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Two parameters, e and o , related to weak inhomogenity
and mass ratio between electrons and ions are considered in
the kinetic and macroscopic equations for a two component,
weakly coupled, weakly inhomogeneous electron - ion plasma
in electromagnetic fields. For certain orderings between
these parameters (e << @) the plasma components evolve
toward local equilibrium of the same temperature before the
typical transport processes set in. In this report we con-
sider an extreme such ordering. Distribution functions and

macroscopic functions are expanded in both parameters.
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Solutions of equations are discussed and we show in
particular that when solutions of kinetic egations are
assumed bounded on short effective collision time scales
the plasma evolves so that forces transverse to the
magnetic field in the mass velocity equation balance

on longer time scales,
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Intredtetion,

The transport equations of Chapman and Cowling [1] for
ionized gases, we can derive by use of the multiple time
scale method of Sandri [2], Frieman [3] and Su {41,
starting from the following set of parametrized kinetic

and macroscopic equations (af. Appendix 1).
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Besides, the following a priori condition has to be fulfilled

) 9= 0 (5)
il
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Indexes  aNandi s re o cottt ypesion ipant liclas Jidien
we shall be concerned with a fully lonized plasma of

electrons and one type of ions only. Instead of Boltz-
mann collision terms we shall use Fokker - Planck (FP)

colllision terms in the kimetic egusations, P, and

e,

ﬁ;coxﬁ are accellerations due to an electric field and
al

a magnetic field H . The definitions of mass densities
pi hchomees dersiity pe s D2l S elin @ Gy B @eonEiiesien

current. J., . cthermal flew yector . g , temperature T and
pressure tensor P are.the game as in [1]. Ei is the
giveraseshecuili gl ellcec ity oiinart iclic s e Eype i €,
is a small parameter which partly can be interpreted as

AL where A is the effective mean free path of particles
and L is the scale of inhomogenities, and partly as the
ratio IEOLl/lgi! where ¢ 1is the mass velocity
perpendicular to the magnetic field. However, this ordering
between c 1 and 91 in the equations of Chapman and
Cowling is made only in the magnetic force terms. Therefore
the parametrization of Chapman and Cowling is only for-
mally consistent and the range of validity of the final
equations obtained is not so clear. To clear up this Naze
Tjgtta and gien, [5], [6] and [7] introduced two small para-

meters € and a in the kinetic and macroscopic equations.

e relates to weak inhomogenities and weak (electric)

j

fields and o = (ﬁ1/m2) , the square root mass ratio

between electrons and ions. Relating these two parameters
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to each other a new consistent ordering between all terms
in the -equations was obtained. The ewblution of bthe gas
through its various stages was studied by use of the
muktipgle Aine soade Mmethod, «The mpangssef walidiby of v~
sulting equations for the models studied was clear. These

models were:
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Model ' ¢  discribes the evolutlion of electrons on a back-
ground of immobile ions.The hydrodynamic stage was discribed
by two variables, the density and the temperature,

The results for model b are easlly obtained from the
resulte for model a . For model a tThe short time scale
is 120 , the effective time between electron - electron
collisions. On the long time scale o Tgo/ag macroscopic
equations similar, but not ldenticel to those of Chapuman

and Cowling were obtained. The relaxation of temperature
Terscilcebronsiandiricnsiallisolbalse stipiiciccleonitehntsilionossriime
siegiietBBnisiicavicel il seMdhificn sSEtren ot he onryae R NG apmai
and Cowling sirnce they consider electrons and ions to have
the same temperature. If the gas is homogeneous and no electric

filelid S s presen TS on sl c il time scale the mass velocity

2

perpendicular to the magnetic field dies away and the

temperatures of electrons and ions relax against each other.
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In this report we study a model where the relaxation of
temperature for electrons and ions takes place before the
typical transport phenomena due to inhomogenities and
electric fields set in. We study an extreme model having
this feature:

ORI o RO T (RO S, L T N R

Distribution functions and macroscopic quantities are sought
as two parameter expansions. Also the time derivative is
expanded in this way. The sets of equations to zeroth and
first order in the parameter e are written down in

section 1 . 1In section 2 we study these sets of equations
as time goes to infinity on the short time scale. The
equations to zeroth order in € are essentially the equations
for model b . Using a H - theorem we easily see that on

the short time scale electrons and ions evolve toward local
equilibrium having then the same temperature to this order,
and the perpendicular mass velocity to this order, allowed

to be of the same order as thethermal velocity of ions, dies
away. As time goes to infinity on the short time scale, from
the equations to first order in & we easily obtain con-
tinuity equations and equations for the temperature and mass
transport vector parallel to the magnetic field of the same
form as in [1] (cf. Appendix 1) except that only the parallel
mass transport vector is seen in these equations to this

order of approximation. Difficulty arises when trying to

solve the kinetic equations and the equation for the perpen-
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diculsr mass transport vector to first orvder in g '.
the short time scale these equations are strongly coupled,
and because of this we have not succeeded in deriving their
general form as time goes to infinity on the short time scale.
e bypass this difficulty we make the plausible assumption
in section 2 that the short time derivative of distri-
bution functions to first order in & goes to zero as the
short time variable goes to infinity. This is a sufficient
condition to avoid too strong growth of the distribution
functions to first order in e , but not necessary conditions
for the distribution functions to be bounded on the short
time scale. Consistent with this assumption we assume that
the short time derivative of the perpendicular mass transport
vector to filrst order in & (of the order of & times

the thermal velocity of electrons) also goes to zero as the
short time variable goes to infinity. This gives a balance

of transverse forces at the end of the short time
scale. With these assumptions we obtain a set of equations
for the distribution. functions to first order in & at the
end of the short time scale, corresponding to the equations
of Chapman and Cowling. The balance of transverse

forces determines the perpendicular mass transport vector.
In section 3 we partly derive what is assumed in section

2: We derive up to a certain order of approximation that

the gas evolves so that time derivatives of
bounded distribution functions do vanish as time Srows,

and in particular that the gas evolves into a state where

the transverse forces balance each other. To reach this
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conclusion we expand the sets of equations to zeroth and
first order in € 1in the parameter ¢ . These equations
show the above feature as time grows on the

i X
Tog » Toq ™ Tgo/a and Tos ™ Tpp/a time scales.
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1. Basic equations and assumptions

The notations of [1] are used almost throughout. As in

[5] , [6] and [7T] we study a two component inhomogeneous
electron - ion plasma in an external electromagnetic field.
The gas 1s assumed to be weakly coupled, [2], [3] and [4]
so that collisions between particles give rise to Fokker-
Planck (FP) collision terms only. The temperatures ’_Ij‘,l and
i of electrons and ions are initially not equal, but of

2
equal . orders of magnitude

Cﬂ /m %
=~ (ﬁl> g
c1 2

Thus

(Subscripts 1 and 2 refer to electrons and ions
respectively).

This is a basic assumption. Besides we have 0 ng and

e, ~ e, and assuming for mean particle velocities
Bjifen €
]_ [ e
° e
2| ~ qc

1
for the mass transport vector c we have

Ao s R
leo | = 5InmEy + nompB, | ~ ae,

In the same way we estimate peculiar velocities ¢C. , i.e.

Jerd i

Iggl i (1,6-1






.

Besides the small parameter o we also introduce

© a0
120
T << ]

Here Tzo is the effective time between electron-electron

collisions and L is the characteristic length scale for
all (weak) inhomogenities. For the electric and magnetic

fields & and H we assume that

7
1 e R 5
—1
where F, = ei/miE are particle accellerations, and
(- e,
where Qi = ei/miH are gyrofreguencies, Both .  E and

H are assumed to be stationary and uniform on the scales
we consider, and we neglect the generation of an electro-
magnetic field by the evolution of the plasma itself. This
assumption may be omitted, cf. Appendix 2 .

sSince the digt@gibution fgnctions =i (6 i are functions

1 2

of the peculiar veloceltles Q1 and 92 s Desides position
vecter’ Yy " amd Gloe 1§ Wwe musit be aware 0f “the ‘w priopd

conddtion, 111 4
Jac, £, (x,C,,t)m C, + [AC,T,(x,Chst)mCy = O

Till now assumptions necessary for parametrizing the kinetic
equations have been made. When parametrizing the moment
equations we assume velocity moments vary on scales the same

as the scales for corresponding powers of velocity, i.e.
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e =g =

IS, S {gs] =~ ac,

b A R mlgi
l%mlg—]?__—(-—)-iI g miﬁie—i

Consequently we parametrize the apriori condition in the

following way

af dc,f m,C, +f dC, T, myCy = O (6)
which also shows necessary in order to avoid a break
down of the multiple tTime scale method when we consider
evolution from an initial state far from equilibrium.

Kinetic and macroscopic equations are parametrized as

follows( t is a time variable on a scale with unit TEO)

dc oc or e ar e of
=0 1 1

<5 1
BTk st M espaEvery B VTS a0 B TRNES T ey < e -

af1 ©] a-—C—o

T B X v e (T)
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of, of of of,
p= T e 8L EET-+ £ o g2~52— + € a Fy 3,
dc Bgo Bfg 5 €5 e H.Bfg !
ol - S Gl CO.?)’}‘._— .(592 or B —5 PN I .B—_C_E
of or dc
iy - 2 g
+ Q —2— 22 X ‘I_'I_ S_C_E =tNE ey Eg'é‘ 9_2 82—" = (8)
& o e ' 1 " d
= ﬁga‘ggf dC,® Wi ) <ﬁ-2— 30, R, 3] £, (Cs)E5(C5) +
a 0 2 a d 1 o
* ﬁ‘é‘sgg/ a0 - el = O <m2 0 o, £1(Cy)15(C) -

Here & J(w) are tensors taking into account the weak
interaction between particles. For suitable cut-offs they
take ILandau's form [8]. Note that -o also appears inside

some collision terms.

%% o a-%z.(pgo) = 0 (9)
2
oc oc
p<§%9 T e a‘%ﬁ'}:rﬁﬁﬁgigi i O‘gpe_Eo i

1=1

(10)

2

» 2

kol g oSl T S E:pigﬁ
=1
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+ & g2 KT b 0.0 8 Ealew . e o po0 -0, &
- Al pedeg 1= "2 0 ke s by

o 2 o s
tamne0-(eg x H) + a"nye Che (e X H) - ¢ [T

We also take into account the following moment equations

for each gas component:

op =
gfl 4+ 8 a-gz.(p1go) 4 8'35'(p191) = (12)
op

?t_g_ + € q %E'(%Eo) + € q %;-(pg'gz): =0 Sl

0 = 0 = = 0
3t (PC8y) + e ac. T (pyC4) + & a pT, on i "
0 e a-go a-Eo
3 E?}z'(p191—c—1> PR R N 0‘90'52") 3

(14)

de
p— — -—_O B
- a n1e130 X H - n1e1§1 X H+ e p1g1-5——- =

5 s w12 T 3
- - [ ac,ac,2"?(c, - o) G og; - B )1 (€)1 (8)
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€ a _@__1: (pgcgcg) - € a PoFs + p2<-5-— e 0 Co'_‘ar > o

2 2
_anzeggoxﬂ—anggch}{-%sapga —d——— (75)

12(

> >
= - a fac,ag, 2'%(, - agy)- W % 6§1‘>f1(91>f2<92)

3 or aT? e s) -
——nk(B?——-FgCLCO'-S——— kT,] 'FE.' (n19_1>+8'&;'g1"

. W éco Bc
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I

e T A e O
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T 3T
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The models studied in [5] and [6] were

a) o A Lapn €q ~ a2 Bk,
Bl e 200 a0y BEE SHalil

o) g =0 ek 0 but small

We shall now study a model which we shall characterize by
50 B (7 R G e N A

This 1s an extreme model having the property that electrons
and lons reach the same temperature before the typical
transport processes set Iln. We first expand the distri-
bution functions f1 and f2 and macroscopic functions

in series in the parametery & , for instance

s oo ko
fi'—'fi +E fi +.il

2
where p(k) = }:J[\f§k)(g)m.dc.

There is no such connection between expansions for f and

the mass transport velocity LA However,
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Here we note that ]gol/ﬁﬁ ~ ]géo)[/ﬁﬂ ~ q
However lgé1)f/éﬁ ~ ¢ 80 that [géq)]/lgéo)l ~ e/4

This must be taken into account in the equations to first

and higher orders in the varameter ¢

*
We introduce time variables ti y R Bl sy O Eime
47

scales T —%:5 . Therefore the time derivative is
expanded as follows

oy + € 0 -+ 82 9 +

SR B " Bh . o
We substitute these expansions into Egs(6) - (17) and

separabe Sinlz erebhilmSiiins s cloaemd Mora criic e e

In each of these sets of equations we have the parameter o .
We can expand functions in each set in series of the parameter
@ and in each set separate in zeroth, first, second order

etc in the parameter o . Thus, in all, we make a ‘double

expansion of functions in series of parameters e and q ,

for instance
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Similarly the time derivative in all is expanded as follows

0 5 0 + a 0 + a2 —ﬁ—- + +
ot 9t, 5t21 too
[ d ol B
+€Ldt +G,Ft*—'—+ oils S B-'t—_—+ +
3 %1 bo

consSEshentTwich "¥ntroduetion o tilme wariables tij
-4

I S B S e = B ) T S R oG i el e Sl e Tij = w5
o

The @ij functichs appearing in the collision integrals
of Egs.(7) and (8) are expanded in terms of o by use of
Taylors formula, assumed distributional convergent.

Each sel of equations to each order In £ &ud g should

be solved eliminating all secular terms that arise.

We end this section writing down kinetic and macroscopic
equations including the a priori condition to zeroth and
first order in the parameter e . Note the differences
between this set of equations and the corresponding set
of equations of Chapman and Cowling (cf.Appendix 1).

A11 () in superscripts are cmitted from now on.
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Zeroth order equations in the parameter e

o o i
O‘fd91f1m19-1 +fd92f2m29-2 Dbt (18)
(®] (©) © O O
of J oc, Of; iAo of; e, of

i e
v oo e PR it P sl e e

—

(19)

@) ) 0] O O
6f2 an .sz + a2 SE c® x H-afg + a2 EE G, X H 5f2 =
ot, ot, aC, Wy il e 5§2 s ng
(20)
O (®) 1 (D)
= q FPQE[fQ(CQ)fE(CQ)J + o FP21[fg(_c_2)f1(g1)J
a O
B‘% = 0 (21)
o) ng 2610 O_ —=O 20 =)
o 3%, =a p.cl X H+anje C/ X H+ anye 0y x H (e2)
2-nok or° = gn'e ﬁo-(co X H) + 2noe €O~(co H) (23)
27 3E, T HMTx TS N ) T @ Moy iy X 2
8p1
Cie 0 (24)
@
8p2
v st (25)
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i Bc L
6 O0=0 ©
8E5(9191) +a Py 6”*' o njecl X H - ek X B~

(26)
A dCdC(D (c Nt gl Com et L il
A B N EET U SO BB
dc®
0 20 & =0
5¥—(p202) + Po 5%5» anyese] X H - a'nye,Cs x H =
(27)
12 a o) 1 (% o
= de1d§_2® (¢,-aC,) - m; 3, T, 5‘9—1>f1(c1)f2(22)
d1° dc®
3.0 1 00 o o o 5
1k oty il 9191"&5 - a ne,Cr-(ey x H) =
(28)
i i e o o RS TR 0
= - 2/dC,dC,Cy- & "(C;-aly) U P N £7(Cy)15(Cy)
o1Y dc®
B0 2 0O 50, —0 o) O O iy
2lak gee’ Ronle.mer o™ Gitipealon it 1)
(29)
i 12 Q o) 1 0 Y0 o
ST afdc1dczcz e (cC O‘Ce)('@sg‘g‘ g F6@>f1(c1)f2(02)

First order equations in the parameter &

1
af ¢, f,m,C, +f ngfgmggg =10 (30)
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i=1
@) 2Rl y 0 =0
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2 1 2 c S
o, = 1. =0 ‘ o
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i=1
= 1 o o PGy
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S 1{<535§+ t} +a__o—-———d£ gnk;ﬁ_g EKT gi (n191) +
G SR 0=O Op =0 0L . =O 0. =0 .1 \
ko gET e (n50s) + Py BBy + & PaFa T 4 e e, e
(35)
+ o .G (COXH)-}—OLHG_CTO-(COVH)Faneéo-(cqu)—k
Il = — 17121 V=0 7 = 2 2—=2 ‘=0 -
2 s o \ AR R s Bk o g o
+a” nyeCar (e X H) + o” nyeChr(ey X H) - 3578y - o 5599
2
% 0 o agg
gy ML - -
=] ik
1 o
Sp op
1 1 0 o o &)
i s (p7eg) + 55 (PFT7) = O (36)

, 0 o .,/ .0x0
B_'EE—TB—E—FQFE (DEEO +Of.gz (.02_92) = 0 (37)
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In thies Section iwe shudyiclie equatlions to zmerpih and first
order in' & 'in‘the limit ¢, = = ,"[F]. We do riot need
then to expand functions and time derivatives in the
[SRNEEiE s

The solutions of the zeroth order equations can be discussed

by studying the H - function, [1]
~O O 0 ®
H _f £,(C Mnfi(C,) ac, +f £5(C,)4nf5(C,) dAC,

H 1s bounded below and

Q/
o
IA

the sign of equality holding if and only if ([10]for a

one component gas)
r 5 v
£,(C,) = exp| - %Aqu +B,-C, + D J

1B

i
ne 2
IE(QQ) = exXp| - %AQC2

and

1 5] fyiaey . 1 0 edeis
i, 5g‘1‘< e T b D1> TE B e e
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(s sealar function)

(R e

23 -

A,
3

2

e independent of ¢, and C

The last rpelstien is fRililided 47 and only 11

By
i i

i

and

L

first moments

The & priori condition to Zeroth order . g,

1 2 (4
e g 2)
iy ST
B B
= =2
b g = (43)

1 2

Di » 1 =1,2 , can be expressed by the
b
Zm,
N e
Ai B SO 1 —02
Lt PR - T
3 =0
: Bt
2, )
Dol ade wpl
gl Wl
D, a.\2 B
3t O /il
b ! <§Fr> exp[” =T ]

(18)

together with Egs (42) and (43) give that

(44)
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in the 1imit t2 = ez and the distriburionf Binctions

2

then take Maxwellian forms ,

£2 = n? < g >3/2exp< - mici > (46)

M LN oppr® 2P

(The subscript "M" is used occasionally to denote

quantities in "local" equilibrium).

Substituting Egs. (44) and (46) into Egs. (23), (28)

and (29) show that

ar° o7y
3ty * %, TR DR R T I L

We now study the kinetic equations to zeroth order in

the 1limit t2 = o , We assume

dF° df°
x iM
ac oC
afi ang
7

as t2 = oo SRS AR ro G T e Dy o el e @ R B @RI Gy S G sy o

Ege, (28) and (25] 584 Bg. (U7 )°, Lhae

afg dT° afo

Er—- i 5——-5T = as t2

=L,
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Substituting from Eq.(22) , Eqgs.(19) and (20) in the

1imit t2 = o Dbecome
o
~ R G i g B
(“O‘ “BSOXE“LE—EQXE)%“O
P 1
oo e \
& L0 T s
(-2l xm+Eedxn)g =0

o) 2

showing that the perpendicular (L) mass transport vector

IR he s t? — Gl Al s ale i i
o}
By= 0 (48)

(while the parallel (||)mass transport vector Eg“ ma.y

be non-vanishing).

Thus the sgustlons“to zerelh order in the paramefer g ,
which correspond to the . equations 1n the absence
of an external electric field and inhomogenities, describe
the evolution into a local equilibrium state in space and
time where electrons and ions are of equal temperature and
where only a parallel mass transport to zeroth order may
exist. Before this local state thermal energy of
electrons and ions has grown due to the damping of SgL s
and electrons and ions have exchanged energy. This is in
agreement with "fine structure solutions" (expanding in the
parameter o ) obtained in [5] , [6]. (7] tBd in section 3

gESEhis e vonn:,
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¥rom'  the eguations o Jipret Order 1N~ € “"we Iind ecasily

that p1 % p; b E;” ) T1 and T; = b 2R A

Ranc e nit s teniNGhic T time scale, for instance

2
t2 o
1 : 1 0 0
p1(t2 p) --) = p1<t2 =0 , t3 B ~-) _L/\dT[a 5:‘<p1EOL(T)> i
@

and as non secularity conditions we obtailn

dp° 5

6E3'+ a 3?-(pogg”) =10 (49)
3ps
. ) 0.0 : L
ok T G i e Bt i
o1° 31 %o
Do b o T 4l o A
Zn°k B?B-JranH'é'f il e e 510

The equation for the parallel mass transport vector becomes

dc® dc® o -
s}k Laoxiinaone D26 Y an s o :
(ot +o it ) - o v a) By (52)
iy
Equations (49) - (52) are similar to corresponding

equations of Chapman and Cowling [1] (cf.Appendix 1,
EQs.A12-A14) except that it is the mass transport vector

parallel +to the magnetic field that dominates in Egs.

(e li52
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We now study the kinetic equations, Egs.(31) and (32),
and the transverse part of Eq.(}&). These eqguations are

sEreloly couplicdia s velithetice volllvilenSonsine Ts time scale.

1
c

and ~Eéi as t2 ~ o we here simplify as follows: We seek

bounded solutions of Egs.(31) and (32) which obey

However, the problem to find the behaviour of f} i

af1
T ol ORI G T oo
2

We note that the conditions Eq.(53) alone are neither necessary

y
NeEES R R cliehit fRor fi and f; to be bounded as tzo = lcolil

Chapman and Cowling implicitly make similar assumptions

concerning fj and f; (e, Appendix 19 Bk 180 Tn the

i 892 oy ke f} and f; fom Egs. (31) and (32) will
. ’ O 0 .0 o 1

ithentibe wine pllonalisiiof ny o, N5, AR go“ and EOL

Al l lexecept EgL we have found are either independent of t

Eqs.(24) and (25) and the parallell part of Eq.(22), or
relax according to Eq.(47) as t2 — ol Tl o b ic Bcie isEINS e i

with the assumptions above we also assume that

53;1
-5%—2———;»0 as tg-—aoo (54)

This assumption will now give a balance of transverse

forcess in' the ' limit t2 = o : From the transverse part

2
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e ool

f Eq.(34) using the results from zeroth order equations
and the assumption Eq.(54) we get

=
1 ~OF
. S +pe_c_o><§_ n1e C1 \<}I+an26202><H+2 11

(55)
In this equation we find EJ and E;
of the kinetie @guations to fikst eder In'the limit

from the solutions

: ) 1 5 ; i
t2 — ool Eq'(55)then determines gol glizn S lasits STl

We note here that in the next section we partly derive

what is assumed above concerning the time derivatives
1 i 1

o 4 it andsti.c FEISIE L B ol

of f 2 £t 2

Making use of the results to zeroth order and also g (50),

(51) and (52) and the assumptions above (f; and f;

bounded and Egs.(53) and (54)), the kinetic equations to

Il
8

first order in € , Egs.(31) and (32) in the limit t2

can be written

5 o

m,C 0 o
3 ik bl R 1 6 N S o iae 2.0
fm(‘—a : §> 3, + 5 fmetne} - (e (Ey

2KT T % =l PP
3 £ cfimndph > o ki A 1
- a“F,y) - "“"BE”' Lol gl g GOV R s el 8
__2” pc;po EH —1 1M KTO 81 =1L =0
o) m dc®
o e & N - iy PO |
‘“eq—sglﬁ%)&”‘fmﬁaﬁkrsf—" (56)

1
e of
L 1 1™ O ,:.1’ 1 1 O !
= - =0, X H-T———+-FP11[f u:)l1M(gq) TR SR P L gt )J 4
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L0 .

<
m,C o
s e SYE o o) o
a £ M<;——— s > e v o 4 M(@ tnps -
M50~ /a0 Br 2 T oM’ ol Y
Po P 3p°
o SO« TR 2 op
- alp -pp)—55(a” Fpy- Eqp) - a —5 5 > L
% poP Py il

e m, o
o) 2 2 1 kT 3 o)
- & f2M -} <€" £2! T X H - EE“S?I 2np2>-g2 "

kT 2
fO m2 COC . a-qg“ N ( )
+a oy wg0 22 ' or i 57
T s
2 €5 af;M o g5
= T ¢, X H- o + o FP22[I‘2M(_C_2)I"2M(§_2) +

1 o] ' o) 1 1 o
ki f2M(92)f2M(§2>:l e FP21[f2M(—C-2)f1M(g1) " f2M(92)f1M(91)j]

These equations together with the constraint Eq.(30) in
the limit t2 = o correspond to the "second order kinetic

equations" of Chapman and Cowling.
Egs(30), (56) and (57) can be solved by successive

approximations expanding in the parameter o . Leaving out

terms of order o in Egs.(30), (56) and (57) we obtain

f a0, Toy(Cp)mpCy = O (58)
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1M o© & m© or 1cem© e1—4 —0
kT 9 o 3
T e & >] C4 (59)
ik éng o 1 1 0 ]
o : . ! 1
= -~g L X5yt FP11[f1M(91)f1M(91) + £ | +
ofiud |
N D1lf1wg
2 o
foM<i“.2__Cg __5_>1_6T°.C e g v NN
- om© 2 7© OF =2 2M 1cm© =22 or
(60)
& o 1 ' 1 o
= FPzz[ fon(Ca)Ton(Ca) + sz(Qz)sz(Qé)}
O
ol . WEERD 12 o g d ¥
flerd. D, = 2 3T, (Q (94)-5§f-> is a diffusion operator.

To obtain Eq.(60) use is also made of Eq.(39) in the limit

thl= - . Egs. (59) and (60) are of the same form as Egs.(2.50)

and (2.86) of [5] or Egs.(10) and (15) of [6]. see also [T].

Using the Landau form for the tensor &Y ,

~

Z (o)
Y w'l - ww BT
i o S —— T 2. D
¢ (H) CER T, i L. — Eweiejzn [ —Egé——-] o1 MOere L
1
is the unit tensor and AD the Debye length, Leversen and
Naze Tjgtta [11] have proved existence of solutions of Egs.
(59) and (60) with certain properties. The solution of Eq.

(59) contains two arbitrary parameters, and imposing
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n1 =0
: i
T1 = 10
in the 1limit t, = « , these parameters vanish. The

2
solution of Eq.(60) contains 5 arbitrary parameters so

that Eq.(58) can be fulfilled too. To see the form of the
solution of Eq.(59), which is sufficient in the discussion
later, we substitute

v (f?M - ) (61)

for the collision terms of Eq.(7) when terms of order

are left out. Here v1 » assumed constant, is a measure of

electron-electron and electron-ion effective collision
frequency, with ions at rest. The solution of Eq.(59) thus
takes the form, [5]

1

Y Q1

1 @ 1
T = - f1M[VT'94H TN E AL Ry X E )
o
1

i 21-91 is the left hand side of Eq.(59). From

Eq. (62) we derive for the homogeneous case

]-g} (62)

where f

= C

2% e m
3 1 Bl W DT
12 S 2 [ m, (ETF1 U

1
1+~<SL>
M
A S E O S ] m

L +c1xﬁ)J (63)



i &
:.*j‘ ;;m p L mmﬁa'wma mﬂ” :}am’ :m mm& mnm 4 w ﬂ

1M el mﬂ:& a.‘t' g

|"' &"]‘




S

Leaving out terms of order a

verse forces relation Eq.(55)

Eq. (63) we obtain the form of c!

in the balance of trans-
and substituting from

Sl cAGITTIES [ b =

20

ol 2

for the homogeneous case ,

<_1
m
1+i Ty
i)

Sol i <Q >

1’ "y

The first part vanishes when F,

fielid.

(64)

arises from an electric
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From Eq. (64) we get

e Sl g
Sl T e e
egH 1

the drift in collisionless theory for ions in static
and uniform fields. The expression Eq.(64) is a collisional
counterpart to this result. The electron drift follows

from Eq. (63).
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3. Bvolution into & gtate of balance of transverse foreces.

In thié seclloniweNexpan iSRS etiSile flleqllaitiion s

to zeroth and {irst Order "in 'g o ILEn we phall in more
detall see the evolution of distribution functions and
macroscopic quatities. Assumlng bounded solutions of all
kinetic equations we shall derive to some extent the
assumptions Eq. (53) and (54) and show that the gas evolves
into a state where forces transverse to the magnetic field

balance in the mass transport equation.

We obtaln equations to zeroth order in € and gzeroth,

first, second orders etc. in g from the equations

(18)-(29) or from the equations of [5] putting -%— and

Ei ¥ d=1;2 , all equal Lo zefg,slWe will glegcuse some of
Yheee equabians up o thlpd ovdersin’ gt Nhens ., Sioe po i
pg and gg” are all independent of t2 we do not expand
WlET aldl e @ rene Sibigellalesiey . InEneE:

The eguations to zereth order in e &ad zeroth grder 1n o

(o]e}
S

b T

show that f5° , il

clilte

il in desendernpao i while Eﬁo evolves according to

20

1

H-theorem can be established which shows that

the evolution of foo on the o0 time scale. A
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Accordingly E?O oy % the, Pl

From the equations to zeroth order in e and first in

we get from the mass transport equation

3000
o1 o1 By —0]
Eoi<t20’t21’ I Eol(tzo*oft21’ o) - too 6%57 b
o} t20
n1e1 =00
+ — L/\ a1C, (1) x H
S
and eliminating the secular term we get that ggi is
also independent of t21 and
o1 o1 -
Corltogrtors «o0) = g5 (to = 0,65, bt
o) t20
n1e1 =00
i \/1 GRC T n) B,
e
: o1 R .
ia@Ee EOL has a transient on the Too time scale.

?O and Tgo are also
o)

o9 2 T2 is independent of t

Similarly we find that T°° , T
independent of ¢ i 4
Sy ik T?1 ) §§1 and fg1 all have transients on the

Tog time scale.

A H-theorem can again be established showing that

while



s a«sm“w;& a6t &"q &i’r L.

b ¥ m smmsqamx &M" e

PaR i ¥

orid ey mmaw a am'f f,?.?. ot
%ﬂf e m‘f : :mw mm oW umm
:m :mwmsﬁmk“
| t&"




- 36 -

2
m B/ 1 P
00 00 0 2 2R 2
FoR, PG gl ( ______.> exp(— > a8 by e {66)
2 2M 2 QWKTSO 2KTSO 21

Here use has been made of the a priori condition to
Zerothiorder in

The electron kinetic equation to first order is of the form

1 o1
df° e df
1 1 . e 00 o1 - o1 S @
TS PR B FP11[f1M(91)f1 (e3)+£, (91)f1M(91>J
20 1 =1
>0
ol o1 5 Sy oo M o1
where GO1(t20) - 0 as t20 — o , Some assumptions

concerning commutation of differential operations and

"limit as Bggate ™ " operations have been made.

In the appendixes of [5], [7] and [12] it is shown that every
bounded solution of Eq.(67) evolves as t20 - o toward

the solution of

o1
5 of ©)) 00

1 . 1M 00 : o1 1
“E oY XHeg t FP11[f1M(91)f1M(91)+f1M<91)f1M(91)] %

00
e of
) 01 SR L
+D{ﬂﬂ&@‘ﬁ;% o it

which has the same form as Eq.(59). Substituting for the
collision terms the relaxation term Eq.(61) we get that
the solutionsof Eq.(67) evolve toward a solution of the

form Eq.(62) with - e1/kT??ggo X H instead of g}
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o W,

From the equations to zeroth order in e and second in g

we derive from the mass transport equation, eliminating

the secular terms when integrating on the t20 time scale

8001 dc°
of =0l ot ey 30 WL = B o0 w0
( (t55= Ostpys +0) + Gl e St e 1848y X B

02 o2
B iibage taqs 2] S (Bp = Difniet TN
n t20 /
T ol —=01
= \/w dr( G (t) - g1M> pH
P o
1 o1
dc® oc
—0l1M —ol
We have assumed that = (O 06 ) =
ot ot O ikl B
8c01 21 2
_ =ol 3 ) g
-3 (t2o = Oyt ..) . Integrating on the T,, time
o1 " )
scale we see that EOL(tEO: 0) is independent of t21
00 . : 00 00 00
For Sai and likewise for T - T1 and T2 we get

the following equations on the Too time scale

3090
0 =0 _ © 00
o BEEE ol - O - b H + n1e C1M ¥ i (69)
00
3 0. OT 00
g KsE =i 1 e1g1MK H) (70)
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BTOO
3 _0 I o g
it s Wi B el o o (71)
PO st 3/2 m 02
‘. el < 5 k> < oo Q7— ) /\dC o o s exp(— 4L ;o >
i i 2
sy STSO n ng 5/0., P2°
et - A < 2ﬂk> (‘“66"57‘ >k/\dc )
m10$
I exof - ) (72)
2kT2°

In general Egs.(69)-(72) ere a coupled set of equations

ol yr . 00 00 00 ole’
describing the relaxation of oy ? r i T1 and T2
on the 1,,-time scale. We simplify using for E?& an

expression corresponding to Eq.(63). Eq.(69) then can be

solved and shows that Egi oscillates and is damped away

exponentially on the Ton time scale having solutions

ii@+t22 H2
Bropertiongl ligs(5%. e i s oWy = MEi——

Ll

p
v @ 8L
H o) 1l
3 Tl = ——6 (pe = 6 ‘v‘_—“‘ > .
14 (Q > - 1

2
i

5‘—‘0

This is in agreement with Eq. (48). Due to this damping
q.(70) shows how the temperature grows, and Egs.(71) and
(72) describe how T?O and Tgo relax against each
other. This should be compared with Eq.(45). Due to the

- (ofe] o1
damping of c & also fiy from Eq. (68) damps away as
o1

top 2= (when n;' and T?1 are set equal to zero in

the limit toy = ®),
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The ion kinetic equation to this order shows that fgg

has a transient on the time scale. On the time

T20 oy

scale the equation is of the form,

8f01 .
dt; . Fng[ng?I(QE)fg1(gé)+ fST(—C-g)fgl?a(Qé)j' AR

vhere HO1(t21) » 0 as t,, o« , [5]. Using the appendix
o1

of [12] shows that every bounded f2 evolves toward

the solution of

! o1 Q7 g T
sze[sz Co)fy (C3) + 15 (.Qg)ng(_C.g)] = 0 (74)

Using the a priori condition Eq.(18) to first order in

cp e Silsma s G -0 and t - o and also

20 2
n, = 0 and Tg1 = 0 in the same limits give

QIR
2M

From the electron kinetic equation to this order we get,

using the appendixes of [5], [7] and [12] and the solution

@2

of Eq.(68) and Eq.(75), that every bounded £

evolves

toward the solution of
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S D

(o]e} 00 o1
OF PP 130 DRSS IS I 1A e
dt,, = m;-o = oC, m, ~0 -~ 5g1
>0
o1 i \ 2M oo
i FP11[f1M(C )£ T(C)) ] T Tm, 3 fd02(92 Bc &y 57
. P '}c 9,0
e A &, @ (C>\.foo§_f_i_1v_1=
TR e ok T ¢ W T e Al
m1 —1 —1 =1 —1
o2
e of
e 1 1 00 02 o LOZ 00/ A1t
Sy el PP11[f1M(91)f1 (g) + £7(¢ )f1M(9-1)} i
0 021
e D{f1 | (76)
as t,, and t,, go to infinity (in the 1limit g, = ©
only, fgo instead of fgﬁ), GRLreWrT L inos terms on the

. 02 I A 4
left hand side, f1 evolves toward the solution of

- \mOO 00 o1
0 e i Y R o G
1 2kT?O =) T?O 0to, = Mmy=0 = ol m,—0 = oC,
K on90 00 _p00
o1 S %t ghige 1 2 U a0 a00%
- FP11[f1M(91)f1M<91)_{ R 5 e '(%fm) il A
{ b b
e p0e

1 1 ) e @O 7
“w et “Dm[ Ton(C)E97 () + 1 (91)f1M(C1)] il

Here we have used Landau's form for the tensor @12 (Cf.p» 30)

To prove existence of solutions of Eq.(77) whose left hand

side has terms of zeroth, first and higher order anistropy
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in velocity space, we may follow the lines of [11].

We also need the mass transport equation to zeroth order

alban iz ehaiel wlanlieel el e

2 ol 00
ac03 dc? dc ole
of —o —0 —0 —0 (G} )
P ( + oty o > =0 0 B o
6%20 dt21 5%22 6t23 e <o
o _ =02 O =01
+ nye,C." X H + nye,05 X H (78)

Integrating on the Tog time scale, eliminating secular

terms, using that §§1 - 0 as t,  — » according to

the a priori condition and assuming

8002 aCOE 8c02
) =35 —0
G e Y . I SRR Ly AT [ N
5t21 20 6t21 o e at21 20 21
we get
03/ PN < '
S5 (t2o’t21’ i) ® b (tEO_O’t21’ b
t2 ) J
01 @) &/ Ll
R~ G )-co()>+;530()-
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PRoE % A g T T ) b
24 2 25
= pZEg1(t20= ©) X H + n e C?ﬁ x H

Integrating here on the To 4 time scale and eliminating
secular terms again show that ggg(tgoz ) (and from the
. 02 o 02 .- wk
above assumption cJ (t20’ - cg (ugo— 0 i -
; ! o1
Independent of t21 and Com obeys
1 co

dc® oc

—oM _ o =0 o_o1 0_ =02
p D e e A e ,C 4 | (79)

dt22 du25 e—oM = =1M
Efﬁ we find from the solution of Eq. (77), and the
expression depends on gg’ in the same way as Q?& depends
on Ego . Consequently the "homogeneous" equation for 381

corresponding to Eq. (79) is the same as the equation for

00 s = fo]2 f 1
Cq and (u31ng S _91 an exprassion corresponding to

Eq. (63))therefore has solutions proportional to

+lw . p 6 1 90 2
e ez . The inhomogencous term vary like e p =%
00
the term ao T oy, &9l B i eilwttgg
) L 23/ i i 27

Ao 0o
(which is secular compared to 90Mi> we set

5_9_0 ()

O

1) g ! 00
c 1s now damped awavy like c n e -time scale.
CoM D Y, B ST
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We now expand some egquations to first order in e

in terms of the parameter o

Equations to first order in € and zeroth order in g are

Jac,£10me, = 0 (80)
o

ST 7k o8 o i@l o

+ P IR, U (e . st
ot,, atjo e =1 dC, Steo 3§1 m,—o

ar.o o 3 ©

1 1 LA 2l 00 lley

x4 oC, i m1;4 X H Bg1 il FP11[f1 (94)f1 (§4) i1 (81)

i
n
e e Dl
where D1 = ;n?—'gg:" (E (_Q_,]) '5?:;) 3
1
ap1o apo
: + =0 (82)
dteo atzo
i@
Bt s (83)
20

10 00
3. 0. (O oT \ Tukmn B SaG o PR Y
&Nkl — 1 xp— ) = Jx7 SNBU € v g B S R
2 dugo atBO/ 2 or =1 1=1"=1
PR 2o A ) - g .60 (84)
e LD /ol el T Y
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10 ¢}
op op
1 1 s) 000
= + ==+ (p;C,") =0 (85)
St Otg, or ‘F1=1
10 ¢}
op op
e * 3p— = O (86)
20 Te
10 00
oT oT
3..0 1 1 . o O=00 0, =00 _
?n1k< i > = gkT" 57+(nCy) + piEy-T,
3elo 3
000 =0 o_ =00/, 10 . L e
~ e .S%Eg e g {go 2 § I = 4 (87)

Egs. (82)-(87) show that p © , E;o and p.° are t

independent while p}o : T10 and T;O all have transients
: o o} o 00
on the Too wibne Seedle., o . Py s Po o L

and T?O are

all Independent of t}o . The electron kinetiec equation

Eq.{81) is of the form

1
il vl s il 200 e 1o ohisi () i
g W, =1 T 23T, TILTIM 27T

t,,) - 0 as t,, - ® . Using the appendixes

of [5],



g o éq ' Bos ‘ﬁégﬁx.'~§‘
~gita bereend ovanrt (ELA Q‘{;’l’ gus Thp

WO s R s i
;“t‘ t gc'} 3 1\(-'} i mﬂ | 'Qﬁmga Wﬁ . 'e“T “”w )! i:m‘j

aldenid revrsosls esffT éazr 0. irrebrwqﬁuﬂ ’1;£,l
; AR west sid Yo #t {18).p8

ol :
16 i

2 e L
Wax_gvax"’

ﬁtﬁ'
S




- iy

[7T] and [12] we find that every bounded solution of
this equation evolves toward the solution of Eq.(59)
as t20 - o with obvious changes of superscripts and

1 g place of | 1.

1

Equabions to first order in g 'and JiYet i o o e

using results obtained above,

fd9~1f}om19-1 +fd§2f;1m29-2 ic (89)
a7 naE R L L
+ - + e Sr = 0 90
TR T AR o
11 e o)
op op op ) 0 _00
+ + +5z(pey ) =0 (91)
étgo 6t21 6%31 or Wt
it 10 00
po< == AN °% + o > = q (92)
dt2o 5t21 dt}o
(& 10 o1 00 00 o1
3%k oT oT oT o o e B i B 1o T
e ar 4 e 4 . + =n 'k =
2 atzo dt21 EtBO 6t31 ) i 2 t20
e RO N 0<00 00 O O=01 0, =01
= SkT -52,-_-(n1_q1 ) + FkT = (0l P T (93)
O =00 11 o _ =01 1 —=1
+ N el ke | sl + n1e1c? (__OO 5 H) o+ n$e1g1o (% o)
2 aco
10, =00 00 o o1 d fole} o 00 —0
S Tiahd e L T e anmigigi 3






e

0 _00 o) 0=01
+ + + == +(p;c ) + ==+(p;C;") =0 (94)
ot,, = 9ty 5%31 i 1—0 or ‘M=
1§ 10 o
9Ps 3 0P, § op5 . é_.(pocoo) L (95)
Stgo dt21 dt31 g 2-0
11 10 o1 00 00
oT it iy oT oT
3nok ] + ! + 1 =+ ! 4+ e . > aF
i dt2o at21 dt}o dt31 0 or
ar°" 3 3
5. 19 i BemO T u S b Omp 21mP0 O ¢ OmOT1
e ey o (0,877 # gk 55 (n ) +
0 o1 0 00 11 G =0l 10
PR T S nien 0 (e ROH) ¢ B 0T YR X H) + (96)
o_ =10 ;00 10_ =00 [ 0O &
+nye, " +(eg” x H) + nye T (ey” x H) B
e
i
Piz121 * 3r
10 00
=R (o7
26 50
Iheseveguatieonsis oy e f1O H o c11 and
g e e
T,° are all independent of t,_ , while s et
T11 all have a t20 transient. géo is independent of
00 00 00 .
t21 and f2  $5:1 and T2 are independent of tjo .
The variations on the Toq = and Too time scales in

Eq.(91) and Egs. (93) - (96) may be absorbed by
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10 e 1o, e 10

P3Py s P » T~ and T (using that t,, = aty,),
for instance
, t20

10 i i 3 0F00

p1 (tEO’tET"“) o p1 (t O t B—_E_ p1_1 ( ))d’( =
o}

t21 3
-f p- =3 [ ?_gi(a%) + p (a)):l dAa

3 %

the first integral comming from the equation to first order

in € and zeroth in q. The term p]o(t20=o,t21=o) may

vary on the Too time scale, In the 1imits tzo U lee
t21 = o and t22 = o We obtain the equations
dp° 5) 5 e TN \
3{;1 A or (p EoH) =0 (98)
Bpo
1 0 Q, 0B
5551 % 3T (9100”) 0 (99)
dp2
2 ) 0_00
oe, ToE (o)) = s
folo}
én I BTOO 400 & % i - 1p%° . a-Eol
g6, el Gm T Ry (101)
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00 00 (¢]e]
3 O 8T1 09" aT1 i n a'EO” (102)
e S el

Egs.(98) - (101) correspond to Egs.(49) - (51)

Equations to first order in & and second in g are

i 10 01 00 00 ofe] 00
8f2 6f2 8f2 6f2 e Bf2 afz afg

4 + = i e + Coe + . -
6t20 5t21 dt}o ét31 o =2 or =2 592

aggo afOO

6912 Se 1 8010 8001 3@
<-—o R 5 ) fol

00 2

- + + + + + € e . -

dtgo 6t21 5t22 atBo 6t31 S0 dr N 592

©] 10 00 00 00
e ago y EEE_ ut Eg c1o e afg fid afg @ ratie ago == (103)

Bfgo oC, m, o = Qgg hid s or

= TP fOO(C )f1o(C') 0 f1O(C >fOO(C!> i 1 5 i

2e) T2 S=ple e Vo 2 =prEe W me2 592

-fdg_1g12(9 ) s (fSO@g)f}O(EH + £5°(0,)19°(C )>

re 11 1o o1 00 00
po<aso+5 e NN Bso>+
g T Ty T LD T T 55y T =0 '3
3 > (104)
+ p1o-4§9— 0 (o PEei Rl S T VA LR
e oy ot RS -l e e T
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P g 10 o1 00 00
5 0p 8f2 Yy 5T2 4 8T2 ’ BT2 » Coo.bTQ i
il ot,, ot,, dtBo dt31 =0 or o
0o
g oo B T
=7 gal: Wb oo ¥ oon (105)

The parallel part of Eq.(104) is

1z 10 ¢}
Do<59ou el 08 S dige e
Ity dt21 6t22 gty = o or —of|
" 2 2
d 00
.._6___—2 ]_ l l” +zp Fl” (106)
remembering that 28“ is not expanded in o . We see

that E;ﬁ laglsl &) weiolsnlciaie ol islats Too time scale and

11 A 3
EoH has a transient on the To time scale :

i3
20
12 12 )
—oH( 0! i) = gou(t20=o, at T
O
; <n?m1g1( DO p?°> (107)
" t21
o b d
Sof(bays -+) = So{bpq=0s tpps --) 1[“53
O

@) ele; (0]@)
(ngméggTKTQE(x) - T > (108)
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In the limits t, = = and 1, = @ Eq. (106) reduces to
10 o e 00 2
o dc op=
of —=ol| el o1 W SO0 W YA {E“ i o
Q<W+W+Eo"s?iou>‘ T S
22 31 = o
00 00 00 :
As t22 o S TR - 0 and Ti = e e il s
'ﬁ has a transient on the Top time scale and in the
Famr L, =it Eq. (109) becomes
o) a&g” " e dp°° v o
; (—5%31 I OREE SR 4 i
da=l

which corresponds to Eq.(52).

12

The transverse part of Eq.(104) shows that T has
a transient on the Tgo time scale and E;l a transient
on the Toy time scale. In the limits t20 = o and
t21 = o ‘the transverse part is
N 1lie) 01 00 2 00

6f“Eo ¥ oS i agol iy Coo ap iy
PASE 5E S or —OL

2L 30 31 =

2
o, 1o 0
+ PeCy® X H + nfe 010 x H +’§:pigi¢ (111)
=1
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610

24 :
a2 cgo or g?g depends on 381 , and therefore the

we find from Eq.(88) in the 1limit e = Thus
C1o @

depends on in the same way as E depends

"homogeneous'" equation corresponding to oM ER R B o E;o
is the same as the equation for Cgo .+ The inhonogeneous

term of Eq.(111) for 310 tends toward a nonzero limit
e e S Using for glo a simplified expression
corresponding to Eq. (63) and for Ego and 381

expressions obtained from Egs.(69) and (79) in the same

way, we easily solve Eg.(111) and find that céo evolves

toward a limit as t22 —» o which we can find setting

Bie rheht hend eide ofdBg. (111} dnithe Thnld Moy =

eqial To Herd, 1.e.

2 00 2
api 0] (] © . —=l®© o}

- ) =SE— + P, X H+neC" xXH +-§jpigi =10 Liag)

iz L U e

SEl s akit s SiibhiehslaEng c02 003 etc. like Coo and 001

g ol =G| i —0l =0l

all tend to zero as t22 —» o we have shown that for
bounded distribution functions, ¢ up-to terms:of

ol
order € evolves so that balance of transverse forces

is established as ¢t - o , using simplified expressions

22
—01 =02 p 4
for g1 o g1 etc. However, this result is expected

to hold using for §?1 p E?Q

obtained from the solution of Egs.(68) , (77) etc.

etc. exact expressions
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From Eq.(105) we see that T;1 is independent of t,_
while T;O may absorbe, apart from the variation on

the time scale, also the variations on the =<

Toq

22
time s;ale. In the limits tgo = e t21 = Ga Rl
t22 = o wWe obtain
00 00 o)
3Ok o, e o5 e R a-—-oll (113)
2o Sty ol " or - I

which when added to Eq.(102) corresponds to Egq.(51)

Eqg.(103) shows that f;1 has a transient on the

Too time scale and substituting from Eq.(39) to second
order in o for the terms in paranteses on the left hand

side of Eq.(103) and also from Egs.(100) and (113) we derive

that in the 1limit tzo = o Eq.(103) reduces to
aféo 1 10 el
e FPzg[ ()57 (80) + 1 (Qe)fzm(gz)J 5
b 2 5> R be. T Rlde
= - L M( RN, R PR it ¢ (114)
s 21cr©0 00 5 -2 2M 13O0 =z2=2
dc®
=of
5T “(taqstop)
10
where H (t21,t22) - 0 as t,, - o« and t,, - o
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Again using the appendix of[12], every bounded solution

of Eq.(114) evolves toward the solution of

00 187541 10 BOipaA R
FPez{f2M(92)f2 (Cp) + fEM(QQ)fEM(QQ)} o
e M( 2 2 ) 5> R - i) S 532“
2 okT© s ] dr -2 2M KT 00 —2—2 T

gy s b gy B and to, 2@ the 6/5’021 of Eq.(114)

also taking account of the variation on the time

=t
scale. This result for the ion distribution e Nen)

to first order in € and zeroth in o corresponds 150
the result of Eq.(60) in the same way as Eq.(88) for the
electron distribution function to the same order in the
I abiseiauls t20 = &9 t21 = o - Enael t22 = o , corresponds

to Eq. (59).

This ends our partial derivation of assumptions Eqs.(53)

and (54)
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Appendix 1.

We here briefly derive the equations of Chapman and
Cowling [1] from Egs. (1)-(5) by use of the multiple
time scale method.

The distribution functions and macroscopic quantities

are expanded in terms of the parameter gy > for instance

Later we leave out the paranteses 1n the superscripts.

Also the time derivative is expanded in this way

g d 23
B'E—WO'FE,]E‘;"{“E,IS‘_EE'*" --------

consistent with introduction of time variables ti on

T

e s ealie’s s

5 = Ol s 2 R ST i

o lo
o

roughly speeking, is the time scale on which the gas evolves

toward local thermodynamic equilibrium.

The equations to zeroth order are

Zp§§§=o (A1)
1

g !
= —=Q o A BN 0.0
N ol Sl zcij[fifi.] e
J



by

B “: ‘ ~:  %i;;;..Qm + (9)1 '8 (r)tra + ?Q)ifé’;1?Q -

L S v.’a L /q +; “‘?6’ 4
, R
o3 ssldslrev amly 2o Aotyombovsnt ditw dne¥atemos’
"‘ 3 ,‘ g i ‘ i . O?‘ E i v i ‘ : ) . 4 ;»‘: :
Bogh WERON ¢ cxia (Bula0m & o e s o selscs amiy
) ) e 3 el = s : o, —3 s L L N e % .I

; i i : - |;” |

ﬁd& ﬂahﬂw 16 aiaaa ami# ol 8l ,gﬂxxaeqa miaguox

: Bicios o ntm@ﬂmhomxad# Lasol brawct .4
L au&‘gggxo d&ewas o& an@idngps a4l ‘;~f*

oG




[©)
i (83)
G :
dc©
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A H - theorem can be established showing that

2
o Ly gl (617
Fous B° <f—£;b> exp(— s > LT s (46)
” 1 NonkT 2kT®
Th - transverse to H c® obheys aggl R Q=
LT ransv A y Bfg—

o ; : )
oo e S )i Co has a transient on the T time scale ,

o
(@]
O e - ;g (0
_c_o(tO D T go(to-o,t1 it . k/wi (o) % Hide
©)

ORI CT] ™ are independent of to

The equations to first order are (they correspond to

the second order equations of Chapman and Cowling)

o =1 1 =0 ]
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From Eq.(A9) we see that p; has a transient on the

] ! e} g
TO time scale due to the evolution of Eoi and gi "

and in the l1limit to = Vol Wwe e hita 11

dp°
i + o . ( OCO
gt T or T PiSoM) = 0o (A12)
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where M means expressions in the 1limit to o0 b

Similarly Eq.(A.11) shows that 7' has a transient on

the =T time scale due to the transients of c° ' o ;
o =ol ’ =i
39N P%niand Wl s Tn s Dlanit t, = =@ we get
o
3 o, [ dT° ST o PR e ]
7k 3t * SoM T or P 3x " Sou (a13)

From the parallel version of Eq.(A.10) we get that Eé”
has a transient on the 1Y time scale due to the transients

of ¢2. and P° and in the 1imit t = o we obtain
-0l ~ )

B:E—— g EgM - _dz bt ”> Z pl———l” ¥ ” Ui

From Eq. (A8) we seek bounded solutions for f; which obey

ar!
=l 0 as & 20 00 (A15)
ot o i

Then from Eq.(A.10) we get that Eéi has & transient on

the To time scale due to the transients of Egi Sial

and P° , and in the limit t_= = we have

0.0
< —-oM ) XplFlL+p M><_I_{_+

O
X H - (A16)
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Here we find jM from f; in the limit to = o0 o ke
equation for fi, 1is, substituting from Egs.(A.14) and

(A.16)

O ) O % ©
5fiM .0 Ofyy fon Of iy P Of iy s H,afiM :
6t1 —oM 5 ~i 63 —i dC miioM = Sgi

o]
. Bfi . Z S o S 1 s o .afiM ]
3T A 6—— Pty T Peso fadag % or )¢, T

ey BflM Ty 1
g il 2 Cij[fiijM ; fleJM]
d

or, substituting further from Egs.(A.6), (A.12) and (A.13)

ek T KT ¢ x
e m CO
kT d o s 0 ) N ; S —oM _
"By v i S} - s < BJoey + 1oy (00, J10%) ¢ 5 -
1
: of .
o @R 1 (@) e]_ iM
—.E:ClJEleJM flejMJ vl R = (A.17)
s i C.
J
~ 5 = . <j1 X H>
LM ©) Il L <M

Bgs. (A.12), (A.13), (A:34), (A.16) and (A 17} &re the
"second order" equations of Chapman and Cowling [1]. Eq.(A.7)

in the limit to =={hcol ELSEGE Sk el

Z .g (A.18)
.|

has to be fulfilled when solving Eq.(A.17) for f?
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Appendix 2.

Till now the electromagnhetic field has been assumed
stationary and uniform, imposed on the plasma by external
means. However, the generation of a field by the evolution
of the plasma itself may also be taken into account with
only small modifications of the results obtained in
sections 2 and 3, For such a model we study the kinetic
and macroscopic equations of the previous sections
together with the Maxwell equations for the total electric

field E and magnetic field B :

%.E = L].T(Cgpe (A.19)
B_T.E by A (A.20)
> -
_a'_;- X __E_:- = = -5%‘ (A.21>
o 1 oE
= e 4w(pego + J) + e (A.22)
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As in section 1 we assume that

~ € (A.23)

ol
t

where EO and Bo = H are the magnitude of the externally
imposed fields. New assumptions on the sources of the fields
now have to be made: Since the fields shall not be stronger
than before the sources must be weak to a certain extent.
Also to solve the Maxwell equations requires additional
assumptions. We therefore parametrize the Maxwell equations
as we did with the kinetic and macroscopic equations and

make the assumptions when we need to make them.

The order of magnitude of the terms in Eq.(A.19) thus become

Er,

. 2
T Yre Pe

Here EL is the part of E that varies in space. We

E
further get, dividing by fé
B
0 bme n1e1. m1pe. o
G n e? EL



ff‘a#&ﬁﬁ& ﬁda &@ auvtama aﬂ# h aam&&qmuaas waﬁ abLsk? hqaﬂqn&l
! s T o L&Ma w;an st samid 'sbm od o s won

\‘émagx# ahagres o of dsew @& Saun aﬁsmnua odd aq@@%d{niﬁﬁ

» L@mﬁ&#ﬁﬁh& aaxxﬁ@am amnl&aupa LlowxaM sl svice 6&‘6&1&
 me£ﬁﬁum$ LIowsali &ﬂ# @&kﬁSﬁﬁﬂ?Mﬂ 9%Q%§1$d# w ,aﬁﬁltqmyaas
hﬁ& ﬂﬂﬁﬁ&ﬂupﬂ 3§m§uaaﬁaum bﬂa akdealsl e dilw bIb ew 28
vmads- sdew o, h@&fx‘ e matﬁ*qnwaa‘a odd sxu,‘iif‘

|
) BN




hre n, e %
and using the relations Eq.(A.23) and o (-———~____ > 3

the electron plasma frequency,

Lo e
Q 2 \Br/ \nje,

Since for the model we consider wp1 e Q1 and we allow

E;, ~ Ej , for a balance of the terms of Eg.(A.19) we must
have

2 2
b (Q1/wp1) e ne,

i.e. charge neutrality to a certain extent.

In a similar way we estimate the terms in Eq. (A.21)

i

oy
L T2

where B is the part of B that varies in time. We further

T
get

WItﬁ
ot

@]

1
T
€

We have used the relations Eq.(A.23) and EL

For the terms in Eq.(A.21) to balance we have B

il R
o
2

;b e Bo

The order of magnitude of the terms in Eq. (A.22) becomes

B 1 By

5 B,
c 2
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Bl

where BL and EJC denote the parts of B and E that
vary in space and time. We have set |[j| ~ n1e<1'51 . We

further get

(| st el <fl>2 | (ﬂf@e}(&)
Q, € BL c e EO \BL
1 2 1 1
We assume that <f%- x <“E> g i Shlipre T BonCE ol by, let
1
\2
(p1> < 1) ~ & . Then B ~¢€°B_ for the first and

second term to be of equal order of magnitude. The third
term will always be vanishing small when Et ~ EO o iagLcha

iBChe ‘order off mepnitude of B that we can permit. We

t
shall therefore neglect the last term (displacement current)
of Eq.(A.22), and the approximative Maxwell equations for

the gas model are

%E B = 4Wc“oe (A.19")

E)_—B=o Caon

or = y

o 0B r

BEXE:‘BE s G
0 X B = 4w(82ap e C + an,e~C,) (Rgaat)
or T = e=0 1 27222 :

where E and B are sought as

E(r,t) = EO(E,t) 5 g§1(£,t) it S
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Making the multiple time scale expansion of %E , we obtain

as the lowest order sets of equations in the parameter e :

AR <
i
(A.24)
=)
&) gapPaEd 9B
oo st
5) 52 = ho(n®e TO O 7O)
e = e
and
0 e vl
—5—-1: E = l4"'”‘0 pe
J 3
e,
(A.25)
ki #° B
el i ‘5%’)
— 5 5
d 5 o =1 , 0. =l 1. =0 1. =O
£ it B’ = 4m(nje, T, + apse,C,) + 4m(nge,Cr + an,e Cs)
Necessary conditions for existence of solutions are
0 e T2 4 g e 0 ) =@
Lrlen e M - -
(A.26)
o IR P e o 1. =0 1. =0
E5 (nje,C, + ange,Cy) + = (n,e,C +anye,Cy) = 0
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LA e
which also can be sufficient conditions.

The sets of equations (A.24) and (A.25) now have to

be solved together with the zeroth and first order
equations of section 1, Egs.(18)-(29) and Egs.(30)-(41).
The zeroth order equations (18)-(29) are uncoupled with
the Maxwell equations, so the evolution of the zeroth order
distribution functions and macroscopic quatities are the
same as before. The first order equations (30)-(41) are
coupled with the zeroth order Maxwell equations (A.24).
Due to the zeroth order evolution the electric field _go
and magnetic field EE show a transient variation on

tie i3 time scale. The transient of EO give rise.to
new transients in the first order kinetic and macroscopic
equations in addition to the transients studied before.
The transient of EQ ig too emell Bo be seen in these
equations, In the 1imit t2 = » , however, the first order
kinetic and macroscopic equations are the same as before,

the electric: Bdeld Eo now obeying the Poisson equation.
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