 y3 y4 y5s ye |

> Ya= :
0 w78 0 0 39
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LEJ‘-{mZ’ + :_‘uul‘} +LePml+11
(L2+ 3.12)3 (m2+ Am2)
(m2+ Am2) LI(L2+ ALZ)
Lelml
LI(m2+ Am2)

(L2+ AL2) (m2 + Am2)

> thetal =

LPm2+LePml+1I
IZm2
m2L2L1
Leciml
Lim2
L2m2
B psi == simplify(thetal — theta 'size")

> theta ==

LII Am?2
2 3
(L2+ AL2) (m2 + Am2) — L2 m2
LI((m2+ An2) ALZ+ L2Am2)

v = (3.3
]
LiAm2
(m2 + Am2) AL2+ L2 Am?2
| psil
psi2
. psi3
> pst= 0
Dsis
L psio
| ri
> r= :
r2
(> zeta =— Multiph( Tramspose( ¥a), 1)
wirl
¥2rl+yir2
€ ¥3irl +38r2 3.4
yirl
yirl
yord +3y9r2

ifab s(zeta(i))>epsilon(i) then u(i}=-(psi(i)*zeta(i))/(abs(zeta(i))), else u{i)-=(p=i(i))/(epsilon(i))*zetali); so call the part that varies based on value of
zeta(i) beta then u = psi(i)*zeta(i)/beta(i)
psi(1)
- T 'Zﬂﬂ[ 1 ]
psi(2)
- T -Zeta| 2
_psi(3)
b3
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_wdyirl
bl
W2 (2ri+37r2)
b2
w3 (p3ri+p8r2)
1= b3 (3.5)
0
_wsysrl
b5
wo (yvorl +19r2)
bo

> fui= psi+ u:
Kl 0
0 K2
> tau = Multiplv(Ya fu) — Mudtiph(E ) -
> simplifv(tau( 1) 'size')
yi [ wi— wf;j rl ] " 22 (—;-3:-;2—3-?:-2 + 52) " 3 w:?(—yj‘ré_g—y&r? + b3) 45 [ w5 —
i yeWs (-y6rl —19r2 + ba)
bo
B simplify(tau(2),'size')
y7 g2 (—:L'f!'_f_ —y7r2 4+ 52) . S y3 [—_}'3!'}_ —y8r2 + B53) . }'9!#6[—}'6:'_!_ —¥y9r2 + b6)
b2 b3 be
EID“’ let beta be zeta/abs(zetz) or zeta/epsilon since they have to have the same units that would cancel!
-psi(1)-b1

> K=

Syird
w_] 3.6

5

L=

—KiIrl

— K272 @7

-psi(6
> hu= psi+u:
> tau == Multiplv( Yo fu) — Midtiph(E ) -
> simplifv(tan(1) 'size')

I (Bl =) wl— 32 (B2 =1 w2 — 13 (B3 — 1) wi— 15 (b5 — 1) w5 —v6 (b6 — 1) w6 — KIv] (3.8)
> simplify(tan(2) 'size')
¥ (62— 1) w2 — 38 (b3 — 1) w3 — 39 (b6 — 1) y6 — K272 (3.9

al al+ a2 coslg2) \2-al + a?)-sinlg2?) \dg2v2 + dglv2 + dg2-vi -cos(gl -cos(gl -cos(gl + g2
(g2)-( )-sin(g2) - (g dg q2-v1) g-cos(ql) g-cosgl) g-cos(gl +g2)

0 al+a2 cos(g2) -al + sin(g2) -dgl vl 0 0 gcos(gl + ¢g2)
(> tauo = ;‘Lﬁdﬁpi}'( ¥a ff}emO) - jlfﬁdfr"pi}'glg }‘)

> FYa:= :

Tl =

[aﬁ [Lf1 (m2+ Am2) + LePmi+ II) + (al + a2) (L2+ 3.12}3 (m2+ Am2) + (cos(g2) (2al + a2) — sin(g2) (dglvv2 (3.10)

+ dg2vl + dg2v2)) (m2 + Am2) L1 (L2 + AL2) + gcos[ % + r}i‘y] miLel + gcos[

Iu|::|

+ qi‘}'] (m_” + ﬂm_”) Li+ gcos[ %
+gly+ ng (Z2+ AL2) (m2 + am2) — KI :-J},

+gly

(@l +a2) (L2+ ﬂLZ}l (m2+ Am2) + (cos(g2) al + sin(g2) dglyvI) (m2 + Am2) L1 (L2 + AL2) + gcos[

I\.:|;:|
f
+
=1
b
—
—_
[
(]

+ AL2) (m2 + Am2) — K2 :-2”
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delg ! 1
> collect| | Mudtiply| M dz" ] + Multiply| C. (:; ] + G— subs({al =-lam1-dgl, a2 =-lam2-dg2, vi =-lami-gl v2 =-lam2-g2}.
fanid) ) [ 1 ] | ddlg 1, dedg2, dgl, dq?]]
(?LQLI}M cos(g2) + LPm2+LePml+L7m2+ H] ddgly + (LZLIm cos(g2) + L.Z“m_] ddg2 + (—EJJBLELqu? sin(g2) (3.11)

+ Jaml (LE“ m2 + Am2) + LePml+ H) + Jaml (L2 + ALZ}“ (m2+ Am2) — (sin(g2) lam2 g2 — 2 cos(g2) lam1) (m2

+Am2)L1(L2+ _‘J_Z}) dglv— LI1L2sin(g2) m2 dg?l + [Fﬂnrz (Z2+ ALZ)J (m2+ Am2) — [ -cos{g2) lam2 — sin(gZ2) [
—laml [ % + q}}'] — lam2 qf]] (m2+am2)LI(L2+ .312)] dg2 4+ (LIm2 +miLel) gcos[ qh] +L2m2 gcos[ — +gly

x
2
+ qZ] — gcos[ % + qi‘}'] miLcl — gcos[ % + r}f}'] I[m_"‘ + Am_] Li— gcos[ — +gly+ g2 ] L2+ 3.12 m° + ﬂ.mf] + Kiri

L
Coordinate Change Controller

al al+a? cos(qi’] -[2 al + aZ] —sin(qz] -[dgj’-v:’ + dglv2 + a’g}w‘] gcos(gl) gcos(gl) g-cos(gl+g2)
0 al+a2 cos(g2) -al + sin(g2) -dgl-vi 0 0 g-cos(gd + g2)
For figure 1 in "On the Robust Control of Robot Manipulators” need to change g1 to being measured from v axis so gly = ql-pi/2, dgly = dql.
ddgly = ddg!

and then convert to arc length: s = qly*L1 ds =dgqly*L1 dds = ddgiv*L1

mu = s/L.2, dmu = dS'LZ dd.mu =dds/L2

L2 L2 . L2 Lz . .
== == _ . FpD e = o 2.2 5 e _g-
17 al, .LI af+au cos[q&?] [2 17 af+a2] sm[q2] [dq_ w2+ 7, dmi-v2 + dg2 77 ﬂ], g-sin(mu). —g-sin(mu

> Ya=

> Fa= [

). —g-sin{mu + g2) ]

Li Li Ll
in converting to a point mass link 2 have to modify the tho(2) term to subtract off the mass moment of inertia
7.29-m2*1.2°2/12

[0 L2 al + a2, cos[qu]-%-af + sin[qzj-— -gmi- L vi, 0,0, -gsinjmu + g2 )”

LP Am2
(L2+ AL2)? (m2 + Am2) — L m2
((m2+ Am2) AL2+ L2 Am2) L1
0
LIAm?2

(m2+ Am2) AL2+ L2Am2
rl

r2
;> Hoatas= Multiply( Transpesel Ya)., v
-psi(1)-b1
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(> tan == Multiphv( Y tu) — Mudtiph( K, )
[ L2al (-LP am251 + LI Am2) . [ L2al
Ti=

L Ll
— LZ?’m?) 53) + [cos(q?) [

+ a2] ((z2+ AL2)* (m2 + am2) — L2 m2 — ((£2+ AL2)? (m2 + Am2) @1

2L2al
Li

L2dmuv2 dg2L2v]
LI Li

+ a2] — sin(g2) [dg? V2 + ]] (ZE((m2+ Am2) AL2+ L2 Am2)
—LI((m2+ Am2) AL2+ L2Am2) b3) — gsin(p) (-LIAm2 b5 + L1Am2) — gsin(p + ¢2) ((m2 + am2) ALZ+ L2Am2 — ((m?2
+ Am2) ALZ+ L2 Am2) b6) — K1 :-J],

cos(g2) L2al
LI

[ % + a}] ((z2+ AL2)* (m2 + am2) — L2 m2 — ((£2+ AL2)® (m2 + Am2) — LP m2) b2) + [
- 3,
+ sm(qu)LZ:dmﬂvf

] (Z1((m2+ Am2) ALZ+ L2Am2) — LI {(m2 + Am2) AL2+ L2Am2) b3) — gsin(p + ¢2) ((m2
Lr

+ Am2) ALZ+ L2Am2 — ((m2 + Am2) AL2 + L2 Am?2) b6) — K2 ;-2”

(> taul = Madtiply( Yo m)Q)J
L2al (-LI am25b1 + LI* Am2) . [ L2al

o= L1 I

+ a2] ((z2+ AL2)* (m2 + am2) — L2 m2 — ((£2+ AL2)? (m2 + Am2) 4.2)
2L2al L2dmuv2 dg2L2v]
LI LI LI
— LI((m2+ Am2) AL2+ L2Am2) b3) — gsin(p) (-LIAm2 b5 + L1Am2) — gsin(p + g2) ((m2 + Am2) ALZ+ L2Am2 — ((m2
+ Am2) AL2 + L2 Am2) b6)

(> tau2 = Mudtiph( Yey, tu)(2)

—IZPm2)B2) + [cos(q?) [ + a2] — sin(g2) [dgr_?' v2+ ]] (ZI((m2+ Am2) AL2+ L2Am2)

2= [ L2al a?] ((z22+ AL2)* (m2 + Am2) — 22 m2— ((£2+ AL2)? (m2 + Am2) — L2 m2) B2) + [w 43
. 9
+ M] (LI((m2+ &m2) AL2+ L2 Am2) — L1 ((m2 + Am2) AL2 + L2 Am2) b3) — gsin(u + ¢2) ((m2
P
+ Am2) AL2+ L2 Am2 — ((m2 + Am2) AL2 + L2 Am2) b6)
(> taukl — - Multiph( K, r) (1)
tauekl =-KIri (4.4)
>tk = - Multiplv( K, 1) (2)
tauk? = -K2r2 (4.5)

Dimensionless Controller
to convert to dimensionless do it in to two steps: first eliminate all units except time

taul

m2-L1-L2
> td=
taul

m2-L2*

. 1 L2al (-LP Am25bI + LI Am2) L2al
td =
m2L2L1 L1 [ LI

+ Am2) — L21m_°) 53) + [cos(qQ) [

+ aZ] ((z2+ AL2)* (m2 + am2) — 1P m2 — ((Z2+ AL2)* (w2 GBI

2L2al
Li

L2 dmuv2 dg2 L2v]
Li LI

+ a2] — sin{g2) [dg? v2+ ]] (Z1((m2+ Am2) AL2

+L2Am2) — LI((m2+ Am2) AL2+ L2Am2) b3) — gsin(p) (-LIAm255 + L1am2) — gsin(p + g2) ((m2 + am2) AL2

+L2Am2 — ((m2 + Am2) AL2 + L2 Am2) b6) ] ]

- [ Llal a_”] ((z2+ar2)* (m2 + am2) — L2m2 — ((Z2+ AL2)* (m2 + am2) — L2 m2) B2)
Lr¥m2 LI

+ cos(g2) L2al + sing?) L2 dnuvi
LI L

] (LI((m2+ am2) AL2+ L2Am2) — L1 ((m2 + Am2) AL2 + L2 Am2) b3) — gsin(p

+g2) ((m2+ am2) ALZ+ L2Am2 — ((m2 + Am2) AL2+ L2 Am?2) 56]]
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tankl

m2-LIL2
> il = .
fauil
M:;’-LZ2
_ Kirl
m2L2L1
tidd = . (5.2)
Lzzm_”
T KI
4 = .
: #Kld m2-L2-L1
[> KiI=Kidm2L12LI:
> #E 4= :
L M:L’-LZ2 J
|> K2:= K2dm2 L2
> simplifv(thd)
-Kidrl
(.3
—K2dr2
(> tdl1)
- 2 Am 7 F 2 Ay 7 a9 4
mq;g“ [ L2al ( L‘P‘””L‘EM +Lram2) | [ Li?f + az] (224 aL2)* (m2+ am2) — L2 m2— ((Z2+ AL2)* (m2 + am2)  (5.9)

L2 dmuv2 dg2L2v]
LI Li

2L2al
Li

—LZPm2) b2) + [cos(g?) [ + a2] — sin(g2) [dg? V2 + ]] (Z1((m2+ Am2) AL2+ L2Am?2)

—LI((m2+ Am2) AL2+ L2Am?2) b3) — gsin(p) (-LIAm2 b5 + LiAm?2) — gsin(p + ¢2) ((m2 + Am2) AL2+ L2Am2 — ((m2

+ Am2) AL2+ L2 Am?2) 55}]

_> temldd = [aIa‘mZ[—bI+ 1)+ (2al +a2)-((&2+ d2) (1 +dL2) (1 +dm2) — &2 ) (1 — b2) + (cos(g2) (22 al + a2)
— sin(g2) (dg2v2 + &2 dmuv2 + dg2 R2vI)) - ({1 + dm2) dL2 + dm2)) - (1 — b3) — %sin[p.} (B35 + 1)-0‘!7!2—%51'n[u+q3}
-((1+a$u2)d;‘c2+?t?a‘m2)-(l—.?36)]:
> td(2)
2 cos(g2) L2al

1 L2al 7 2 7 r 2} — 2 7 — / 7 Am?) — 2o3) 5o
Lzlm_”[[ Il +a.]{(£2+3£2) (m2+ Am2) — L2 m2 {(Lz+_1£2} (m2 + Am2) I.Z"m_)b_}+ I7;

sin(g2) L2 dmuvi
+ —1
L

] (ZI((m2+ Am2) AL2+ L2Am2) — LI ((m2 + Am2) AL2+ L2 Am?2) b3) — gsin(p + ¢2) ((m2

+ Am2) AL2+ L24m2 — ((m2 + Am2) AL2 + L2 Am2) b6)

=> teni2d == (iI2al +a3)-[(1 +(JI2)2(1 + dm2) — 1]-(1 — b2) + (cos(g2) al + sin(g2) 2 dmuvl)-(((1 + dm2) dl2 + am2) )-(1
— b3) — %sin[p—l—q,?)-((l + dn2) dl2 + a@m2)-(1 — b6) -

> Yad:= Hai, R2-al 4+ a2, cos(g2) (22al + a2) —sin(g2?) (dg2v2 + 2 dmuv2 + dg2i2vi), — % sin(p), — % sin(p).
_£ 2
£ s+ 42)|
[0, R2-al + a2, cos(g2) al + sin(g2) B2 amuvl, 0,0, — % sin(p + ¢2) ” :
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N m@:@d: ai-[(l T dm2) +k92h‘+.-'tﬂ]+[[k?-af+a2]-[(l +dL_7;J(Ft?+df‘c2) (1 + dm2) —k?]]+[cos(q3) (2R al

+ a2) — sin(g2) (dg2v2 + 2 drhov2 +dq_7e't?2vf]]-(1+a‘.-r:2)(1+d£2)—%sin(k?-rhu)-k0kf—%sin(.r‘c?-rhu)-(l+a‘m2)

— £ sin(i2-tho + g2)(1 + am2) |,
L2
£

[[fcz-az +a.?]-(1 +dL2)* (1 + dm2) +[cos(q2] al + sin(g2) a*.r-ho;cm] (14 dm2) (1 +dL2) — Esin(k?-rhu-+q2]-[(1

+dL2) (1 +a‘m2]]”
r_luw to render time unitless first multiply velocity terms by sgrt(g/L2) and acceleration terms by g/L2 then multiply taud through by L2/g

_ g,
> vl Hdsqrt[LZ]
> v2 —hdsqrt[izj

> rl= }‘Jd-sqrt[ £ ]

)

> dgl = dg2d-sqrt B ] :

[ A
t\.|°° t\,|

> p2=r2d sqrt[

L

b

L
> drio = drhod-sqrt [i] E

> aql = afd-i

> al = qld ==
| . [2) _LZ
> tawld
aldgdm2(-bi+1) aldgi2 aldg R "3 . . s o [ 2aldgi2 aldg
2 - — b o) [ £aidg 5.
— +[ = 228 | (2 + d2) (14 dL2) (1 + an2) — 2) (1= 52) + cos(q)[ 22 L 22 ) g
i 7o 2 iy B 7o Il . 1 bS5+ 1)dm2
— sin(q2) | dmuievod | & 4 da2dgRvid | “g-dg”-“]] (1 + dn2) dL2 + cn2) (1 — b3) — £500) | ) cm
J 12 2 12 12
_ gsin(p + g2) ((1 + dn2) di2 + &2 dn2) (1 — b6)
L2
(> tauzd
[‘“z—i*‘+ af;g]((l +dl2) (1 +dn2) — 1) (1= b2) + [%+m(g ) k2 dmuvid ,-“ —] ((1+ dm2) dL2 G
. o o
+am2) (1— b3) — gsin(u + g2) ((1+ dn2) dL2 + dm2) (1 — b6)
I2
> fauln = Simph'ﬁ[Msre]
tauin == L[[ “"“g“"”i(z bl+1) [‘”g*‘ ai(;g]((fr:+dk2) (1+dL2) (1 + dm2) — i2) (1 — b2) .3

A _ e
+ [cos(gZ) [-‘”&+ “’-—“3] — sin(g2) [aim:r_"v”d | & de2dgigvid | “q-“rg"-“]] (1 + dm2) dL2 + dm?) (1

L2 Lz L2 L2 L2
— b3y — gsin(p) (-85 + 1) dm?2 _ gsin(p + g2) ({1 + an2) di2 + &2dm2) (1 — b6) 2
L2 Lz
> faudn = Simp?yj'.'[ tauzd 12, 5z e]
g
tauln = —| -dmusin(g2) vid((1 + dn2) dL2 + dm2) (b3 — 1) L2#&2 | % — g(—(EJO'— U ({1+ dm2) dL2 + am2) sin(p + g2) (5.9)
v

+ald((1 + dm2) dL2 + dm2) (b3 — 1) cos(g2) + (aldi2 + a2d) (52 — 1) ((1 + am2) dL? + (2dm2 + 2) dL2 + a‘mz])]

=> Yad = [[ald &2 ald+ a2d cos(g2) (22 ald+ a2d) — sin(g2) (dg2dv2d + &l drhodvad + dg2d 2 vid), — sin(&2-tho), — sin(&2
-tho), - sin(i2-rho + ¢2) |,
[0. &2-ald + a2d. cos(g2) ald + sin(g2) I2 drhodvid 0.0, — sin{ &2 tho + ¢2)]]:
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> Fathetatd = | [ ald-((1 + am2) + i@ &l + i8)+ (&2 -a1d + a2d) - ((1 + dL2) (i2 + d2) (1 + am2) — i2) + (cos(g2) (272 ald

+ a2d) — sin(q2) (dg2dv2d + 2 drhodv2d + dg2d k2 vid))) (1 + am2) (1 + dL2) — sin(i2 tho) k9 i — sin(i2tho) - (1 + dm2)
— sin(&2-tho + ¢2) (1 + dm2) ],

[(2-ald+ azd) ((1+dL2)2 (1 + dn2) )+ (cos(g2) ald + sin(g2) drhodiovid) (1 + dm2) (1 + dL2)) -sin( k2 the + ¢2)-((1
+dL2) (1 +dm2))]]]

>t = simp.?yj','[ @]
L2KIdrid | £
I -
tin = £ (5.10)

L2K2drad | £

£
¥ morphed
as length L1 grows k2->0, k9->1, k8->0 and mu ->0 to maintain same circumferential displacement
|> A2=0:
|> A= 1:
|> &=10:
|> did2=10:
> Mn = map|eval, Md)
1+ &l cosig?
M = (g2)
cos(g2) 1
(> cm= map(eval, Cd)
0 -sin(g2) dg2d
Cm =
1] 1]
(> Gm = map|eval, Gd)
1]
Gm = i
-sin(g2)
(> tim = eval(subs( {tho=0), teuln))|
oo L[| aldgdm2(-b1+1) @2dedi@ (1 +dL2) (1 +dam2) (1 = b2) cos(g2) a2dg  sin(g2) dg2dgv2d
tlm [[ 2 + I3 +[ I3 I (it (6.4)
X . ., . i -b5+ 1) dm2 i +g2) (1 +dm2)di2 (1 — b6
+m2)azz+am2)(1—a_«")—gsm{“}[ S+ 1)dn2 _ gsin(u +¢2) (1+dn2) di2 ( V12
Lz L2
(> t2m = eval(subs( {tho=0}, teni2n))
t2m = (b6 — 1) ((1 + dm2) dL2 + am2) sin(p + g2) — ald ((1 + a@m2) dL2 + dm2) (b3 — 1) cos(g2) — a2d (b2 — 1) [(1 (6.5)
+a@n2) dLP + (2dm2+ 2) dL2 + dm?2)
tim — Kld-rid
> faum =
t2m — K2d-r2d
PR . " ; s o o
coum = || -k 1drid+ é[[ aiagami(z bI+1) 4 2dgdi (1 +(IL_3E£1 +am2) (1 — b2) N cos[qijza_dg 6.6)
i o2 2 . i -b5+ 1) dm2 i +g2) (1 +dmn2)di2 (1 — b6
_ sin(g2) dg2dgv2d ) (| 4 oy 2+ din2) (1 — o) — £5208) Jdn2 _ gsin(u+ g2) (1+ dn2) di2 (1 = bo)
Lz Lz L2
2|
[—K?d:-2d+ (56 — 1) ((1 + dm2) dL2 + d@m2) sin(p + g2) — ald ((1 + dm2) dL2 + dm2) (b3 — 1) cos(g2) — a2d (b2 — 1) [(1
+am2) dL2? + (2dm2+2) dL2 + dn2) ]

156

(6.1)

(6.2)

(6.3)



F.2 Simulink file and MATLAB code for the simulation of the Full System

Mo @y % >

0]=

1 t:::l O L—’ q1
q L
fen ddg dg E q2 q1,q2

4

g2

dg1

A 4

. _ dg2
function y = fcn(u) dg1,dg2 > dq2

%% Main Vectors

gl = u(l); Tx1 % feedback array
g2 = u(2); $x2

dgl = u(3); $x3

dg2 = u(4); $x4

%% Generalized quantities

q = [gl g2]1"'; % Generalized coordinates
dg = [dgl dg2]'; % Generalized velocities
%% Generalized quantities

ml = 10;

L1 = 1;

Lcl = 0.5;

I1 = ml*L1"2/12;

m2 = 5;

L2 = 1;

Lc2 = 0.5;

I2 = m2*L2"2/12;% 0.083;

g = 9.81;

cl = ml*Lcl 24m2*L1"24+11;

c2 = m2*Lc272+12;

c3 = m2*L1*Lc2;

c4d = ml*Lcl;

cb = m2*L1;

c6 = m2*Lc2;

al = cl+c2+2*c3*cos (g2) ;

a2 = c2+c3*cos (g2);

a3 = c2;

%% Equation of motion pieces

M = [al a2; a2 a3];

C = c3*sin(g2) *[-dg2 -dgl-dg2; dgl 0];

G = [(cd4+cbh) *g*cos (gl) +c6*g*cos (gl+g2) ;ce*g*cos (gl+g2) ];
%% Trajectory Tracking variables

qld = pi/2;

g2d = 0;

aqd = [qgld; g2d];

dgld = 0;

dg2d = 0;
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dgd = [dgld; dg2d];

ddgld = 0;

ddg2d = 0;

ddgd = [ddgld; ddg2d];
at = g-qd;

dgt = dg-dgd;

lal = 1;

laz = 1;

lambda = [lal 0;0 laZz2];

A4 = dgd - lambda*gt;

a = ddgd - lambda*dqgt;

r = dgt + lambda*gt;

%% Evaluate the control law

acl = a(l);

ac2 = al(2);

vl = v(l);

v2 = v(2);

Y = [acl, acl+ac2, cos(g2)*(2*acl+ac2)-sin(q2)* (dg2*v2+dgl*v2+dg2*vl),

g*cos(gl), g*cos(gl), g*cos(gl+g2);...

0, acl+ac2, cos(g2)*acl+sin(g2)*dgl*vl, 0, 0, g*cos(gl+g2)];
rho = [5; 7.29; 6.25; 0; 5; 6.25];
zeta = Y'*r;

for 1 = 1:6
if zeta(i)>epsilon

beta (i) = abs(zeta(i)):;
else
beta (i) = epsilon;
end
u(i)=-rho (i) *zeta (i) /beta (i) ;
end
k1l = 1;
k2 = 1;
K = [kl 0; 0 k2];

%% Evaluate the dynamics

ddg = inv (M) * (Y* (rho+u) -K*r-C*r) -lambda*dgt+ddgd;
ddgl ddg (1) ;

ddg2 = ddg(2);

%% M-File output

y = [dgl;dg2;ddql;ddg2];

%% End of
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F.3 Simulink file and MATLAB code for the simulation of the Coordinated-
Changed System

1 :I L——b qly
dq K q ‘[:5;:ii:4 [:j
u ‘ % > S P> [
fen ddq dq 42 q1,q2
> g2y
dg1
» dqly
function y = fcn(u) > [:j
%% Main Vectors dqg2 dq1.dq2
gly = u(l); sx1 % feedback array 7 dazy
q2 = u(2); $x2
dgl = u(3); $x3
dg2 = u(4); $x4
%% Generalized quantities
q [gly g2]1'; % Generalized coordinates
dg = [dgl dg2]'; % Generalized velocities
%% Generalized quantities
ml = 10;
L1 = 1;
Lcl = 0.5;
I1 = ml*L1"2/12;
m2 = 5;
L2 = 1;
$Lcz2 = 0.5;
I2 = 0; %$m2*L272/12;% 0.083;
g = 9.81;
cl = ml*Lcl™2+m2*L1"2+11;
c2 = m2*L2"2+12;
c3 = m2*L1*L2;
c4d = ml*Lcl;
cb = m2*L1;
co = m2*L2;
al = cl+c2+2*c3*cos (g2) ;
az = c2+c3*cos (g2);
a3 = c2;
%% Equation of motion pieces
M = [al a2; a2 a3]l;
C = c3*sin(g2) *[-dg2 -dgl-dg2; dgl 0];
G = [-g*((c4+cbh)*sin(gly)+cb*sin(gly+qg2));-c6*g*sin(gly+g2)];
%% Trajectory Tracking variables
gld = 0;
gzd = 0;
ad = [qgld; g2d];
dgld = 0;
dg2d = 0;
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dgd = [dgld; dg2d];

ddgld = 0;

ddg2d = 0;

ddgd = [ddgld; ddg2d];
at = g-qd;

dgt = dg-dgd;

lal = 1;

laz = 1;

lambda = [lal 0;0 laZz2];

A4 = dgd - lambda*gt;

a = ddgd - lambda*dqgt;

r = dgt + lambda*gt;

%% Evaluate the control law

acl = a(l);

ac2 = a(2);

vl = v(l);

v2 = v(2);

Y = [acl, acl+ac2, cos(g2)*(2*acl+ac2)-sin(g2) * (dg2*v2+dgl*v2+dg2*vl),
-g*sin(qgly), -g*sin(gly), —-g*sin(gly+g2);
0, acl+ac2, cos(g2)*acl+sin(g2)*dgl*vl, 0, 0, -g*sin(gly+g2)];

$rho = [5; 7.29; 6.25; 0; 5; 6.25];

deltam2 = 5;
deltal2 = 0.125;
rhol = L1"2*deltam?2;

rho2 = (L2+deltal2)"2* (m2+deltam2)-L2"°2*m2;
rho3 = ((m2+deltam?) *deltal2+deltam2*L2) *L1;
rho4 = 0;

rho5 = Ll*deltam2;

rho6 = (m2+deltam?) *deltal2+deltam2*1L2;

rho = [rhol; rho2; rho3; rho4; rho5; rho6];

for 1 = 1:6
if zeta(i)>epsilon

beta (i) = abs(zeta(i)):;
else
beta(i) = epsilon;
end
u(i)=-rho (i) *zeta (i) /beta (i) ;
end
kl = 1;
k2 = 1;
K = [kl 0; 0 k27;

%% Evaluate the dynamics
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F.4 Simulink file and MATLAB code for the simulation of the Dimensionless

= inv (M) * (Y* (rho+u) -K*r-C*r) -lambda*dgt+ddqgd;
1 = ddg(l);

2 = ddgq(2);
M-File output

= [dgl;dg2;ddgl;ddg2];

End of

System

fun

oo
070

mun

S o
3]

o
o

ml
L1l
Lcl
I1
m2
L2
$Lc
$I2
g

k3
k4
k5
k6

al
az2
a3

oo
© o

1
P u ‘ y > » 4
fen ddq dq q2

q1.92

mun

4

g2n

dg1,dg2

A 4

dmun

4

dg1
dg2
ction y = fcn(u)
Main Vectors
= u(l); Fx1 % feedback array
= u(2); X2
n = u(3); $x3
n = u(4); x4
Generalized quantities
[mun g2n]'; % Generalized coordinates
= [dmun dg2n]'; % Generalized velocities
Generalized quantities
= 10;
= 1;
= 0.5;
= ml*L1"2/12;
= 5;
= 1;
2 = 0.5;
= 0; %$m2*L272/12;% 0.083;
= 9.81;
= I1/(m2*L1"2);
= L2/L1;
= Lcl/L1l;
= ml/m2;
= 2*kd4*cos (g2n) +1+k4"2+k5%2*k6+k3;
= kd+cos (g2n) ;
= 1;

Equation of motion pieces
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M [al a2; a2 a3];
C = sin(g2n) *[-k4*dg2n -k4*dmun-dg2n; k4*dmun 0];
G

[-g/L2* (k5*%k6+1) *sin (mun) -g/L2*k4*sin (mun+g2n) ; —g/L2*sin (mun+g2n) ] ;

% Trajectory Tracking variables
qld = 0;
gzd = 0;
qd = [qgld; g2d];
dgld = 0;
dg2d = 0;
dgd = [dgld; dg2d];
ddgld = 0;
ddg2d = 0;
ddgd = [ddgld; ddg2d];
qt = g-qd;
dgt = dg-dgd;
lal = 1;
laz = 1;
lambda = [lal*sqgrt(L2/g) 0;0 la2*sqrt(L2/g9)];
A4 = dgd - lambda*gt;
a = ddgd - lambda*dgt;
r = dgt + lambda*gt;
%% Evaluate the control law
acl a(l);
ac2 a(2);
vl = v (1l);
v2 = v(2);
Y = [kd*acl, kd*acl+ac2, cos(g2n)* (2*kd*acl+ac?)-

sin (g2n) * (dg2n*v2+k4*dmun*v2+k4*dg2n*vl),

-L2*sin (mun), -L2*sin(mun), -L2*sin (mun+g2n);...

0, kd4racl+ac2, cos(g2n)*kd4*acl+sin(g2n)*k4*dmun*k4*vl, 0, 0, -
L2*sin (mun+g2n)];

rho = [5/m2/L2; 7.29/m2/L2; 6.25/m2/L2; 0; 5/m2/L2; 6.25/m2/L2];

zeta = Y'*r;

for 1 = 1:6
if zeta(i)>epsilon*sqrt(L2/g)*L2/g

beta (i) = abs(zeta(i)):
else

beta (i) = epsilon*sqrt(L2/qg)*L2/qg;
end
u(i)=-rho (i) *zeta (i) /beta (i) ;

end
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kl = 1/ (m2*L1*L2) *sqrt (L2/9) ;
k2 = 1/ (m2*L272) *sqrt (L2/9g) ;
K = [kl 0; 0 k27;

tau = Y* (rho+u);

taud = [tau(l)/Ll;tau(2)/L2];

%% Evaluate the dynamics

ddg = inv (M) * (taud-K*r-C*r) -lambda*dgt+ddqgd;
ddmu = ddg(1) ;

ddg2 = ddg(2);

%% M-File output

y = [dmun;dg2n;ddmu;ddg2];

F.5 Simulink file and MATLAB code for the simulation of the Morphed
System

L—P mum

E1 )
d

u 1‘} ¥y d > a > lr::::l____>

fen ddg dg q2 q1,q2

1
s
MATLAB Function > q2m
dg1
»{  dmum
]
dq2 dq1,dg2
function y = fcn(u) » dg2m
%% Main Vectors
mun = u(l); $x1 % feedback array
g2n = u(2); $x2
dmun = u(3); %x3
dg2n = u(4); $x4
%% Generalized quantities
q = [mun g2n]'; % Generalized coordinates
dg = [dmun dg2n]'; % Generalized velocities
%% Generalized quantities
ml = 10;
L1l = 1;
Lcl = 0.5;
I1 = ml*L1%2/12;
m2 = 5;
L2 = 1;
$Lc2 = 0.5;
%12 = 0; %$m2*L272/12;% 0.083;

g = 9.81;

k3 = 0; %I1/(m2*L1"2);
k4 0; %L2/L1;

k5 = 1; %Lcl/L1;

k6 ml/m2;
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%% Equation of motion pieces

M = [2*kd4*cos (g2n) +1+k4"2+k5%2*k6+k3 kd+cos (g2n); kd+cos(g2n) 1];
C = sin(g2n) *[-k4*dg2n -k4*dmun-dg2n; k4*dmun 0];

G = [0;-sin(g2n)];

%% Trajectory Tracking variables

qld = 0;

g2d = 0;

qd = [gld; g2d];

dgld = 0;

dg2d = 0;

dgd = [dgld; dg2d];
ddgld = 0;

ddg2d = 0;

ddgd = [ddgld; ddg2d];
at = g-qd;

dgt = dg-dgd;

lal = 1;

la2 = 1;

lambda = [lal*sqgrt(L2/g) 0;0 la2*sqrt(L2/g9)];
A4 = dgd-lambda*qgt;

a = ddgd-lambda*dqgt;
r = dgt+lambda*gt;

%% Evaluate the control law
al = a(l);

a2 = a(2);

vl = v(l);

v2 = v(2);

deltam2 = 5;

deltal2 = 0.125;
dm2 = deltam2/m2;
dL2 = deltal2/L2;

Y = [al, kd4*al+a2, cos(g2n)*(2*kd*al+a2)-sin(g2n) * (dg2n*v2+kd*dmun*...

v2+k4*dg2n*vl), 0, 0, -sin(g2n);...
0, kd4*al+a2, cos(g2n)*al+sin(g2n) *dmun*k4*vl, ...
0, 0, -sin(g2n)1];

zeta = Y'*r;

epsilon = 1;
beta = [0;0;0;0;0;01;

for 1 = 1:6
if zeta(i)>epsilon*sqrt(L2/g)*L2/g
beta (i) = abs(zeta(i)):
else
beta (i) = epsilon*sqrt(L2/g)*L2/qg;
end
end
ul = zeta(l) /beta(l);
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u2 = zeta(2)/beta(2);
u3 = zeta(3) /beta(3);

u6 = zeta(6) /beta(6);

taul = (u3-1)*((1+dL2) *dm2+dL2) * (v2*dg2n*sin (g2n) -a2*cos (g2n) ) +...
(-ul+1l) *al*dm2;

tau2 = (u6-1)* ((1+dm2)*dL2+dm2) *sin (g2n) - ( (1+dm2) *dL2+dm2) * (u3-1) *al*. ..
cos (g2n) - (u2-1)*a2* ((1+dL2) "2* (1+dm2) -1) ;

taud = [taul;tau2];

kl = 1/ (m2*L1*L2) *sqrt (L2/9) ;

k2 = 1/(m2*L272) *sqrt (L2/9g);

K = [kl 0; 0 k2];

%% Evaluate the dynamics

ddg = inv (M) * (taud-K*r-C*r) -lambda*dgt+ddqgd;
ddmu ddg(1l) ;

ddg2 = ddg(2);

%% M-File output

y = [dmun;dg2n;ddmu;ddg2];

%% End of

F.6 MATLAB code to produce the plots for Chapter 6

g = 9.81;
L2 = 1;
%% full

figure (1) ;
plot(gl.time,gl.signals.values,g2.time,g2.signals.values);
grid on

title('time vs g linkl measured from x');

legend('gl', "'g2")

xlabel ("time (s) ")

ylabel ('angular position(rad)')

%% coordinate change and point mass

figure(2);
plot(gly.time,gly.signals.values,g2y.time,g2y.signals.values);
grid on

title('time vs g linkl measured from y link2 point mass');
legend('gly', 'g2")

xlabel ("time (s) ")

ylabel ('angular position(rad)"')

figure (3);

plot(gly.time,gly.signals.values+pi/2,gl.time,gl.signals.values, '--', ...
g2y.time,g2y.signals.values,g2.time,g2.signals.values, '--");

grid on

title('time vs g linkl measured from x link2 point mass compared to figure

1)

legend('glnew', 'gl', 'gl2new', 'g2")

xlabel ("time (s) ")

ylabel ('angular position(rad)"')
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%% dimensionless

figure(4);

plot (mun.time,mun.signals.values,g2n.time,g2n.signals.values);

grid on

title('time vs g linkl measured from y link2 point mass dimensionless');
legend('mu', 'g2")

xlabel ('time (unitless) ")

ylabel ('angular position(rad)"')

figure (5);
plot (mun.time*sqgrt (L2/g),mun.signals.values,gly.time,gly.signals.values, '--
PN
g2n.time*sqrt (L2/g),g2n.signals.values,g2y.time,g2y.signals.values, '--
")
grid on
title('time vs g linkl measured from y link2 point mass dimensionless');
legend('mu', "gly', 'g2n', 'g2")
xlabel ('time (unitless) ")
ylabel ('angular position(rad)"')

%% morphed

figure (6);

plot (mum.time, mum.signals.values, g2m.time, g2m.signals.values) ;
grid on

title('time vs g linkl measured from y link2 point mass morphed');
legend ('\rho', '"\theta')

xlabel ('time (unitless) ")

ylabel ('arc length(unitless) and angular position(rad)')

figure (7);

plot (mum.time*sqgrt (L2/g) ,mum.signals.values) ;
grid on

title ('Morphed Linkl response');

xlabel ('time (unitless) *\gamma (s) ")

ylabel ('arc length(unitless) ')

figure (8);
plot (g2m.time*sqgrt (L2/g),g2m.signals.values) ;
grid on

title ('Morphed Link2 response');
xlabel ('time (unitless) *\gamma (s) ")
ylabel ('angular position(rad) ')
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