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classical quasi-static poroelastic model (also known as Biot’s model). It consists
Submitted by A. Mazzucato

of a momentum balance equation, a mass balance equation, and an energy balance
equation, fully coupled and nonlinear due to a convective transport term in the

fl‘{}iz;ﬂrggii;'oroelasticity energy balance equation. The aim of this article is to investigate, in the context
Nonlinear convective transport of mixed formulations, the existence and uniqueness of a weak solution to this
Biot’s model model problem. The primary variables in these formulations are the fluid pressure,
Well-posedness temperature and elastic displacement as well as the Darcy flux, heat flux and total
Galerkin’s method stress. The well-posedness of a linearized formulation is addressed first through the
Convergence analysis use of a Galerkin method and suitable a priori estimates. This is used next to study

the well-posedness of an iterative solution procedure for the full nonlinear problem.
A convergence proof for this algorithm is then inferred by a contraction of successive

difference functions of the iterates using suitable norms.
© 2018 The Authors. Published by Elsevier Inc. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The field of poroelasticity is concerned with describing the interaction between viscous fluid flow and
elastic solid deformation within a porous material, and goes back to the works of K. Terzhagi [32] and
M.A. Biot [6,7]. Porous materials are by definition solid materials comprising a great number of intercon-
nected pores, typically at the order of micrometers, where the interconnectivity of the pores is sufficient
to allow for fluid flow through the material. For this reason, porous materials are usually modeled at the

* This work forms part of Norwegian Research Council project 250223.
* Corresponding author.

E-mail addresses: mats.brun@uib.no (M.K. Brun), elyes.ahmed@uib.no (E. Ahmed), jan.nordbotten@uib.no
(J.M. Nordbotten), florin.radu@uib.no (F.A. Radu).

https://doi.org/10.1016/j.jmaa.2018.10.074
0022-247X/© 2018 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.jmaa.2018.10.074
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
http://creativecommons.org/licenses/by/4.0/
mailto:mats.brun@uib.no
mailto:elyes.ahmed@uib.no
mailto:jan.nordbotten@uib.no
mailto:florin.radu@uib.no
https://doi.org/10.1016/j.jmaa.2018.10.074
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2018.10.074&domain=pdf

240 M.K. Brun et al. / J. Math. Anal. Appl. 471 (2019) 239-266

continuum scale, such that the complex micro-structure needs not be explicitly accounted for in the mod-
eling, but rather implicitly through so-called effective parameters such as e.g. porosity and permeability.
Porous materials are primarily associated with objects such as rocks and clays, but biological tissue, foams
and paper products also fall within this category. Consequently, the field of poroelasticity is of great im-
portance in a range of different engineering disciplines, such as petroleum engineering, agricultural science
and biomedicine, among others. A number of comprehensive text books related to the field exists; see
e.g. [13,14,36].

Mathematical modeling of fluid saturated deformable porous media on the continuum scale relies on the
theory of linear elasticity, adapted to porous materials by using the so-called total stress tensor instead
of the Cauchy stress in the momentum balance equation. In particular, the total stress tensor is a linear
combination of the Cauchy stress for the empty elastic skeleton and the isotropic stress coming from the
fluid, i.e. the pore pressure. Within the quasi-static framework inertial terms are ignored, thus giving a
purely elliptic equation for the momentum balance. A second equation of parabolic type accounts for the
mass balance as fluid is displaced by the deformation of the solid, and relates change in porosity to volumetric
fluid flow, i.e. the Darcy fluz. This is essentially Biot’s poroelastic model for quasi-static deformation (see
e.g. [6,13]). There is an extensive literature on this model problem and on its numerical approximation.
To mention a few, the well-posedness based on the canonical two-field formulation with displacement and
pressure as variables was carried out in [30], while three and four-field formulations have also been analyzed
(taking Darcy flux and total stress as independent variables), and can be found in several studies, e.g. [1,
26,37]. A key feature of this model, one which greatly facilitates the analysis, is the symmetric coupling
between the equations.

In many important applications, such as geothermal energy extraction, nuclear waste disposal and carbon
storage, temperature also plays a vital role and must therefore be included in the modeling. Using the method
of formal two-scale expansions (see e.g. [12,18] for a detailed review of this method), a thermo-poroelastic
model was derived in [10], which accounts for fluid pressure, elastic displacement, and temperature dis-
tribution within a fine-grained, fully saturated poroelastic material within the framework of quasi-static
deformation. This model is similar to other thermo-poroelastic models which exists in the literature; see e.g.
[13,16,22,31,34], although there are also some notable differences among these works, in particular from the
modeling point of view; i.e. allowable flow rates and deformation, choice of coordinate frames etc. (see [10,34]
for a comparison of existing thermo-poroelastic models). However, from the point of view of analysis the
important factor is the coupling structure between the equations, and the model we analyze exhibits a fully
coupled structure.

The aim of the present work is to establish the well-posedness of the nonlinear thermo-poroelastic model
as described in [10], where we also provide a priori energy estimates and regularity properties of the
solutions. We restrict our attention to an isotropic material such that the elastic coefficients are given by
the Lamé parameters, and the Biot coeflicient and thermal stress coefficient are given by scalar quantities.
Some algebraic constraints on these coefficients must be imposed in order to obtain our results. Although
the literature on the analysis of poroelastic models is quite extensive, there is not much literature on the
analysis of thermo-poroelastic models; in [34] a corresponding energy functional for the thermo-poroelastic
model was derived. This functional was then shown to be monotonically decreasing in time for a small
enough characteristic temperature difference.

We undertake our analysis with a future mixed finite-element implementation in mind, and therefore
double the number of variables from three to six, and investigate the existence and uniqueness of a weak
solution corresponding to this fully coupled six-field model. The primary variables in this model are; fluid
pressure, temperature, elastic displacement, Darcy flux, heat flux, and total stress. This makes the problem
suitable for combinations of well-known stable finite-elements, such as Raviart-Thomas(-Nédélec) [25,29]
and Arnold-Winther [2,3]. From an implementation point of view there are several advantages of a mixed
formulation over the canonical three-field formulation; the discretization respects mass and energy conser-
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vation, produces continuous normal fluxes regardless of mesh quality, and in general a mixed formulation is
advantageous for domain decomposition techniques. We restrict our attention to two spatial dimensions, as
this will be the most relevant case for the subsequent work, although the results we present can be extended
to higher dimensions in a straightforward manner. In particular, the definition of the isotropic compliance
tensor must reflect the choice of spatial dimension.

The main difficulty we face in the following analysis is the nonlinear coupling between the equations,
i.e. the nonlinear convective transport term in the energy balance equation, which takes the form VT - w,
where w is the Darcy flux, and T is the temperature distribution. The first part of the paper is therefore
concerned with analyzing a linearized version of the model, where we write the convective transport term
as 1 - w, for some given 17 € L (the remaining coupling terms are retained). Once we have obtained the
existence and uniqueness of a weak solution to this problem, we introduce an iterative algorithm where

™ where m > 1 is the iteration index. Due

we approximate the convective transport term as VI™ ! . w
to the results we obtained for the linearized problem, and by a natural assumption that the temperature
gradient admits L*-regularity in space, we construct a well defined sequence of iterates as m — oo. This
we show to converge in adequate norms to the solution of the original nonlinear problem, thus establishing
the existence and uniqueness of its weak solution. The convergence proof relies on the Banach Fixed Point
Theorem, which we use to obtain local solutions in time. Here, the time interval is supposed to be small to
ensure a contraction of the successive difference functions of the iterates. Then, using piecewise continuation
in time, we extend these local solutions to global solutions for any finite final time. The idea is that such an
iterative scheme can also be applied numerically to a discretized formulation, and in this sense our analysis
sets the stage for subsequent numerical experiments. We mention also some of the literature on iterative
schemes in poroelasticity; in [5,8,20,24] there can be found several iterative procedures for solving Biot’s
equations, and in [23,27,28] iterative methods for solving Richards’ equation were analyzed.

We summarize the main contribution of the article as follows: under a natural hypothesis on the regularity
of the convective term, we give a proof of existence and uniqueness of a weak solution to the fully coupled
six-field thermo-poroelastic problem within the quasi-static framework.

The article is organized as follows: Section 2 recalls the physical model and the assumptions on the data,
introduces the relevant function spaces and introduces the mixed weak formulations. In section 3 we define a
linear version of the original mixed variational problem, and proceed to analyze this in the following way; we
construct approximate solutions using a Galerkin method, the existence of which is established by the theory
of DAEs (Differential Algebraic Equations). Suitable a priori estimates are then derived which enables us to
pass to the limit, thanks to the weak compactness of the spaces. Section 4 is devoted to analyzing an iterative
solution procedure for the original nonlinear problem and to establish the convergence of the algorithm in
suitable norms. In Appendix A we propose an alternative to the hypothesis on the temperature gradient, i.e.
we show how the required regularity can be obtained by sufficient regularity of the data. For easy reference
of the notation used in this article we provide some tables in Appendix B.

2. Presentation of the problem

Let Q C R?, for d € {2,3}, be an open and bounded domain, where we denote the boundary by T := 99,
which is assumed to be Lipschitz continuous. Let a time interval J = (0,T}) be given with Ty > 0 and
define @ := Q x (0,TY] to be the space-time domain. The thermo-poroelastic model problem we consider,
as it is exposed in [10], is as follows: given a heat source h, a body force f, and a mass source g, find (7, u, p)
such that

O(aoT —bop + BV -u) = VT - (KVp) =V - (OVT) =h, inQ, (2.1a)
~A+p)V(V-u)—pViu+aVp+ VT =f, inQ, (2.1b)
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O(cop —boT +aV-u)— V- (KVp) =g, inQ, (2.1c)

where aq is the effective thermal capacity, by is the thermal dilation coefficient, 8 is the thermal stress
coefficient, K = (Kij)ﬁjzl is the permeability divided by fluid viscosity, ® = (@ij)gl,j:l is the effective
thermal conductivity, 4 and A are the Lamé parameters, « is the Biot—Willis constant and ¢y is the specific
storage coefficient. The primary variables are the temperature distribution 7', displacement u and fluid
pressure p. To close the system, we prescribe homogeneous Dirichlet conditions on the boundary, i.e.,

T=0, u=0, and p=0, onl xJ (2.1d)
and we assume the following initial conditions
T('a 0) = TOa u('a 0) = Uy, and p('a 0) = Do, in 2 x {O}a (216)

for some known functions Ty, ug and pg. In practice, we may use nonhomogeneous Dirichlet and Neumann
boundary conditions for which the analysis remains valid. Note also that if 5 = by = 0, the above system
decouples from the energy equation, and the well-known quasi-static Biot equations are recovered (see e.g. [1]
where both the two- and four-field formulations are presented).

2.1. Preliminaries

We now define the function spaces that will be used throughout this article, see e.g. [15,38] for more details.
For 1 <p <oolet LP(Q) = {u:Q — R: [,[u[’dz < oo}, with the associated norm |[|-||,. In particular,
L?(Q) is the Hilbert space of square integrable functions defined on €2, endowed with the inner product
(-,-), and the norm ||-|| := [|-||5. For p = oo, L>(Q) is the space of uniformly bounded measurable functions
defined on Q, i.e. L>®(Q) = {u: @ = R : esssup,¢q |u| < oo}, endowed with the norm |u|| = inf{C : |u| <
C a.e. on Q}. We denote by W"P(Q) the Sobolev space of functions in L?(Q), admitting weak derivatives up
to order k in the same space. In particular, we denote by H*(Q) := W2(Q) = {u € L%(Q) : Vu € (L%(Q))4},
and designate by HE(Q) its zero-trace subspace. Let H(div,Q) = {v € (L}(Q))? : V-v € L?()} be the
space of vector valued functions, where each component belongs to L?(f2), along with the weak divergence.
We endow this space with the norm Hv||12q(div;ﬂ) = |vIP + |V - v|?. Let Hy(div,Q) = {r € (L2(Q))%x4
V-1 e (L)%, 7i; = 74 for 1 <i,j < d} be the space of symmetric tensor valued functions defined on
), where each component belongs to L?(Q), and admitting a weak divergence in (L?(£2))%. We denote by
C1(Q) the space of continuous functions defined on 2, admitting continuous partial derivatives. Finally, let
X be a Banach space and let LP(J; X) be the Bochner space of functions in L? defined on J with values
in X. Let |-[|y be a norm on X, then for u € LP(J; X), p < oo, we have [[u]|7, ;.x) = fOTf lu(®)|% dt. In
particular, we will make use of the spaces H'(.J; L?(Q)) = {u(t) : @ = R : fOTf(Hu(t)H2 + |0pu(t)]|?)dt < oo}
and L*°(J;L2(Q)) = {u(t) : Q@ — R : esssup,c, |Ju(t)|| < oo}. Note that if u(t) € (L*(2))¢ is square
integrable in time, we shall still write u € L?(J; L?(Q)), but this should not cause any confusion as we will
always utilize bold fonts for vector (or tensor) valued functions.

We will also frequently apply classical inequalities, i.e. Cauchy—Schwarz (C-S), Young, and Gronwall (see

e.g. [17]).
2.2. Assumptions on the data

Before transcribing the mixed variational formulation of the problem (2.1), we make precise the assump-
tions on the data (further generalizations are possible, bringing more technicalities):
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Assumption 1 (Data).

A.1 The source terms are such that g,h € L?(J; L%(Q)), and £ € H'(J; L3()).

A.2 The initial conditions are such that po, Ty € HE(Q), and ug € (L?(2))%.

A.8 The permeability and heat conductivity tensors are such that K,® € (L>(Q))?*4. Furthermore, we
assume there exists kyy, kp, > 0 such that for a.e. x € Q there holds

kinlC* < CTKTH (@)¢ and [K™H(@)¢] < kal¢], V¢ € R\ {0},
and there exists Opr, 0, > 0 such that for a.e. x € Q there holds
Om|C* < (PO (2)C and [©7H(2)| < OarlC], ¥C € R {0},
A.J The constants cg, by, ag, , B, i, and X\, are strictly positive.
2.8. Mized variational formulation

We now give the mixed variational formulation of the problem (2.1), for which we need to introduce the
total stress tensor; o (u,p,T) := 2ue(u) + AV - ul — apl — BTI, where I is the identity tensor and e(u) is
the linearized strain tensor given by e(u) := (Vu+ VTu)/2, the Darcy flux w := —KVp, and the heat flux
r := —OVT. For simplicity, we now restrict our attention to the case d = 2, in which case the fourth order
compliance tensor, A, is given by

o i _ A dxd
AT = o (T St N tr(T)I) , T eRYY (2.2)

as seen in [37] (see also [20] for the general formula). Note that A is bounded and symmetric positive definite
uniformly with respect to = € €, and defines an L?-equivalent norm, i.e.

1 dxd
2 o 2 o L 2 2 .
s TIPS lrlios ol v e (2R (2.3)

where HTH?4 = Jo AT : Tdz. Applying A to the total stress tensor, it is inferred that

Ao =¢(u) — (ap+ BT, (2.4)

2(p+A)

and by taking the trace on both sides, we get the following relationship

1
Viu=——t T). 2.5
4= gy () + o+ AT) (2.
We also introduce the following notation
2 2
cp 1= @ , b, == by — i, a, = p . (2.6)
A WA A+ A
The above definitions yields an equivalent mixed form to (2.1):
Ot(agT —bop+ BV -u)+ VT -w+V-r=h, inQ, (2.7a)

O 'r+VTr=0, inQ, (2.7b)
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O(cop—boT +aV-u)+V -w=g, inQ, (2.7¢)
K'w+Vp=0, inQ, (2.7d)

Ao —e(u) + —I + ﬁIT =0, inQ, (2.7¢)
-V-o=f, inQ. (2.7f)

We now set
T :=L*Q), R:= H(div,Q), P:=L*Q), W:=H(div,Q), S:= H,(div,Q), U := (L*(Q))*.

The following mixed variational formulation of the problem (2.1) can be obtained by multiplying by adequate
test functions and then integrating by parts: find (T'(¢), r(t), p(t), w(t), o(t),u(t)) € T xR XxPxW xS xU,
such that a.e. for ¢ € J there holds

(a0 + a,) (8T, S) — b, (9, S) + ;—;(&U, ST)+ (@ 'r-w,8)+(V-r,8) = (h,S),VS €T, (2.8)

(O© 'r,y) - (T,V-y) =0, VYycR, (2.8b)
(co +¢r)(Oep,q) — br (0T, q) + 20—;(@07 qI) +(V-w,q) = (9,9), V¢ €P, (2.8¢)

(K 'w,z) — (p, V-z) =0, VzeW, (2.8d)

S (Ip, )+ L(IT,7) =0, VYres, (2.8)

(Ao, 7)+ (u,V-7)+ 5

25
—(V-o,v)=(f,v),Vvel, (2.8f)

and such that the initial conditions (2.1e) holds true in the weak sense, i.e.
(p(0),9) = (po,q9) Vg P, (u(0),v)=(u,v) Vveid, and (7(0),5)=(To,5) VSeT. (28g)

Remark 2.1. Note that a different variational formulation of the problem (2.7) is possible, using a weakly
symmetric space for the stress tensor. This formulation will then involve a new variable acting as a Lagrange
multiplier which is enforcing the symmetry of the stress (see e.g. [2,4,20]). For simplicity of presentation we
shall keep the formulation (2.8) throughout. The analysis presented next can nevertheless also be extended
to the previously mentioned formulation using the same techniques, as done in [1] for the four-field Biot
equations.

Remark 2.2. The nonlinear coupling in the above problem makes the analysis difficult. The next section is
therefore devoted to analyzing a linearized problem, the results from which will be helpful when analyzing
the full nonlinear problem in the last section. We mention also that other nonlinearities can be added, e.g.
nonlinear compressibility or nonlinear Lamé parameters.

3. Analysis of the linear problem

In this section we introduce a linear version of the problem (2.8). Precisely, we replace the convec-
tive transport term (@ 'r-w,S) in the energy balance equation (2.8a), by —(n - w,S), for some given
n € L*(Q2). We denote by v := [[n||,,. We introduce the resulting linear problem which reads: find
(T(#),xc(t),p(t),w(t),o(t),u(t)) € T x RxP xW xS xU, such that for a.e. t € J there holds



M.K. Brun et al. / J. Math. Anal. Appl. 471 (2019) 239-266 245

(a0 + ar) (BT, S) — b (8p, S) + 2 (8,0, ST) — (- w,S) + (V-1,8) = (h,5), VSeT, (3.1a)

2
(© 'r,y) — (T,V-y) =0, Yy € R, (3.1b)
(co+ )0 @) = b, (OT.0) + 5-(Dor.q) + (V- w,q) = (g.,0),  Vg€P, (3.1¢)
(K 'w,z) — (p,V-2) =0, vz € W, (3.1d)
(Ao, 7)+ (0, V- 1)+ ;—;(IP,T) + ;—;(IT,T) =0, vresS, (3.le)
—(V-o,v) = (f,v), Yvel, (3.1f)

and such that initial conditions (2.8g) holds true. The remaining part of this section is devoted to proving
the well-posedness of this system. In what follows, we assume the following hypothesis on the effective
thermal capacity ag, the thermal dilation coefficient by, the specific storage coefficient ¢y and the Lamé
parameters u, A;

r 1 r 1
Ozﬂ O Co—c——bo——>0 ao—a——b0—7>0. (32)

by — ,
T A 2 6(1+ \) 2 6(1+ \)

These constraints are typically needed in order to ensure a gradient flow structure. Similar constraints
were used to analyze the Biot equations in mixed form in [1]. We also refer the reader to [21] for a more
detailed discussion about the scaling of Biot’s (isothermal) equations. However, compared to these works,
our constraints involve also the thermal coefficients. We omit any further discussion on the justification
for these constraints, other than they are necessary to prove the results we present. The well-posedness of
problem (3.1) is then given in the following result.

Theorem 3.1 (Well-posedness of the linear problem). Under Assumption 1, the problem (3.1), (2.8¢) has a
unique solution

(T,r) € H'(J; L*(Q)) x (L*(J; H(div; Q)) N L>®(J; L*(2))) (3.3a)
(p,w) € H'(J; L*(2)) x (L*(J; H(div; Q)) N L>(J; L*(2))), (3.3b)
(w,0) € H'(J; L*(Q)) x (L*(J; Hy(div; Q) N H'(J; L*())) - (3.3¢)

Moreover, if g,h € H*(J; L?(Q)), £ € H?(J; L*(2)) then

(T,r) € Wh™(J; L*(Q)) x (L*(J; H(div; Q)) N H'(J; L*(Q))) , (3.4a)
(p,w) € WH®(J; L*(Q)) x (L™(J; H(div; ) N H'(J; L*())), (3.4b)
(u,0) € WH™(J; L*(Q)) x (L*(J; Hy(div; Q) N Wh™(J; L*(Q))) . (3.4c)

The proof will follow from a series of partial results to be done in the sequel. The analysis uses a Galerkin
method together with the theory of differential algebraic equations (DAEs), as well as weak compactness
arguments (cf. [1,37,26,15]).

3.1. Construction of approzimate solutions
In order to employ Galerkin’s method we introduce a finite dimensional approximation of the problem

(3.1). We need to introduce the following finite dimensional subspaces. Let (i,7,k,l,m,n) € N® be fixed
and strictly positive, and let 7; := span{S; € 7 : £ = 1,---,i}, Rj :=span{y, € R : { = 1,---,j},
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Pr:=span{qg € P: L =1,--- k}, W, :=span{zp e W : 4 =1,--- I}, S :=span{rp, €S : L =1,--- ,m}
and U, := span{v, € U : £ = 1,--- ,n}, where the functions Sy,y¢, qe, z¢, T¢ and vy, for £ € N, constitute
Hilbert bases for the spaces 7,R,P,W,S and U, respectively. Let now (T}, rj, px, Wi, 0m,uy) : [0,Tf] —
Ti x Rj X Py x Wy x Spy x Uy, be the solution to the following problem:

(a0 + ar) (0T}, Se) — be(Dupi, Se) + g—;wt% S1)

—(’I’]~Wl,Se)+(V'I‘j7Se):(h,S(), é:l, ), (353)

(® 'rj,y0) = (T;,V - y0) =0, 0=1,---,7, (3.5b)

(ot ) (@rpr.a0) = br (DT @0) + 5 (Dh0narD) + (V- wiage) = (g.00). £=1- k, (350)
(K~ 'wi,2¢) — (pk, V - 24) = 0, (=1,---,1, (3.5d)

(A, 72) + (un, ¥ 7)o 5 (U, 7o) + 55 (1T3, 70) =0, (=1, .m, (350)
—(V-om,ve) = (£,vy), ¢=1,---,n. (3.5f)

We introduce the coefficient vectors of the solutions: let T;(t) := [Ty(¢), -+ ,T;(t)]T where T;(z,t) =
Yic1 Te(t)Se, Ri(t) := [ra(t), -, ri(8)]" where rj(w,t) = S5 re()ye, Pult) = [pr(t),--  p(®)]”
where pi(2,t) = 3¢ pe(t)qe, Wilt) = [wi(t), -+ ,wi(t)]T where wi(z,t) = Sp_; we(t)ze, Sp(t) =
[o1(t),  som(t)]T where op(z,t) = Yo, 00(t)Te and U,(t) = [ug(t), - un(t)]’ where u,(z,t) =
2y ue(t)ve-

Thus, we impose the initial conditions by
Tg(O) = (T07S€)7 1<¢4< i ’U/g(O) = (uOva)a 1<¢< n, pz(()) = (pO,Q@), 1<l<k. (35g)

We also define the following linear operators: (Agqg),, = (AT,,T,), for 1 < 1,7 < m, (App)y = (co +
CT)(qmq])a for 1 < 1, < ka (ATT)ZJ = (a(J + ar)(S’L,Sj)v for 1 < (2% < iu (Aww)zy = (Kﬁlzzazj)a for
1<,y < l,c(Arr)” = (@7 ly,,y,), for 1 < 4,5 < j, (Aug)yy = évz,V 1y), for 1 <o <n,1 <5 <m,
(Apo)yy = 2—T(Iql,‘r]), for 1 <1 < k,1<jy<m, (Arg)y = ﬁ(IS“T]), for 1 <1 <41 <3< m,
o
(Arp)y == =br(S,,qy), for 1 <1< 4,1 <3<k, (Awp)y = (V-2,,q), 1 <1< 1,1 <)<k, (Apr)y, =
(V-y,,8,), for 1 <:<1,1<3<4, and (Awr)y :=M-2,5,),for 1 <:<,1<7<4q.

Finally, we define the vectors: (Ly)e := (f,vy), for 1 < £ < n, (La)s := (g,q¢), for 1 < £ < k and
(L3)¢ := (h,Sp), for 1 < ¢ < i. We rewrite using the above notation the problem (3.5) as a system of ODEs

d d d

Arr - Ti+ Ary = Pr + Aro 5 — AwrW; + AL R, =L, (3.6a)

AR; — A.rT; =0, (3.6b)

AppiPk + AL iTi + Apaﬂzm + AL W, =Ly, (3.6¢)
dt P dt dt 4

AGW, — A, P, =0, (3.6d)

AooZm + AL U, + AT P, + AL, T; =0, (3.6e)

A, =L (3.6f)

After rearranging, these ODE equations can be written in the form of a DAE system

@%X(t) L UX() = L(t), (3.7)
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where X (t) := (Pi(t), S (t), Ti(t), Wi(£), Un(t), R; ()T, L(t) := (La(t), 0, Ls(¢), 0, Ly (£),0)7 and

Ay Ay Agp 0 0 O
0 0 0 0 0 O
| Ay Are Apr 0 0 O
¢ = 0 0 0 0 0 0}’ (3.8)
0 0 0 0 0 O
0 0 0 0 0 O
and
0 0 0 A?Vp 0 0
T T T
Apa Ao At 0 AL, OT
0 0 0 —A 0 A
\I/ — w1 rT . 3.9
—Awp 0 0 Agw 0 0 (3.9)
—Aus 0 0 0 0
0 0 —Ar 0 0 A

From the theory of DAEs, equation (3.7) together with initial conditions (3.5g) has a solution if the
matrix pencil, s® + ¥, is nonsingular for some s # 0 (see [9]). Note that we can write s® + ¥ as a block

2 x 2 matrix as follows

where
sAp,  sAps sA%p Al 0 0
A= Aga AO'U A%:O' ’ B = 0 Aga' 0 ’
SATp SATO’ SATT _AWT 0 AZ—‘T
Awp 0 0 Agw 0 0
C = 0 Ao 0 , D = 0 0 0 .
0 A1 0 0 Arr

Let B =8, x Pr x T; and C = U,, x W} x R;, such that the bilinear form associated with s® + ¥ can
be decomposed into the bilinear forms associated with each block, i.e. ¢4 : Bx B - R, ¢p : C x B — R,
¢oc :BxC—R,and ¢p : C x C = R, where

Cr cr
PA((Oms i, Ti), (7,4, 5)) = s(co + ¢ ) (Pr, @) + %(kaﬂ') + S%(Umql) — sbr (P, S)

— b (T3, q) + (AT, T) + 52 (0, ST)

26
+ ;—E(ITZ-, )+ s(ag + a-)(T;, S), (3.10a)
oB((1,49,9), (up, wy,r;)) = (V-wi,q)+ (0,,V-7)—(n-w;,5)+(V-r;,5), (3.10b)
QSC((O'mvpkaTi)v (V7Z7Y)) = (pka V- Z) =+ (v : U,n,V) + (T'La V- Y)a (3100)
¢D((umwl’rj)’ (V’ZaY)) = (K_lwl»z) + (9_1rj,y). (3.10(31)

The following Lemma will imply the invertibility of s® + ¥ for some s # 0.

Lemma 3.2. For any tuple (i,7,k,l,m,n) > 1, there exists an s # 0 such that the bilinear form associated
with s® + U is strictly positive, i.e.
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$a+ o —dc + ¢p >0,

for all nonzero (1,q,5) € B and (v,z,y) € C.

Proof. Denoting by T = <:; g; >, and using the definition of the compliance tensor (2.2), together with

the C-S, Young, and triangle inequalities yields

¢A((Ta q, S)v (‘rv(b S)) + ¢B((V7 Z’Y)a (Ta q, S)) - ¢C((T q, S)’ (VvZ7Y>) + (bD((V z Y) (V7Z>Y))

= s(co+ c) [lgl|* + s(ao + a,) S + (1 + 8)2 (Ig,7) = 2sbr(q, S) + (1 + s) é(ﬂ ST)
+ ('AT’T) - (77 'z, S) + (K_1Z7Z) + (9_ Y7y)

Cr €1 2 2
> _ _ Zr -l _ _ Jrz2
> (steot e =8 = 1+ 5 G lalP + (s(an+ar — ) = (149352 = 51 ) s
1 o 1 ar 1 2 2
* (2(u+/\) - +s)2a 2, T35 2e2> (Il + fimael”)
+ 6 [yl 1 ||Z|| + - IIlell (3.11)

What remains is to show if there exist parameters €7, €5, and s such that the following six constraints are
satisfied

Cr €1
< = b)) — (14 )L 12
0<s(eco+e —br)—( +S)2a2 (3.12a)
a, € ~
0< =) —(1+s)—2 T 3.12b
< s(ao +a ) —( +8)252 o ( )
1 cr 1 a, 1
< (4T (A4 3.12
S5y U305, ~UHelgga, (3:-12¢)
0 <ep, e, and s#0. (3.12d)
. . . . . . 4o
It is easily verified that the following choices are satisfactory; s = —2,¢; = ms(co + ¢ — b)), and
€9 = 74B s(ag + a, — by) — - . We use these choices in (3.11), and letting
ar(1+ ) 2km
1
=1+ + > 0, it is inferred that

16(u+ N (co+ ¢ —by)  16(u+ N)(ag + ar — by +v/(2km))

¢a((7,4,9), (7,4,5)) + ¢B((v,2,5), (7,4, 5)) = (7,4, S) (v,2,5)) + ¢0((v,2,5), (v, 2,¥))

5 2 2
> sy (Il ) + 552 2l + 0, 1+ Imal” > 0. (3.13)

for all nonzero (7,q,5) € B, (v,z,y) € C. Thus, there exists an s # 0 such that s® + ¥ is nonsingular, and
the equation (3.7) has a solution. O

3.2. A priori estimates

In this section, we derive a priori estimates for the unknowns which will allow us to pass to the limit
in problem (3.5) by weak compactness arguments [38,15]. Throughout this section we denote by C' > 0 a
generic positive constant which may change value from one line to the next, but it will always be independent
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of the relevant parameters, i.e. of the tuple (4,7, k,1, m,n). We summarize these estimates in the following
theorem.

Theorem 3.3 (A priori estimates). Under the Assumption 1, there exists a constant C' > 0, independent of
(4,7, k,l,m,n) > 1, such that

(i)
P17 + 1717 + il + [Ir517 + (0]
kll Lo (L2 () ill Lo (1;22(02)) z2(s;02() illL2(s;02(0)) A
2 2 2 2 2
<C (HfHHl(J;L?(Q)) F9l2522(0)) T 10l T20550200)) + IPoll @) + ||T0||Hg(sz)) ;
(i7) PYST: T2 2 2
0Pkl 725,020 + 10 Till L2520y + IWill Lo (5020)) + W51 (7220
2 2 2 2 2
<C (Hf||H1(J;L2(Q)) + 19l z2(5;n200)) + 1Pl z2 0200y + I1Poll ) + ||T0||H3(Q)) ,
(iti) 2 P 2 2 YT
lomllze 2y T 100mllze 0200y + a2 @)y + 100anll2 502y
2 2 2 2 2
<C (Hf”Hl(J;L?(Q)) +9ll22 (5502 0)) + 1220200 + I1P0ll ) + ||T0||H3(Q)) .
(iv)

2 2 2
HWlHL2(J;H(div,Q)) + ||rj||L2(J;H(div7Q)) + ||0-m||L2(J;HS(div,Q))

2 2 2 2 2
<C (Hf”Hl(J;L?(Q)) F9l2s52200)) + 1Rl T20s50200)) + IPoll @) + ||TO||H(}(Q)) .

Proof. By Thomas’ Lemma [33] there exist & € H'(J;S,,) such that —V - &(-,t) = u,(-,t) on Q for t € J,
and with [|&(t)]| < C|lu,(t)]]. Thus, we set 7, = &(t) in (3.5¢) and obtain

[n]> = —(u,, V- &) = (Ao, &) + %(ka,&) n ;—;(mﬁ)
< (55 boml + 52 el + 55 131 ) o
< (o lomll + 2= Ionll + 25 1T ) € . (3.14a)
which implies
lunll® < € (llormll® + el + I72)%) (3.14b)

Next, we take 7y = o, in (3.5¢) and vy = u,, in (3.5f), and add the resulting equations together to obtain

ol = =50 (s m) = 55 (0T o) + (£ ) (3.15)
Applying the C-S and Young inequalities together with the above estimate (3.14b) yields
cr ar 12 e 2
ol < 5= (e ol + S loml?) + 55 (G0 W+ 2 ol ) + 5 117+ 5 |

(0] B 2 Cr €3 2
<|= S A)e: m Y
< (261+ 56+ Cu+ )es) lomll’ + <4a€1 +02) Pl

€3
+ (g 4 OS2 ) ITIP + 5 NI (3.150)
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1 1
Choosing suitable values for the epsilons, i.e. ¢ = 35’ €x = % and ez = m, we obtain
2 3 1 2 3 1 2 2
2 < (26 + ——— 2ap 4+ ——— VTP +Cf)7. 3.15
ol < (3er+ gty ) el + (e + gt ) I + €l (3.150)
It then follows immediately that
lunll® < € (lpell® + 1T + 1€)17) (3.16)

Take now & € L?(.J;S,,) such that —V -6 (-, t) = dyu,(+,t) on Q, for t € J, and with ||6(2)|| < C |0y (t)]|-
Then, by differentiating equation (3.5¢) with respect to time, and setting 7, = &, we get in the same way
as before

[9rall? < € (|00l + 10x ) + 10T (3.17)

We continue by differentiating equations (3.5¢) and (3.5f) with respect to time, and take d;0,, and d;u,, as
test functions, respectively, and get analogously

3 1 3 1
2 (2 L 2 o L 112 2 .
ol < (5o + gy ) 10w+ (500 + gy ) 10T+ CllasI®, (318)
and
10cun ] < € (J0mel® + 10T + 08]) (3.19)

Next, we take 0.0, pr, Wi, T; and r; as a test functions in (3.5¢), (3.5¢), (3.5d), (3.5a) and (3.5b),
respectively. We differentiate then (3.5f) with respect to time, and take u, as a test function. Adding
together the resulting equations yields

(co + ) Dok, i) + (a0 + ar) (0. T3, T;) + (K™ wi, wi) + (@7 'rj,rj)
= (Ao m, 010 m) + b (0:T;, pr) + br(Ospr, Tj) + (0 - wi, T;)

Using the properties of K and ©, in addition to the C-S and Young inequalities yields

1 2 2
- — T - O |1
o0+ cr = 0003 5 Il + G+ =) S I + (o =15 ) ol + O ]
1/d 2 2 2 2 2 2 2
< 5 (S oot (e DI+ P+ el + 101+ o1 + [0 (3.200)

Choosing € = k:i’ integrating from 0 to ¢ and substituting the inequalities (3.14b) and (3.15¢), we deduce

Cr 1 Ay 1
(co -5 by — m) lpe ()1 + (ao O br — m) IT3()]?

+/< o o) + O ey )17 )
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< [ (I +IT0)I1?) dr = lom O)1

o —

+C (Hf||2Hl(J;L2(Q)) + ||g||2L2(J;L2(Q)) + ”hHiZ(J;LZ(Q)) +lpe (0)[* + ||ﬂ(0)|\2> : (3.20¢)
Since from (3.5g) we have
IT:0)1* < [ITol* and [|px(0)]|* < Ilpoll*, (3.21)
we obtain the first estimate (¢) using Gronwall’s inequality, i.e.
||pk||2Loo(J;L2(Q)) + ||Ti||2Loo(J;L2(Q)) + ”Wl”i?(J;L?(Q) + HeriZ(J;LZ(Q) + [lom (0)]1%
< C (I3 sz + 1913200 2(ay) + 1IF 20,22y + lipol + 1T - (3.22)
For the second estimate, we differentiate (3.5¢), (3.5f), (3.5d) and (3.5b) with respect to time and use

00, Osuy,, w; and r; as test functions, respectively. In (3.5¢) and (3.5a), we use Oypp and 0;T; as test
functions, respectively. Summing the resulting equations yields

(co+ ) 1Biprll> + (a0 + ar) |8 Ti|° + (K1 0ywy, wi) + (O 10;r;, 1))
= ||8t0'm||2_,4 + 2br(ath‘; 3tpk) + (77 * Wi, atTi) - (atf; 3t11n) + (g»atpk) + (hvath‘)- (3'233)

By applying the C-S and Young inequalities, and substituting the estimates (3.17) and (3.18), we deduce

a, 1 €4 k,, d 0,, d
S aT,
#0055 - IO + 5w + O el
< S (lomel’ + 10T + 10417
1 2 1 2 1 2 1 2
— — || — — ||h||". 3.23b
v il 5 101 + 5 gl + 5 Il (3.230)
Choosing suitable values for the epsilons, i.e. €; = C(;f— N’ €3 = ucf)\’ €3 = 2(:[5 N’ and ¢4 = 2(:[45)\),
we infer
Cr 1 2 [e78 1 2
S g —— )0 A e — T
(-5 -n- +A>>” R OO S e L
K, d .,
“‘7&”“’1” 2 & H r; |
C (JIwall® + 191 + gll® + A1) (3.23¢)

Simplifying the above expression, integrating over (0,t) and using the initial conditions yields

t

@1 + 501 + [ (l0n(r)IP + 10:2:(7)17) ar

0
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2 2 2 2 2 2
<C /”Wl(T)H A7 +10ef 21512 (0)) T 119022 i20)) + 102205502 (0)) + Wi ()] + [Ix; (0)|
(3.23d)

It remains to provide estimates for |w;(0)||*> and ||rj(0)||2. To this end, take w; as a test function in
equation (3.5d), and set ¢ = 0. This gives

(K~ 'wy(0), wi(0)) = (p(0), V - wy(0)), (3.24a)

which holds true for any k,I > 1. Use now the properties of K to bound the left-hand side, tend k& — oo
and then integrate by parts in the right-hand side to obtain

ko Wi (0)* < (po, V- wi(0)) = =(Vpo, wi(0)) < [|Vpol| [ wi(0)]]. (3.24D)
Thus, we have
Wi (0)[I* < C'llpoll 73 e (3.24c)
Similarly, using (3.5b), we obtain
w5 (O)II* < Cl|Tolf313 e - (3.24d)

Taking now (3.24¢) and (3.24d) in (3.23d), and applying Gronwall’s lemma, we obtain the second estimate
(13), i.e.
10l 725,125y + 10T + [[will7 + |57
WPrlL2 ;2 () T 10Tl L2 (5020 e (rirz) FITillLegir2(0))
2 2 2 2 2
<C <Hf||H1(J;L2(Q)) T 9lz2sz2(0)) + 1RlZ2 0550200 + IPoll 3 @) + ||T0||H3(Q)) : (3.25)
Now we sum the estimates (3.15¢), (3.16), (3.18), and (3.19), and substitute the estimates (3.22) and (3.25),
to obtain (ii7), i.e.
ol + 00 + [lunll? + [0 |7
mll e (ripza) H100mliz 20y + 1l ;2 (@) + 100072012 (0))

2 2 2 2 2
<cC (HfHHl(J;L?(Q)) 9l 22502 00)) + 122 0200)) + I1P0ll ) + ||T0||H3(Q)) . (3.26)

It remains to obtain the estimate (iv), for which we need just to bound the divergences. Since V-r;(t) € L*(Q)
for t € J, we can write V - r;(t) = 3,2, &(t)Se, for some functions &(t) € R. Now, we multiply equation
(3.5a) with &, sum over £ =1, ..,7 and use the C-S and Young inequalities to obtain

(V-rj, > &S0

(=1

ataldeSe ) + bi( atpk,Z@Se (n-wi, Y &Se)

{=1 {=1

(h, Z&Se (ao + a,) (0T, Z £eSe) —

“af

B

2

Z 0¢&eqe

{=1

+5|[hlf* + 5(ao + a,)* |0, T3?

om||® 4 502 ||0uprl” + 5 [ wi||? ) (3.27a)

l\')l»—t

452
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Using (3.18), integrating in time and using (3.25) we get

Ty i ) Ten s 2
[ asna< g[S as| @
0 =1 o lle=1

2 2 2 2 2
+C (||fHH1(J;L2(Q)) T 912 s522(0)) T 1072050200 + IPoll @) + ||T0HH3(Q)) - (3.27b)

It remains to tend ¢ — oo to obtain

2 2 2 2 2 2
IV 2512200y < € (103 iz + 19032 00,z2 o + 1Bl (sszaqny + 1Pl o + 1 ol 3y (e ) -
(3.27¢)

Similarly, we obtain the following from equations (3.5¢) and (3.5f)

2 2 2 2 2 2
IV-willz2(;120)) < C <||f||H1(J;L2(Q)) 9225 n200)) T 102,020y + IPoll ) + HTOHH[}(Q)) ;
(3.27d)

and
2 2
V- UmHLZ(J;m(Q)) <cC ||fHL2(J;L2(Q)) : (3.27¢)
Combining the estimates (3.27¢)—(3.27d) with (¢) and (ii¢), we get the estimate (iv). This ends the proof. O

The following estimates prove that the solution has improved regularity given some additional regularity
on the data. We state the result as a lemma:

Lemma 3.4 (Estimates for improved reqularity). Assume that £ € H?(J; L*(Q)) and g,h € H'(J; L*()).
Then there exists a constant C > 0 independent of (i, j, k,l,m,n) such that

(i)
Il + T3 + w7 + 1513 + 010 (0)]?
kllw.e (1502(Q)) tiiw oo (J;L2(Q)) HHL(J;02()) JWHY(J;L2(2)) t&m
2 2 2 2 2

<C (||f||H2(J;L2(Q)) 9l (gp2c0)) + 10l (g0200)) + 1Pollg @) + HT0|\H3(Q)> ;
(i) 2 2

lomllwi.ce(s;r20)) + 0nllwree (g2 )

2 2 2 2 2
<C (”fHHQ(J;L?(Q)) 9l (520 + 1Al (522 (0)) + IPollhs @) + HTOHHé(Q)) )

(iii)

2 2 2
||Wl||L°°(J;H(div,Q)) + HerLOO(J;H(div,Q)) + ”UWHLW(J;Hs(div,Q))
2 2 2 2 2
< C (181322200 + 19130 (sszany + 10l iz + IPollizga + 1Tl ) -

Proof. We begin by differentiating equations (3.5¢), (3.5¢), (3.5d), (3.5a) and (3.5b) with respect to time,
and take 0o, Oy, Oy Wi, O:T; and Oir; as a test functions respectively. Then, we differentiate (3.5f) twice
with respect to time, and take d;u,, as a test function. Summing the resulting equations yields
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1d _
18epr]|* + (a0 + ar) s — 0T * + (K~ 9wy, dywy) + (©@ 1 dyr, Oyrj)

1d
(co+er)3 2dt

2dt

1
||8t0'm“A + by (atTu Oipr) + (0 - Oywy, 0, T3)

— (8ttf, 8tun) + (8tg, atpk) + (&gh, 8tﬂ) (328&)

Using the properties of K and ©, in addition to the C—S and Young inequalities, we get

d 1d
a@ ||3t10k||2 + (ap + ar —by)

S OT I + 52 w4 0 o0

DO =

(CO + ¢ — br)
1/d
S35 (E |10r0 1% + kl 10T + 10pr ]l + [[0vun|* + [10F]| + 1|Oegll® + [|0:7]* ) (3.28b)

By integrating over (0,t), using the initial conditions and substituting the inequalities (3.18) and (3.19), it
is inferred that

Cr 1 2 ar L (4)]12
<co R by — m) H@pk(t)ll + <@0 T 9 br — m) HatTl(t)”

t
+ [ (Bl 46, 10, Jar + 100 O
0

<c / (10 (7) | + T3 (7)|) dr

2 2 2 2 2
+C (I€13r20,2200) + 1913022y + 1Bl ooy + 10O + 18T O)) . (3.280)

We proceed to bound ||9:py(0)|| and ||0:T;(0)||. To this end, we discard the terms under the time differential
on the left-hand side of (3.23c) and set ¢t = 0 to obtain

Cr 1 Qy 1
(0= 5 =t~ gty ) 1O + (a0 = = t0 = gt ) 1T
< O (w1 + 9O + 19(0) > + ()] . (3.290)

We use (3.24¢) to bound the initial value of the Darcy flux, i.e.,
2 2
10:pr (O™ + |10:T5(0) |
2 2 2 2

< C (lIpolzgay + 1Nz sz + 19130 oz + 13 rezecan ) - (3.29)
Now we substitute this in (3.28¢), using also (¢) from Theorem 3.3 and apply Gronwall’s Lemma to obtain

2 2 2 2 2

”atpk”LOO(J;L?(Q)) + HatTiHLOC(J;L?(Q)) + ||atwl||L2(J;L2(Q)) + ||8trj||L2(J;L2(Q)) + |01 (0) [ 4
< C (18132200 + 1930 (sszacany + W0l 22y + WPollizgcan + 1 To ey ) - (3.30)

Summing with (z) from Theorem 3.3 produces the estimate (¢). We continue by summing (3.18) and (3.19),
and combine with (3.30) to obtain
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2 2
||at0'mHLoo(J;L2(Q)) + ||atun||Loo(J;L2(Q))
2 2 2 2 -
< C(”ﬂlmu;mm)) 9l 220y T 1M (2200 + IPolly ) + ||TOHH5(Q))' (3:51)

Summing the above estimate with estimate (ii¢) from Theorem 3.3 produces the estimate (ii). Going back
to the estimate (3.27a), we now substitute in the right-hand side with (3.30) and (3.31), let ¢ — co to obtain

2 2 2 2 2 2
IV 1513 200y < € (102 rz200) + 190301 o2y + 1030 oszaqany + P03y o + 1Tl g ) -
(3.32)

<

From equations (3.5¢) and (3.5f) we obtain using the same technique

2 2 2 2 2 2
IV - will oo (gi120)) <€ (Hf||H2(J;L2(Q)) + 19l 522y + 1P sz @) + IPolly o) + ||T0||H(}(Q)) ;
(3.33)

and

2 2
IV - omll o2y < CIElLe 52200 - (3.34)

Summing the estimates (3.32)—(3.34) and combining with (i4) and (éi7) from Theorem 3.3 produces the
estimate (i77). This ends the proof. O

3.83. End of the proof of Theorem 3.1:

The proof of the first part of Theorem 3.1 follows the steps below:

e Lemma 3.3 implies that for the sequences {6, }5°, {u.}5°, {px}5°, {wi}6°, {T3}5° and {r;}§° defined by
(3.5): {om }§° is bounded in L>(J; Hy(div, Q)) N H(J; L3()), {u,}° is bounded in H'(J; L3(Q)), {px}&°
is bounded in H*(J; L2(€2)), {w;}&° is bounded in L?(J; H(div,Q)) N L>=(J; L3(Q)), {T;}5° is bounded in
H(J; L3(Q)), and {r;}§° is bounded in L?(.J; H(div,Q)) N L*°(J; L*(Q2)).

By the weak compactness properties of the spaces there exist subsequences (denoted the same way
as before) and functions o € L*®(J; Hy(div,Q)) N HY(J; L3(Q)), u € HY(J; L*(Q)), p € H'(J; L?(2)),
w € L2(J; H(div,Q)) N L (J; L2(Q)), T € H'(J; L*(2)), and r € L%(J; H(div,Q)) N L*(J; L?(2)), such
that

o T, =T in H'(J;L*(Q)),

e r; —rin L3(J; H(div,)),

o pr—pin H'(J;L*(Q)),

e w; —win L2(J; H(div,Q)),
e 0, — o in L(J; Hy(div,Q)),
o 0o, — 0o in L2(J; L2(1)),
e u, — uin HY(J; L3(Q)).

In order to pass to the limit in problem (3.5), we fix a tuple (4,7, k,I,m,n) > 1 and take (S,y,q,z,7,v) €
CHJ; Ti x Rj X Pr x Wy x Sy x Uy, ) as test functions, and then integrate equations (3.5a)—(3.5f) with respect
to time to obtain
Ty
Qp
/{(ao + a,)(0:T;,S) — by (Opr, S) + %(atoym ST)+ (n-wi, S)+ (V- r;,5)}dt
0
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Ty

= / (h, S)dt,

(e}

Ty

/{(Q*lrj,y) —(T;,V -y)}dt = 0.

0
Ty Ty
{(CO + CT)(atpk, (1) - br(atﬂv Q) + C_T(ato-mv qI) + (v * Wi, q)}dt = (gv Q)dtv
2a
0 0
Ty
/{(K_lwbz) - (pk7 V- Z)}dt =0,
0
Ty
Cr ay B
0/{(Aa'm,‘r) +(u,, V-71)+ %(ka,r) + %(IT“T)}CU =0,
Ty Ty
—/(V C O, v)dt = /(f,v)dt.
0 0
Passing to the limit yields
Ty Ty
/{(ao + a,.) (0T, S) — b (Oep, S) + ;—;(ato', SI)+ (n-w,S)+ (V- -r,9)}dt = /(h, S)dt,
0 0
Ty
J@ ey~ 1.V -yt —o.
0
Ty Ty
/{(CO +¢) (0w, q) — b:(0: T, q) + ;—;(@07 ql) + (V- w,q)}dt = /(g, q)dt,
0 0

/{(K*lw, 2)— (p,V - 2)}dt = 0,
0

Ty
[0+ @5 7) 4 2 @) + 50T 7)) =,
0

2p
Ty Ty

— [ (V-o,v)dt = [ (f,v)dt.
[rome]

(3.35a)

(3.35b)

(3.35¢)

(3.35d)

(3.35¢)

(3.35¢)

(3.36a)

(3.36b)

(3.36¢)

(3.36d)

(3.36¢)

(3.36f)

Finally, by the density of the test function space, C1(J;T; X Rj X Pr Xx Wy x Sy x Uy,) in L*(J; T x R %
PxWxSxU) as (i,j,k,1,m,n) — oo, the equations (3.1) hold true for a.e. t € J. It remains now to show
that the initial conditions are satisfied, i.e. T'(0) = Tp, u(0) = ug and p(0) = py, in the weak sense. To this
end, take ¢ € C1(J;Py) such that q(Ty) = 0 as a test function in (3.35c) and integrate the first term by

parts in time
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Ty
/{_(CO + Cr)(pk’ 3:5(]) - br(atna Q) + 26_;(6150'7”7 qI) + (V : leQ)}dt
0

- / (g, @)t + (co + &) (pi(0), a(0)). (3.37)

0

On the other hand, from (3.36¢) we obtain

Ty
/{7(60 + CT)(pa at‘]) - br(atTa Q) + %(ato-a qI) + (v "W, Q)}dt
0

Ty
- / (9, @)t + (co + &) (p(0), 4(0)). (3.38)
0

Since ¢(0) was arbitrary, and since p,,(0) — po in L?(Q), we get that p(0) = pg. We obtain in the same way
that u(0) = ug, and T(0) = Tp.

e To finish the proof we show the uniqueness of a weak solution to problem (3.1). To this end, we assume
that (T1(t),r1(t),p1(t), w1(t),o1(t), us1(t)) and (T2(t), ro(t), p2(t), wa(t), o2(t), us(t)) are two solution tuples
N7 XRxPxWxSxU,and let (ep(t),er(t), ep(t), ew(t), eqs(t), eu(t)) be the corresponding difference.
This then satisfies the following variational problem: find (er(t), er(t), €,(t), ew(t), eq(t), eu(t)) € T x R X
P x W x § x U such that for a.e. t € J there holds

(a0 + a,)(Brer, S) — by (Brep, S) + ;—;(ate,, SI) — (- ew,S) + (V-en,8) =0, VS eT, (3.39%)
(9_1eraY) - (eTa % y) = Oa VY € Ra (339b)
(CO + Cv")(atepa Q) - br(ateTa Q) + 20_;(8t867 qI) =+ (V *Cw, Q) =0, Vg e P, (3-390)

(K 'ew,z) — (e, V- 2) =0, vz € W, (3.39d)
&
2c

ar

26
(V-es,v)=0, Vv e U, (3.391)

(Aeg, ) + (€u, V- T) + —(Iep, ) + — (Tep, T) = 0, VT e S, (3.39)

together with homogeneous initial conditions. Take now T = d;e, in (3.39), differentiate (3.39f) with
respect to time and set v = ey, ¢ = ¢, in (3.39¢), z = ey in (3.39d), S = ep in (3.39a), and y = e, in
(3.39b), and add the resulting equations together

1d 1d _ _
(CO + Cr)ia(epv ep) + (a() + ar)§&(eTa eT) + (K lewa ew) + (9 lerver)
= 14 denea) + b Seper) + (- ewser) (3.40)
- 2 dt o, o rdt €p, €T n w €T ). .

Integrating the above equation from 0 to ¢ and using the properties of K and ©, in addition to the C—S
and Young inequalities yields

t

(eo+ e lea(® + (a0 + a3 ler (@I + [ (ki lew(D)I? + 6 len()]*) dr
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¢
1 2 by 2 by 2 / € 2 1 2
<z o o ¢ > A1
< 5 llea@Z+ 5 eI + 5 ler@I + [ {75 lew (D" + o ler(n)” | dr, (3.41)
0

for some € > 0. On the other hand, from (3.39¢) and (3.39f) we obtain

2 Cr ar,
”eO'HA = *%(Iep,ea) + %(IGT, ea)
Cr €1 ar €2 ¢ 1
= <2a > T2 2> 2(p+ X les | + % 26, llep|” +%TII er|?. (3.42)

1 1
Choosing €¢; = — and €2 = —, we get

2a 20

1 2
§He,,||A7 H6p||+ ler]| . (3.43)

knm,
Combining now (3.41) and (3.43), and choosing e = —, we get
v

t

t
1 km Y
3 ((c0= 01y + (a0 = 8 ler @) + [ (2 hewlll + b ller () ar < 5T [ fertrlar
0 0
(3.44)
which after application of the Gronwall inequality yields
t
(o= bn) lea(® + (a0 = b ler )] + [ (b lew(DI +20m [ec(D)) dr <0. (3.49

0

Then, using Thomas’ Lemma [33] we take 7 = & (-,t) € S in (3.39¢), such that for t € J, =V - 5 (t) = ey(?)
in Q, with ||&(¢)|| < C|leu(t)| for some constant C' > 0. Thus, we obtain

~ ~ Cr ~ (€29 .

Heun2 = _(emv : 0') = (Aecva) + %(Iepva') + ﬁ(IeTvo')
<& (— leall+ 22 lleo + 52 ||eT|) (3.46)
— Jewll < Clleal + eyl + llez]). (3.47)

This implies that ep(t) = e,(t) = ep(t) = ew(t) = ex(t) = eu(t) = 0, in Q, for a.e. t € J, implying the
uniqueness of a weak solution to problem (3.1). Finally, thanks to Lemma 3.4, we can finish the proof of
the second part of Theorem 3.1 using similar arguments. 0O

4. Analysis of the non-linear problem

We now consider the analysis of the mixed variational formulation for the original nonlinear problem (2.8).
The analysis uses the results derived previously for the linear case, in addition to the Banach Fixed Point
Theorem (see e.g. [11]) in order to obtain a local solution to (2.8) in time. We then proceed to extend this local
solution by small increments until a global solution is obtained for any finite final time (see e.g. [19,35] where
similar techniques are used). Precisely, an iterative solution procedure is introduced based on linearizing
the heat flux term in (2.8a), which is shown to be well-defined, and which converges to the weak solution of
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the nonlinear problem in adequate norms. Note that we now must require the iterates to be continuous in
time, hence we shall invoke Lemma 3.4. The iterative linearization algorithm we consider is then as follows:
let m > 1, and at the iteration m, we solve for (T, r™,p™, w™ o™ u™) €T x R X P x W x § X U such
that for ¢ € J there holds

(a0 + a,) (B, T™, S) — b (Bp™, S) + 2= (8,5™, ST)

2p
HV-r™ 8) + (W™ @ e S) = (b, 9), VS eT, (4.1a)
O '™ y) - (T™,V-y) =0, Vy € R, (4.1b)
(co+¢)(@p™, @) = b T™ ) + 3= (Do D) + (V- W™ q) = (9.0),  Vg€P, (410
(K~ 'w™ z) — (p™,V -2) =0, Vz € W, (4.1d)
(Ae™,7) + (U™, V - 7) + ;—;(Ipm,T) + ;—;(IT"‘, ) =0, vres,  (4.le)
—(V-o™,v) = (f,v), Vv el, (4.1f)

together with initial conditions, (2.8g), and where the algorithm is initialized by given initial guess r’. We
consider the following hypothesis on the heat flux:

Hypothesis 1 (The heat flux). We suppose that for all m > 1, the heat fluz is such that ¥™(t) € L>(Q), for
ted.

The above hypothesis is a natural one, and it is necessary for the solution to the iterative procedure (4.1)

to be well-defined for each m > 1. This hypothesis is satisfied with sufficiently regular data and domain
boundary. We provide some formal arguments in Appendix A on the specific requirements such that the
solution to the problem (3.1) yields r € C([0,Ty], L>°(2)) (or alternatively w,r € C([0,T¥]; L*(€))), thus
making the above hypothesis superfluous. We delegate this discussion to the Appendix in order to avoid
overly strict assumptions on the data.
Remark 4.1. Note that if we had approximated the convective term in equation (4.1a) instead as (w™~! -
0 lrm, S), Hypothesis 1 would be on the regularity of the Darcy flux w, and the above algorithm would
be initialized by some w°. However the analysis presented next remains true and follows exactly the same
lines.

Based on the development of the previous sections, we now state the main result of this article.

Theorem 4.1. Assume that f is in H?(J; L*(Q2)), g, h in H'(J; L2(Q)), po, To in HE(Q), and ug in (L*(Q))4,
then the algorithm (4.1), initialized by any r* € C([0,Tf]; L°(Q)), defines a unique sequence of iterates

(T™,x™) € WH>°(J; L*()) x (L™ (J; H(div; Q) N H'(J; L*(2))), (4.2a)
(p™,w™) € Wh(J; L3(Q)) x (L™=(J; H(div; Q) N H'(J; L*())), (4.2b)
(U™, 0™) € Whe(J; L*(Q)) x (L*(J; Hy(div; Q)) N WLOO(J; L*(Q))), (4.2¢)

that converges to the weak solution (T,r,p,w,o,u) of (2.8), admitting the following regularity

(T,r) € H'(J; L*(Q)) x (L*(J; H(div; Q)) N L>®(J; L*(2))) (4.3a)
(p,w) € H'(J; L*(2)) x (L*(J; H(div; Q)) N L>(J; L*(2))), (4.3b)
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(w,0) € H'(J; L*(Q)) x (L*(J; Hy(div; Q) N H'(J; L*(2))) - (4.3c)

Proof. According to Theorem 3.1 and recalling Hypothesis 1, the iterates (T™,r™, p™, w™, o™, u™) are
well-defined for all m > 1, admitting the improved regularity specified in Lemma 3.4. In particular, this
guarantees continuity in time for the iterates. Keeping this in mind, we define v, := sup,¢; lem(#)||*> and
Yy = sup,cy [ (t)]|*. Tt remains to show the convergence of the iterates to the weak solution of (2.8)
using suitable norms. To this aim, let m > 2, and take the difference of equations (4.1) at the iteration
step m, with the corresponding equations at iteration step m — 1 to obtain the following problem: find
(e er ey, e, eq,en) €T x R x P x W xS xU such that for t € J there holds

(a0 + a)(Orer, S) — br(Orey', S) + —(at moST) 4+ (V-e, S)

/B r
—(wm- @ tem Sy~ (em- @ 1 §) =0, VS eT, (4.4a)
(@*leT,Y) — (e, V-y)=0, VyeR (4.4b)
(co+cr)(Oeey', q) — b (Ocer, q) + (8te’” I)+(V-el,q) =0, Vge P, (4.4c)

<K*lecs, z) — (e

V-z)=0, Vz €W, (4.4d)

(Ael', )+ (e, V- T) + C—T(Iem T)+ E(Ie% T)=0, Vres, (4.4e)

20" P 25
—(V-eg,v) =0, Ywveld (4.4f)
together with homogeneous initial conditions, i.e.
(er(0),8) =0, YeT, (e/(0),v)=0, ¥VwelU, and (e'(0),q)=0, VgeP. (4.4g)

mo MM A M

The solution tuple (e, e;", e;', ey, ey, e) denotes the error functions between the solution to (4.1) at the

b and (m — 1)™ iterations, i.e. e = T™ — T™~! and similarly for the other variables. We continue to
denote by C' a generic positive constant which may change value from one line to the next, but in this section
the relevant parameter is m. First, take 7 = €' and v = ell' in equations (4.4e) and (4.4f), respectively,
and sum to obtain

m||2 Cr m _m ar m . m
Hea' ||A = 7%(1619 7ea') - %(IGT7ea’)
(4.5a)
< (02 + L) leg I+ ox s el + e
-\ 2 at 200 2€4 252
Setti 1 d LI 1d
in = — an = — yi
etting €1 55 nd e 25ye S
m m m2
lez % < e [ler]|” + ar e (4.5b)

Similarly, by differentiating equations (4.4e) and (4.4f) with respect to time and setting 7 = 9;e and
v = 0,e]) we obtain

|0ce 1% < e [|0ver || + ar [|0e ] (4.6)

Using Thomas’ lemma [33], we take 7 = &(:,t) in equation (4.4¢) such that e'(-,t) = V - &(-,t) with
le(@®)] < C|lem(t)] for t € J, and combine with (4.5b) to obtain
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m||2 m||2 m 2
ez > < ¢ (Jleg|* + e 1) (4.7)
and similarly using (4.6)
m||2 ml|2 m 2
e * < ¢ (J[owey]|* + lowei ) - (48)

Now, write V- e"(t) = Y_,2; Ce(t)Se for some functions (,(t) € R, where span{S; : 1 < ¢ < oo} = 7. Then,
we take Sy as a test function in equation (4.4a), multiply by ¢, and sum over £ =1, ..., k to obtain

k k k
e,y CeSe) =br(Ore)', > CeSe) — (ao + ar) (D€, Y CoSp) — 2[3 (Oreq s ZC@Se
=1 =1 =1

k k
+ (W07 e Y TGS + (el - @7 Y T GSh). (4.9a)
=1 =1
Using the C-S and Young inequalities, tending & — oo, and using also the estimate (4.6) we get
m|2 m||2 m||2 m||2 m—1]|2
IV e <O (e |* + e I + lewl + er=])*) - (4.9b)

In the same way we get from equation (4.4¢) that

m m m 2
|V - ew||2 <C (||8teT ||2 + H@tep H ) . (4.10)
From (4.4f) we also have that
m)2
IV -er|” =0. (4.11)
We continue by setting S = €7,y = e',q¢ = €)',z = ey, T = ey in equations (4.4a)—(4.4e), and

differentiate equation (4.4f) with respect to time and set v = el'. Summing the resulting equations yields

1 1d . .
(co = br)g 72 leplI* + (a0 = b)5 3 IR + ko el + 1 e
On | €m 1 1
<71— [ler IH +726)M§|\ew||2+ (5 >|| =07, (4.12a)

where we also used the estimate (4.6). Integrating from 0 to ¢, applying the Gronwall inequality and setting

km
€= yields
Y200

(co = b0) g O + (a0 = b) RO + [ (K IR + 6 e (D) dr < © [ [fep= ()|
’ ’ (4.12D)

Take now S = O’ and g = Orey’ in equations (4.4a) and (4.4c), respectively. Then, differentiate equations
(4.4e) and (4.4f) with respect to time and let 7 = 9;0™ and v = J;u™. Finally, we let y = 0,e]" and
z = 0:e}l in equations (4.4b) and (4.4d), respectively. Summing yields
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mil2 km d Om d | .,
(co -+ er = b0) |t I* + (a0 + e — b0) 104N + 22 < et + 2 < e
< [0 |’ + (W™ - @ el Oyel) + (ely - ©7'x™ T, Dyel)
€ €
< lowels+ (5 +5) loer ) +wM— ez +woM— ez~ (4.130)
- . . ) ) af
for some €1, €2 > 0. Combining this with the previous estimate (4.6) and setting €; = e = gy leads to
m||2 m 2
(c0 — bo) 00+ (a0 — bo) eI + 22 S eyl + 2 S e
GM M+ 1
< B (71 et 1 + 2 [ler H) (4.13b)
Integrating (4.13b) from 0 to t and applying the Gronwall inequality yields
Om \\ m
(0~ bo) /||ate )P dr + (a0 = bo) /uateT I+ 5 e o) + % ey )
S% (E’Yl )/Hem 1 | dr <§’Y2 exp <§71 >/Hem 1 ‘ dr, (4_130)

A
for t < t¢; where ¢t; > 0 will be fixed later, and where £ := GM%. Integrating in time once more from 0
«

to t; yields

t1 ty
/||e;”(7)||2d7gtlL/HeT_l(T)HQdT, (4.13d)
0 0

where the constant L = % exp (%

m and of the local final time ¢;. Thus, for ¢; = o the above expression implies that the map e~ 1(t)

Tf> is such that 0 < L < oo provided Ty < 00, and is independent of

el (t) is a contraction map for ¢ € (0, ¢1]. In particular, this implies that as m — oo we have from the Banach
Fixed Point Theorem [11] and (4.5b)—(4.8), (4.9b)—(4.11), (4.12b) and (4.13c) the following convergences

w,er — 0 in L2(0,t1; H(div, Q) N L>(0,t1; L2()),
moem — 0 in HY(0,t1; L3()),
™y 0 in HY(0, 0; L2(Q)) N L2(0, t1: H, (div, ),

m 50 in H'(0,t1; L2(Q)).

u

L]
(‘D('DCBCD

Therefore, the existence of the solution to problem (2.8) is established for ¢ € (0,¢;]. The question now is

how to continue the local solution (7', r,p,w, o, u) to the system (2.8) globally in time. To this aim, we let

1
(T™, x™, p™, w™, o™, u™) be the solution of (4.1) on the time interval [tx_1, k], k € N, with ¢, —t5_1 = TR

and starting with the initial data (77, r™,p™,w™, 6™, u™)(-,tx—1) = (T,1,p,W,0,0)|1t, 51011 th—1);
thanks to the continuity in-time of the convergent solution. The iterates (7, r™, p™, w™, o™, u™) are
again well-defined using Theorem 3.1. The iterates also result a contraction, i.e.,
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/||e )12 d7'<— / ller—( H dr, Vk>2. (4.14)

tk,

Therefrom, we proceed as on done in the first time interval [0,¢;] to show the convergence of the succes-

m m

sive approximations (T, r™,p™, w™, ™, u™)|y, , 4,1, k € N, to (T, r,p,w,o,u)|[, _, +,]- This solution is

similarly extended to any time t, > t; given by

14

¢
1
tezztk—tkq: YR
k=1

1
Finally, since the series Z;’;l oL diverges, the sequence of local solutions is extended to arbitrary finite
1
final time 0 < Ty < oo by incrementing the values ¢ (if T is not identically an integer multiple of Y7 take

1
instead ty, — ty_1 = NI where N > 1). This concludes the proof of Theorem 4.1. O
Some remarks on the above proof are in order.

Remark 4.2. We could also define a fully explicit iterative scheme where both the Darcy and heat fluxes
in the convective term are given at the previous iteration. If such an explicit scheme was chosen we would
have the advantage of a symmetric linearized problem, as the convective terms in the iterative procedure
can be viewed as part of the source term on the right hand side.

Remark 4.3. Assume that f is in H'(J; L*(Q)), g,h in L?(J; L*(Q)), po, To in HE(Q), and ug in (L3(Q))<.
Suppose that instead of Hypothesis 1, we have r™, w™ in € H(0,7;L>(£)). Then, we can reproduce
the proof of Theorem 4.1 to prove the convergence of the scheme given by (4.1) to a weak solution of the
nonlinear problem (2.8).

5. Conclusions

In this article we have given mixed formulations for the fully coupled quasi-static thermo-poroelastic
model. The model is nonlinear, with the nonlinearity appearing on a coupling term. This makes the analysis
challenging. A linearization of the model was therefore employed as an intermediate step in analyzing the
full nonlinear model. For the linear case, the well-posedness is established using the theory of DAEs, and
energy estimates together with a Galerkin method. This result together with derived energy estimates are
combined with the Banach Fixed Point Theorem to obtain local solutions in time of the nonlinear problem.
Due to the continuity in time of the convergent (local) solutions, we can infer a (global) convergence proof of
an iterative procedure approximating the weak solution to the original nonlinear problem. Work underway
addresses discretization of this model problem using an appropriate mixed finite element method as well as
a priori and a posteriori error analysis.
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Appendix A. Alternative to Hypothesis 1

We outline some formal calculations which reveal the assumptions necessary on the data in order to avoid
the Hypothesis 1. In particular, we aim to solve the linear Problem 3.1 with sufficiently regular data such
that r € C([0,T¢]; L°(R2)) (or, alternatively such that w,r € C([0,T¢]; L*(€2)). The following arguments
indicate that this is easily done. First, note that from Theorem 3.1 and the Sobolev Embedding Theorem
(see e.g. [15]) it follows that the functions (T'(t),r(t),p(t), w(t),o(t),u(t)) are continuous for ¢ € [0, 7], if
g,h € HY(J; L?(Q)) and f € H?(J; L*(Q2)). Thus, going back to the problem (3.1), we can choose smooth
test functions with compact support in Q and find that (7, r, p, w, o, u) solves the following initial boundary
value problem

dT b d_p a, dtro

aoa(t)— Odt( )+ﬁ " t)—m-w(t)+ V- r(t) = h(t), in Q, (A.1a)
O 'r(t) + VT(t) = 0, in Q, (A.1b)
dp dT ¢ dtro _ .
coa(t) - bog(t) + % t)+ V- -w(t) =g(¢), in Q, (A.1c)
K 'w(t) + Vp(t) = 0, in Q, (A.1d)
cr ar _ .
Ao (t) — e(u)(t) + %Ip(t) + %IT(t) =0, in Q, (A.le)
-V -o(t) =1(t), in Q, (A.1f)
for a.e. t € J, and with boundary conditions
T=0, u=0, p=0, onI xJ, (A.1g)
and initial conditions
T(0) =Ty, u(0)=up, and p(0)=py, inQx{0}. (A.1h)

Since ® 'r, K~'w € L?(J; L?()) we have from (A.1b) and (A.1d) that T,p € L*(J; H}(Q)). Thus, we

can write (A.la) and (A.lc) in non-mixed form, i.e.

dT dp ar dtro

() —bg—(t) + —

a0 g g 0T 357
dp b dT ' ¢ dtro

Coa(t)— OE( )‘f‘% ar

(t)—mn-w(t)— V- (OVT(t)) = h(t), (A.2a)

(t) = V- (KVp(t)) = g(t), (A.2b)

and use the theory of linear parabolic equations (see [15] p. 349 for details) to get increased regularity for T'(¢)
and p(t), and then use (A.1b) and (A.1d) to infer increased regularity for r(t) and w(t). In particular, if the
domain boundary I'is of class C*, h,g € C*([0,Ty]; HY(2)), £ € C?([0,Ty]; L*(Q)) and Ty € H (Q)NH?(1),
then T € H(J; H*(Q2)) and thus r € H'(J; H1(£2)). Due to the special case of the Sobolev embedding
theorem for d = 2, i.e. H'(2) C L>(Q) ([15] p. 270), we get that r € C([0,Ty]; L>°(R)). Alternatively,
if also po € H(Q) N H%(Q), then we have additionally w € H!(J; H}(Q)), and since H(Q) C L*(Q)
(independently of spatial dimension), we get r,w € C([0,Ty]; L*(£2)).

Appendix B. Tables

For easy reference we list some of the notations used in this article (Tables 1, 2).
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Table 1
Data and parameters.
Data/Parameter Description
h heat source
f body force
g mass source
To initial temperature distribution
ug initial displacement
Po initial fluid pressure
ao effective thermal capacity
bo thermal dilation coefficient
B thermal stress coefficient
K matrix permeability divided by fluid viscosity
(C] effective thermal conductivity
Ly A Lamé parameters
a Biot—Willis constant
co specific storage coefficient
Table 2
Variables.
Variable Description Spaces
T temperature distribution T :=L*(Q)
u solid displacement U = (L*(Q)?
p fluid pressure P = L*(Q)
o total stress S := Hy(div; Q)
w Darcy flux W := H(div; )
r heat flux R := H(div; Q)
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