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Tlie Tirst fwo eguations .ef the BBGKY-hierarchy are dis-
cussed and solved in order to derive a kinetic equation for an
electron gas (non-neutral plasma) where Steeane ol ccrr el i
magnetic fields as well as inhomogenities are taken into account
on scales relevant for collisions between particles. The gyrb-
tropic assumption is not made. The magnetic field and the in-
homogenities are shown to have special effects on the collisiocn
temmns. A strong magnetic field approximation is then made in

T

@rder to simplify the eollisgion term, and a new, proper colli-

sion term has been found when a strong magnetic field is present.
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It is possible to generate a pure elecfron gas on a neutral
background of He , say, in a cylindrical tube with an axial mag-
netic field and reflecting ends, Malmberg & de Grassie (1975)
and in particular measure the diffusion of the electrons across
the magnetic field towards the walls, de Grassie, Malmberg &
Douglas (1975). Taking into account classical collisions between
electrons and neutrals a theoretical interpretation of the diffy-
sion that fibs well with some measurements has been obtained,
Douglas & O'Neil (1976), though other processes may be important,
de Grassie et al. and de Grassie and Malmberg (1977).

This paper is a study of how the electron - electron col-
lisions may be taken into account. In the parameter range used
t1ill now such collisions can be shown to be lecs mportant thion
electron - neutral collisions. However, lowering the neutral
gas pressure (density) by several orders of magnitude may dras-
tically alter this picture and the effects of electron - electron
collisions are of interest. The questicn then is 1f tHese colli-
sions can be described by ordlnary collision ternis, for instonge
by Boltzmann or Landau collision terms. Table I shows how some
typical plasma parameters vary with electron temperature from
eV  and downwards for two values of the magnetiec field holding
the electron density fixed. We note that this fixed electron
density 2-106/cm3 s the temperature 1eV and a magnetic field
strength of order 100 G are typical in the works of Malmberg

& de Grassie, de Grassie et al. and Douglas & O'Neil. The lowering
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of the elcelivron temperaturne 5o thab eventually the electron gas may
liquefy and wenystallize is af inkerest, Malmberg and O'Neil (1977).
Down to temperatures as low as 10-3eV the electron gas be-

BEves Neloerieal Ty e < 1'1—1/3

%L < xD - "Sinece secreening

effects for a pure electron gas are much the same as for a neu-
tral plasma, Davidson (1971), typical collisions occur over the
range between KL and KD , and the table shows that quantum

mechanical effects are negligible in this process even down to

D)

10 "eV . A striking feature from the table is that the Larmor rad-

(€

Sus Ty always is much less than the Debye length. Consequently
ordinary Boltzmann or Landau collision terms are héadeguatcine
describe the collisions since they do not include the effect of
the gyration of electrons in collisions. Indeed, the table shews
that for a very cool electron gas all interactions are influenced
by gyrations. This motivates a study of the effects of a magne-
tle Jiehd on the sellision intepral for a gas of charged par-
ticles. We are interested in deriving a collision integral that
holds for every strength of the magnetic field or Buesicy YElllE e
re PEllelt il e }L and KD . If possible we should like to sim-
plify the collision integral so to be - tempting for further
sthdles., This might be obtalned starting with existing collision
integrals, for instance Rostoker (1960) Haggerty & de Sobrino
(1954), Schram (1969), Montgomery, Turner & Joyce (1974) and
Montgomery, Joyce & Turner (1974). However for different rea-
sons we make our own derivation from the beginning: We do not
want to make the usual gyrotropic assumption and we want to
consider from the beginning the effects of electric fields as

well as inhomogenities on the collision scales. For the non-

neutral plasma these effects may be important.
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We start to derive from the BBEGKY-equations an equation
which 18 2 "generalized" Boltzmann equation. This equation
takes into account the effects of strong electric and magnetic
fields as well as a class of strong inhomogenities. The equa-
tion is derived so to be valid in both the "initial" and "kine-
tic" stages of Bogoliubov (1962). From this equation we derive
in section III a corresponding equation making the (usual)
assumption about weak interactions. The collision integral con-
sists of two parts: One "velocity space collision integral" and
one "gradient driven collision integral”. The first is a gene-
ralization of the collision term of Montgomery et al. and reduces
to Landau's collision integral in appropriate limits. The lat-
ter represents an effect that may correspond to terms derived for
other models by Wu and others (see Wu 1966) by a method different
from ours. Both parts simplify somewhat wher in "first order"
we may neglect all inhomogenities in the distributlion function
over the collision range. Assuming this we study the velocity
space collision integral further in section LV. 5 (BmphasisYils
there laid on the strong magnetic field effects. Finally we pro-
pose a (new) velocity space collision integral that 1s simpler
than the derived form in section III. It has all the properties
of a "proper" collision integral.

The gradient driven collision integral is studied & bit

further in Appendix C for the AEE0) mgEmeeile el cass.
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1I. Derivation of a kinetic equation.

The starting equations for the one compoenent gas are taken
as the first two equations of the BBGKY-hierarchy for the aone
particle distribution function f(r, ,ci,t) = e e
and the two particle correlation function g(gi,gi, J,cj,t; =
Bl = B When berme arising from "third"
particles are ignored except contributions that can be absorbed

in the electric field terms, we have

SF SF e SF 1 O
=t 21.321 L @1@1@1)-%—5 = afdggag, ([r ~r [)-%%(1,2,1:)
(1)
og o8 .9 e o
e 91'521 e 8%; + m(E1+c1x§1) §§;A (E +e, ) TR
oo d el
1 “H2 a0 - = B el | TN =
" W 3T, e e e <091 HC/
el
AEU i A
= & 3, (e ems 1) o s e (2t oif2)

Because of this restriction these equations may lead to genera-

lizations of the usual Boltzmann- and Landau eguablons, ok o a
generalization of the Balescu-Lenard equation. The Subseripes
on E and B indicate the coordinates they are evalucted ab.

e designatesthe charge on the particles that takes on a Heogav iye
value for the electrons. @12(lr4—r2[) is the (Coulomb) inter-
Ll

action potential between (like) particles 1 and 2
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To circumvent the great difficulties in attacking the
eguations in general we first observe the following:

(1) For space and time coordinates that are relevant for a col=
lision the right hand side of Eq. (1) is small (compared to
terms with 31 and @1 and inhomogenities that may be large).

(ii)only a g from Eq.(2) describing the evolution of g in
a collision 1s necessary on the right hand side of Eq. (1).

Therefore we may proceed as follows to derive a kinetic

equaticn that takes collisions into account: First we solve
of of e y af
— + —— + Z(E + ¢ sammei)
ot t &35, *iBy + gy x By) oy ()

and substitute this result for f into the right hand side of
Eq. {2). We then solve Eq.(2) for g and substitute that pe-

eUlt Thio Lhe right hand'=ide orf Eq. (1), which then constitutes
the desired (kinetic) equation. Following this procedure it is
clear that we do not make explicitly the Bogeliuboy - funeticnal

4o

umption but rather derive that relationship for this spe-

W
1)
0

cial case. However, following this prescription we meet serious

)
2 )
-

Th

()
-4
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irst step: to solve Eq.(3) which is the
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are given from the Maxwell equations

)
)

Q
ct

therefore are funetienais of f by space charges and currents.
To circumvent this difficulty we here assume space charges and
currents are nearly uniform and stationary over scales for a col-
ision, 1.e. over distances less then AD and times less then 1/&P
p 1s the plasma frequency. Assuming this we may solve

£g.(3) with E and B uniform and stationary. TFormally we may
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put the solution of Eq.(3) in the form

f(?_1)§_1;t) i S_t(1)f<£1121)t = O) (4)

" operator similar to those intro-

where S_t(i) is a "streaming
duced by Bogoliubov: It has the property to transform particle
1's position and velocity coordinates backward a time -t ac-

cording to the equations of motion

dr,

Jo

Qs

=
(9 SE

(5)

jon
@

’ 'NJ»

s
_m<1::_+§.i><_32)

Q,
(i)

(Since we here operate on scales relevant for a ColLILILEL o
we leave out the subscripts on E and B). Substituting then
Eq. (4) into Eq.(2) and solving for g , assuming that g = 0

at time t = 0, then gives, cf. Appendix A,

g(1,2,8) = s__(1,2)r(1,t=0)r(2,t=0) - 8_g {1 )5 g (2ir(1,5=0)r (2, %=0)

(6)

Here S_t(1,2) i1s another streaming operator that transforms

particle 1 and 2's position and velocity coordinates backward

a time -t according to the equations of motion in a collision:
q

g,
_l 8

dt = =i

. 3 (7)
= e 1 (pj

———-—‘L— = —(E + n e ""l — 1 =

3 B g BB e (e Ll TG, 2.0 = 1,8



a 50 sdsinege sued w
cig ﬂ#@i%ﬂ@ﬂﬂh %né wwﬁﬁ¢ 9w

B Ml madvios bas (m} w? wﬁﬂi {&}.wﬁ

i

VRo Laewiln aend ., 0 e ﬁ"amﬁa 8

\v\; “Mw“f :# i

i

“m%ﬁ;&mM¢ o daeeq Bome at  (S.1) . & 9988
‘ﬁmmﬁ
P vl

ﬁmm 0 aood deupe edd oJ Anstbason R PO i

(itoolow bos oolileeq &'S toelotdeen

1 i T K
S

£ R A R



Thus the &wo particle correlation bullds wp from £ = 0 . aceor-
ding to the departure of particle motion in a collision from
particle motion due to "external" fields only. Substituting

now Eq. (6) back into Eq. (1) glves the following equation

o/|Q/
(g L)
+
|o
—
/o
)
/\

- S_t(1)s_t(29f11,t=o)f(2,t=o)

Hepe §1 and £, may be non-uniform and non-stationary on
scales longer than the collision scales. The right hand Shitelcy
whose form was deduced on the assumption that f obeys Eq.(3),

-

takes care of the collision effects on the evolution of f . In

Eq. (8) the time runs from t = 0, and for O = t < 1_ , where
To 1s a typical time for a collision, the equation describes
the building up of what may be a (collisional) kinetic equation,
T S e R To the collisional effects on the right hand
side of Eq.(8) may approach an almost time constant level and

we are in the kinetic stage. This would be the case, for
instance, when neglecting the effects of external fields and
inhomogenities on the collision scales. Thus Eqg.(8) is more

general than a traditional kinetic equation. The effect of a

g(t=0) # 0 could easily be added, too.

I1T. Weak infteraction approximation.

We now make the usual assumption that weak interactions

aw
f 1
T —(E +c1xB) %E“‘ L/argdcz ar 2(| o, | %ET(S t(1 2 ) 8

(8,
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between charged particles are the dominant ones.

We find an

approximate solution of Eq.(7) in the following way: The po-

sition coordinates in the interaction force

term are taken as

given by the operator S_t(i) » i.e., instead of Eg.(7) we solve:

dr.
]
(e
=
dt - m\EreyXB) - g S (1)8, (J T el s S LD
Theretfore we must solye Eg. (5) firsk: Locally; let the z-axis
be directed along the magnetic field and x- and ¥ aXxes per-
pendicular to it. We then get
i E EX E
___X A Pt 1 _K
Eo B)cou Qt +<Ciy = B>51n QF + B
Sy x\ o
St(l)gi = <Cix - B>31n Qt -t <Ciy 3 T?)COS B (9)
b % %'th
e
Here O = eB/m and we have gi(tzo) = ¢ Integrating Eq. (9)
gives
r1 EV i Ex ( EE
5<%1X-3§>31n Qt - 5<ciy—+j§>\cos ot-1) + t B
E E E
B o 1 il i SRV e e B
StQL)gi R 5<Cix B>(cos Ot-1) + Q<§iy—%13)31n ot - £ 3
(10)
W meele
‘ 2 et m - Z
N
jledlies mave 5 (0] — 5
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From Eq. (10) we then derive

o
1 & 1 y
g C1yxSinat - = cijy(cos Qt-1)
- : i g i 1 Jis 4 :
St<l)St(J)(£i gj) Ly e cijx(cos GE-1l s = ¢y 5y51n o
(11)
Cljzt
L
TRETE - c e lewthe welakiivc Yeloci iy
We are now ready to solve Eq.(7'). For shorthand we set
o
i .

@ LN etacniac
b_i12< / St(1)st<2/ 0_111

2ng Closm heye decm whe LSt pery o
vhere
//?/cos il sinplleal g
: [
ae(E) = k/ dr w12(T) s stm qlteT) - eos qit-1) 0 (14)
o
\ 0 0 =
Integrating Eq. (13) we solve the first part of Eq.(7')
(15)
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where

/f/cos Qft-11) Shaltol -l

t 07
ar, (t) =k/ di/ die i ot )= s et p (e-r Bl i tiegn Gl 1) G
o o

\\\ 0 0 11126\

Letting 1 «» 2 1in Egs.(13) and (15) we get the solution for
particle "2" . Substituting these results back into Eq. (6)

we have

g2, ff\S_t(ﬂ_g bueadedls-5), @)e, + Ac (B, £ 0> =

Due to the weak interaction Ag1(—t) may be considered small
for every t . A§1(—t) on the other hand may grow with ¢t
Lssuminio Tor e moment.that £  is Fihite, we formally make a
series expansion in the small terms, retaining only first order

fterms. The result is

i 3 3
g(1,2,t) = 1A31(~t)'<a(s_t(1)31) ! a(s_t(2)927> .
(17)
+ A§1(—t).<a(s_ta(1)£J - a(s—t%2>£2 >}s_t(1)s_t(z)f(m,t=o)f(2,t=o)

Use has been made of the property

Acy(b) = - acy(t)
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Eq. (17) may be transformed further, cf. Appendix B, so that
explisitly) time growing terms cancel out. The result is then

substituted into Eq. (1) giving the new equation

a_f (R s -—_af E e ._.__af — V P
- o, e, S, < B i Oyl e (18)
where
v [ 5 lr 5@12 Ift A aQ‘]Q,
Cee = 5.5:]- \/dxdcz 5% \/ GTS_T(1)S (a,{j 5% \|§I)>
4 1 E (19)
// 5 sin qrt Q(cos Qt-1) O \
/ \
B B puliision oy s L D
= glecos r-1) 5 sin on 0 } = F(Aiegeleys )

v
1 / ; =
Cge 6 T gcA'k/ axte, ax12 L/_ i S~T(1)S-T(2) % 5X12(izj)> .
: % e

o
e 1
///:'SLH Ot —(cos Q7-1) :}\ (20)
gt Q ,
B 1 124 FRCT
2 Lo =9 — .
oz (cos qT-1) o e e / 3T, " oF >f(1,u)f(2 t)
0] 0 jy/
Here x =r, - v, . S__ (1) and S__(2) operate only on the

[3

Terms inside the parentheses im mediately following them.

Eq. (18) is a weak interaction approximation to Eg-(8). it shows

more explisitly how the collisicnal effects build up from t = O .
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This buildup is given by the orintesrals @a tiiie (dn £he
Uppem ntepratieon @dmite. CZe s @& velocity space collision
integral, describes the diffusion of particles in veloclty space
gue. Loy coll lsions . It corresponds to traditional collision terms.

sl 1 12 il : :
Lnyeddition. to ' this, © » & gradient driven collision integral
ee & 2

shows that inhomogenities may have a collisional efifect too.

We observe that Cge is roughly of order T /L s compared

\' e i
To Cee - This may be of order one for st rong inhomogenities

i T S (Such inh omogenities must be limited to be conslstent
with the assumption of (nearly) uniform and stationary fields
on the collision scales). When chm/L << 1 we may slmplify

\

19
Cce @nd C_, somewhat. Making a series expension of f£(2}

2L
£ =y
f(?_g:gg:t) = f(_1:1—_3_(_,_0_2,t) S f(£1522;t)"§'g£1 (21: t) ar

where the terms after the first are relatively smalihon eollinion

scales,we can do the approximations

d D : 9 9
35 T 55 ) fenee) » (35 - ) tleeg)elr e t)

)2 f,(.r‘»])C*i)t)

a
\ S5 - L) £(1,8)1(2,8) = £(zr;,cp,t S R

2 ar g
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Then in Egs.(19) and (20) we can decouple the terms following
the matrixes from the x-integration. It should be noted that
even this simplification applies to situations which may be far
outside the range of the usual classieal assumption of weak in-
homogenities, i.e. L >> Wy Where ) denofes the "effective”

mean free path of particles.

Lssuming chﬂ/L =< 1. we shall considcs £we socec:  When B L0
18 =

N\
Ve EXNDECT Blogky Cge glves the colilizlondferm of Tandau ' " In

5 2 ; v 2 : S ey
Aopendix € we disecuss both © gnd O i ehis limit edoe.
Le ee ==
. ; I : A % : v
In the next section we consider a simplification of Cee when

the magnetic field effects are important.

2V, Macmetic ficld effeets on the'ecollision term.

In this section we study Cge when TnCr/L <= " =nd Ehe
(3 i
decoupling of terms applies as noted at the end of section III.

First let us substitubte the Maxwellian

b Ly AR B/Qm, Bl g
M T\ GrRT =R S e =0

into Bg.{19) ang see if CZe then vanishes. We get
Y
B
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P T I §2 ( S i
- o 3e Jamte, 2 [ &[5 (05 (2o yp (s Jar (- Bg, (1), (2)
i O
& ey e )) (- 7)1, (1)1, (2)
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In the last transformation we used the above mentioned decoup-

Liavtgsralic cobsenye, Trdm Bl iihine Clmsnantan® t o, . §oaThis

again rellde s Vohat lonligimhan ikl Sie 1n Bihe upper r=integfal B

mit ‘dees Bqi(19) correspond to a traditional collision term.

We now write CZe as follows when t - o in the upper limit

Qi e g-~intecral

e T r SRR \
Cow = e J de, @ (c,.e,,B)- 5z, " g/ (e, t)f (2,00, t)
(21)
where
® ) 4 |
~ (94:32:5) = cos QT - sin Q7 g )
o, x I
i . 12 e ) 2 q
_1/a£_5§f_(ggjz/au<s~1(1,s_T(2) 5 }x})) sin Ot cos o, © |
: J
0 0 -
Pa
(22)
Making a Fouriler transformation we get
OO
o = (27T)Jdk k k (o(k) JdT exo{lk {9_122'{ +
O QO = S8 G 0 \\
B
Al S e ! |
3 T =L m ) |~ = B Gt =l e BEEIE
e \?Lﬂ QTC4n| 5 (1-cos QT)/] ET} \ ein 6 cos O /
0 g 1
-
(29
where
e s -ik-x e2 A
s s ) L
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is The transform of the Coulomb-potential and & — 0" 1in the -

integration. S0 1s Tthe vector component of transverse B.

£12
Eqg. (23) has a rather complicated form. However, as will be shown,

collisions where the magnetic field effects are important may be

5

ENRS

()

as

ly tractable. We proceed as follows. First we make

an expansion of the exponential function in Eq. (23) retaining

gnly Lae Pirveh Tew ternms:
T |/ CioXB |
e dlcdl e T — € = L i=CoE - ~
expy 1x | S42:7 * 5 \Sln @lie 12] 5 d OT) ST}
1o @ WET ; @ B
— =12z i, . —=1217= i N
=i Li + 5A1§-<51n Qo oy B (1 cos QT)) iy
© oy B 27
y A _1_ sy, 5 i "‘12_’_ = il \ >
+ 2<§ i <51n Qmic Ciae - (1 - cos QT,>> J (25)

This expansion we multiply with the matrix of Eg. {23). However,

n this product we are not keeping all terms:
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The calenlatdon  of ® wusing this approximate form is rather
long and we only state the procedure: First all the T-inte-
grele are evaluated. Then the K-integration is performed in

cylindrical coordinates, k = (klcos 9, k sin g, kz). We get

1 0] ik \ / 0 -1
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where
D
7t - ) O WA\ 2
p = (K_ + '2 28
O ch( L )>} o
127
(o]
dk
/i 2 A
Do = B el b ' (29)
a J Kzl 0
ey
Here P means theprincipal value of the integral. Before dis-
cussing the kL—integration in-Eg.(27) we show that CZe from
Eg.(21) with ¢ from Egs.(27)-(29) conserves particle number,

monientum and kinetie cnerey and also, whan

1%
£a

ting alone, drives

)

Tar

2

isieiiburront oo asweiililian S Rot shew this 'we Bilrst eb—

b4
J

serve that ¢ from Egs.(27)-(29) has the following properties:
a) ¢leqse,) = olessey)
n — Citan 0 —_
B) 2leqsepleqp = gppeleyne,) = 0
& X-@(c1,22)-z z 0 where the sign of equality holds

A andvonly i v llie. g0 )

Properties A) and B) are easily derived. Indeed, the proper-
ties hold for each of the two matrix-paprts of ¢ separately.

ty 2] follows from

; (¢} (&)

P s A Tl 12x - e 2
-V = (27)77 an - - v =
V-2V = (2m) "TJ dic, %7 p1{:(VX =0 vz) + (vy ol Z) =0

i 2

Ubserve that the second matrix part of . & does not contrlbute

~

o
0]
5
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Big 2ilil.

Now, particle conservation
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B o : : \4
follows directly from the form of Cee . Momentum conservation

LR &
W e

follows when using property A above. Kinetic energy conservation

F 7
k/ %mc? Coe de, = 0

rollows using property B . The Maxwellization property follows
by an H-theorem showing that

/ 0
J

sttt 1o

1A
&)

wnich readily follows using property C

v
&

=i

TR o Tt M wileh "o fron Boe. (o7 2429 formally is

()
3

DICCDIEIE (velocity space) collision invegral.

)

We now discuss the remaining k, -integration in Bailor ). Set
: . 1 1 : :
ting for the moment T and 7 @s lower and upper integration

limits, direct integration gives

1

jz : = Ma (50)
sl < > e ik 710
; e Gally L 101221 1
i
and .
)
x e
/ 5 e \ T
PG e Sy S < kL, L) 51
1L, e gﬂe b |c122, 2
i7
where
ik Lt ¥
14_39 e r2 r2
IV - NE . (32)
: 1 Ca L .
k,(£,L) = 3 1n = FeEiTED G i
1_+fg ©12z o gote MEaa, e fo
L2 02 02 02 /\l L2 c2
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Y/ L 2L 2
Lo, c
Kbl = Siaen o L -
2 Qo r2 C2 I_2 C2
o desie ARl gialla s 122
L 02 £2 02
d Ak
§ Te !0122| Te lc122I
+ sgn e QArctg(I— - )- Arctg(ii . )> (33)
i HE
. kT \3
H o= = ] nor radi = ol -
Here r, == 1is the Larmor radius (CL ( = B s & cligvee

teristic relative particle speed transverse the magnetic field).

sgr s s Che sign tof theelectric oharges. We wobsérve ithat K4

ig' ‘convergent when ' L 5 'ew''and divergent whern . 2 &5 0L | Thus
a'lower eut-off in' the kl~integration is not necessary for con-
Verpemce.t e, Yon' the“other' hand: is) finTtein BHobh "Timibe'’ L - o
and £ -» 0 . However, the choice we do of the k~L interval

[% ; % J should be consistent with the approximation Eq.(25)

which seems to be valid only when

k c
Ll e by Db el (34)
4 @ e
i e
This part of the kL—interaction band takes into account the
collisions which are (strongly gyrating) not-winded and only
partly the winded collisions (characterized by iy > £~) sk O

(&

K4 and «, may nevertheless show what happens in the transition

2
regime from not-winded to winded collisions. We consider this
point first: Setting L = A, 1n Egs. (52} and_ (53]}, there-
by Cakluer account of the screenlng . effeet, despite . Gthat

Ehiia (1e not. nseessary for convergence, we study K1 and

Ky as tunebions of - £ .. ¥When the magnetic field 1is
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strong so that r_ << K1(2) in parvticular simplifies te

e
2
re
22 2 —
TRTE @ 2
& 124 27
K.](z} = 5 ll’l[1 S ‘2‘ "“*72-' } % 2! 'g2 > (35)
Y/ e, © e
i 1 e
1 +—‘2~ 2}
J/ @

i

-

When 4 varies so that r_ << f 00 T Ki(ﬂ) is smally

Then only not-winded collisions are taken into account in the

2
il

Ep=lnposgatiionde i ls gt hesply (fubllecsesufet e 1)) K1(3) grows

strongly. This shows that when collisions be m

(¢

D

winded they

-~
o A

o2}

are much more eifective than the not-winded ones. Due to the

D

ek

5]

conditlion Eq.{(34) 4 should not pass below i o Eq.(35).
However, 1t is likely that Eq. (35) shows some of the features

of the actual behaviour when

1SS

< r, : We get from Eg. (35)

7oA ‘C ,' 3 ;
that. e d8) .5 1n Lo b e when g decreases below r .
i LA i e e

T welnavie SN oz EL ey aig get VY SaaaT O this loga-

L i
ttmic term may correspond to the logaritm in the collision term

i
=

set up by Schram (1969) and by Montgomery, Joyce and Turner (1974).

je shall later represent the winded c¢ollisions with the coliision

=

iIngepgrsl chey derived itor "thls strong masgnetlicticldleaze, "ilel

V)
=

L
re

G0 Ll ed 'Landau colllision ‘term with cut-ofi’s In "k %5t

1 .
and = Taking sccount of the collislon range where the particles
L

are almost straight-lined.
Returning to the not-winded collisions which our expansion
procedure are best suited for the condition Eq. (34) must be con-

sidered together with k,-values consistent with the weak inter-
o I
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action approximation. We take such collisions to be ZemEc s emitse
by
1 1 \
—— = el (36)
Ap i
This choice is in accordance with the k-values used in tradi-
fional kinetic theory of weakly Coulomb-interacting particles.
The conditions Egs. (34) and (36) now determine I. and ¢ . Dis-
cussing this we separate between the following three regimes of

the magnetic field strength (expressed throuch r o
g L & e

0}
=

>
1A

=
1A
>/

: g D (o7

A

-

In the flirst ease it 4s cotislstent'to u=e 6,1 and 5
D L
and upper limits, i.e. all (weak) intersction is taken into ac-

as lower

count. All this interaction is of the not-winded type. 1In the
second case we take %5 and g; as lower and upper integration
Limits. The lcft onl interactign kl—band Fromn F% to i%

then corresponds to the winded colliisions discussea above whose.
collision integral contribution we represent as stated there.

In the third case there ls ne overlap.of gonditiens Eqs. (34} and
(36). In this case Egs.(27) - (29) are inadequate. The gyration
motion is so small that the whole collisicn integral may be

repregented by an ordingry Landdu collision integral. With this

in mind we get from Egs.(32) and (33)
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In table II and III we estimate «, and |K2i from Eqs.(BS)

and (39, numerteally as funicblensiof the ynagnefic field strength
through B Foerydelinitencss we have put i 1O4xL s Weghave
set r, = A x and keep c$2z/cf fixed in three steps:..As 10,

1 and 1/10 . Commenting mainly on the values for ki we observe
the sensibility on Ghe wratio icmzl/cJ~ 4 JThus when

¥
leqogl
increases Ky Brows. Indeed we have

o kD
L Eg P by FeT, Rhap
Kigo—> 4 . [
in KQ s B0 = xL as édz - ®
i (40)
and also
! 122‘
Koy = 0 as —_— 5 ®
i

This behaviour may be attributed to the fewer gyrations during
the interactions, which make the collisions more effective.
However, the collisions occur over shorter times when |c,, |
iniereases tending to lower thelr effect. This we see irom the

factor TE;L_T of Bdgs, (70) and (Z1).  THEbie I1 " shows
2%

further that for each value of {cm,][/c_L <4 has a very charac-

tewristic variatlion with x : VWhen 3 deereases from X = & ,
k, drops quite sbruptly. Since Egs. (38)-(39) then describe
the whole weak interaction this shows how destructive the effect
of an extremely strong magnetic field is on the colllsion fre-
gieney . say..  Wheh X lnereases from X = 1 Ky has a plateau

over s wide range (Indeed, this plateau would continue infinitely

1T wie col ol eue @ Ofif Bhe kl~integration at the lower limit,
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- 0 .) This plateau means the fol-

y L . 1 1
2. dn. thisicape are Bl = and!
) i
e
increasing x means that a more narrow kl—band is taken into

A
lowlng: Since-the. cut-of %
aceount at- -the remote collision-side of the band. However,

this narrowing of the ki—band 18 exactly counterbalancedrby

s
&d

(4]

less gyration motion of particles and gives the plateau in

ct

the K1—va1ues. This plateau finally falls off slowly towards
Z2ero as re - %D .

We notice that the drop of Kq when r, becomes less than
AL is sengitive Lo Lhe particular cholee of the eut-off ££ :
For sweh values ol P K 4 and Ko include all (weak) inter-

e
actions. The effect of stronger interactions taking account
of the departure of particle trajectories from them given by
(10) may better estimate the collisional contribution in this
refgime.  For Coulomb-interacting partiecles in traditienal kinetie
theory, using the Boltzmann collision term, Chapman and Cowling
(1970), the effect of close encounters (i.e. when the impact
parameter 1s less than the Landauplength] falls off rapidly with
decreasing impact parameter. Strongly gyrating particles along

field llnes a distance apart less than and having re's

A,
less than KL mey have an effect ont The collision Germ much
less than this: Bound to the magnetic field lines as the par-
ticles are, all such collisionsmay be almost one-dimensional.
Thus with 7 neatly chosen «, and «, from Egs.(38) and
(39) may adequately describe the whole collisional contribution
when s RL

On the basis of the foregoing derivations and discussion

we propose the following (velocity space) collision integral:
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<y oan 14 Ko in the appropriate ranges are glven from Edgs. (38)
and (39) (cﬁgz = C12V) .. - P denotes that the principal value
! J

should be.staken in he 012V~integration: We easily derive from
|

e i : 4

Fasm58 0 and. (59, Ehat Ky = 0(012”) alid e, = O(|c12q[) when

C.oy 1S smedlll,  Bew whe peus sbeyellvalne Ko S 61 (41) wiaalsl mEny
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introduce a divergence in the 012H—integration of the collision
integral. Taking the principal value eliminates such a divergence.
The effect is nearly the same as introducing a cut-off for small
1012”| for this part of the collision term.  On the other hand
The interesting relaxation part of the collision term involving

K 18 suffielently regular for small 012“ that a similar cut-

1
oif I 15 unnecessary.
We observe that the collision integral varies continuously

Vabis el re ¢ When o L SN we have the usual Landau collision

term. When B2 decreases below

sion term showS up when Pe = xD taking care of the not-winded
collisions (we observe that both kg and k5 -0 as r, - Ay
in appropriate ranges). As Bl XL whe winded eollislon inte-

gral dies away. When Ty decreases below AL the collision
integral stems from not-winded (weak) collisions and ultimately

dies away as e 0O . We note when 3, << r., << X the accor-

L
dance with the result of Schram and Montgomery, Joyce and Turner:
¥rom the numerieal values of table II and III it then follows
that the modified Landau part dominates over the not-winded colli-
slon part of the colligion integral.

We end with pointing at a feature the collision term ex-
pressions In each interval of r_  has in common: As ic12”! - o

we get that ¢ 1n each of the three ranges tends to the same

asymptotic expression:

for large 5012“§ :

Use has been made of Eq.(40) in the last two ranges of Eq. (41).
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Appendix A.

From Egs. (2) and (4) we get

g(1:2Jt) = S_t(1,2)g(1,2,t=0) it
ic (A1)
[ 1 @12 S i
+L/ at S_T(1,2 B ar <fao - agé)f(1,t~T)L(2,t-T)}
®

where g(t=0) » 0 (sufficiently fast) as 131

wise quite arbitrary. We now show that the +-inte rand can be
a ¥

- 5| » = , other-

written as a derivative with respect to < : We have
S r
8.4 bl 0 s
3 [ 01 22 Bhe, 4o pafans T)J o - a(S_Tr1I'f(S EysB_ Bt
R £(s S t-7) + & (s S _c.,t-1) )E(S
oE T lErE) SRR LT ot B P e
B_iCosf-t) +7( 11 2) (A2)

since

gl i

ot S~T£l I -84

o) ) a5y q = § l.a_?}_g_...e_ (E+c XB)

3T (S_pe4 e -7 \| X, m ===
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H f% (E+_Q1X§)>-%—Cl~1_ f(P1,C1,t T) 5—('2-:{_—)‘ f(l"_l,c,‘,t T)>f(l"2,02,t—’r) it
op
+ Lol e 2 )jl k- <% 51"12. .g_c._ f‘(?_1,_c_,l,t T)f(rg,gg,t..»f) +
=7 =]
; 00
B e g
T E azp 5 892 f(EQJCQJt T)L(T1,Cl,t T)> Lo

Here use has been made of Eg.(3) at time & - 7 . The last ex-—

pression 1s the integrand of Eq. (A1) and we then get
g(i:z:t) T S_t(1,2)g(1,2,t20) it Snt(1,2)f(i,t30)f(2,t20) 5

- S_t(1)S_t(e)f(1,t=0)f(2,tzo)

Appendix B.

Transforming Eq. (17) we first observe that

e ‘ 5 \
Sisplie
o /Zt=1 5

il S s TR o) £ .

-t d¢, L _3&501 3T5. ;)

oS, ¢, 3 e :

e ( s

iy a(5.c,) )f‘st51’ R

(A3)
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From Egs. (9) and (10) we have

COSEOE -sin Ot 0 \\

%—* (Stg1 =it = 5in 6n cos Ot 0 (B1)
=
\\ 0] 0 1
1 sin D Licos Ot-1) 0
Q . Q\ SZ
—5————— = {+ —_ — l/ Q pots] \ i a3 n —
Y (s,r,) = B(t) = 5lcos at-1) e 0 (B2)

B g o
o
o
o

Thus we have

5
— 7

318 9-1 f(S_tE»}’S_tE‘]’t = O) i <§(t)'g_—: aF é(t) gc f(I’1,C4,t) (BBI

We also get

el

oS £24 f(S—t£1’S-tE1’t = 0) = %‘" f(£1331)t) (B4)
i =1

Then. 12(1;2,t) from Eq.(17) may 'be written as

g(1,2,8) = ac, (~£)-A( t) +

~

ac f(r1,c t)f(r oo

a <A£1(—t) 5 Ag1(—t)-§(t)>-<§gz - %g;-f(£1,g1,t)f(§2,g2,t) (B5)

Transforming further we observe from Eqgs.(14) and (B1) that
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7
/

//cos O =8l O 0

acg(-6)-8(6) = [drw (o) | stngr  eosar o
s |
0 31 1 /

Also, Eq.{16) may be transformed as follows

i 1
=l —) Al
/// 5 sin Q(t-1) g cos olt-1) O\\

i il 4 il Tpd i T o
A£1( t) = L/.OT ;12(—1) , o cos Qi -5 sin Q(t-1) o

o

@) OIS
@

’//T

(B7)
o

@ D=

and from Egs.(14) and (B2) we get

L T
a sin Q7 5 cos OT 0
G
* (£ = ! 7 — ° ...l - l
AE {SE]=BE )= k/ at w5 (-7) &5 Cos O o ol G 0 +
o
o 0 0] &
/ 1 . -1
= Q(t-1) 5 cos gltaal" i o 1 (88)
i il of{t-1) L Gle-"c) 0 R
9) St /|




SRS |

0 (r-9)a ats

~#)r awe r  (3-9)q nle

l . {»-2)02 son




MaEion
| /é% sin QT é(cos Qt-1) d\
b /
- s - . 4 s / L -{_l - .1_
A:‘_»}( t’) i AE_-]( t) E(L’) *‘JdT 0_‘)_12( T) [ Q(COS Qi 1) %) salm, QU 0
© \

e a7

(B9)
We note that the time growing parts in Egs. (B7) and (B8) ex-
actly cancelled out setting up Eq. (B9).
Substituting Egs. (B6) and (B9) back into Eg. (B5) give with an

obvious transformation the form of g(?,éjt; used in Eqs.(19)

and (20).

ARpemndilix @

Lettine B - 0 when al=s chm/L aagiliamd T e T

upper t-integration limit we have from Egs.(19) and (20):

: oo 3
v ) i -19\/ s
T = dxdc d (xli=x e
e e e 2 3% s
<ac ac >f(r be t;f(r1,cg,t) (c1]
and

£lr,,c,,t) ’
DA S 9=
f(£1:_92’t) ggf f(£1,g2,t (CQ)
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H g v ; : :
Using 1in Cge the Coulomb potential and taking Fourier-trans-
forms of functions of x we get the usual logaritmmic-divergent

integral in Kk which is made finite by cut-offs at %f and
D
%— (lower and upper limits in k-integration). Following the
L
same procedure with CZe reveals a divergent lntegral in k

due to the lower k-integration limit. This divergens is stronger
than logarithmic and making a cut-off gives a result that varies

quite strongly with variations in the cut-off. Thereby it seems

T
aEY CP 1s more sensible than Cle

bl from the assumption we

o

gid'at the outset o 1imit the discussion of colllslions to twos

e

particle collisions. Therefore "collective" collisions with the
screening mechanism should be included from the beginning. We
may arciiiclally civcumvent this 1f we substitute for the Coulomb
potential between two particles a potential that partly incor-
porates the effect of other particles. We here substitute for

the Coulomb potential the following potential:

e e
2 A A
e L
olr) =S (e P - e ) (c3)
Faor . r <<.) (r}) tends to eg(J— ol s Pl T )
i < /\L AL o 7\]'_, -)‘D/ 3 I /D
o(r) behaves as %F and for r >> )\ we have o(r) =
s
e2 7\D
S . To get a meagure of how good" sueh 2 substitution is
we evaluate at first cge We nave from Eq. (C3)
( —?62 (k2 - 1B3) 1 (c4)
Bilk) = kT - k - c4)
st R e e e



‘_ﬁ(@$mﬁmﬁwWMm oW %t aidﬁ 3*@meaqlo ziiakszﬁ131ﬁ tmﬁ
»mmamx %Fawmq Hhdle Iﬁi#n@joq 8 a&fstd&ﬂq owd ﬂsew#sd Inxtqa#qq

T dmorued s ¢

(o 4 @ﬁﬁ&i#mdmw ﬁmaﬁ oW .awimiﬁﬁaq saddo 1o 3993&9 aﬂ# &s#suoq ﬁ
:iﬁlﬁﬂ%jwq anlwollo® edd Isidneldog dmcluna odd :
i IE: i, S f
e | : ~ TAEPNEN * AR, Vi O Fe
A » s ( ,;’ 8 Q) x - (T)(v
in : % i
75 S 5 (“i‘“ Y)H@ of'abred  (a)e .k > % 208
{j o iy \.1" 4 i (..{K .IA‘ " i E; f L-I.{ L s 3 :
g eved ew gh << % 70T boB == &8 eevedsd (W)
5 f N ) /“’E.' :
e i g : N _ ak Ss'
al motdndtdedus 8 dose "booy" wod o sugdssm s Jeg oF . T S
(E0) .p¥ wontl ovad sW . gza JEall 38 edsuleve ow
40) UM STy VNG ¥ . S
_(E)QH o) (g5t} TN 3




_.35_

where ky = 1/}D and k. = 1/)\L . After some algebra we get

(without doing any cut-offs)

2 2
MmO e 2
. dif b s D g
Co T e ( 2 e e ) dc, L/agg BC d¢, (!C £o l
il L

@5{ - g§2_>f(1,t)f(2,t) (c5)

Thus when %D >> %L y Whileh lg the gagse for classiecal plasmas,

we only have a small lowering of the collision Leeguency, as
compared to the one from Landau's equation. Making the same sub-
stitution for the Coulomb potential in Eqg. {C2) we get (without
cut~offs)

P 1 4 (*D“‘L)2

ariy d 3 (
Cee e = 3¢, l/‘Eg e Lol

7 : hat P i : 1
We observe that Cee/Cee ~ AD/L ln(xD/xL) . For very weak
inhomogenitiés, for nsteace when L 1 much larger than the
(effective) mean free path, as in classical kinetic-transport

theories, Cge 1s vanishing small to all (usual) relevant

orders of approximations. However, for stronger inhomogenities

D

C;e must also be counted for.
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Table T : Variation with temperature of the plasma parameter,
p

classical distance of closest approach (Landau length)

G

Debye length (xD), electron gyroradius (re), electron de Broglie
wavelength (X), kinetic energy and the Fermi level for electrons

for n = 2.10 /'cm3 and magnetic field B = 10° Gauss

el

Gauss. « A1l lengths in em. KP and Ferml level in Eago
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ol
a
i

e : i
% C?zz/cf T c12z/"f==1 C?Zz/cf =f%
o,é~ 0,025’ o 4-10'6m~~ﬂ
0,4 0,170 5-1079 | 751072
| o,6q‘ 0,372 0,021 % 3-107%
0,8 0, 568 0,052 2 1077
1 0,744 0,097 % 2,2-10’3
10 0,744 G 0,097 é 2,2 1077
e I 0,097 | 5 te. Uit ® |
, 744 ; 3
-“;;g~j~~ﬂm;:;;;~ 0,097 2,2-1077
SR, e
2,10 | 0,719 0,095 2,2:1070 |
TR 0,091 2
NILLCT I
6-10° oo | 0,075 1,9-1072
8-10° 0,176 ,E 0,044 L
o 0 g 0 0

Table IT : Some numerical values for K4 RompNditite rent Smao—

netic field strengths through x and for three different values
< 02 . 4

o CiEz’Ci pl Sl o ilvic i e o re = xLx and KD = 400 RL .
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IIT : Some numerical values of |k,] for the same parameter
as in table IT.
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