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SUB-BASES OF PLEASANT h-BASES

ERNST S. SELMER

We assume knowledge of the '"'postage stamp problem", see for instance
[ddnt. A comprehensive treatment of this preblem is contained in the
author's’ research monograph [5] (freely available on request).

& Vstamp" basisoi(anll=basis)

Ak={1,a2, ...,ak}, 1=a]<a2<...<ak,
is pleasant if and only if the regular representation n = Z?eiai

has a minimal coefficient sum among all possible representations

n = Z$xiai ;. for all nagfural nmmbers, me.. - Then fhe h-gange nh(Ak)
equals the regular h-range gh(Ak) ., Which is easily determineds

Let A, = 14 b8y s e ai} oo Big g s T olae g Mogrtialshagisy

of Ak oy o F RIS A2 is always pleasant, and Djawadi [1] gave the

fnllawineg criterion.for pleasantoess in.general: Let <x> denoeite

the smallest integer 2 x, and put

. dgwans A
Bllilizag on Y48, 4 21 Bt gl ‘<a. )
& i=1f

regular by Ai—Z

Lt stuieitineiE Ai—1 hiedpleasant, . Then € XY ;15 pleasant if and only

1
L

(2) I
-y B
Djawadi's proof has been simplified by the author [5, Ch. X].
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then all partial bases A.l are pleasant, and we call Ak completely
il euit -

Zdllner [6] showed that

el k 274, Ak pleasant = {1 » a5 ,ai} pleasant, 5% = 1 = k.,

The condition was weakened to ”Ak weakly pleasant'" by Kirfel [3].

o partidicular,) @& pleasant Ak always has a pleasant partial
basis A3 i e dr anple as anit A4 is thus completely pleasant. For
k 2 5, there are pleasant Ak which are not completely pleasant.

For k = 5, all such bases were determined by Djawadi [2]:
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(4) g o il s o B, Dl sy T 29
(where A4 is non-pleasant for b = A9
For k = 6, the similar bases were characterized by Zdllner 61,

On the average, probably '"most'" pleasant bases are completely
nleasant.

Even if the complete set of conditions (2) , for

i=4,5, ..., k, is not always necessary for pleasantness of Ak’
there are some cases of necessity. Diamad i wed pas (10 as
i-2 g
(1) by
L% Sonti dlt Fhhasals il
j=1
where the left hand side is a regular representation by A, . 14

then (2) fails, this representation has a larger coefficient sum than
the non-regular representation e and A.l 175 “then not pleasant
by definition. In particular, the condition [2) fer 4 =k 1s thus
always necessary for pleasantness of Ak (whether Ak—1 is pleasant
oy pot] .,

We have observed the following trivial but perhaps useful

generalization: If i <k, and y.,a, | < &, the left hand side

LR
of (5) is also a regular representation by the full basis Ak.
flence, if
/ a; ]
(6) \31—1 a; 1 < 8549 e el

the condition (2) is necessary for pleasantness of Ak'

Lf rok w3, ond we nemove the Jbasis elements 375855 00 Ay _q o

it follows from (3) with i = k that the "sub-basis" {1, 5
pleasant if A, is pleasant (or only weakly pleasant by [3]). We

can prove the following generalization:

THEOREM. If k 2.5 G8 eqs k=2 and the partial bases A,

== ’ ’ il ]
W Ty sles s ey are ARl jplegsant, then
)
Ak = {1 by s e B ,ak}
s 5ls0 pleasant. If in particular Ak is completely pleasant, so is

Ang) for all « .

Before proving this, we make some comments:

(1) We must remove a "'block"

B .10 e B of elements 1in
A up to ay,_, . The simplest counter-example is given by the
completely pleasant basis A¢ = L E B T Bemevinig ol s WO

get the non-pleasant basis {1,2,5, 7}.
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(ii) The condition Ai phedsantater gl 1= K oG+ 0 B
is not always necessary. For instance, the Djawadi basis (4) leads
to Aés) e {1 ,:2 B 2k} which 15 pleasant by '(2).

(iii) As an example where the Theorem fails when Ai is not
pleasant for all i s Mg ilead Wi ke sk CleenEider The following

esvitemEiem o (A ¢

I\

oo T R R R ,36} LS D a

6
which is pleasant if ag > 2b  is-chosen such that (2} helds for

e 4., However, Aé4) =, 2 e ,a6} 1= methior el far
(4), and is consequently not pleasant since the partidl basis A4
SO,

To prove the Theorem, it will clearly suffice to use repeated

removal of the next largest element, hence to show that

Alk=2)

(7) K = R ,ak}
is pleasant. For this purpose, we substitute Ay from (1) with
M DY e Cint SRBT el Bl il =k At et ay exfisc ssed by Ak—Z
as
e 8
il bl S e (= (k)
i k=311
L8) = de_z L JZ] BJaJ (53}’)

Wing ~thfer: 1. -k = and’ 1m0k, fEhisieives

K=3 k-3 =7
gy = =42 (k)
j=1 g 11
k-2 s
Z Yy - e W e
i
in analogy with (2). However, we do not know if (8) corresponds
to the form (1) for the basis (7), where we now need
k-3 a
(9) s il

a = a ot o g = ¢
k i o) JZ] BJaJ ) N \ak_2>
&ﬁ/_/

regular by Ak—S

k
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Equating the two expressions for a, , we get
kes | g e

7 R S Y - N T o
K=Z : Y k-2 = J

i3 1off hand side is a,repilar representation by the pleasanl basis

Ao and-thus has '3 migimel coefficient sim;
kES e
Voar BEs ik (2
j=1 J e
k-3 i} | £ 00
Sl B Ve AR e AR
j=1 j=1 J

This chows Dpatc (2) 15 speisitied dacor dwe foem (8 ShneE Ak-Z is

pleasant, so is also the basis (7), and the Theorem is proved.
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