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Abstract

In the present work we reconstruct the homotopy type of an unknown Euclidean
subspace from a known sample of data. We carry out such reconstruction through
generalized Clech complexes, by choosing radii which are less or equal than the
reach of the subspace and by applying the Nerve Lemma. We also approach the
reconstruction of a geodesic subspace through its convexity radius and a dense
enough sample. Afterwards, we obtain homology and homotopy groups in terms
of persistences, together with interleavings and isomorphisms between them. We
conclude studying the reconstruction of a particular subspace that has reach equal
to zero, where our results cannot be applied.
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0.1 Introduction and historical context.

This thesis is a piece of work in algebraic topology, particularly in homotopy theory,
and in differential geometry, with strong connections to topological data analysis.

The main aim is to reconstruct the geometry of an unknown Euclidean subspace
from a known sample of data. We approach such task for a subspace X C R? with
positive reach, by covering X with balls whose centers lie in a sample A C R?, and
by studying how large the radii of these balls can be in order to not lose information
of the subspace of interest (since if the radii are too small or too large, it is not
possible to capture all the geometric properties). Then, using topological, algebraic
and analytical tools, we determine when the non-empty finite intersections of such
collection of balls are contractible, and hence forms a good cover. Finally, we take
the nerve of such good cover and we identify it with a particular Cech complex,
and by the Nerve Lemma we obtain that the geometric realization of such a Cech
complex has the same homotopy type as the subspace X.

Simplicial complexes that have the same homotopy type as the subspace of
interest carry a lot of the geometric information of such subspace, hence by geo-
metric reconstruction we mean finding an abstract simplicial complex, in our case
a Cech complex, whose geometric realization has the same homotopy type.

For X, A C (M, d), where (M, d) denotes a metric space M with a metric d, the
Cech complex €% (A,r) is an abstract simplicial complex with vertex set A and
such that a finite set of points in A is a simplex if and only if balls with centers
these points and given radii have non-empty intersection.

The main results here are Corollary ([12] Corollary 6) which gives a suc-
cessful geometric reconstruction when the radii are less or equal than the reach:

Corollary (2.14). Let X C R® with positive reach 7, A C R and suppose that
{Bx(a;j,7j)}a;ea is a cover of X, where v = {r; | a; € A} is a set of radii.
If supg,ea rj < 7, then X is homotopy equivalent to the geometric realization of

%X(A,T).

And a new theorem, Theorem [2.16] which also gives a homotopy equivalence,
but using the directed Hausdorff distance from the subspace to the sample:

Theorem (2.16)). Let X C R? with positive reach T, and let A C R? be compact.

If a € (dH(X, A),T}, then the geometric realization of €x (A, «) is homotopy
equivalent to X .

We highlight that we also recover the homotopy type of a geodesic subspace
through its convexity radius and a dense enough sample in Lemma [3.18] with the
length metric on X C R? defined by dy(z,y) :=inf, L(v) for all z,y € X, where
L(7) denotes the length of a continuous path v : I — X connecting x and y.
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Lemma (3.18). Let X C R? be a geodesic subspace with the length metric dy, and
positive convezity radius p. Let A be an s-dense subset of X, where 0 < s < p.
Then, |<€§L(A, s)| is homotopy equivalent to X.

Another aim of this thesis is to study how we can approximate the homology
of a subspace if we do not achieve a homotopy equivalence, since if we have a
homotopy equivalence, then the induced maps on their homotopy and homology
groups in any dimension are isomorphisms. This problem is also relevant if we
obtain a homotopy equivalence with a Cech complex that involves points in the
subspace X, since it is unknown and therefore it is not possible to give exact
computations. In order to do that, we understand homology and homotopy groups
as persistence groups, so that we can form interleavings between them.

An important result here is Proposition [3.25] which for X a geodesic sub-
space, A C X an s-dense subset and B C X, gives a (0, s)-interleaving between
{70 (|CE (A, p)|, ) }ps0 and {m,(|E5 (X, p)|, ®)}ps0, and a (0, s)-interleaving be-
tween {H, (12 (A, p) ) }pm0 and {H (165 (X, p)])}poo, for any n > 1.

We also have Theorem and Corollary [3.34] which under certain conditions,
for an abelian group G give the following isomorphisms:

(| €% (A, )], o) = m(|ER (X, 7)] e)
Hi(|%5" (A,r)]; G) = Hi(|%5" (X, r)|; G)

where Hy(_;G) denotes the first homology group with coefficients in G.

In addition, we work with two metrics on X C R?, the length metric dz, and the
restriction of the Euclidean metric, obtaining an important parameter which is the
distortion of X, and by Dowker’s Theorem [3.10] in the new Corollary we also
get homotopy equivalences and commutative diagrams at the level of geometric

realizations of C'ech complexes:

Corollary . Let X C R? with both the length metric dy, and the restriction
of the Fuclidean distance dg, 0 be the distortion of X, A C X and a € Ryy.
Then, we obtain the following homotopy equivalences and commutative diagram,
up to homotopy:

’(K)%L (A7 a)|C—> ’(K)%E <A7 a)|C—> |<5)C£L (A7 (50{)|

|E4E (X, a)|— €47 (X, a)|— €45 (X, 6a).
Regarding some relevant prior work and what we have improved from before,

we give an overview of the bibliography that we have used, pointing out our con-
tributions.



Our main reference for the geometric reconstruction is the newly published
paper [12], which provides sufficient conditions for finite intersections of balls of
the form Bx/(a;,r;) to be contractible, for a; € A C R? and X C R with positive
reach ([12], Theorem 5). It also presents an application of the Nerve Lemma in
Corollary as above ([12], Corollary 6), which we have slightly changed by
taking an infinite sample A rather than a finite one to be more consistent with
the Nerve Lemma [1.20] and we give a new proof of it. In addition, we apply
such Corollary in the proof of our new Theorem [2.16| as above, and this new
theorem provides a stronger result based on this paper, since it does not require a
cover of X because we can construct one along its proof.

We also use [I7] (Proposition 3.1) to show a well-known result that follows a
similar approach as our Theorem [2.16], and which states the following: a compact
submanifold X C R? with positive reach 7 is homotopy equivalent to U,c 4 Bra(a, @),
where a € (2e, \/g 7) for € := cﬁ (X, A). Hence, we improve such result by giving
a larger interval from where to pick the values of the radius and by generalizing
compact manifolds to Euclidean subspaces.

We study [6] in order to give detailed proofs of the results from [12], and
we show in this thesis the most important results from [6] for our work, which
are quite analytical and more oriented to geometric measure theory. We slightly
change some statements so that they fit better with the ones in [12].

We mention the recent paper [5] to introduce the length metric dy, the con-
cept of distortion, geodesic subspaces for path connected Euclidean subspaces and
Lemma [3.18 as above.

We continue with persistence methods and the reconstruction of homotopy and
homology groups for a geodesic subspace, where our main references are [23] and
[25]. From there we get the idea of considering homology and homotopy groups
as persistence groups, we generalize results for the first homology and homotopy
groups to higher dimension, and we change several definitions and results for Rips
complexes into new versions for Cech complexes, like the definition of r-sample or
our Proposition described above ([23] Definition 2.4 and Proposition 3.3).

In such proposition we also give a different proof by defining the desired maps
at the level of Clech complexes, and by obtaining induced maps on their homology
and homotopy groups in any dimension (rather than just for n = 1), which lead to
commutative diagrams and the desired (0, s)-interleaving. We also present several
new results in Section 3.1 describing simplicial maps and commutative diagrams
of Cech complexes, like Corollary presented above.

Theorem [3.31] presented above, is based on Theorem 4.2 in [23] (which includes
both an isomorphism for the fundamental groups and another one for the first
homology groups with coefficients in an abelian group, only proving the case of
the fundamental group), but we did not quite understand the original statement, so
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we reformulated it with some different conditions for the case of the fundamental
group, achieving a satisfactory result. We treat the case of the first homology
group with coefficients in an abelian group in our Corollary showed above,
as a consequence of Theorem [3.31] and we present a detailed proof of it. We also
improve the formalization of how loops in simplicial complexes are determined by
their sequence of vertices.

For general topological aspects, we reference [9], [16], [19] and [22], and for some
details about the Universal Coefficient Theorem we use [§]. Such theorem
shows the existence of a short exact sequence

0— H,(X)®G — H,(X;G) — Tor(H, 1(X),G) — 0

and from it we obtain a specific corollary, Corollary that says that for an
abstract simplicial complex K, if | K| is path-connected, then H,(|K|;G) =

= H,(|K]|) ® G, and this result is exactly what we need to conclude our proof of
Corollary [3.34] showed above.

Therefore, this thesis is framed in a field of active research and interest, and
the work presented here is based on newly published papers (like [12]), connecting
them to more classical results (like [6]), and hence providing new points of view
and a broad understanding of the theory of reconstruction of the topological and
geometric features of an underlying Euclidean subspace.

We proceed giving an overview of the chapters:

In Chapter 1 we present definitions and fundamental results from algebraic
topology in order to give the theoretical foundation of our work, like the Nerve
Lemma or the reach.

In Chapter 2 we develop the geometric reconstruction of an unknown Euclidean
subspace X with positive reach, that is, we find a Cech complex constructed from a
sample of data A and from X, and we carefully choose the radii of the balls forming
such Cech complex, so that its geometric realization is homotopy equivalent to X.
Here we have Corollary 2.14]and the new theorem, Theorem introduced above.

In chapter 3 we consider the topological reconstruction of a geodesic subspace
of R?, that is, the reconstruction of its homology and homotopy groups using
persistence methods. Here we find Proposition [3.25], Theorem Corollary
and Corollary introduced above. In addition, we have Lemma |3.18] as above,
where we reconstruct its homotopy type by the convexity radius and a dense
enough sample.

In Chapter 4 we work with the square as a particular example of an Euclidean
subspace that has reach equal to zero, where our previous results cannot be applied.
We explain several counterexamples and we give a successful reconstruction for a
very basic case and for when we consider it as a geodesic subspace.



In the Appendix we explain concepts used throughout the thesis. In Al we
present basic definitions in algebraic topology, in A2 we explain homotopy groups,
simplicial and singular homology and we conclude with the Universal Coefficient
Theorem [A.25] introduced above. In A3 we define convergence, continuity and
gradient of a function in a metric space. In A4 we briefly introduce Rips complexes
and we relate them to Clech complexes.

Brief historical context.

Differential geometry was named as a concept by L.Bianchi (1856-1928) in 1894,
meaning manifolds equipped with a Riemannian or a more general metric. Geodesic
paths were previously introduced by Johann Bernoulli (1667-1748), in 1697, and in
our thesis we generalize manifolds into geodesic subspaces in an Euclidean space,
as Nash embedding theorem says that every Riemannian manifold can be isometri-
cally embedded into some Euclidean space. Most of the contributions to differential
geometry were made by C.F.Gauss (1777-1855) and B.Riemann (1826-1866).

In the early 20th century, H.Weyl (1885-1955) characterized a manifold as
a topological space, and together with F.Hausdorff (1868-1942) and H.Poincaré
(1854-1912), among other mathematicians, topology was developed as the study
of the properties of spaces that are invariant under continuous deformations.
H.Poincaré also developed algebraic topology, by introducing homology and the
fundamental group.

It was W.Hurewicz (1904-1956) who introduced the concept of homotopy type,
which is of great relevance since many algebraic invariants depend only upon the
homotopy type of the space.

The abstract definition of a complex was given in 1907 by M.Dehn (1878-1952)
and P.Heegaard (1871-1948), and such concept plays a fundamental role, since the
spaces that can be decomposed into cells are easier to work with. In particular,
the Clech complex is a type of simplicial complex that captures the homotopy type
of the cover of a space by balls around its points, and it was named after E.Cech
(1893-1960), a Czechoslovak mathematician who greatly contributed to the fields
of differential geometry and combinatorial topology. He also worked in detail with
the idea of the nerve of a finite open cover of a compact space, which was originally
introduced by P.S. Alexandrov (1896-1982).

Nowadays, these notions are very popular in topological data analysis, which
consists of analyzing sets of data using tools from algebraic topology and other
fields of pure mathematics, with the goal of studying shape of data.

Some good references are [26], [10], [11] and Wikipedia.

10



Chapter 1

Preliminaries.

We present the fundamental notions for building up the theory of this thesis, like
the reach of a Euclidean subspace or the Nerve Lemma [1.20]

Let A, X C (M,d), where (M, d) denotes a metric space M with a distance d.

We mainly work with A and X as Euclidean subspaces, that is, M = R%: or
with M = X .

The sample (or point cloud, or set of data) A is known, and the subspace X is
the unknown object whose topology and geometry we are interested in.

Let r = {r; | a; € A} be a set of pre-specified radii, where r; € R,.

Definition 1.1. We define a subspace ball of centre a; € A and radius r; by:

B (aj,ry):={zeX | dlajz)<r;}.

Remark 1.2. We notice that the metric d on M can be any metric. Moreover, if
M = R?, then we have the restriction onto X of the Euclidean metric in R?,
defined by:

d
de(x,y) =[x —y =2 (x; —v:)?

i=1
for all x = (z1,...,74),y = (y1,-..,ya) € R In this case, the subspace
ball can also be defined by Bx(a;,r;) = Bgra(a;,rj) N X, where Bga(aj,r;) is the
Euclidean open ball.
Clearly, subspace balls are open in X.

For X C RY, the reach of X is intuitively a real number that describes how
curved its boundary is. To define it, first we take the points in R? that have more
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than one nearest point in X, and afterwards we establish that the distance from
X to the clousure of such points is the reach of X. Its formal definition is:

Definition 1.3. Let X C R?, we define the set
Y i={yeR?| 3z, 20 € X with 2, #1xy and dg(z1,y) = dg(rs,y) =d(X,y)}

where the distance from a point to a set is defined by d(y, X) = d(X,y) =
= infrex d(z,y).

The closure of Y, denoted as Y, is called the medial axis of Y, and the reach
of X, denoted by 7, is defined by:
7:=d(X,Y) = infeex d(z,Y).

For our convention, if Y is the empty set, then the reach of X is infinite.

Remark 1.4. For a convex subspace X C R?, the reach of X is T = oo.

That is because the set Y is always empty, since fory € RA\X, we can pick two
points x1,x9 € X with x1 # x9 such that dg(y,x1) = dg(y,z2) =: [, and since X
is conver, we take the straight line segment connecting xy to xo, which lies entirely
in X. So, we can project y to the midpoint x of such segment (forming an angle
of 90°), and get that d(y, X) < dg(y,x) <.

Hence, it is said that sets with positive reach are a generalization of convex
sets, as { convex sets} C {sets with positive reach}.

Example 1.5. Let X be a circle of center yo and radius r, then Y = {yo} and
T=r.

Definition 1.6. For X C R? and a > 0, we define the tubular set as
Tub, :={y € R* | 0x(y) <a}

where d0x is a distance function defined as follows:

5)(1 R¢ — R

y = ox(y) :=inf{ly—z| | 2eX}=d(yX)

Now we want to define the projection of a point in R¢ to its unique nearest
point in the subspace X with reach 7 > 0. We define

U(X) :={y € R | 3! point of X nearest to y} (1.1)
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and the projection map
mx :U(X) = X; y— 7x(y) € X such that dx(y) = |ly — 7x(v)||-

To guarantee that a point y € R? has a unique nearest point in the subspace
X of reach 7 > 0, we must take values a < 7 so that dx(y) < a < 7.

Therefore, we have that Tub, := {y € R? | dx(y) < 7} C U(X), and we
restrict mx to such subspace, giving the following definition that is used throughout
this thesis:

Definition 1.7. Let X C R? with reach 7 > 0. We define the projection map
to the subspace X by:

T . Tub, — X

Y > x(y) unique nearest point of y in X

so that
ox(y) = lly — mx(v)||.

We can also give another equivalent definition of the reach of an Euclidean
subspace, which is the first one given by Federer in [6]. First, the local reach at a
point is defined, and then the reach of the whole space consist of the infimum local
reach taken over each point in the space. We proceed with its formal definition:

Definition 1.8. (Alternative definition of reach.)
The local reach at a point x € X is defined by

7(x) = sup{r €R | Vy & R? such that ||[y—z|| < r, 3! nearest point of y in X}.
And the reach of the subspace X is defined by
T=inf{r(z) | zeX}.
Claim 1.9. If a subspace X C R? has positive reach T, then X is closed in RY.

Proof. The idea of the proof is to assume that X is not closed, so that we get a
contradiction.

If X is not closed, then X C X. We also assume that if X is not closed and
there exists y € X\ X, then there exists * € X such that z is a nearest point to y
in X.

Therefore, either dg(y,x) =0 or dg(y,x) > 0.

1. Ifdg(y,x) =0, theny = x, soy € X, which is a contradiction with y € X\ X.
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2. If dg(y,x) > 0, then we can take the Euclidean ball Bga(y, dg(y,x)), which
is open in R%.
We observe that X is dense in X (since the closure of X is exactly the whole
space X ), and that Bga(y, dg(y,x)) N X is open in X.

Since the intersection of a dense set with any open set is non-empty, and
X C X, we get that

X (Braly, du(y, ) (NX) = X () Braly, du(y. z)) # 0.

Hence, we can take p € X N Bra(y, dr(y, z)) so that dg(p,y) < dg(y,x), and
since p € X, we conclude that x is not the nearest point to y in X. Moreover,
we can take the ball Bra(y, dg(y,p)) and find another point closer to y in X
by the same procedure, over and over again.

Therefore, we have shown that y € X\ X does not have a nearest point in X,
since we reached a contradiction in both cases (1) and (2). That means that

y ¢ U(X):={y € R?| 3! point of X nearest to y}. (1.2)

Now, since for all z € X there exists p € X such that dg(y,p) < dp(y,x), we
can always pick a closer point to y in X, so we obtain that d(y, X) = 0. However,
by hypothesis we had that 7 > 0, therefore dx(y) = d(y, X) = 0 < 7, and by
definition of tubular set,

y € Tub, CU(X)

which contradicts ((1.2)).
In conclusion, such arbitrary y € X\ X cannot exist. Hence, X\ X = (), which
implies that X = X, which is the definition of closed subspace.
O

Proposition 1.10. The distance function dx : R — R is Lipschitz and continu-
ous in all R, for any subspace X C R?.

Proof. The idea of the proof is to show that such function is Lipschitz, and that
being Lipschitz implies being continuous.

We have that for any z,y € R,
10x (y) — 0x (@) = [0x(y) — lz —7x (@)[]] < ||y — 7x (@) = [l — 7x ()] < |y — =],
hence [|0x(y) —dx(x)|| < |ly— x| which is the definition of Lipschitz function (with
constant K = 1).

Now (as explained in Appendix A3), dx is continuous at a point x € R? if
for all & > 0 there exists > 0 such that if ||y — x| < § for all y € R?, then

16x (y) — ox(z)| <e.

14



By setting 6 = ¢ and using that dx is Lipschitz (with constant K = 1), we
have that ||0x(y) — ox(2)]] < ||y — z|| < e.
We can do this same procedure for any z € R?, therefore dx is a continuous
function in all its domain R¢.
]

Corollary 1.11. The tubular set Tub, = {y € RY | 6x(y) < 7}, for 7 >0, is
open in RY.

Proof. Such set can be written as Tub, = 6% ((—o0, 7)), where (—oo, T) is open.
By Proposition[1.10] 0y is continuous, and hence the preimage of (—oo, 7) by such
continuous function is open. O

Now it comes a central tool in algebraic topology, which are the simplicial
complexes. The idea of these objects, roughly speaking, consists of a combinatorial
structure that facilitates the use of algebra in topology.

We present the definitions of simplicial complex and of simplicial map from
[15].

Let V be a set, and let P(V') be the set of all finite, non-empty subsets of V.
Such (V) is named the power set of V.

Definition 1.12. An (abstract) simplicial complex is a set V and a subset
K CB(V) such that if o € K and o C o, then p € K.
We denote a simplicial complex just by K.

Such V is called the vertex set, whose elements v € V are vertices; and such
o € K is a simplex, represented by ¢ = [vp, ..., v,|, where v; € V for i =0,...,q.

If a simplex contains exactly ¢ + 1 vertices, it is named a ¢-simplex and its
dimension is dim(o) := |o| — 1 = ¢q. The dimension of K is defined by dim(K) :=
= sup{dim(o) | 0 € K}.

Definition 1.13. Given two simplicial complexes K, and K,, a simplicial map
F: Ky — K is a function F : Vi — V5 on the respective vertex sets of Ky and K,
such that if 0 = [vg, ..., v,] is a simplex in Ky, then F(o) := [F(v), ..., F(v,)] is
a simplex in K.

The following theorem is from [19] (Theorem 2.5 in the introduction).

Theorem 1.14. Let X be a set, {A;}ier a collection of topological spaces with
A; C X for every i, such that A; N Ay is a closed (or open) subset of A; and of
Ay, and the topology induced on A; N Ay from A; equals the topology induced from
Ay

Then, the finest topology on X such that the inclusion maps A; — X are
continuous, is called the coherent topology with respect to {A;}icr.
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We proceed with the construction of the geometric realization of a non-empty
abstract simplicial complex K, guided by [19] (if K = (), we simply set its geometric
realization to be the empty set).

Let | K| be the space of all functions o : V' — I, also called barycentric coordi-
nates, with I = [0, 1] C R, such that:

1. for any «, its support supp(a) :=={v € V. | «a(v) # 0} is a simplex of K.
In particular, a(v) # 0 for only a finite set of vertices.

2. Yev a(v) =1, for any a.

We want to define a topology on | K|, which is going to be a coherent topology.
In order to do that, we define the closed simplex |o|, for 0 € K, by

o] :={a€|K| | a(®) £0=uveo}

If 0 is a g-simplex, then |o| is in one to one correspondence with the set

{x = (20,...,2,) ERT | 0<2; <1, Y2 =1} CRM! (1.3)

given by z; = a(v;) for v; € {vg,...,v,} = 0.

Moreover, we give to |o| the subspace Euclidean topology from such one to one
correspondence.

To make | K| a topological space with the coherent topology, we need to check
the following condition: if oy, 09 € K, then o1 N oy is either empty (in which case
lo1] N |oz| = 0) or a face of o7 and of oy (in which case |o1| N |oa] = |01 N o3|).

Therefore, in either case |o1| N |02 is a closed set in |oy| and in |oy], and the
topology induced on this intersection from the first closed simplex is equal to the
topology induced from the second one. Hence, we can apply Theorem [1.14] and
get that there is a topology on |K| coherent with {|o| | o€ K}.

This also means that

K= U ol

ceK
Now we have all the ingredients to formally define geometric realizations:
Definition 1.15. The geometric realization of an abstract simplicial complex

K is a topological space consisting of the set |K|, constructed as above, together
with the coherent topology. We also denote it by |K]|.

We have seen that we can construct topological spaces from abstract simplicial
complexes, and it also makes sense to construct continuous maps between such
topological spaces from given simplicial maps ([19], page 113).
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We start with a simplicial map ¢ : K1 — K5, then we can define a continuous
map || : [Ki] = K| by

’(pl(Oé)(U,) = E4,0(11):1)’ Oé(U) for v' € K.

The definition of such continuous map can be understood in an easier way if
we present the following diagram

Vi =1,

i%(a)

I

where for a function a € |K;| and a simplex 0 = {v | «a(v) # 0} € K, we have
that o(o) = {v" | |el(a)(v) # 0} € Ky, if || () (v') = Ep)=v a(v).

Definition 1.16. Let T be a topological space. An open cover of X C T is a
collection of subspaces U = {U, }ier with U; C T open, for every i € I, such that
X C Uier Ui

We notice that if 4 = {U,}ies is an open cover of X with U; C X open, for
every ¢ € I, then X = ;¢ Us.

Definition 1.17. An open cover of X, U = {U;}ie; with U; C X for all i € I,
is a good (open) cover if all its open sets and all intersections of finitely many
open sets Uy, N...NU,, , are either contractible or empty.

Definition 1.18. The nerve of a coverlUd = {U,}cr, also named nerve complex,
is defined by:

NU) = {o=[Us, - ,U,] CU| (_] U, # 0}.

Remark 1.19. We notice that the nerve of a cover is an abstract simplicial com-
plex, where U is the vertex set and for every non-empty finite intersection ﬂ?:o Ui,
the set {U;,, -+ ,U;,. } is a simplex.

The homotopy type of a space X can be recovered from the nerve complex
under certain conditions. This is shown in the Nerve Lemma, a central result
which for instance can be found in [9] (Corollary 4G.3, page 459).

Lemma 1.20 (Nerve Lemma). If U = {U;}icr is a good (open) cover of a para-
compact space X, then the geometric realization of its nerve is homotopy equivalent
to X, i.e,  INU)| ~ X.
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We proceed to prove that convex subspaces in R? are contractible. A convex
subspace X C R? is a space such that for every two points in X, the straight line
segment, connecting them lies entirely in X. This property is useful in order to
construct good covers.

Proposition 1.21. Let X C R? be a convex subspace, then X is contractible.

Proof. We fix a point xy € X and we define a homotopy H : X x I — X as the
straight line segment joining the point xy to any other generic point in X, that is

H(x,t) =tz + (1 —t)x

where H is continuous and well-defined, since such line segment is contained in X
by definition of convex set. We have H(z,0) = x = idx(x) and H(z,1) =z =

= ¢y (x) for all z € X, where ¢;, : X — {x} C X is the constant map, so
idx =~ c,,, and as we define in Appendix Al, X is contractible. ]

Moreover, finite intersections of convex sets in R? which are non-empty, are
again convex. Therefore, in [I4] (Lemma 2.7.2) we can find the statement of the
following version of the Nerve Lemma for covers consisting of convex sets in R?,
since they are good covers.

Corollary 1.22 (Nerve Lemma: Convex Version). Let U = {U, }ier be a collection
of open convex sets of R, then |N(U)| ~ U,er Us.

Proof. First we remark that every metric space is paracompact ([16], Theorem
41.4).

We define the subspace X := U;c; Ui, where U; C X open for every i € I, so
that X is paracompact since it is a Euclidean subspace.

The collection U = {U; }sc; consist of convex sets in R? whose finite, non-empty
intersections are again convex, so by Proposition [1.21] such sets are contractible,
and hence they form a good cover of X.

Therefore, by the Nerve Lemma IN(U)| ~ X = Uer Us. O

Now we introduce the C'ech complex ([I2]), which is going to play a fundamental
role throughout this whole thesis in recovering the homotopy type of an underlying
topological space. This type of abstract simplicial complex can be viewed as the
nerve of a collection of subspace balls.

Definition 1.23. Let X, A C (M,d), and let r = {r; | a; € A} be a pre-specified
radii. We define the Cech complex by:

k
ng(A,T) = {0: [a0>"' ’ak’] CA | ﬂ Bg((aj,rj)#@}

J=0
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or equivalently,
Cu(A,r) = {0 =[ag, - ,a,] C A | Iz € X such that d(aj,x) <r; V¥j=0,---, k}.

In the case where M = R with the Euclidean metric dg, we usually drop it
from our notation and just write €x(A,r), except if we want to stress that we are
using dg.

If we take just one value to construct the radius of the balls, we set it asr =r;
for all aj € A and we define the Cech complez as

ng(A’T) = {U:[a()?"' 7a/€] CA | m Bg{(ajvr)%@}'

=0

A nice and classic application of the Nerve Lemma [I.20] consist of recovering
the homotopy type of an underlying space X from Cech complexes.

We can illustrate this idea by the following basic example, and in the next
chapters of this thesis, we will be using this application of the Nerve Lemma for
Euclidean subspaces (since metric spaces are paracompact by [16], Theorem 41.4)
with different properties (like having positive reach).

Example 1.24 (Classic application of the Nerve Lemma). Let X, A C (M, d) and
suppose that U = {B‘}((aj,rj)}ajeA is a good cover of X.

Then, we can identify N(U) with €L(A,r) by noticing that the vertex set of
the nerve complex is U = {B%(a;,7j)}a,ea and the vertex set of the Cech complex
is A, so that we rename each B%(aj,r;) as its center a; € A, and we get by the

definitions exactly the same simplices in both simplicial complexes. Finally, the
Nerve Lemma gives us |€L(A, 1) ~ X.

We also stress that since the C'ech complex €L(A,r) is the nerve of the cover
{B%(a;,7;)}a,ea, if the subspace X is convex, then each ball B (a;,r;) is con-
tractible, and their finite intersections are also contractible, so we can automati-
cally apply the Nerve Lemma m However, if X C R? is more general, without
the property of being convex, then we have to study if finite intersections of such
balls are contractible, so that the Nerve Lemma can be applied. This is done in the
next chapter through analytical and technical results for subspaces with positive
reach, since as we point out in Remark [I.4] subspaces with positive reach are a
generalization of convex subspaces.
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Chapter 2

Geometric reconstruction.

The aim of this chapter is to reconstruct geometrically a Euclidean subspace, that
is, to reconstruct its homotopy type by finding a simplicial complex constructed
from a sample of data, whose geometric realization is homotopy equivalent to the
subspace. We use Cech complexes as our simplicial complexes, and we see that
such reconstruction is satisfactory when the reach of the Euclidean subspace is
positive and we pick radii less or equal than the reach.

We divide this chapter in three different sections:

In Section 2.1 we present the necessary results used to develop our theory,
which are from [6] (Theorem 4.8 parts 4, 2, 3, 5 and 6; pages 434-438) and from
[12] (Claim 9, Lemma 10 and Claim 11), along with more detailed proofs.

In Section 2.2 we continue with a theorem from [I2] (Theorem 5), that establish
the machinery for subspace balls in order to form a good cover, by determining
when finite intersections of subspace balls are contractible; and the main recon-
struction result, its corollary ([I2]. Corollary 6), taking an infinite set A C R?
rather than exclusively a finite one, in order to be more consistent with the Nerve
Lemma, and giving a new proof for this version.

In Section 2.3 we present a new theorem, Theorem [2.16], which reconstructs the
homotopy type of an underlying Euclidean subspace using the directed Hausdorff
distance, and we compare this result with an already known result, Proposition
[2.18] ([I7] Proposition 3.1), that follows a similar approach. We also mention some
future work.

We first begin with the following simple result to motivate all the work we
develop along this chapter.

Proposition 2.1. Let X C R¢ with positive reach T, A be a sample consisting
of the whole Euclidean space RY, and o < 7. Then, the geometric realization of
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Gra(X, ) is homotopy equivalent to X.

Proof. We approach this result by showing that X is a deformation retract of
Uzex Bra(x, ). For this, we find a homotopy relative to X between the identity
map of U,cx Bre(x,a) and a retract from such union to X.

We define the retract mx : Uyex Bra(z, @) — X as the projection which sends
a point p € Uyex Bra(z, @) to its unique nearest point in X. Such map is well-
defined, since by hypothesis a < 7, and therefore U,cx Bgra(z, ) C Tub,. This
map is also continuous by the following Proposition , and verifies that mx|x =
- ZdX

We see that both idy, .y B_,(x,a) and Tx agree on X, so we can define a homotopy
relative to X (defined in Appendix A1) between them:

H: |J Bga(z,a) x[0,1] — | J Bga(z,a); H(p,t)=trx(p)+ (1 —1t)p
rzeX rzeX
where H is well-defined and continuous, since if a point p is in such union, then
p € Bga(xg, ) for some x5 € X, which means that ||p — z9|| < . By definition of
7x, we have that ||p—7x(p)|| < |lp—zo|| < a. So, p € Bra(mx(p), @), and of course
7x(p) € Bra(mx(p),a). Moreover, Bra(mx(p), @) C Uyex Bra(x, ) because such
union is taken over all points in X. So, we can take the straight line segment
joining p and 7x (p) since they are in one same convex ball of such union.
We have H(p,0) = p = idy, Bya(2,0) (p), H(p,1) = mx(p) for all p, and
H(z,t) =z forallz € X and t € [0,1]. Hence, mx ~x idy, y B,y(z.0)-
By Proposition [A.7]
U Bga(z,0) ~ X
zeX
By the convex version of the Nerve Lemma [I.22]

IN({Bga(w, ) }oex)| = | Bra(z,a)

zeX
and by identifying N ({ Bra(z, @) }zex) with Gra(X, ), as we explain in Exam-
ple [1.24] we conclude the proof.
]

2.1 Previous results.

The following results correspond to part 4, 2, 3, 5 and 6 of Theorem 4.8 in [0].

Proposition 2.2 (Continuity of the projection map). Let X C R¢ with positive
reach T, then the projection wx : Tub, — X is continuous, where wx(y) is the
unique point in X such that dx(y) = |ly — mx (v)||-
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Proof. Since we are in a metric space, we take as the definition of continuous
map the following (as explained in Appendix A3): amap f: X — Y, with XY
metric spaces, is continuous if for any convergent sequence {x,},en — z in X,
then {f(z,)}tneny — f(z) in Y.

Suppose Ty is not continuous. Hence, there exists a sequence {y, }nen of points
in Tub, convergent to a point y € T'ub, such that the sequence {mx (y,)}nen does
not converge to mx (y).

That is, for every 1 > 0, there exists N; € N such that ||y, —y|| < &1 for every
n > Ny; and there exists €5 > 0 such that for all n € N, there exists N > n such
that

I7x (yw) = 7x ()] = €. (2.1)

We construct such non-convergent sequence using the different N’s, so that we
have the sequence {mx(yn) }ne.r, where A is the set of the natural numbers N’s.

Since || 7Tx(yn) — Ynl| = dx(yn) for each n, by definition of the projection map
and by applying the Triangle Inequality twice, we get:

17x () = Yl < l7x (wn) = vall + v =yl < l7x (W) = ynll + lyn — il <
< lmx(y) =yl + lly = wall + lyn — yll = 0x(y) + 2/lyn — yl| < 7+ 2e1, for every
n > Nj.

Hence, the sequence {mx(yn)}nes n>n, lies in a bounded subset of X. By
Bolzano-Weierstrass Theorem ([20], Corollary in page 458), every bounded se-
quence has a convergent subsequence, so we can take a subsequence {7 x (¥n;) }n;en
such that it converges to a point x € X.

Also, if a sequence converges to a point, then every subsequence of such se-
quence converges to the same point. So, since {y,}nen — ¥y, the subsequence
{¥n, }n,en also converges to y.

But then, since the distance function is continuous,

5X(y) = hmnjﬁ\oo 5X(ynj) = hmnjaoo ”ﬂ'X(ynj) - yn]H = H hmnjﬁoo 7TX(%’Lj) -
— limy, o0 Yn, || = [lz =y

which means that 7x(y) = x, because y € Tub,, so wx(y) is the unique point

such that dx(y) = ||y — 7x(y)]|.
We get the following contradiction with (2.1)):

0= Jlz = mx()ll = Jim_ mx(vn,) = mx(@)] = 22> 0

(since if (2.1)) holds, then for any subsequence {mx (yn;)}n;en of {Tx (Yn)}ner
we also have that ||[7x(yn,) — 7x(y)| > €2).
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Therefore, the projection map wx has to be continuous in T'ub.,.

Proposition 2.3. Let X C R? and let v be a vector in RY.
Ifae X and P:={v | wx(a+v)=a}, Q:={v | dx(a+v)=I|v|},

then the sets P and () are convex.

Proof. Tt is enough to do the proof for a = 0, since we can just translate for any
other point in X. We notice that

e (i) v € Pif and only if ||b — v|| > ||v| for all b € X\{a}.
o (ii) v € @ if and only if ||b — v|| > |jv|| for all b € X.

To prove the implication to the right in (i), we assume that v € P. Hence by
definition of P, a is the nearest point of a+v in X and dx (a+v) = |Ja+v—al = ||v|],
therefore for any other point b € X\{a} we have that dg(a + v,b) > dx(a + v),
and since a = 0 by assumption, dg(a +v,b) = ||b — v||. So, ||b —v]| > ||v||.

To prove the implication to the left in (i), we assume that ||b — v|| > [|v|| for
b # a. Then this means that a is the closest point to v + a in X, with a = 0, so
veP.

To prove the implication to the right in (ii), we assume that v € @ and b € X,
hence dx(a +v) = ||v|| and ||b — a — v|| = dg(a + v,b) > dx(a +v) = ||v||. Giving
the value a = 0, we finish this part of the proof.

To prove the implication to the left in (ii), we assume that ||b — v| > ||v|| with
a = 0. Then, by definition of dy, we have dg(a,a +v) > dx(a +v) > ||v||. But
dg(a,a +v) = |jv]|, hence dx(a + v) = |[v].

We proceed showing that P and () are convex. Let

Io—vl* = [v]|* = b e (b—2v) (2.2)

for b,v € R?, since we can represent the scalar products in the following way
and get the equality :

be (b—2v) = (b,b—2v) = (bb) —2(b,v),
16— ] = [Jv]|* = (b — v,b = v) — (v,0) = (b,b) — 2(b,v) + (v,v) — (v, v).

To check that P is convex, we take v,w € P and prove that the convex com-
bination sv + tw is also contained in P, for s,t > 0 such that s +t = 1.

To show this, we take b € X\{a} and we apply the equality to the
following expression:
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16— (sv+tw)]|* — ||sv+tw]|* = be (b— 2sv — 2tw) = be (s(b—2v) +t(b—2w)) =

= sbe (b—2v) +tbe (b—2w)=s(|b—v|* —[v]*) + (b — w|* — [[w]*) (2.3)

The expression ((2.3)) is strictly positive by (i) since v, w € P, and hence we get
that sv + tw € P also by (i).

We proceed in an analogous way to check that @) is convex, taking v,w € @)
and showing that the expression is non-negative, with b € X allowed to be
b = a, and hence by (ii), sv + tw € Q.

O

The following result stresses that the projection of a point y in R to a space
X C R? is unique, and moreover there exists a formula for calculating it, which is

mx(y) =y — ox(y)gradix(y)
where graddx(y) denotes the gradient of dx(y), defined in Appendix A3.

Proposition 2.4. Let X C R? with positive reach 7, y € R\N\X and dx differen-
tiable aty. Theny € U(X) and

y—7x(y)
dx(y) .

Proof. We first prove the equality and later that y € U(X).
We take a € X such that dx(y) = ||y — a]|.
We consider the line segment (1 — )y + ta, for 0 < ¢ < 1. Hence,
Ox((L=t)y+ta) :=infoex |1 =)y +ta—z| = infoex |y -ty —a) —z| =
> infeex (ly —zll = tlly —all) = ox(y) — tx(y) = (L = £)dx(y)

gradox (Z/) =

and we also have

Ix(1=t)y+ta) :=infeex |1 —t)y+ta—z| =infrex ||(1 —t)y+ta+te —
—tr —zx|| =infrex [(1 —t)y+ta—tx — (1 —t)z|| < (1 —t)infrex |ly — 2| +
+tinfrex lla— ol = (1= £)dx(y)

(since dx(a) =0as a € X).

Therefore, by the two previous inequalities, we get

ox((1 =)y +ta) = (1 = t)ox(y). (2.4)
Now we derivate ([2.4]) with respect to ¢:
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graddx((1 —t)y +ta) e (—y + a) = —dx(y), equivalently,
llgradox ((1 —t)y + ta)l|||la — y|| cos 8(t) = —dx(y), and since |ja — y|| = dx(y), the
two terms cancel and we get

lgradix((1 —t)y + ta)|| cos O(t) = —1. (2.5)

For t = 0, we have the vectors gradix(y) and (a —y) over the same line (which
is the straight line through y and a). The vector (a — y) points towards a and
graddx (y) (which is well-defined as dx is differentiable at y by hypothesis), points
towards y. That is because the gradient points to the direction of increase, and at
the point y, the distance dx(y) is bigger than for any other value dx((1 —t)y +ta)
(since y ¢ X and a € X, so dx decreases as long as it gets closer to a).

Therefore, such two vectors can be written as a — y = —Agraddx (y) for some
constant A € R, and they form an angle §(0) = 180°. So, cosf(0) = —1 and the
expression ([2.5)) (for t = 0) becomes

llgraddx (y)|| = 1.

We return now to the first expression of the derivative setting ¢ = 0,
gradix(y) e (—y +a) = —dx(y). Hence,
y—a
radd o ——— =1. 2.6

In addition, it is known that for any two unit vectors v,w € R? in the same
direction such that v e w = ||v||||w]|| cosf =1 (since § = 0), then v = w.

So, since we have proven that graddx(y) is a unit vector, and so is 5 _( C; as
x\Y
dx(y) = ||y — al, by (2.6) it follows that
y—a
graddx(y) =
) ox(y)

(since we are changing the direction of the vector a — y, and now y — a and
graddx(y) form an angle of § = 0).

We now prove that y € U(X) := {y € R?| 3! point of X nearest to y}, by
showing that y € R?\ X has a unique nearest point in X.

Let a € X such that dx(y) = ||y — al|, and let ' € X such that dx(y) = ||y —
—d'||. By the formula of the statement of this proposition that we have just proven,

y—a y—a
and gradd =

can denote such point as mx(y), hence y € U(X).

we have graddx(y) = , therefore a = o/, and we

]
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Definition 2.5. A subspace N C R? is a set of Lebesgue measure zero if for
every € > 0, it can be covered by countably many products of d-dimensional unit
cubes and the volume of the union of such d-cubes is less than e.

The next theorem is from [7] (Theorem 3.1.6).

Theorem 2.6 (Rademacher’s Theorem). If U C R? is open and f : U — R™ is
Lipschitz, then f is differentiable almost everywhere in U, that is, the points in U
at which f is not differentiable form a set of Lebesgue measure zero.

Remark 2.7. We have already seen in Corollary that for X C R with
positive reach T, the subspace Tub, is open in R Also, by definition of such
tubular set, we always have that X C Tub,.

By C’laz’m if X CR? has positive reach, then X is closed. Hence,

Tub \X = Tub, ((RN\X)
is open in RY, since a finite intersection of open sets is open.

We slightly modify the original statements of [6] (Theorem 4.8, parts 5 and
6), because there it is taken the interior of the sets U(X) and U(X)\X, but since
Tub, C U(X), we restrict such results to the sets T'ub, and T'ub,\ X because these
are the ones that we need for the next results, and by Corollary and Remark
they are open in RY, so their interiors are the sets themselves. We give the
corresponding next two results:

Proposition 2.8. The distance function §x : R? — R is differentiable on Tub,\ X .

Proof. By Proposition , d is Lipschitz on all R?, and we can take its restriction
to the subspace Tub,\X C R? which is open by Remark . Hence, by Theorem
dx is differentiable almost everywhere in Tub,\ X.

We take y € Tub,\X such that dx is differentiable at y. Then, by Proposition

2.4

Jox D0 x > y—mx(y)
— ()., = grado ="
( Oz, W W) | = gradox(y) = =5 W)
and by Proposition [2.2] 7y is continuous on T'ub,. So,
Y=mxW) g x S RS
0x (y)

is a continuous map.
Hence, since the partial derivatives of dx at y can be defined almost everywhere
in the open subset Tub,\ X, and we can extend them by the continuous function
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y —mx(y) - . 90 x 96 x
=———2~ then by Lemma 4.7 in [6], we precisely get that ——(y),..., ——
) y [6], we p y g I, () 9, ()

exist for all y € Tub.\ X, which is the definition of dx differentiable on Tub,\ X.
Moreover, such partial derivatives are continuous, which is the definition of being
continuously differentiable.

m

Proposition 2.9. If X C R? has positive reach T and there is a point a € X,
a vector v € RY and 0 < ¢ = sup{t € R | 7x(a+ tv) = a} < oo, then
a+ev ¢ Tub..

Proof. Let v € R? such that ||v|| = 1, and suppose that y := a + cv € Tub,, where
y ¢ X (since mx(y) = a by how we have defined y, and so dx(y) = ||ly —7x(v)|| =
= |la 4+ ev — al| = € > 0, which means that y ¢ X as the distance from a point in
a set to such set, is always zero).

By Proposition 2.2 mx is continuous, and by Proposition [2.8] dx is differen-
tiable at y € Tub,\ X. Hence, we can apply Proposition and get

gradéx(y):y_ﬂx(y) _atev—a

ox () 3

Let C : (=r,7) — Tub,;\ X, for a real number r > 0, be any continuous map
solving the differential equation

C' = (graddx) o C with initial condition C'(0) = y.

By Peano Existence Theorem (for a reference, see Wikipedia), such function

C' exists for such initial value problem, giving a local solution, where (—r,r) is a
neighborhood of 0 in R.
For s € (—r,7), ||s]| < r and

IC(s)|| = llgradox (C(s))|| =1 (2.7)
so, by the Chain Rule and by ([2.7)),

(0x 0 C)'(s) = gradix(C(s)) e C'(s) = C'(s)  C'(s) = [|C"(s)[||C"(s)]|cos(0) = 1.

(2.8)

Now, for —r < p < ¢ < r, we take an arbitrary point x € X and by definition

of mx, (2.7), (2.8) and the Fundamental Theorem of Calculus ([20], Corollary in
page 287), we get:

/ "l (s) ds = / "1ds = / "(0x0C) (s)ds = (9x0C)(q)—(OxoC)(p) < | C(q)—a||—

28



—[Cp) — =l < IC(q) — C(p)I-

It follows that the curve C' parameterizes a straight line segment between C'(—7)
and C(r), in the direction C’'(0) = gradix(y) = v.

We take 0 < s < r, and we define t := ¢ + s > ¢, hence C(s) is a point
between C(0) = y and C(r), and since C'(0) = v, we have that C(s) =y + sv =
a+ev+sv=a-+tu.

Since ||v]| =1 and dx(y) = &,

0x(C(s)) = ox(y +sv) =dx(y) +s=c+s=1=[lattv—al| =]C(s) —al.

We defined the map C' such that C(s) belongs to T'ub, for any s € (—r,r), so
Ix(C(s)) =||C(s) —mx(C(s))]|, and therefore a = mx(C(s)), where C(s) = a+tv.
This implies that ¢t € {t € R | =wx(a+ t'v) = a}, but t > ¢ where ¢ is
the supremum of such set. Hence, we have a contradiction and we conclude with
a+cv ¢ Tub,. O

The following three results correspond to Claim 9, Lemma 10 and Claim 11 in
[12]. The first one presents a simple calculation of the distance from one vertex of
a triangle to another point lying on the edge formed by the other two vertices:

Claim 2.10. Let x,y,z € R? and \ € [0, 1], then

IO+ (1= X)2) = 2]l = Ally = 2[” + (1 = V12 = 2l|> = A1 = V]ly — 2|

Proof. The distance from Ay + (1 — A)z to x can be expanded as

1w+ (1= A)2) — 22 = [|(Ay — ) + (1 = \)(z — ) |2 = X}y — a2 + (1
= A2z = zf* + 201 = Ny — ,z — 7).

Then, applying the identity 2(y — 2,z —x) = |ly — z||> + ||z — 2||* — ||y — 2]|?
to this last expansion and after some calculations, we get

1Ay + (1= A)2) =l = Ally — 2 + (1 = A)llz = 2[* = ML= My — z[*

And the claim directly follows.

O

Given a straight line segment whose endpoints are in X C RY, the follow-
ing lemma gives a bound on the distance from any point on that segment to its
projection on X.

Lemma 2.11. Let X C R? with positive reach T and y,z € X. Let u := \y+ (1 —
— Nz, for A € [0,1], be such that dx(u) < 7. Then

Ox () = mx(u) = ul| < 7 \/maz{r> = A(1 = )y — 2|, 0}.
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Proof. If mx(u) = u, then there is nothing to prove.
Suppose 7mx(u) # u, and let

u— mx(u)

w = mx(u) + Tm.

r — i () - u||) -

Then, we have that ||w — 7x(u)|| =7 and w —u = (
I7x () =]

— mx(u)). Therefore,

[ = 7mx (u)]| = flw = 7x ()] = [Jw—ull (2.9)
since geometrically, the points w, u and 7x(u) are over the same line, with
dg(w,mx(u)) = 7, dg(w,u) = ¢ > 0 and dg(u,7x(u)) = 7 — € < 7 by the
hypothesis dx(u) < 7.

We have the following equality

PRI ks 1C) N RN
() + = mx )l =5 ) — )

Now we define a point

wy = mx(u) + Tm with r < 7.
[l = mx ()]
We see that dx(w,) = ||w, — 7x(w,)|| < ||lw, — 7x(uw)|| = r < 7, which by
definition of tubular set means that
u— mx(u)
w, =y (u) + 1 e Ty, (2.10)

r
lu = mx (u)
We apply by contraposition Proposition[2.9]to (2.10), hence, r < sup{t | mx(mx(u)+

+ tv) = mx(u)} with
u—mx(u)
V=

lu = 7x (u)]

We pick s € {t | =wx(mx(u)+tv) =7mx(u)} such that s > r.

Now we apply Proposition 2.3} with such a as our wx (u), to 7Tx (7x (u)+ sv) =
= mx(u), getting that sv € P where P is a convex set. We observe that also 0 € P.
Hence, for r € [0, s], we have the convex combination rv = a(sv) + (1 — «)0, for

a € [0,1]. We conclude that rv € P, so again by Proposition ,

mx(w,) = mx <7rX (u) + rm> = 7 (u)
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for all r < 7.

We also have Bga(w,7)NX = 0.

To prove this empty intersection, we notice that it holds if and only if
d(w, X) > 7. We see that

lim, ,, d(w,, X)=1lim,,,_ ||Jw.—7x(w,)| =lim, . [w.—7x ()| =1lim,,_ r=

=T

So, d(w, X) = lim,,,_ d(w,,X)=r7.

We can conclude that y and z must not be in Bga(w, 7) because they belong
to X by hyphotesis, hence ||[w — y|| > 7 and ||w — z|| > 7.

By applying Claim to [Jw — ul|, we get

lw—ull = y/Xllw =yl + (1 = Mlw = 2l|2 = M1 = Nly — 2[[2 > /72 = X1 = )]}y — 2]
(2.11)
Then, from (2.11)) and since |jw — mx(u)|| = 7, the expression (2.9) is bounded
as follows:

lu—mx(u)]| < 7 — \Jmaz{r? — A1 — M) ||y — 2||2,0}.
]

Claim 2.12. Let X C R? be a set with positive reach 7, y,z € X, X € [0,1] and
uw:=My+ (1 =Nz Let x € R with ||z — y|| <7 and ||z — z|| < 7. Then

lz = mx (@)l < YAlly = 2[? + (1= V)]1z - 2|

Proof. Let 1= \/Aly — [ + (1 = N)|[z — 2] < A2+ (1 = N2 = 7.

From Claim [2.10| we have the following equality

le—ull = Ally = 2ll? + (1 = Vllz =22 = A1 = Vlly = 2] = /r? = A1 = N}y - =[]
(2.12)
We also notice that by the Triangle Inequality and by hypothesis:

ly =zl <lly — 2l + |l — 2] < 27
and as illustrated in the following figure, by definition of dy,

ox(u) <min{flu—yll, lu—z[[} <7
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ze X

ly ==l <27

Figure 2.1: (Every point in the line segment between two points in X such that
they are at a distance less than the reach from a chosen point in R¢, belongs to
Tub, and therefore has a unique nearest point in X).

Hence, we can apply Lemma and obtain the following inequality:

|lu—mx ()] <7 — \/ma:c{T2 — A1 =Ny — z||?,0}. (2.13)

Then, from (2.12)), (2.13) and by applying the Triangle Inequality to ||z —
— 7mx(u)l]|, we get:

lr—mx (u)|| < [lz—ul|+lu—mx (W) < /r2 = ML= Nlly — 2ll247—/72 = A1 = V) |ly — 2|2 =

1 1
= =A== - .
P =AML= Wl =2 Ty = A= M)y - 2

The product A(1—\)||y — z||? is always non-negative, and since r < 7, the sub-

, 1 1 ,
traction — is always

P = AL =Ny =22 T T2 A= Ny - 22
positive. Hence,

[ = 7mx ()] <.
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2.2 Reconstruction of the homotopy type of a
Euclidean subspace.

In this section we show a theorem from [12] (Theorem 5) that establish when finite
intersections of Euclidean balls intersected with X are contractible (it is in fact
when the radii of the balls are less or equal than the reach of X); and the main
reconstruction result, its corollary ([I2]. Corollary 6), taking an infinite set A C R?
rather than exclusively a finite one, and giving a new proof for this version.

Theorem 2.13. Let X C R? with positive reach 7, A C R be a finite subspace
and {r; | a; € A} be a set of radii. If maz,ea vy <7, then Nyeca Bx(aj,7;) is
either contractible or empty.

Proof. Let fix a, € A and yi,ys € Bra(aa,74) N X.

By definition of subspace ball for X C RY, Bx (a4, 7o) = Bra(aa,rs) N X.

We define the straight line segment connecting the points y; and y, in such
Euclidean ball, since it is convex:

l: [0,1] — Brai(aq,74)

t — l(t) = ty1 -+ (1 — t)yg

Now, we want to define the curve between the projections to X of the points
lying on the line segment [(t), where such projections are the images of the map
nx : Tub, — X.

In order to do that, first we need to check that I(t) € Tub, = {x € R? | dx(z) <

< 7}, so that mx(I(t)) is well-defined.
Since y1, Y2 € Bra(aqa, o) with 7, < 7, and by the Triangle Inequality, we get
that

lyr = w2l < llor = aall + llaa = vaf| < 27.

We have that [(¢) is a point in the line segment connecting y; and ys, for any
t € [0,1], so as illustrated in Figure [2.1] from Claim either ||I(t) — w1|| < 7 or
11(t) = ol < 7.

So, since y1,y2 € X,

Ox(U(t)) < man{|[l(t) — vl [[1(t) — all} <7

and we have by definition that [(t) € Tub,.
Therefore, let
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Yy1y2 - [07 1] — X

/ — rx(U(1))

where mx : Tub, — X is the projection from a point x € Tub, to its nearest
point in X. This projection is continuous by Proposition , hence 7, ,, is also
continuous. Moreover, since I(t) € Tub, with 7 positive, the projection of {(¢) for
all t € [0, 1] is well-defined, and so is 7y, 4,-

We want to check that v, ,, is contained in Bga(aq,r,) for all ¢ € [0, 1].

In order to do this, we apply Claim [2.12, where a, € A C R? and y, 9, €
€ X N Bra(aa, o) With [|aa —y1|| < ra <7, ||aa — 12]] < 7o < 7, and we get:

laa = Yre (O] = llaa = Tx U < A aa = p1l2 + (1= Nlaa — 1a])* <
< \/)\ri + (1 =Nr2 =r,.

Hence, vy, 4, (t) € Bra(aq, 7o) for all t € [0, 1], 80 vy, 4, () € X N Bra(aq, rq) for
all ¢ € [0, 1].

Now we fix yo € Na,ca Bri(@a, 7o) N X and we give the following continuous
and well defined map:

H: (naaeA B]Rd(aOHTOé)ﬂX) X [07 1] — ﬂaaeA BRd((la,Ta) ﬂX

(y,1) > Yo (1) = Tx (tyo + (1 —t)y)

We see that this is a homotopy, since H(y,0) = yforally € N, ca Bri(da,7a)N
N X, which is the identity map in N, ca4 Bra(@a, 7o) NX; and H(y, 1) = yo for all
Y € Na,ea Bri(aa, 7o) NX, which is the constant map cy,.
Hence, idn,_, Bya(aara)NX = Cyq-
So by definition (Appendix Al), Ny.ca Bra(@a, 7o) N X is contractible.
L]

In this theorem [2.13| we have shown that a finite intersection of subspace balls
is either empty, or contractible, in the case of being non-empty.

Note that we have not stated that we have a good cover, because we did not
suppose at any moment that such collection of subspace balls covers our space
X C R%. Such assumption is only included in the next corollary , and there
we apply this theorem to such cover, getting a good cover from where to reconstruct
the homotopy type of X through the Nerve Lemma [T.20]
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Corollary 2.14. Let X C R? with positive reach 7, A C R? and suppose that
{Bx(a;j,7j)}a;en is a cover of X, where v = {r; | a; € A} is a set of radii.
If supg,ea rj < 7, then X is homotopy equivalent to the geometric realization of

%X(A, 7’).

Proof. We need to show that { Bx(aj,7;)}4;ea is a good cover of X. In order to do
that, we take any finite subset 0 C A, and since maz,,e, r; < 7, we apply Theorem
, setting that A as our finite set o. Therefore, we get that N, ¢, Bx(aj, ;) is
either contractible or empty.

Also, ¥ € Ny,e0 Bx(aj,7;) if and only if x € Bx(ay;, ;) for every a; € 0.

To check that each of the subspace balls forming such cover is contractible, we
take a finite subset of A consisting of just one point, that is, 0 = {a;} C A. Then,
T € Na,efa,;} Bx(ag,r;) if and only if x € Bx(aj, 7).

Hence, Bx(a;j,7j) = Na,eqa,3 Bx(aj,75), where r; < 7, so by Theorem W,
such subspace ball is contractible.

Therefore, we have by definition that {Bx(a;,7;)}a,ea is a good cover of X, so
by the Nerve Lemma [1.20]

IN({Bx(a;,7j)}a;ea)| = X.

Then, by identifying N({Bx/(a;,7;)}a,ea) With the Ceech complex €x(A,r) (as
explained in Example [1.24]), we get that

|€x (A, 1) ~ X.

[]

2.3 Reconstruction of the homotopy type of a
Euclidean subspace using the directed Haus-
dorff distance.

Here we present a new theorem, Theorem [2.16, which reconstructs the homotopy
type of an underlying Euclidean subspace using the directed Hausdorff distance
and a Cech complex of an appropriate radius. It is a strong result, because it
recovers the homotopy type without having to include in its statement that we
have a cover of such subspace, since we find one along the proof which is a good
cover. We also mention some future work and a discussion regarding the well-
known result Proposition ([17] Proposition 3.1).
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The intuitive idea of the directed Hausdorff distance is that two sets are close
in the Hausdorff distance if every point of either set is near to some point of the
other set. Hence, the Hausdorff distance can be defined as the supreme distance

of all the distances from a point in one set X to the nearest point in the other set
Y.

Definition 2.15. Let XY C (M,d) be two metric subspaces. We define the
directed Hausdorff distance between X and Y by:

— .
du(X,Y) = supsex infyey d(z,y),
Where d?(X, Y)=04fXCY.

Theor_e>rn 2.16. Let X C RY with positive reach T, and let A C R? be compact. If
a € (dH(X, A),T}, then the geometric realization of €x (A, «) is homotopy equiv-
alent to X.

Proof. We notice that (d—>H(X, A), T} # () if and only if (E(X, A) <.

We first check that the set of subspace balls { Bx(a;,@)}4,e4 forms a cover of
X, ie, X CUgen Bx(a;, o).

For every x € X, we have the following inequalities by definition of the directed
Hausdorff distance and by hypothesis:

infoea dp(r,a;) < d—>H(X, A) < a.

We take the restriction of the Euclidean distance to {z} x A C R? x R,
dg : {x} x A — R, which is a continuous function defined on a compact subspace,
since the topological product of two spaces is compact if and only if each of them
is compact ([21], Theorem 13.21).

A continuous function defined on a compact reaches its infimum ([21], Corollary
13.18), hence, there exists an element ay € A such that

dg(z,a0) = infoea dp(v,a;) < a.

So, by definition of subspace ball, z € Bx(ao, @) and & € U,,e4 Bx(aj, ).

Since {Bx(aj, @)}a,ea is a cover of X and a < 7, we apply Corollary and
get that |€x (A, a)| ~ X. Moreover, we implicitly obtain that {Bx(a;,a)}q,ea is
a good cover of X.

]

Remark 2.17. Theorem also holdsﬂ‘> we take different radii, that is, if r =

={r; | a; € A} such that info,ca 7; > du(X, A) and supa;ca v; < 7, instead of
—

taking a unique value o € (dH(X, A),T]
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The only change in the proof is that there exists ag € A such that dg(x,ay) =
= infoea dp(r,a;) <infoea v; <ro, sox € Bx(ao,10) andx € Ug,ea Bx(aj,r;).
Hence, { Bx(a;,7;)}a;ea is a cover of X and since supy,ea 75 < 7, we apply Corol-
lary and get that |€x(A,r)| ~ X.

Some future work can be to find new bounds for the radii that are larger than
the reach of the subspace, so that we still recover its homotopy type. For that, in
the original paper [12] (Theorem 5 and Corollary 6), our main reference in Chapter
2, it is also discussed the case when A C X, since for this particular case, Theorem
and Corollary also hold for a bound of the radii slightly bigger than the
reach 7 > 0 of the subspace X, which is sup,;ea 7; < V2r.

We can also look at the new paper [13] from the same authors of [12], where

they give the bound r; < \/7'2 + (7 — 6x(a;))? for every a; € A, providing a new
version for Theorem and Corollary ([13] Theorem 9 and Corollary 10).

2.3.1 Discussion and contributions.

We now compare our Theorem with the well-known result from [I7] (Propo-
sition 3.1), which states the following:

Proposition 2.18. For X a compact sub@)am’fold in R® with positive reach T,
and A a finite subspace in RY such that dpy(X,A) = € < \/% T, then for all

a € (2, \/g 7), the open set U := U, e Bra(aj,a) deformation retracts into X.
Therefore, X =~ U, ca Bra(aj, ).

First of all, we notice that U,,ca Bra(a;, ) is homotopy equivalent to [€ga(A, o)
by the convex version of the Nerve lemma [1.22]

Hence, this result is showing us that under such conditions, the ambient Cech
complex Gra(A, ) recovers the homotopy type of a compact submanifold X C R?.

Let us proceed with our discussion.

1. We have found in our theorem [2.16| a larger interval (d?(X , A),T] which

contains (2, \/g

¢ 7) from Proposition [2.18 so we have a wider range of choice
from where to pick the values a that will determine the radius of the subspace
balls which form the C'ech complexes we reconstruct the homotopy type of

X from.

2. Proposition works with a somehow trivial good cover of X, { Bra(a;, @) }a;ca,
since it consists of Euclidean open balls which are convex, and therefore con-
tractible (as we have shown in Proposition [1.21)). We instead construct a

37



cover {Bx(a;,a)}a,ea in the proof of Theorem [2.16, where X does not need
to be convex, and by the previous results presented along this chapter, we
show that it is indeed a good cover.

. We work with a more general Fuclidean subspace X, instead of just compact
submanifolds in a Euclidean space, even though in both cases we require the
reach to be positive.

. We proved that the sample A can be infinite, as long as it is compact.
This might only be relevant in more theoretical contexts, since it is more
convenient to stick to finite samples in applied topological problems; as these
are easier to compute. Also, recovering the homotopy type from %pa(A, @)
by Proposition |2.18 makes it possible to do computations, since we know the
spaces A and R?; whereas recovering the homotopy type from €y (4, ) does
not allow us to compute the topological space |€x (A, a)|, since the subspace
X is unknown.

However, it might be more interesting to work with this last simplicial
complex theoretically, and approximate its computation through inclusions
with other Cech complexes that are possible to compute. For example, if
A C X CRY then we have the following inclusions

Ca(A, ) = Ex (A, a) = Gra(A, a)

where €4(A, ) and Gra(A, ) are possible to compute. We will study this
in the next chapter.
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Chapter 3

Topological reconstruction.
Geometric reconstruction of
geodesic subspaces.

In this chapter we consider the topological reconstruction of a Euclidean subspace,
that is, the reconstruction of its homology and homotopy groups.

In Section 3.1 we present inclusions of filtered Cech complexes, which form
commutative diagrams (Proposition . We work with the length metric and the
restriction of the Euclidean metric on X C R? and by the distortion of X and
Dowker’s Theorem we find homotopy equivalences and new commutative

diagrams (Corollay [3.11]).

In Section 3.2 we define geodesic subspace and we reconstruct the homotopy
type of such subspace using its convexity radius and a dense enough sample

(Lemma [3.18)).

In Section 3.3 we define persistence modules and groups, and interleavings
between them. We show interleavings between homology and homotopy groups
constructed from Cech complexes by a geodesic subspace and a dense enough
sample, understanding such groups as persistences (Proposition , and we
conclude giving an isomorphism between fundamental groups of the geometric
realizations of different Clech complexes, paying attention to the critical values
of such persistences (Theorem , and an analogous isomorphism for the first
homology groups with coefficients in an abelian group (Corollary applying
Hurewicz Theorem [3.33]and the Universal Coefficient Theorem for Homology [A.25]
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3.1 Filtrations via Cech complexes.

Now we study how different Cech complexes form a filtration, that is, a nested
sequence of increasing subsets. We recall that the definition of C'ech complex was

given in [I.23]

Definition 3.1. The Cech filtration of a metric space (X,d) is the collection
of Cech complexes {€L(X,p)}pso with the inclusions iy, : €L(X,p) — €L(X,q),
for all 0 < p < q, that are identities on the vertex sets.

We say that K :=J, CL(X,p) is a filtered simplicial complez, where K, :=
= ¢L(X,p) for each p > 0.

We also see in the next results other inclusions different from this previous
definition, where the Clech complexes are for example of the form {€L(A,p)}pso
and {€L(X,p)}ps0 for A C (X, d), and therefore we can get inclusions of filtered
complexes €L(A, p) — €L(X,p) for each p > 0. On the other hand, we work
with two metrics on an Euclidean subspace X where one is greater than the other,
obtaining an important parameter, called the distortion of X, which leads to some
particular inclusions between Cech complexes, as shown in Corollary .

Lemma 3.2. Let a € Roy. For AC X C (M,d) and B C (M,d), where M is a
metric space with a distance d, we have the following two inclusions:

Ch(A,a) = C5(X,a)  CL(B,a) = €x(B,a).

Proof. On the one hand, €4(A, ) = {o C A | 3b € B such that d(b,a) <
<a Va€o}land €%(X,a)={c C X | 3b € B such that d(b,z) <a V€ o},
so since A C X, then every simplex ¢ C A is a simplex in X.

Hence, €4(A, a) — €4(X, ).

On the other hand, €¢(B,a) = {oc C B | 3a € A such that d(a,b) <a Vbe
€ o} and €4(B,a) = {oc C B | 3z € X such that d(z,b) < a Vb € o}, so since
A C X, then for every element a € A, we have that a € X.

Hence, €4(B, a) — €¢(B, a). O

Proposition 3.3. Let a € R.y. For A C X C (M,d), we obtain the following
inclusions of C'ech complexes, and therefore we have commutative diagrams.
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CLA ) FCL(A a)—FCL (X, a)
FU(A, o) CL(X, ) (M, )
CUX, a)—=CLHM, ) —=CL(M, )

Proof. We just replace the spaces X, A and M in Lemma accordingly, so that
we have the same inclusions as in this proposition.

]

We proceed giving definitions related to paths, since we will be working in this
chapter with a particular type of paths, which are the geodesics.

Definition 3.4. Let X be a topological space and I = [0,1]. A path in X is a
continuous map v : I — X, whose endpoints are v(0) and v(1).

A loop in X is a path v : I — X such that v(0) = ~(1).

The length of a path ~ is defined by

L(y) := sup Si_y [y (ti-1) — v(t)]

where the supremum is taken over all partitions P = {0 =tg, ..., t;, ..., ty = 1}
of 1.

A path v is called rectifiable if L(y) < oc.

The space X is path-connected if for any two points x,y € X, there exists a
path v : I — X connecting them, i.e, ¥(0) = x and y(1) = y.

From now on we follow the terminology of [5].

Definition 3.5. For a path-connected subspace X C R, we define the length
metric, or geodesic metric, on X by

dr(z,y) :==inf, L(y) forallz,y e X

where the infimum is taken over all continuous paths v : I — X connecting x
and y.

Remark 3.6. Since in the definition of length metric we take the length of a path,
which is the supremum of Euclidean metrics, we have that

di(z,y) > dg(x,y) forall z,y€ X.
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Now we detail how we must take samples of data when we are working with
a subspace X C R? that has both the length metric and the restriction of the
Euclidean metric.

If we want to define the restriction of the length metric on the sample A, then
A must be contained in X, since dj, is a metric specifically defined on X.

If we are working with the restriction of the Fuclidean metric on X C R?, and
we are just interested in a sample with the restriction of the Euclidean metric,
then it suffices to have A C R? (the same applies in a more general context where
X C (M, d)).

Corollary 3.7. Let o € Ryg. For A C (X, d), we have the following inclusions
of Cech complexes (although we will be particularly interested in the length metric
dy, of X, and its restriction to A).

CL(A, )
/ \
CYA, ) CL(X,a)
/
CUX, )

Proof. Follows from Lemma [3.2]
]

We now present an important sampling parameter, which is the distortion of
a subspace X C R? that has both the length metric and the restriction of the
Euclidean one. Intuitively, this can be understood as the best Lipschitz constant
K € R.q for the map [ : (X,dg) — (X,dr) where f(x) = z, since by definition

of f and by Remark B.6] dg(f(2), f(y)) = dg(z,y) < dr(x,y) for all z,y € X. So,
there must exist K > 0 such that dp(z,y) < Kdg(z,y).

Definition 3.8. The distortion of X C R? is defined by

dr(z,y)

6 = Supg#y m

forx,y e X.

The distortion is bounded below by 1, and bounded above by +o00, where both
bounds can be achieved.

Remark 3.9. We observe that by the definition of distortion being a supremum,

we have that 6 > di(z,y)
dE(:L‘a y)

for any z,y € X.
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We also have di(z,y) > dg(z,y) by Remark (3.6, so that we get the following
inequalities:

dg(z,y) <dp(z,y) < ddp(z,y) for all z,y € X. (3.1)

Now we give the statement of Dowker’s Theorem, which can be found together
with its proof in [2] (Theorem 3, page 4).
For a subset R C X x Y, the transpose of R, denoted by R”, is defined by
T ={(y,r) e Y x X | (z,y) e R} CY x X.

Theorem 3.10 (Dowker’s Theorem). Let R C R' C X xY be subsets, and RT | R'"
be the transpose subsets of R and R’', respectively.

Let i : N(R) — N(R') and i* : N(RT) — N(R'T) be inclusions, where
N(R) :=={oc € B(X) | Ty €Y such that (r,y) € R Vx € o} is the Dowker
simplicial complezx of R.

Then, there exist the homotopy equivalences |Ugr| : [N(R)| — |N(RT)| and
ITr|: [N(R)| — |N(RT)| such that the following diagram commutes up to homo-
topy (that is, |Tpi| o |i| = |iT| o |Tg|).

IN(R)| 1~ |N(R))|

o0 e

IN(RT) |k | N (R

Corollary 3.11. Let X C R with both the length metric d;, and the restriction of
the Euclidean distance dg, 0 be the distortion of X, A C X and a € R-y. Then,
there is the chain of inclusions

G (A, ) = CyF (A a) = Cx (A, da)

and the following homotopy equivalences and commutative diagram, up to ho-
motopy:

’CK;L (A7 O‘)‘C—> ’CK;E <A7 05)’(—> |C5§L (Aa 504)|

€45 (X, a)|— €47 (X, a)|— |65 (X, 6a)].
Proof. Since dp < d;, < ddg by Remark [3.6, we directly obtain such chain of
inclusions.

Then, to show the square on the left, let us define the subset R, := {(a,z) €
€eAXx X | dp(a,z) < a}, W1thtransposeRT ={(z,a) e X x A | (a x)ER }.
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Similarly, R., := {(a,2) € Ax X | dg(a,z) < a}, with R := {(z,a) €
€ X xA| (a,x)€ R}

Taking the Dowker complexes of such subsets, we obtain directly the Cech
complexes we need:

N(R,) :={0 C A | dr € X such that (a,z) € R, VYa€o}=
= {0 C A | 3z € X such that d;(a,2) <o Va € o} =EC (A a).

N(RL):={0c C X | Ja € A such that (z,a) € RI Vreo}=
= {0 C X | 3a € Asuch that dy(a,z) <o Vz€o}=F€%(X, a).

Similarly, N(R.) = €% (A, a) and N(RT) = €{*(X, ).

Since dg < d, by Remark we have that R, C R/, C A x X, together with
the inclusions 7 : N(R,) < N(R.) and i" : N(RL) — N(RT).

Therefore, we apply Dowker’s Theorem and get the commutative diagram
corresponding to the left square, together with the homotopy equivalences

65" (A, )| = |€5" (X, a)] and |67 (A, a)| = |€5° (X, a)].

To show the square on the right, we can define the subset Ry, := {(a,z) €
€ Ax X |dp(a,z) < da}. Since dy, < ddg, we have that R/, C Rs, € A x X and
by applying Dowker’s Theorem [3.10]to these two subsets, we get the commutativity
of the right square and the homotopy equivalence

|G (A, 6a)| = |Eh (X, ba)l.

]

3.2 Convexity radius: geometric reconstruction
of geodesic subspaces.

Here we define geodesic subspace and we reconstruct the homotopy type of such
subspace using its convexity radius and a dense enough sample (Lemma [3.18]).

Definition 3.12. A subspace X C R? is a geodesic subspace if for any two
points x,y € X, there always exists a rectifiable path v on X connecting them such
that L(v) = dr(z,y).

We call such path v a length-minimizing geodesic, or simply a geodesic.

Example 3.13. Manifolds are a particular case of geodesic subspaces.
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We introduce now the concept of convexity radius in a geodesisc subspace. This
is an intrinsic property of geodesic spaces, and determines which is the largest
possible radius such that we have the property of being geodesically convex in
a local neighborhood of such geodesic space (a space is geodesically convex if for
every two points in such space, there exists a unique geodesic connecting them that
lies entirely inside such space, and that is continuous with respect to its endpoints).

Definition 3.14. The convexity radius of a geodesic subspace X C RY is the
supremum of all the real values r > 0 with the following two properties: for any
e X andyy,ys € B¥(x,7),

1. there exists a unique length-minimizing geodesic v joining y, and ys, and y
lies entirely inside B (x,r);

2. this unique geodesic is continuous with respect to its endpoints.

Lemma 3.15. Let X C R? be a geodesic subspace and {BY (z,7)}pex, for v >0,
be a collection of geodesically convex subspace balls. Then, such collection forms
a good cover of X.

Proof. Tt is clear that { B (x,7)}zex forms a cover of X, and each BY¥ (z,r) C X
is open.
Now, for each subspace ball, we define a homotopy by the following way :

H : B¥(xo,7) x I = B%(xo,7); (x,t) — ~(t) geodesic from z to xg

where H is continuous and well-defined, since (t) is continuous with respect to

its endpoints, and (t) is contained in BY¥ (zo,7) as it is geodesically convex. We

have that H(z,0) = v(0) = 2 = idBdL(xO r)(x) and H(z,1) = (1) = 29 = ¢z ()
X )

for every x € BEZ(L (xo,7), where ¢, denotes the constant map. Hence, B;i(L(xo, T)
is contractible (as defined in Appendix Al).

We check that finite intersections of geodesically convex balls are contractible,
in the case of being non-empty. We fix a point y € N*_, B¥ (z;,7), and we define
a homotopy

k k
H:N B (z,7) x I — N B (z;,7);  (x,t) — (t) geodesic from z to y
=0 1=0

where H is continuous since 7(t) is continuous with respect to its endpoints,
and ~(t) is contained in every ball that contains both x and y, since each ball is
geodesically convex, hence 7(t) is contained in a finite intersection of these balls
(this implies that (F_, B (x;, 1) is geodesically convex), so H is also well-defined.
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We have that H(z,0) =v(0) =z =id_, B (s, T)(a:) and H(xz,1) =~(1) =
=0 TX b

=y = ¢,(z) for every x € Ny BY (7).
Hence, N*_, BY¥(x;,7) is contractible, so { B (x,7)}ex forms a good cover
of X.
[

Definition 3.16. Let X C R? be a geodesic subspace and s € R, then A C X is
an s-dense subset if for every x € X there exists a € A such that dp(x,a) < s.
Or equivalently, if {Bgf(a, S)}aca is a cover of X.

Remark 3.17. [t is interesting to notice that having an s—densisubset AC X,
implies that the directed Hausdorff distance (Definition 2.15) is dg(X, A) < s.

The following lemma consists of a geometric reconstruction result for geodesic
subspaces ([5], Lemma 2.7):

Lemma 3.18. Let X C RY be a geodesic subspace with the length metric dy, and
positive convexity radius p. Let A be an s-dense subset of X, where 0 < s < p.
Then, € (A, s)| is homotopy equivalent to X .

Proof. Since A C X is s-dense, we have by definition that {BY (a,5)}aca is a
cover of X.
Since s < p, the definition of convexity radius implies that each ball B (a, s)
is geodesically convex, hence by Lemma [3.15, {B% (a, 5)}aca is a good cover of X.
Identifying €e-(A, s) with the nerve complex of {B%(a,s)}sca (as done in
Example and applying the Nerve lemma [1.20] we get that

6" (A, 8)] =~ X.
0

3.3 Persistences: homotopy and homology groups.

In this section we define persistence modules and persistence (abelian) groups,
and interleavings between them. We show interleavings between homology and
homotopy groups induced by Cech complexes constructed from a geodesic sub-
space and a dense enough sample, and we understand such groups as persistence
groups (Proposition. We conclude giving an isomorphism between fundamen-
tal groups (Theorem and an analogous isomorphism for the first homology
groups with coefficients in an abelian group (Corollary [3.34).

Definition 3.19. A persistence module M is a set of vector spaces { My }ier so
that for each s <t € R there is a linear map pp(s,t) : Mg — M, such that for all
r<s<teR, pu(tt)=ridy, and pu(r,t) = pu(s,t) o u(r,s).
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Definition 3.20. A morphism of persistence modules f : M — N is a
collection of morphisms {f; : My — Ni}hier such that for every s < t € R, the
following diagram commutes

MS YMm (Svt) Mt

lfs lft
QDN(Svt)

Ny, —= N;.
Example 3.21. The homology groups with coefficients in a field F, denoted by
H,(_,F) forn =0,1,2,..., are vector spaces, and therefore persistence modules

(we discuss this in Appendiz A2, in particular in Remark .

We can also define persistence abelian groups by taking abelian groups
instead of vector spaces, and by taking homomorphisms ¢(s,t) as the morphisms
verifying the same conditions as for the case of persistence modules. We can
consider as persistence abelian groups the simplicial homology groups H,(|K]|)
for an abstract simplicial complex K, the singular homology groups H,(X) for a
topological space X, the homology groups with coefficients in an abelian group
G, H,(_,G), and the homotopy groups for higher dimension 7,(_,e), since for
n > 2 these are always abelian ([9], page 340). We present homotopy groups and
simplicial and singular homology in Appendix A2.

Moreover, we can define persistence groups by taking groups (without hav-
ing to be abelian) as the persistence objects, and homomorphisms ¢(s,t) as the
morphisms like for the case of persistence modules. We can consider the fun-
damental group m;(_,e) as a persistence group. The fundamental group is also
defined in Appendix A2.

However, in the definition of persistence modules we work over all real numbers,
but for the homology or homotopy groups of Cech complexes we only take values
greater than zero. Hence, we establish that if 0 > ¢ € R, then M; = 0.

We use the term persistences when we are including persistence modules and
persistence (abelian) groups.

Definition 3.22. Ford,e > 0, a (0, €)-interleaving between persistences { At }rer
and { B }ier consists of a collection of morphisms f; : Ay — Byis and g5 : By —
— Agsie such that the following diagrams commute:

Bs i> Aere At i> Bt+6
fste gt+6s
YB (s,8+6+5) YA (t7t+6+6)
Bs+e+5 At+6+e

and in case of having s < t, the following two diagrams also commute:
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Bs i> As+e As $’ Bs+5
[cma(s,t) Jw<s+e,t+e> Jsm(s,t) Jw3(8+5,t+5)
t ft
Bt $ At+€ At —_— Bt+5.

Also, we can denote As(€) := Agye and B(d) := Byis.

For X a geodesic subspace, A C X an s-dense subset and B C X, we present in
the following Proposition , a (0, s)-interleaving between the persistence groups
{7 (|CE (A, p)|, ) }pso and {7, (|E5 (X, p)|,®)}ps0, and a (0, s)-interleaving be-
tween { Hy (|64 (A, p)|) byo and {H, (1655 (X. p)]) by, for any n > 1.

But it order to prove such result, we need to introduce contiguous simplicial
maps together with the well-known result Lemma M (whose classical proof can
be found in [19], Chapter 3.5, Lemma 2):

Definition 3.23. Two simplicial maps F,G : K; — Ky are contiguous if for
every simplex o € Ky, F(o)UG(0) is a simplex in K,.

Lemma 3.24. If .G : Ky — K5 are contiguous simplicial maps, then
|F|, |G| : |Ki| — |K2| are homotopic.

The next result is from [23] (Proposition 3.3), in a new version for Ceech com-
plexes, with a different proof working at the level of simplicial complexes and for
homology and homotopy in higher dimension.

Proposition 3.25. Let X C R? be a geodesic subspace, A C X an s-dense subset
with a base point ¢ € A, B C X (although B would typically be X ) and p > 0.
Then, we get the following commutative diagrams for any n € N:

0" (p,p+s)

(|5 (A,p)], @) Ta(| €5 (A p+s)| @)

V7\'7L7A
imn JA P ;T JA
P p+s

(|65 (X, p)l, ) (| €5 (X, p+ 5)], 0)

©X* (p.pt+s)

and

. ©a" (pp+s) .
H (65" (A,p))) ———— Ha(|€5" (A, p + 5)))

VHn,A
Hp,A P ,L'Hn,A
Zp p+s

H, (165" (X, p)]) H,(1C5" (X, p+5)))

N (pp+s)
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Proof. The idea is to prove that both the upper and lower triangles of the two
diagrams commute, and so the two whole diagrams are commutative.
We first define a projection map from the vertex set of ‘KgL (X, p) to the vertex set
of €4 (A, p + s), by the definition of A being an s-dense subset of X

7: X = A v 7w(x) st dp(r,m(z)) < sand w4 =ida.
Now we define the following simplicial map:
v G5 (X, p) = 65 (A,p+5)

such that for a simplex o € ‘KgL (X, p) we have that o C X so that there exists an
b € B with dp(b,x) < p for all 2 € 0. We define the image of o to be v;'(0) :=
={m(x) | x € c},so that there exists an b € B with d (b, m(x)) < dp(b,x) +
+d(z,m(x)) < p+ s, for all 7(x) € v}(0). Hence v'(0) € Car(A,p + s).

For the upper triangle, we have the following diagram at the level of simplicial
complexes:

Gl (A, p)— 22Tl 4 p oy s)
z';;‘ V’?
Cak (X, p)

where @4 (p, p+ ) is the inclusion from the filtration of {€5* (A, p)},=0 and i
is the first inclusion of Lemma [3.2] for o = p.
We can compose 4 with 1}, getting v/ 0i! : Ca(A,p) — € (A, p+s), where
o € Cit (A, p) goes to (v oid)(0) = o (since w4 = ida).
A

Hence, v’ o i? = @a(p,p + s), so this upper triangle is commutative, with

(u;;‘ o z';‘) and p4(p,p + s) inducing equal maps on the homotopy and homology

groups.
So for any n, we can denote such homomorphisms by V;r”’Aoz';r”’A =W (p,p+s)

for the homotopy groups and =4

p oy = ©{" (p, p+5) for the homology groups.

For the lower triangle, we have the following diagram at the level of simplicial
complexes:

i (A,p+s)
iA
p+s

dr, dr,
Cp (X,p)<—>¢x(p7p+s) g (X,p+s)
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where @x(p,p + s) is the inclusion from the filtration of {€a"(X,p)}ps0 and s
is the first inclusion of Lemma [3.2] for o = p + s.
We compose v with i, ., getting id,, ovA : €4 (X,p) — Ch*(X,p+s) where

o € (X, p) goes to (it s o) (o) = vit(o) € Eor (X, p+ s).

We want to show that (i}, o v;') and @x(p,p + s) are contiguous. In order

to do so, we have to show that 1/!(c) U o is a simplex in Ca(X,p + s), for every
simplex o € €p" (X, p).

We procede taking a point b € B such that for any x € 1/;)4(0) U o, then we
have either © € V;‘(U), which implies dp(b,z) < p + s; or z € o, which implies
dp(b,z) < p < p+s. Therefore, v4(0)Uo € €o4(X,p+s) for any o € €4 (X, p),

P
so (i, ovit) and @x(p,p + s) are contiguous.

By Lemma it ot ~ |ox(p,p + s)|, and by Propositions such
homotopic maps induce equal maps on the homotopy and homology groups . So
for any n, we can denote the homomorphisms between the homotopy groups by
i;ifoyg"”“ = ¢ (p, p+s), and iﬁs’Aoy]{{"’A = " (p, p+s5) for the homomorphisms
between the homology groups.

O

We proceed to define piecewise linear paths in abstract simplicial complexes
and to discuss how they are determined by a sequence of vertices.

Definition 3.26. Let K be an abstract simplicial complex with vertex set V. Let

f 1 — |K| be a path such that there exists a sequence of vertices vy, ..., v € V,
and a subdivision 0 = ag < ... < ap = 1 of I, so that for everyi = 0,...,k we
have:

1. f(al) = ;.

There, f(a;) is a map f(a;) : V — I such that

o=y 0

and o € |K| is a vertex if there exists v; € V such that a(v;) = 1, where for
any other v € V. with v # v;, a(v) = 0. So we can write o = v;.
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2. f(1—=t)a; +taiy1) = (1 —t)v; +tvisr  forallt € I, where

(1—t) ifv=n1y
(1=t +tvgr)(v) =<t ifv=v4
0  otherwise.

Such f is called a piecewise linear path.

Piecewise linear loops are defined in an analogous way as for the case of usual
loops. Moreover, two paths are path homotopic if they are homotopic relative to
the subspace {0,1}, as defined in Appendix A2.

Proposition 3.27. If two piecewise linear paths go through the exact same ver-
tices, following the same order, then they are path homotopic.

Therefore, we can say that the sequence of vertices uniquely determines the
piecewise linear path, up to path homotopy.

Proof. We take two piecewise linear paths f,g : I — |K| through the vertices
Vo, ..., Vg, and two respective subdivisions of I given by 0 = a9 < ... < a = 1
and 0 =0y < ... < b =1, so that f(a;) = g(b;) = v;.

Then, the map h : [ — I defined by h((1 — t)a; + ta; 1) = (1 — t)b; + thiyq,
is a reparametrization such that f = g o h, and since both paths have the same
endpoints, we obtain f ~ 1} g. O]

Definition 3.28. Let X C R? be a geodesic subspace and A C X.
An l-loop is a piecewise linear loop L : I — |€%(A,p)|, forp > 1 > 0,

determined by a sequence of vertices ay, . ..,ar = ag € A with di(a;,a;41) <1, for
alli=0,...,k.

A filling of an l-loop L : I — ]%}L(A,pﬂ is a loop v : I — X obtained by
connecting a; to a;y1 by a geodesic, for every i =0,.... k.

An r-sample of a loop~y : [ — X is a choice 0 <ty < ... <ty <1 withy(t;) €
A fO?” all i: ’7([ti—17ti+1]) - B;l(L (’y(ti),T), 7([07t0] U [tm—17 1]) - B?(L (V(tm)v T) and
Y([0, 1] U [tm, 1]) € BZ(v(to), 7).

An r-sample of a loop v : I — X induces an r-loop determined by the vertices

Y(to),- - Y(tm) = Y(to) in €K (A, p).
The next result is from [25] (Proposition 3.2 (4)).

Proposition 3.29. Let X be geodesic, A C X and p > 0.
Given a loop v : I — X, then two r-loops induced by any two r-samples of
are path homotopic in | €= (A, p)|.
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Proof. Consider two r-samples 0 <ty < ... <t, <land0<¢j<...<t , <1
We claim that each of the r-loops induced by them are path homotopic to the
r-loop obtained by the r-sample {t;}, U {t/}7",, and since being homotopic is a
transitive property, both r-loops are path homotopic between them.

Using induction, we can add one element at a time, so, it suffices to prove the
following claim: given an r-sample a determined by 0 < s9 <,...,< s < 1 and
y € [0,1]\{s:}¥_,, the r-sample o/ obtained by adding y to the collection {s;}¥,
induces an r-loop, denoted as well by «', which is path homotopic to the r-loop
induced by «, and which we denote as well by «.

In order to prove the claim, we consider two cases:

o if y € (s;,8;41) for some i, then both r-loops are identical except for the
interval [s;, s;41]. Hence, the path homotopy required by the claim is induced
by the triangle consisting of the vertices {7(s;), 7(¥),v(si11)} in C=(A, p)
(since {7(s:),7(y), ¥(si11)} € A and all of them are in the ball B (v(y), p)))-

We denote such triangle by 7', and since T' is contractible, every path in T’
is homotopic to a point. Hence, the paths « [siy8i01] = T
are path-homotopic.

/ .
[56,8i41)s X |[s4,8441] *

That is because idr ~ ¢, for ¢;, : T — {xo} C T the constant map, and
if we have a path v : I — T, then ¢,, = ¢, 0y : I — {zo} is the constant
path. Clearly, idy oy =, so

Cog = Cgy Oy X idp oy = 7.

o Ify & (s4,5i11), then the triangle {v(so),v(y),v(sx)} does the job.

Definition 3.30. Given a persistence {Ai}ier, we say that ¢ > 0 is a:

e left critical value, if for all small enough € > 0 the morphism
palc—e,c): Aeee = Ac is not an isomorphism;

e right critical value, if for all small enough € > 0 the morphism
palc,e+e): Ae — Acye is not an isomorphism.

We call ¢ > 0 a critical value if it is either of the above.

For X a geodesic subspace and r > 0, let ¢ be the largest critical value of the
persistence {7 (|G (X, p)|, ®)}p»0, that is smaller than 7 (if no critical value is
smaller than r, we set ¢ € (0,r)) such that there are no critical values in (¢, r].
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Therefore, for all € > 0 such that ¢4+ ¢ < r, ¢+ ¢ is a non-critical value, so we
can pick an ¢ > 0 such that % (c+¢& —&',7) : (| (X, c+e—€)|,0) —
— 1 (|€E (X, r)|, e) is an isomorphism.

Hence, we can pick ¢ > 0 very close to ¢, making ¢% (¢, r) an isomorphism.

The following theorem is based on Theorem 4.2 and Proposition 4.1 in [23],
but for the case of C'ech complexes.

Theorem 3.31. Under the conditions above, let A C X be (r — )-dense, with
e c A. Then,

(% (A, )], e) — m (68 (X ) 0)

.
is an isomorphism.

Proof. First we notice that every loop in | K|, for K an abstract simplicial complex,
is path homotopic to a piecewise linear loop ([27], Theorem 3.6).

By Proposition for B = X and n = 1, we have the following commutative
diagram:

(| €x" (A, )], »)

Vﬂ'l,A
/ i T1.A
17‘

W1(|%;L(chl>|’.) 7T-1(|Cg)(§L(*X7T>|7.)

ey ()

and % (¢, r) being an isomorphism implies that 74

is surjective.

To show that i™+4 is injective, we need to prove that 1/;51”4 is surjective, because
for such commutative diagram, if 1/;51"4 and ™4 are surjective and % (c,7) is
injective, then i™4 is injective.

We take an r-loop Ly : I — |6 (A, r)| representing an equivalence class on
(€4 (A, r)], ), and determined by the vertices ® = ag,...,a;, = € A.

Let v : I — X be a filling of Ly, so that we take a ¢’-sample of  such that no
vertex of ~y lies in the midpoint of 7;, where ~; is the geodesic segment of v between
a; and a;,1. Hence, we can consider the ¢-loop induced by such ¢-sample, and we
denote it by L.

Now, L : I — |44 (X, )| is a ¢-loop such that v/5* maps each vertex of L
on v; to the closer endpoint of v;, which is either a; or a;,;. This implies that L
is mapped to L4 with repetitions of points, so the image of L under 1/;51”4 is, for
example, given by e = ag, ag, ai,as,as,...,ar = ® € A, which is the composition
of paths (as defined in Appendix A2) [ag, a] * [ag, a1] * [a1, az] * ..., where [a;, a;]
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denotes the path from a; to a;. Moreover, if i = j, then [a;, ;] is the constant
path &, and ¢,, * [a;, a;] is path homotopic to [a;,a;]. We can also write L4 as
the composition of paths [ag, a1] * [a1, as] * ... % [ax—_1, ag]. Therefore, the image of
L under v/5* is path homotopic to Ly in | (A, r)], so v3"* is surjective.

We proceed showing the injectivity of 2”1 A Since i74 is surjective, for all [L'] €

(| €& (X, 7‘)| o) there exists [L4] € m (|€% (A )], o) such that im™4([L4]) = [L],
and since v, is surjective, let

[La)=v2" (L)) and  [La) = 02" ([La]) in m(6¥ (A7) e) (3:2)

with [Ly], [Lo] € m (|2 (X, )], e). )
1637 A([La,)) = i74([Lay)) € m(1€5E (X, 7)), @), then by (8.2), i A3 ([L4])) =

A (74 ([ Ly))), which by the commutativity of the diagram is % (¢/, 7)([L1]) =

=T o

= o (d,r)([L2]), and since ¢} (¢/,r) is in particular injective, we have that
[L] = [LQ] Then, since 3" is well-defined, v5"*([L1]) = v2**([Ls]), which
by

C

is precisely [La,] = [L Ay )- O

Definition 3.32. For a group H, a subgroup N of H is a normal subgroup if
hnh=t € N, for allh € H andn € N.

The commutator subgroup of H is the smallest normal subgroup such that
the quotient group of H by this subgroup is abelian. It is denoted by [H, H|, and it
is generated by all commutators, i.e, elements of the form [g,h] .= g~'*h~1gh, for
g,h € H.

The abelianization of the fundamental group of a topological space can be
identified with the first homology group of such space. This is shown in Hurewicz
Theorem (][9], Theorem 4.32).

Theorem 3.33 (Hurewicz Theorem). If X is a path-connected space and n > 1,
then there ezists a group homomorphism h, : m,(X) — H,(X).
Moreover, for n =1, such homomorphism induces an isomorphism

b A (X)) =

between the abelianization of the fundamental group and the first homology
group.
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Corollary 3.34. Let X be a geodesic subspace and A C X be (r — ')-dense with
(r—c) <r/2 for the same conditions as in Theorem and let G be an abelian
group. Then,

i) Hi(|6R5(A )| G) — Hi(|6RH (X, 7)) G)
is an isomorphism.

Proof. By Theoremwe have that i™4 : 7y (|G (A, 1)], @) — m (|G- (X, 7)), )
is an isomorphism.

Then, we define an isomorphism between their commutator subgroups as fol-
lows:

for any [g,h] € [m (|Ex"(A,7)], 0), m (1" (A,r)|, )], then i7+A([g, h]) =
= [Z.;rl’A(g% Z.:I’A(h)] < [W1(|%;L (X7 T)|7 .)7 7T1<|(€)(§L (X’ r>|’ ')]

And for any [g, ] € [r1 (€4 (X, )], o), ma([€4 (X, 7)], )], then [(i714)~1(g),
(7o)~ (W) € [m(|CR" (A7) @), m(1ER" (A, )] o).

So, the quotients of such fundamental groups by their respective commutator
subgroups, are isomorphic between them, and we denote them by Ab(m(_,e)):

Ab(mi (|6 (A, )], @) = Ab(mi (|65 (X, )], ) (3.3)

The subspace X is geodesic, which implies being path-connected. Hence,
|G (X, r)| is also path connected.

Let a; and ay be two arbitrary points in |€e% (A, r)|, and since A € X and
|6 (X, r)| is path-connected, there exists a piecewise linear path Ly : I —
— |6 (X, 7)| connecting a; to ay. There exists a vertex ' in Ly such that
dr(ay,z') =r— ¢, and since A C X is (r — )-dense, there must exist an element
a' € A such that dp(x',a') < r — ¢ and hence dr(a,a') < 2(r — ). We can
take such a' as the next vertex in a piecewise linear path in | (A, )| connecting
a; with as. We continue on the path Ly until we find a point 2% such that
dr(z? a') = r — ¢, so there must exists a®> € A such that dp (22, a?) < r — ¢ and
dr(a,a?) < 2(r — ). We repeat the process until we find z* in Lx such that
dr(zF,as) <r —¢.

Then, we have obtained a piecewise linear path Ly : I — |‘€)‘§L(A, r)| given by
the vertices a1, a', a?, ..., ay such that the distance between consecutive vertices is
less than 2(r — ¢) < r, by hyptothesis. So |£%"(A, )| is path-connected.

By Hurewicz Theorem [3.33]

Ab(mi (|65 (A, )], #)) = Hi(|€5" (A,7)])

and
Ab(my (|€3 (X, 7)], 0)) = Hy (|€X (X, 7))
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so from (3.3), Hi(|€x"(A,r)) = Hi(|€x" (X, 7))).
And finally Corollary in Appendix A2 gives us that

H, (|65 (A.r)]; G) = Hi(|6¥ (Ar))) © G

and
Hy (|63 (X, r)|; G) = Hy(|€3- (X, r)) © G

so that we obtain the desired isomorphism between the first homology groups
with coefficients in G.
O
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Chapter 4

Example: the square.

We want to study a particular example of a Euclidean subspace whose reach is 0,
where our results from Chapter 2 cannot be applied (as in most cases we are not
able to find radii in order to construct subspace balls and get a good cover). This
space is going to be the square.

However, we find that for a simple case where the balls have centers inside the
square and these centers are selected in such a way that they are at a particular
distance from their consecutive one, and the radius is the same for every ball, then
we can reconstruct the homotopy type of the square. We also present different
counterexamples, and we finish with a different approach where the square is con-
sidered as a geodesic subspace, with other sampling parameters rather than the
reach (like the convexity radius), and so we can find a good cover that reconstructs
its homotopy type. We also work with the thickening of the square in the cases
where the centers of the balls are outside the square.

Let X be the square, that is, the boundary of [0,1] x [0,1] C R? with the
restriction of the Euclidean metric, and let O be the geometric point situated in
its center. The two diagonals form the set Y (Definition of all points y € R?
such that there exist xy, 2o € X with d(z1,y) = d(xs,y) = d(X,y). Hence, its
closure Y is the two diagonals with their four end points as the vertices of the
square. So the reach 7 = d(X,Y) is zero.

CASE 1: CENTERS OF THE BALLS IN THE SQUARE AND EQUAL
RADII.

Let A = {ay,...,an} C X where ||a; — a;41]| = 1 > 0 for every a; € A, such
that {Bge(ai,7) N X}aea is a good cover of X (and therefore » must be bigger
than L so that X is covered).

Then, by the Nerve Lemma [1.20}
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IN({Bg2(a;,7) N X}aea)| =~ X. (4.1)

We now take the collection of balls {Bgz2(a;,7)}e,ca with A as before. Since
they are convex and finite intersections are again convex, by Proposition [I.21] we
have a good cover of the union of such balls, and by the convex version of the
Nerve Lemma [1.22], we have

|N({Bg2(a;,7) }aen)| =~ U Bgz(a;, ). (4.2)

It is known that arbitrarily small perturbations in the location of points can
have serious effects on the topology of the simplicial complexes, that is why the
nerve of a cover is not always homotopy equivalent to the nerve of another similar
cover.

We want to study when the nerve of { Bgz(a;, 7)NX }4,e4 is homotopy equivalent
to the nerve of { Bre(a;,7)}a,ca by determining the radius r.

7

By Figure , sindd = %, hence r =

Figure 4.1: Case 1

[
So if r € {0, Vol then the two nerves are equal, because each simplex in

N({Bgz(a;,r) N X },,ca) with vertices two lines in the square L; := Bgz(a;,7) N X
that have non-empty intersection, corresponds to a simplex in N ({ Brz(a;, ) }a,c4)
with vertices the correspondent open balls Bgz(a;, ) which do also have non-empty
intersection. By renaming in the nerve complexes the line L; in the same way as
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the open ball Bgz(a;,r) for each i, we get the same vertex sets and the same
simplices (as explained more generally in Example [1.24)).

Therefore, N({Bg2(a;,7) N X }a,ea) is equal to N({Bg2(a;,7)}a,ea) when
0<r<—, forl=|a —a] for all a; € A.

V2

l
Following the notation of Figure , if r > E but small enough so that

{Bgz(a;,7)}q,e4 does not cover completely the interior area of X, then we see in
Figure Fl:Zl that the subcomplex with vertices the lines L;, L;;; and L; ; in the
nerve complex of { Bgz(a;, 7)NX }4,e4 is contractible, and the simplex with vertices
Bgz(a;, 1), Brz(ai+1,7) and Bgz(a;—1,7) in the nerve of { Bgz(a;, 7)}a,ca, is a filled
triangle, and also contractible.

ir_—.

In N({Bg2(ai, 1) },ca) In N({Bg2(ai, r) N X}, ca)

Figure 4.2: Nerves case 1
Therefore, they are homotopy equivalent, and | N ({ Bgz(a;, 7) }a,ea)| =~ |N({ Bgz(a;, r)N

N X}aea)l-
So, by (4.1) and (4.2)),
X ~| ) Bre(a;,r)

or equivalently by identifying N ({ Brz(a;,7) }a,ea) with G2 (A, 1), X ~ |GR2(A, )]

A counterexample that we can present when the radius is too big and { Brz(a;,7) }4,c4
covers completely the interior area of X, is Figure [£.3] where we take A C X as
the set of the four vertices of the square, so that [ =1 and r > %

Here we have that N({Bg2(ai,7)}e,ca) is the tetrahedron with its interior,

which is contractible and hence homotopy equivalent to a point; while N ({ Bgz(a;, )N

N X }a,ea) is just the square, and therefore is not contractible.
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Figure 4.3: Counterexample case 1

CASE 2: CENTERS OF THE BALLS IN THE SQUARE AND DIF-
FERENT RADII.

Following the reasoning of Case 1, we find the following counterexample where
A C X consist of the four vertices of the square.

Figure 4.4: Counterexample case 2
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According to the notation of Figure [4.4] we have the two following nerve com-
plexes

N({Brz(ai,7i) fa;ea) = {{B1, Ba}, { B1, Ba},{ Ba, B3}, { B3, Bo},{ B1, B3}, { B1 }, { B2},
{Bs},{Ba}}

N({Br2(as,7:)NX }a;ea) = {{L1, Lo}, {L1, La}, {La, L3}, { L3, Lo}, { L1}, { Lo}, { L3}, {La}}
which can be represented by Figure 4.5

Bl B2 L1 L2

By B3 Ly Ly

Figure 4.5: Nerves case 2.1

The first one are two triangles, homotopy equivalent to two circles touching at
one point, and therefore its fundamental group is a free group (defined in Appendix
A2) with two generators. The second nerve is the square, which is homeomorphic
to the circle, and therefore its fundamental group is a free group with one gen-
erator. So, the fundamental groups are not isomorphic between them, and the

geometric realizations of the nerve complexes cannot be homotopy equivalent (by
Proposition |[A.18]).

Such counterexample can also happen at a more local level, when we have a
hole in the union of Euclidean balls. We take A C X, with no further conditions
on the distance between its consecutive points.
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Figure 4.6: Counterexample case 2.2

As seen in Figure[4.7] the subcomplex in N({Bg2(a;, ;)N X }4,e4) with vertices
the lines Li, Lo, L3 is contractible, whereas the simplex in N ({Bgz(a;, ;) }a;ea)
with vertices By, By, Bs is a non-filled triangle, and therefore is not contractible.
So these two nerves are not homotopy equivalent.

Bl B2 Ll LQ

B3 L3

Figure 4.7: Nerves case 2.2

CASE 3: CENTERS OF THE BALLS IN THE SQUARE OR ON ITS
PROXIMITY, AND EQUAL RADII.

In this case we want to show that the thickening of the square is homotopy
equivalent to the union of some Euclidean balls, and that the square is a defor-
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mation retract of such union of balls, therefore, the square and its thickening are
homotopy equivalent. However, that fails, because we find collections of balls
whose nerve is not homotopy equivalent to the nerve of such balls intersected with
the thickening.

Let X be the square and let

X" :={peR*|d(p, X) <r} (4.3)
be the thickening of X, where 0 < r < i.
1
We take A C X" and ' € (7H(XT, A), 4) such that {Bgz2(a;,7") N X" }4.ea is

a good cover of X7,

We also take the collection of balls { Bgz(a;, ') }4,ea forming a good cover of
Uaica Brz(ai, ).

The union of such Euclidean balls can present holes, hence we have the following
situation:

R

Figure 4.8: Counterexample case 3

which is the same as in the previous counterexample [4.6]

Nevertheless, for this case of equal radii, we have seen in [I] a corollary (Corol-
lary 6.6) which applied to a long exact sequence of homology groups constructed
from [9] (page 117), can give a (0, €)-interleaving between the persistence groups
H,(|€x(A,r")]) and H,(|Gr2(A,r")]), for n € N, where € seems to take the value
log2. So, if we have more time to work on it and formalize it better, we could
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conclude that even though the nerve complexes N({Bg2(a;,r") N X" }4,c4) and
N({Bgr2(a;,r")}a;ea) are not homotopy equivalent, they are very close in terms
of their homology, understanding their homology groups as persistence abelian
groups.

CASE 4: CENTERS OF THE BALLS IN THE SQUARE OR ON ITS
PROXIMITY, AND DIFFERENT RADII.

This case leads to the same counterexample as in Case 3, just setting the radii
of { Bgz(ai, i) }a,ca as jH(X’”,A) <r; <dg(O,a;), for each i.

CASE 5: GENERALIZATION.

We show that for other figures with reach 0, we can also find a counterexample,
and therefore this reconstruction approach is difficult to generalize.

We take the rhomboid, whose reach is 0 by the same argument as for the square.
The following picture shows that we can find balls that cover the space, but whose
union contains holes, and therefore the nerve of such collection of balls would not
be homotopy equivalent to the nerve of the balls itersected with the rhomboid, as
seen in detail in the counterexample of Figure [£.6]

CASE 6: SQUARE AS A GEODESIC SUBSPACE.

Now we consider the square X = 9([0,1] x [0,1]) € R? as a geodesic subspace.
In particular, it is an embedded metric planar graph, that is, a subset of R? that
is homeomorphic to a 1-dimensional simplicial complex, where the length metric
dy, is the shortest path distance on X.

The square X has a finite number of vertices, so since b = 4 is the length of
its shortest simple cycle (that it, a loop that passes only one time through each
vertex), then, in [5] it appears that the convexity radius is given for this case by
the formula p = g =1.

We take an s-dense subset A C X, whose points are going to be the centers of
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the balls that form a cover of X, and such balls have all equal radii s. We choose
stobe 0 < s < p=1. By definition of s-dense subset, the collection of open
intervals {B% (a;,5)}q,ca is a cover of X, and by Lemma |6 (A, s)| ~ X,
or equivalently, |N({B% (a;,5)}a,ea)| =~ X.

Hence, we have successfully achieved a geometric reconstruction of the square
X, since we have found a simplicial complex %;L (A, s) whose geometric realization
has the same homotopy type as X.

1
Let now X" be the thickening of X, as defined in 1} with 0 < r < 1 and
convexity radius p. We understand X" as a geodesic subspace, so that we can take
an s-dense subspace A C X", with 0 < s < p, such that {B% (a;, s)Ya,ca is a good
cover of X”. By Lemma and by definition of good cover, we get:

€8 (A, s)| =~ X", | B¥%(ai,s)= X" (4.4)

a;EA

y=1+r,—r
de(®,9) = [|(r,7) = (=, L) [+ lI(r,r) = (L + 7, —7)|| = 2/ 4r2 + 1 v=I )

de(Z,9) = ||(142r,—1 — 27r)|| = V2(1 + 2r)

Figure 4.9: Case 6
Now we define the map f : X" — X such that f(p) := s X, where s is the
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half-line with the geometric point O placed in the center of the square as its initial
point, and that passes through p € X". It is clear that f restricted to X is the
identity in X, so we just have to show that f is continuous in order to be a retract.
Hence, for any closed interval J C X, we have to check that f~1(J) C X7 is closed.

By Figure [4.9] the preimage of J is R := C'N X", where C is the cone from O
including J, and C' C R? is closed. Therefore, R is closed in X" (since X" C R?
has the subspace topology, so if C' is closed in R?, then C'( X" is closed in X™).

We can also consider X" C R¢ with the restriction of the Euclidean metric dp,
and following the notation of Figure the distortion of X" is

5 sup,,, @Y @y I 242 +1)
T dp(a,y) — de(E,9) - V2(L+2r)  142r

and from the inequalities dg(z,y) < dp(z,y) < ddg(x,y) presented in (3.1]), we
deduce that since the distortion is finite, then the metric topology in X" induced
by dj is the same as the metric topology in X" induced by the restriction of
the Euclidean distance. So, the geodesic 7(t) between two close enough points
x,y € X" is precisely the straight line segment tx + (1 — ¢)y. Hence, the square
X is a deformation retract (defined in Appendix A1) of its thickening X" by the
following homotopy relative to X:

H:X"xI— X" (p,t)—=~(t)=1tf(p)+ (1 —1t)p.

So, by Proposition , X is homotopy equivalent to X". Finally, by , we
obtain that
U B%(ai,s) =X and [€(A,s) ~X.
a;EA
Moreover, the square and the circle as geodesic subspaces are isometric, i.e,
there exists a bijective map between them that preserves distances, but the thick-
ening of the square is not isometric to the thickening of the circle, because for any
two points in the square, the goedesic in its thickening connecting them has not
the same length as the geodesic of the thickening of the circle connecting their
corresponding points lying in the circle. This shows that we can follow this last
approach for other geodesic subspaces that are isometric to the square, but not if
their thickenings are involved.

66



Appendix A

Appendix.

The goal of this appendix is to explain concepts and results that have been used
throughout the thesis. In Section A1 we present basic notions of algebraic topology.
In Section A2 we begin defining the fundamental group and higher homotopy
groups, continuing with A-complexes and their relation with abstract simplicial
complexes, and afterwards we define simplicial and singular homology, together
with singular homology with coefficients in an abelian group. We also state some
results showing properties of induced maps on homotopy or homology groups from
maps between topological spaces, and we conclude with the Universal Coefficient
Theorem for Homology, which determines when homology groups (defined with
integer coefficients) tensored by an abelian group are isomorphic to homology
groups with coefficients in that abelian group. In Section A3 we give the definitions
of convergence, continuity and gradient in a metric space. Finally, in Section A4
we briefly introduce Rips complexes.

A.1 Basic notions in algebraic topology.

This section is guided by Hatcher’s Algebraic Topology [9] and [I8].
Let X,Y be topological spaces and A C X a topological subspace.

Definition A.1. A homotopy is a continuous map H : X x [0,1] =Y.

It is understood as a family of continuous maps {hy} for each t € [0,1], with
hy : X =Y such that H(z,t) = hy(z).

Two continuous maps f,g: X — Y are homotopic if there exists a homotopy
H connecting them, which means that H(x,0) = f(z) and H(xz,1) = g(x) for all
x € X. We denote it by f ~ g.

Definition A.2. A retraction of X onto A is a continuous map which fixes A,
that is, v : X — A continuous, with r(X) = A, such that r|a = ids. Equivalently,
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roi =idy wherei: A — X is the inclusion map. We can also say that A is a
retract of X.

Definition A.3. For two continuous maps f,g: X — Y, a homotopy relative
to the set A is a homotopy H : X x [0,1] — Y such that H(a,t) = H(a,0) for
alla € A and t € [0,1]. We say that f and g are homotopic relative to A, and we
denote it by f ~a g.

It is clear that in order to have the possibility to define a homotopy relative to
A C X between f,g: X — Y continuous, f and g must agree in A.

Definition A.4. A deformation retraction of X onto A is a retract taken
asr : X — X (since r(X) = A) such that r ~4 idx, where such homotopy
H : X x[0,1] — X relative to A verifies that H(x,0) = idx and H(z,1) = r(x),
for every x € X; and H(a,t) = ida, for every a € A and t € [0, 1].

We say that A is a deformation retract of X.

Remark A.5. A deformation retract of X onto A C X can also be defined as a
retract v : X — A such that ior ~ idx, wherei: A — X is the inclusion map.

Definition A.6. A continuous map f: X — Y is a homotopy equivalence if
there exists g : Y — X continuous such that fog~idy and go f ~ idx.

The map g is said to be an homotopy inverse of f, and the spaces X andY to
be homotopy equivalent or to have the same homotopy type. We denote
itby X ~ Y.

Proposition A.7. If A is a deformation retract of X, then X and A have the
same homotopy type.

Proof. There exists a retraction 7 : X — A such that ior ~idy, with7: A — X
continuous, by Remark [A.5] We also have that r o i = id4, hence we get the
definition of r : X — A homotopy equivalence, with ¢ as its inverse. n

Remark A.8. Being homotopic, homotopy equivalent or homotopic relative to A
are equivalence relations.

Definition A.9. The space X is contractible if the identity map on X is homo-
topic to a constant map ¢, : X — {xo} C X, for zo € X.

A.2 Homotopy groups, simplicial and singular
homology.

The next definitions are guided by [9] (page 21 for the fundamental group, page
340 for higher homotopy groups, and page 130 for A-complexes).
We recall that paths were introduced in Definition 3.4.
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Definition A.10. Let f,g : I — X be two paths such that f(1) = ¢(0). The
composition of paths [ and g, denoted by f * g, is again a path defined by

f2t) fo<t<i

(f *g)(t) 3:{ g(2t—1) if$ <t <1

The paths f,g : I — X are path homotopic if [ ~1) g, and such relative
homotopy is called a homotopy of paths.

The fundamental group, or first homotopy group, of X with base point xq €
X, denoted by w1 (X, xg), is the set of path homotopic classes of loops based on xy,
together with the operation [f] * [g] := [f * g] for any [f],[g] € m1 (X, x0).

Definition A.11. Let I™ be the n-dimensional unit cube. Let f g : I™ — X be
continuous maps, so that we can define the following operation:

f(2t17t27"’)tn> ZfOStIS%
g(2t1_17t27"'7tn> Zf%gtél

(f—l—g)(tl,...,tn) = {

where f 4+ g is also a continuous map from I" to X.

Two maps f,g : I — X are said to be homotopic if f >~y g, where I denotes
the boundary of I.

The equivalence class of homotopic maps f : I — X is denoted by [f].

For xq € X, the higher homotopy groups for n > 2 are defined by

(X, z0) ={[f] | f:I"—= X st f(tr...,tn) =z Y(t1,...,t,) € OI"}
together with the operation [fi] + [fo] = [f1 + fo.
Definition A.12. Let
A" = {(to,....t,) ER™ | Y t; =1, t; > 0 Vi}

with the subspace topology from the Euclidean space R"*, be the standard n-
simplex, where t; are the barycentric coordinates.

An n-simplex is the smallest convex set in an Euclidean space containing n + 1

points vy, ..., v, which are affinely independent. The points v; are the vertices of
the simplex [vg, ..., v,].

If we delete one of the n + 1 vertices of an n-simplex [vg,...,v,], then the
remaining n vertices span an (n — 1) simplex, called a face of [vy, ..., v,].

The union of all the faces of A" is the boundary of A", denoted by JA™. The
open simplex of A" is its interior, defined by A" := A™\9A™.
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Definition A.13. A A-complex structure on a topological space X is a collection
of continuous maps o, : A" — X, with n depending on the index o, such that:

1. The restriction ou|z. 5 injective and each point of X is in the image of
ezactly one such restriction o] zn -

2. Each restriction of o, to a face of A" is one of the maps o5 : A" 1 — X,
Here we are identifying the face of A™ with A" ' by the canonical linear
homeomorphism between them that preserves the ordering of the vertices.

3. A set A C X is open if and only if o 1(A) is open in A™ for each o,.

The idea of A-complexes is to decompose a space into simplices allowing dif-
ferent faces of a simplex to coincide, and dropping the requirement of simplicial
complexes where simplices are uniquely determined by their vertices. Therefore,
it is said that A-complexes are a mild generalization of simplicial complexes.

We now explain such relationship between abstract simplicial complexes and
A-complexes, so that we can justify defining simplicial homology for simplicial
complexes in this thesis, as simplicial homology is in principle defined for A-
complexes.

Claim A.14. An abstract simplicial complex K induces a A-complex structure on
its geometric realization |K|.

Proof. From a simplicial complex K with vertex set V', we obtain the topological
space |K|. For each ¢-simplex o € K, by the expression in the construction
of geometric realization in Chapter 1, |o| = {a: V — I | a(v) # 0 = v € o}
is in one-to-one correspondence with A? and since |o| — |K| =: X, we get a
continuous map A? — X. O

We proceed giving the definitions of simplicial and singular homology, from [9]
(pages 106 and 108). We define free abelian group later in Definition [A.19]

Definition A.15. We define simplicial homology for a A-complex.

To do that, it is necessary to give an order to the simplicies. Such order is the
induced one by the ordering of the vertices of A™.

Let C,, be the free abelian gorup generated by the maps o, : A" — X of the
A-complex. The elements of C,, are called simplicial n-chains, where a simplicial
n-chain is a finite formal sum

S caoa
o

with ¢, € Z as the coefficients.
We obtain a simplicial chain complex C, that is, the following sequence of
homomorphisms of abelian groups:
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On+1 On On—1

—=C—>Cp ——

LCOLO

where 0, is the boundary homomorphism defined by

an(aa) = Z (_1)iga|[vo,...,ﬁi,,..,vn]
=0

(2

such that 0,, 0 0,11 = 0, for each n. Such composition is equivalent to saying
im(Op+1) C ker(0,,).

We define the n'"-cycle group by Z, := ker(8,), and the n'*-boundary group by
By, = im(0p11)-

Therefore, the n'"-simplicial homology group is defined as the quotient

H,:==".
group iz

The elements of H,, are called homology classes, and two cycles representing the
same homology class are said to be homologous, which means that their difference
s a boundary.

Remark A.16. By Claim[A.1]], abstract simplicial complezes K induce A-complex
structures on their geometric realizations |K|, so we can define their simplicial
homology groups in the same way as for A-complexes, and we denote them by
HA(IK)).

By [9] (Theorem 2.27), these simplicial homology groups are isomorphic to
singular homology groups for the topological space |K| (with coefficients in Z),
which we proceed to define.

Definition A.17. A singular n-simplex in a topological space X is a continuous
map
o: A" > X

where A" = {(tg,...,t,) € R | X, t; = 1, t; > 0Vi} is the standard n-
simplex.

Let C,(X) be the free abelian group generated by singular n-simplices in X .
The elements of C,,(X), called singular n-chains, are finite formal sums

> coi
i

forc;, € Z and o; - A" — X.
The boundary homomorphism 0,, of the singular chain complex C'(X)

e (X)) = o (X)L O (X)) 20
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is defined by 0,(0:) = 1o (=1)%0ilpe,...o,....0n]s fOT €ach n.
We have that 0, o 0,41 = 0, so0 as for the simplicial homology case, the n'"-
kerd,

7:Tnan+1 .

singular homology group of X is H,(X) :=

We can also generalize homology groups using chains of the form >, g;0; where
o; is a singular n-simplex in X as in the previous definition of singular homology,
and now g; € G for an abelian group G, rather than Z.

Such n-chains form an abelian group C,,(X; G) = C,,(X) ® G, for C,,(X) as in
the previous definition. Then, following the same construction, we get H,(X;G)
called the n'*-homology group with coefficients in an abelian group G.

The following discussion and proposition contain elementary results in homo-
topy theory ([9], page 111, page 340 and page 34 with Proposition 1.18 for the
case of the fundamental group) and in homology theory ([22], Theorem 1.7 and
Proposition 1.11).

A map ¢ : X — Y between topological spaces induces a map in the homo-
topy groups @, : m,(X,zo) = m, (X, ©(x0)), for a base point x5 € X; defined by
o«([f]) :==[p o f], where f : I — X continuous.

It also induces a map in the homology groups, by first inducing a chain map
in the singular chain complexes ¢, : C(X) — C(Y'), defined by ¢, (3 ;o) =
= Y c¢i(¢ o 0y) for each n, where ¢; € Z and o; : A" — X, or we can also write it
by ¢c, (0;) := poo; in terms of the basis of C,,(X). Then, we denote by 9(X) and
d(Y") the boundary homomorphisms in the singular chain complexes of X and Y,
respectively. It holds that ¢, commutes with such boundary homomorphisms,
that is, 0,(Y) o wo, = @c,_, © 0,(X). Hence, ¢¢, sends cycles to cycles and
boundaries to boundaries, inducing a map on homology ¢g, : H,(X) — H,(Y).

Proposition A.18. Let X and Y be two topological spaces, then for every n:

1. if o : X =Y is a continuous map, then the induced maps ¢, : (X, z9) —
— (X, p(x0)) and ¢y, : Hy(X) — H,(Y) are well-defined homomor-
phisms.

2. If ;v : X = Y are homotopic, then ¢, = . : (X, 20) — T (X, ©(x0))

3. If o : X =Y is a homotopy equivalence, then p, : m,(X, x¢) — (X, p(x0))
and op, : Hy(X) — H,(Y) are isomorphisms.

Now we discuss how the homology groups defined with coefficients in Z can
determine the homology groups with coefficients in an abelian group G. We present
the following definitions and results from [§].
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Definition A.19. An abelian group G is free if it has a basis, i.e, a set of linearly
independent elements that generate G.

Example A.20. The group of integers 7 under addition and with 0 as its identity
element, is a free abelian group with the basis {1}.

Definition A.21. For G an abelian group, a free presentation of G, denoted
by F, is a short exact sequence of abelian groups

0—F, —F)—G—0
such that Fy and Fy are free.

For B an abelian group, let H;(F'® B) denote the first homology group ker(F;®

ker(f, ®id

®B — Fy® B). More generally, H,(F®B) = - er(fn @ Z, 5) Jfor f, i F,, — F_q
im(fn1 ® idp)

([9] page 263).

Definition A.22. For A, B abelian groups, the torsion product Tor(A, B) is
the abelain group defined by:

Tor(A,B) := Hi(F ® B) 2 ker(F;, ® B— Fy® B)
for some choice of a free presentation F of A.

Remark A.23. If A is a free abelian group, then 0 — 0 — A M A5 0isa free
presentation of A, so Tor(A, B) =0 for any abelian group B.

The next lemma is from [9] (page 147).

Lemma A.24 (Splitting Lemma). For a short exact sequence of abelian groups
0— A5 BL C —0, the following statements are equivalent:

1. there exists a homomorphism p: B — A such that poi = idy.
2. There exists a homomorphism s : C — B such that j o s = id¢.
3. There exists an isomorphism B = A& C.

If these conditions are satisfied, the exact sequence is said to split.

Now we state the following result from [8] (Corollary 14) (also found it [9]
Corollary 3A.4).
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Corollary A.25 (Universal Coefficient Theorem for Homology). For a topological
space X and an abelian group G, there is a natural short exact sequence

0— H,(X)®G — H,(X;G) — Tor(H,-1(X),G) — 0 for alln > 0.
Moreover, this short exact sequence splits (but not naturally).

Corollary A.26. For an abstract simplicial complex K , if its geometric realization
|K| is path-connected and G is an abelian group, then

H\(|K|;G) = Hi(|K]) ® G.

Proof. From Lemma [A.24] the existence of a splitting in the short exact sequence
of the Universal Coeflicient Theorem for Homology implies that, for n = 1,

Hy(|K];G) = (Hi(|K|) ® G) © Tor(Ho(| K1), G).

Since |K| is path-connected, Hy(|K]|) = Z (
Example and Remark |A.23] Tor(Hy(|K|),G

H((|K|;G) = H(|K|)®G.

by [22] Proposition 1.4), so by
) = 0. Hence,

]

Remark A.27. A field is a particular case of abelian group, hence if we have a
path-connected space X or |K|, the homology groups with integer coefficients also
determine homology groups with coefficients in a field, and these last homology
groups are vector spaces. We recall that they can be considered persistence modules,
as explained in Section 3.5.

For example, if m € 7Z is prime, then (m) is a mazimal ideal, and so Z/(m) is
a field. Then,

H,(_,Z/(m)) = H,(_) @ Z/(m)

1S a vector space.

A.3 Definitions in metric spaces.

Definition A.28. Let (M,d) be a metric space. A sequence of points {x, tnen in
M is a convergent sequence to a point x € M if for every € > 0, there exists
N € N such that d(z,,z) < €, for every n > N. We denote it by {x,}nen —
when n — 00.

Definition A.29. We present three definitions of continuous map:
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1. Let X,Y be topological spaces. A map f: X — Y is continuous if for every
open (or closed) subspace V. C Y, f~1(V) is open (or closed) in X.

2. Let (X,dy) and (Y,dy) be metric spaces. A map f: X — Y is continuous at
a point zg € X if for every e > 0 there exists 6 > 0 such that if di(x, xy) < 6,
then da(f(x), f(z0)) < €, for every x € X (assuming X is the domain of f).
We say that f is continuous if it is continuous at every x € X.

3. Let (X,dy) and (Y,ds) be metric spaces. A map f: X — Y is continuous if
for every convergent sequence {x, }neny — x in X, then {f(z,)}neny — f(x)
nY.

These three definitions are all equivalent between them if X and Y are metric
spaces. In [16] (Theorem 21.1) it is proven that (1) is equivalent to (2), and also
in [I6] (Theorem 21.3), it is proven that (1) is equivalent to (3).

Definition A.30. The gradient of a multivariable function f : R?* — R at a
point p € R? is the map gradf : R* — R?, that evaluated at p consists of the vector
whose components are the partial derivatives of f at p, i.e,

gradf(p) — (Sfl@, . §;<p>) |

A.4 Rips complexes.

In this part of the appendix we present another type of simplicial complexes, the
Rips complexes, together with some results relating them to Cech complexes from
[24] and [25]. We also present Hausmann’s Theorem [A.32] which works as an
equivalent result to the Nerve lemma but for the case of Rips complexes.

The motivation is mainly to help the reader to follow the bibliography of this
thesis, since most of our results are new versions for Cech complexes of original
ones for Rips complexes.

We have chosen the Clech complex as our tool to reconstruct a Euclidean sub-
space, rather than the Rips complex, because it is exactly the nerve of a cover,
and therefore it can be more interesting from a geometric or theoretical point of
view. However, Rips complexes are used more frequently because they are easier
to compute, and from a more applied point of view, they can be preferable.

Definition A.31. For X a metric space with metric d and r > 0, the Rips
complex is an abstract simplicial complex defined by

Rips(X,r) :={o = [xg,..., 2] C X | Diam(o) <r}

where Diam(0) 1= supy, o,c0 d(Ti, ;).
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We now present Hausman’s Theorem (Theorem 4.9 in [24]) which works as
a reconstruction result in an analogous way as the Nerve Lemma does for Cech
complexes.

Theorem A.32 (Hausman’s Theorem.). Suppose X is a geodesic space with con-
vexity radius p > 0 (for example, a compact Riemannian manifold). Then
X ~ |Rips(X, q)|, for 0 < q < p/2.

By the definitions, we always have for a metric space X and r > 0 the following
inclusions:

CL(X,r/2) — Rips(X,r) — CL(X, 7).

The following result ([24], Theorem 5.6) shows that these Rips and Cech com-
plexes coincide locally.

Theorem A.33. Let X be a geodesic space with convexity radius p > 0 and
0<r< g. Then, the inclusions

Cu(X,r/2) — Rips(X,r) — €= (X,r)
induce homotopy equivalences.

The following result gives an isomorphism between the persistence groups of
Cech complexes and persistence groups of Rips complexes ([25], Theorem 10.6).

Theorem A.34. For X a geodesic space and G an Abelian group, there are iso-
morphisms of persistences

{m (1T (X, 3r)], @) }rs0 = {mi(|Rips(X, 47)|, ) }r50

and
{H1<|%;L (X,3r)|; G) }rso = {Hi(|Rips(X, 47)]; G) }r>o.
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