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Chapter 1

Introduction

In this study, we consider the profile analysis and the tests for the mean vec-
tors when the observations have two-step monotone missing data. We often
encounter the problem of missing data in many practical situations. In this
study, we assume that missing pattern is two-step monotone missing data. In
Chapter 2, we discuss profile analysis for two sample and multi-sample problem
with two-step monotone missing data. This is the content of Onozawa et al.
[12]. Profile analysis is known as statistical method when we are interested in
comparing the profiles of several groups. There are three hypotheses known
as parallelism hypothesis, level hypothesis and flatness hypothesis. In normal
population, the profile analysis for two sample problem have been discussed by
using Hotelling’s T?-type statistic (see, e.g., Morrison [10]). And Srivastava [17]
gave a profile analysis of several groups based on the likelihood ratio. For the
assumption of nonnormality, Okamoto et al. [11] discussed profile analysis in
elliptical populations. Further Maruyama [9] obtained asymptotic expansions
of the null distributions of some test statistics for general distributions. On
the other hand, when the missing observations are of the monotone-type, the
test for the equality of means have been discussed by many authors. In one
sample problem, Chang and Richards [3] considered the T2-type test statistic
for the mean vector with two-step monotone missing data. Further, Anderson
and Olkin [2] obtained the maximum likelihood estimators (MLEs) of mean
vector and covariance matrix for two-step monotone missing data, and Kanda
and Fujikoshi [6] discussed the distribution of these MLEs and expanded for
K-step monotone missing data. Further, Seko et al. [15] discussed the T?-type
test statistic and likelihood ratio test statistic using linear interpolation. In two
sample problem, by the same way as Anderson and Olkin [2], the MLEs have
been obtained (see, e.g., Shutoh et al. [16]). Linear interpolation approximation
for the null distribution of the Hotelling’s T2-type test statistic and the likeli-
hood ratio test statistic with two-step monotone missing data were reported by
Seko et al. [14].

The organization of Chapter 2 is as follows. In Section 2.1, we consider a



profile analysis for complete data. In Section 2.2, we derive the MLEs of p(¥)
and ¥ when the missing observations are of the two-step monotone-type. In
Section 2.3, we give the T2-type test statistics for profile analysis with two-
step monotone missing data. In Section 2.4, we give the likelihood ratio test
statistic for the parallelism hypothesis with two-step monotone missing data.
In Section 2.5, we perform a Monte Carlo simulation to investigate the accuracy
for the null distributions of these statistics. Finally, in Section 2.6, we conclude
Chapter 2.

Chapter 3 is the content of Onozawa et al. [13]. In Chapter 3, we consider
the tests for a single mean vector and two mean vectors with two-step monotone
missing data. In one sample problem, Jinadasa and Tracy [5] obtained a closed
form expression for the MLEs for the mean vector and the covariance matrix
in the case of K-step monotone missing data. Krishnamoorthy and Pannala
[7] considered the likelihood ratio test statistic with K-step monotone missing
data. Meanwhile, it is difficult to obtain an exact covariance matrix for the MLE
of the mean vector since the T?-type test statistic is complicated with missing
data. Therefore, Krishnamoorthy and Pannala [8] provided a simplified T?-type
test statistic and approximated the upper percentiles using the F' distribution.
They adjusted the freedom of F' distribution using the expected value and the
variance of the test statistic. They discussed K-step monotone missing data
although they only provided MLEs with up to three-step monotone missing
data. Yagi and Seo [18] provided the approximate upper percentiles of the
simplified T2-type test statistic using linear interpolation with the notation used
by Jinadasa and Tracy [5]. Yagi et al. [19] provided an asymptotic expansion
for the null distribution of the simplified 77 test statistic and improved the y?
approximation for the statistic in the case of two and K-step monotone missing
data. In a two sample problem, Yu et al. [21] reported a simplified T?-type
test statistic with K-step monotone missing data using Krishnamoorthy and
Pannala [8]’s idea. Moreover, Yagi and Seo [18] also considered a two sample
problem with the pivotal quantities similar to the Hotelling’s T?-type statistic in
Yu, et al. [21]. Yagi et al. [20] extended the result of the one sample problem in
their recent work [19]. In Chapter 3, we propose test statistics for one and two
sample problems with two-step monotone missing data under consideration by
Krishnamoorthy and Pannala [7] and Yu et al. [21]. In a one sample problem,
the part of the likelihood ratio in Krishnamoorthy and Pannala [7] is used
as the test statistics we have. The two sample problem is considered in the
same manner as that of the one sample problem. Further using the asymptotic
expansion of the distribution, we present the transformed test statistics based on
the Bartlett adjustment. The detailed explanation of the Bartlett adjustment
is found in e.g., Anderson [1]. The improved transformations for the general
test statistic are discussed by Fujikoshi [4]. The organization of Chapter 3 is
as follows. In Section 3.1, we first present the assumption and notations. In
Section 3.2, we derive an asymptotic expansion of the null distribution of the
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new test statistics. In Section 3.3, we consider transformed test statistics for the
proposed test statistics and approximated upper percentiles of the distribution.
In Section 3.4, we describe the Monte Carlo simulation that was implemented
to investigate the accuracy for the null distributions of these statistics. Finally,
in Section 3.5, we conclude this study.



Chapter 2

Tests for Profile Analysis Based
on Two-step Monotone Missing
Data

2.1 Profile analysis for complete data

In this section, we consider the test statistics when the data have non-missing

observations. Let the p-dimensional random vector a:gz) be independently dis-

tributed as N,(u9, %) (j = 1,..., Nl(e), ¢ =1,2), where u¥ = (/#), . ,u,(f))’.
Let the ¢-th sample mean vector, the /-th sample covariance matrix, and the
pooled sample covariance matrix be

Nl(e) Nl(f)
_ 1 ¢ 1 0 — 0
7 = © ng ), 8= © Z(‘B; - w(g))(mé) -zY,
N. N7 —1
1 j=1 1 j=1

(NP - 18 + (VP —1)8,
NP + NP 2

S:

)

respectively. When carrying out a profile analysis for two samples, we first
consider the parallelism hypothesis that is expressed as

Hp, : CpuY = Cp vs. Ap, :not Hp,,

where C' is a (p — 1) x p matrix of rank p — 1 such that C1, =0 and 1, is a
p-vector of ones. The test statistic for testing hypothesis Hp, can be written as

N + NP

-1
csc’ Cc(zV —z@).

T}, = @Y —z?)YC’ {



In normal populations,

N+ NP -2 -1)

TIQD ~ 1), (2 -
c N1(1)+N1(2) —p p—1,N; " +N;¥ —p

If the parallelism hypothesis is true, we test the level hypothesis or the flatness
hypothesis. The level hypothesis is expressed as

HLQ’HPQ : 1;[,1,(1) = 1;[,1,(2) VS. AL2 > not HLQ‘HPQ'
The test statistic for testing hypothesis Hy, can be written as

N+ NP

—1
/ F =) =(2)
Nl(l)Nl(Q) (1p5’1p)} lp(a: z)

m:@m@%%{
In normal populations,
T?, ~ Fy y @y
Further, the flatness hypothesis is expressed as

Hp,|Hp, : C(pY + u®) =0 vs. Ap, : not Hp,|Hp,

The test statistic for testing hypothesis Hp, can be written as

—1
1
T2 =%, ’{—(2)050’} CZ1,

NV + N
where
1 2
Ty = Lf(l LEQ)
NV + NP N + NP

NO L NO p—LN{V N —p
In addition, we consider a parallelism hypothesis of several groups when the
data have non-missing observations. Let a:ﬁf), e ,a:ii)w be Nl(e) independent
1

observations from N,(u®), %) (¢ = 1,...,k). Then we consider the primarily
testing the parallelism hypothesis as follows:

Hp :CpuY =...=Cpu™ vs. Ap_:not Hp,.



The MLEs of p) and ¥ under Ap, are

NG N
SR o 1 -

—(0) _ () _ (0) _ =0\ (0 _ =)y

B0 =~ a D=5 ) (@) -7 -7,
1 =1 ]

respectively, where N; = Zle Nl(e). In contrast, the MLEs of p and X under

Hp, are
_ ¢ < L B () R
P el S 3N el el e
=1 j=1 =1 j=1

respectively. For complete data, using these MLEs, we can construct the fol-
lowing likelihood ratio:
A lezo

Te)SRedERl
The likelihood ratio test statistic, —2log A., is asymptotically distributed as a
x? distribution with (p — 1)(k — 1) degrees of freedom as N5 tend to infinity
(see Srivastava [17]). Hence, we reject Hp, when —2log A, > X%p—l)(k—l),oﬂ where
X%pq)(kq),a is the upper 100« percentile of a x? distribution with (p —1)(k—1)
degrees of freedom. However, convergence to the asymptotic y? distribution
can be improved by considering an asymptotic expansion for the likelihood
ratio statistic and deriving the modified likelihood ratio statistic as —2p,., log A,
where

1
e =1 —(p+k+1).
Per 2M@+ +1)

2.2 MLEs

We consider the case when the missing observations are of the two-step monotone-
type. Observations {xg)} can be written in the following form:

o) L0 (0 )

Zq e 1py Tipi+1 0 Tip
) 0 NG
le(e)l le(Z)m lem,pHrl Nl([)p
) o) « o * y
NP 411 N1,
© ©
T\, TNy, * e *
where * denotes missing component. Let mg.g) = (335?,, a:(;;.)/)’ j=1,..., Nl(e),
¢ =1,...,k) be a p-dimensional observation vector from the ¢-th group with
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complete data. Let m(l? (j = Nl(g) +1,...,N®) be p;-dimensional vectors

based on NQ(Z) (= NW — Nl(é)) observations. Now, we assume the distribution
of observation vectors:

) ~ Ny, %) (j=1,..., N, (=1,....k),
mg? ~ N, (2 =N 41, NO =1, k),

()
o _[| M o X X
o= () == (31 32)

and p'¥ and ¥ are partitioned according to the blocks of the data set. There-
fore, ug-g) (j = 1,2) is a p;-dimensional vector and X,,,, (j,m = 1,2) is a p; X py,
matrix.

We give some notations for the sample mean vectors. Let ifT be the sample

mean vector of mgﬁ), Lz, Let (m&? , EQF) be the sample mean vector of

N(L’)
az(é) az(é)(l), where :ch) p; x 1 (j=1,2). That is,

respectively, where

NO

T} N(f Zmlw =% @Z%a T = N(z Zaz

Since the MLES based on the complete data case cannot be used, we have
to estimate pu® and ¥ under two-step monotone missing data. Let u(z and 3
be the MLEs of p and 3. These have the same patterns of partition as p'®
and X. The likelihood function is

L(p",3)
r [NO X
YA — YA
= H H —1€Xp{—§(%‘§~) —pys 1(®'§~) —M(Z))}
=1 1 3z
Jj=
N
1 L0 Oys10 _ 0
x H CIs T €Xp —2( — )2y (wlj — i)
NGO 41 (2m)= | B |2

Let A be a p x p transformation matrix:

I O
A= L .
( _2212111 IPQ )

0
Az — ( o ) ~ N,(Ap®, AT AY),

j 20— Sy ;e

Then we have



where the mean vector and the covariance matrix of transformed observation

vectors are
€ €
A”(e) _ 77(zz) _ 771@ _ , M o :
ny) py) — S B pl”

1 O )
O X9,

and Yoo = X9 — EglEilElg. It should be noted that “(e) and X have one-
to-one correspondence with n) and ¥, where

U — Uy Wy ) D TRED E P
Wy Wy SuZ B '
For parameters ), ... . n® and ¥, the likelihood function is
L(n(1)7 A 7n(k)7 \I])
= Const. x ’ lIlll ‘7%]\7‘ \1122 ’7%]\[1

E NO
1 4
X eXpy T3 ZZ 5’71] - /‘1’11 (mgg) - 775 ))

(=1 j=1

A A = (

Z 2132] ‘1’2133 - "72 )/‘1’22 ("323 ‘11213313 - 77%)) ;

where N = Zif:l NO . Differentiating the log likelihood function, we get that

~ —(¢
) ==z,

~ = _/
ny) =Ty — U T g,

and that
1 k N®O
= 0 (¢ 0
vy, = N Z (ng) - w(’l)“)(ng) - ng))
=1 j=1
B NO N© -1
= 0 _i(t
IS IEETI N ) 3 DRI I
=1 j=1 =1 j=1
IO P
LR R DIPIE
/=1 j=1
K NO K NO e N
(5) ’() 0 ( ) )
S B SE =N S PEIE ZZ ,
(=1 j=1 (=1 j=1 (=1 j=1
¢ ¢ ¢ ¢ R()
zg] = wg]) g}v gj) = wéj - Top-
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We thus obtain the MLEs of (¥ and ¥ in general:

) )
0= B = e 2T
Mo Typ — ‘1’21(le - 51T)
i\] — gll 212 _ A{I\’l/l - {I\’/I\I{I\,}\Q .
221 222 l:[121\:[111 \Il22 + \PQI\Pll\]:llZ

2.3 Two sample profile analysis with two-step
monotone missing data

By using the MLEs which are given in Section 2.2, we give T2-type statistics.
In this section, let k = 2. T?-type statistic under Hp, can be written as

T2 = (Y — ﬁ(Q))'C'/{C.%C’}_lC(ﬁ(l) — ),
where Z is the MLE of & = {Cov[ﬁ(l)} + Cov[ﬁ@)]}’

N N

=_ | NON® 2u NON®D =12
- N - ~ 1~ ~ 1~(2
NON® 22 Cov[fis"] + Cov[as”]

Cov[fiy”] + Cov[as’]

2 ©) (©)
1 a Ny~ a-l1a Ny 'y ~
= — [ -2 3.3 2L | + 2 Yoo b .
Z {N(@ ( N® " NONONG —p —2)

1

For details of the MLEs, see Kanda and Fujikoshi [6]. T3, is asymptotically
distributed as a y? distribution with p — 1 degrees of freedom when Nl(g)s are
large.

The T?-type statistic under Hy, can be written as

L R e

T?, is asymptotically distributed as a x? distribution with 1 degree of freedom
when Nl(e)s are large.

When we consider the case under Hp,, we can join the two samples and
regard it as a one sample problem. The T*-type statistic under Hp, can be
written as

%, = (Ci){CCov()C'} " (CR),

11



T
_ o~ ~ —1 _ _ 5
Lop — 221211 (€U1F - C131T)

Covla] = ¥A v )
sz Cov/|p,]
T I (& Noo a-la Nopy S
a] = ( 2=y adn ) NN(N; —pi —2) =
and
1 2 N®O 1 2 N 1 2 N
_ © = o = (©)
mlT_N;;mlja mlF—E;;mU? 932F—E;;m2j’

k
Ny =Y NP
/=1

These estimators are extended for the MLEs obtained by Kanda and Fujikoshi
[6]. TZ  is asymptotically distributed as a x? distribution with p — 1 degrees of
freedom when NV 1(4)5 are large.

However, the upper percentiles of the y? distribution are not a good ap-
proximation for the T2-type statistic when the sample size is small, and it is
difficult to obtain the exact upper percentiles of these statistics when the data
have missing observations. Hence, we give the approximate upper percentiles
based on the idea of Seko et al. [15] where it is assumed that the true upper
percentiles exist between T[?fl’ Ny —po and T, 1)271, N—pa- Lhisidea is based on linear
interpolation. FY , can give the approximate upper percentiles of Tp,, and Try,.
Np — Napo

* o2 _ 2 _ 72
Fl,cv - Tp—l,Nl—p,a Np (Tp—l,l\h—p,a Tp—l,N—p,a) )

where
(N -2)(p—1)
TpQ—l,N—p,a = N — D Fp—l,N—p,om
(M —2)(p—1)
szfl,lep,a = N1 - p prl,lep,a

and F), ;, is the upper 100a percentile of F' distribution with p and ¢ degrees
of freedom. Further, F3 , can give the approximate upper percentiles of T7,,.
Np — Napo

F* :T2 B .
2, 1,N1 -2« Np

(T12,N1—2,o¢ - T127N—2,a)?
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where

2
Tl,N—z,a = FLN—ch

2 _
TNy 2.0 = Fin 2.0

2.4 Parallelism hypothesis for several groups
with two-step monotone missing data

We have two-step monotone missing data when k£ > 3 as in Section 2.2. First,
we transform the observation vectors using C'. Then we have

- Cw(e) ~ p_1(0(€)7 F)»
C’laz ~ N,y_1(64),T1),

ulj

where 8 = Cu®, T' = CEC’ and C is a (p; — 1) x p; matrix of rank (p; — 1)
such that C11,, = 0 and 1,, is a p;-vector of ones.

o0 — 6" p_(In Ty
056) ’ Ty Iy

0¥ and T' are partitioned according to blocks of the data set. It should be
noted that 61 : (py —1) X 1, Oy :py x 1, Tyy: (pr— 1) x (py — 1), T1o =T%; :
(p1 — 1) X p2, Ty : py X pa. To construct a likelihood ratio, we obtain the MLEs
of 8 and T in general and under the hypothesis Hp,. can be obtained in the
same way as earlier:

~ (£ (e
5(@)_(0(1)>_< et )
- ~(¢) Tl = [ [
0, Ty — By (T — W)
f o fll flg . $11 ¢11$12
Ty Iy &\’21&\’11 ‘/1322 + &\’21&\’11&’12 ’
where
1 N©® N® . N{®

(o) 0 — (©)
Uir = N Z“ljv Uyp = E) Z“ly Uy = N0 Uy

7=1 1 j=1
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and

E NO
S - -
Uy
/=1 j=1
N(f) N(Z)
1"
1= Z Y29 1(])
(=1 J=1 (=1 J=1
_ [
‘I)QQ_F Z y2] yQJ
=1 j=1
N(f)
), 1(0)
ZyZJ Y1 Zzylﬂ
/=1 j=1 (=1 j=1
¢ ¢ —(¢ {4 ) 0)
yg]) - ugj) ru’gfz" yé]) - (L‘g] ’U’;F

Similarly, the MLEs of 8

—(£)\/

lT) )
-1

Y

ylf) ZZ ylj y2j ,

/=1 j=1

and I' under Hp, are as follows:

~(
50 _ )\ ﬁﬁl
- ~(l - (¢ )
0;) ) — o () — 1))
T _ i‘n 1j‘12 _ ¢'11 ‘I’11¢'12 N
I'yy Ty Dy D1y DPoy + 0y By Py,
where
& N p NO p NO
0
W=y, Zzulwuw— ZZ“
=1 j=1 L=t j=1 b=t =
and

(=1 j=1
k N® kE N® !
& ), /()
Py = E Wy Wy E E w wlj ,
(=1 j=1 (=1 j=1
1 k N®)
4 4 1€
Dy = N, E E wéj)w2(j)
L1 | j=1
N© NO 1 rvo
), /() ), /(6 0, /(0)
- § Wy, Wy § Wiy Wy, § Wy; Wy )
Jj=1 Jj=1 Jj=1

() () © (0)

’wlj —’U,lj —Uuir, 'lUQJ _’U,2] — UoF.

14



We have a likelihood ratio for the parallelism hypothesis as follows:

=(0) =(0) = =~ S
A :ﬁLwl 0, . T) [T [Ty e
L

~(0) ~() ~_ — |=F 1 NLQ’
@ 8y 1y D EM Ty

where

% fll (0] ~x fll (0
' = ~ ~ el , I = ~ ~ ~ 1~ .
O Ty —Tyul';jT'p O Ty —Tyl'y Ty
Then the likelihood ratio statistic —2log A,,, is asymptotically distributed as a
x? distribution with (p — 1)(k — 1) degrees of freedom as Nl(g)s tend to infinity.
Hence, we reject Hp, when —2logA,, > X%p—l)(k—l),oz’ However, it is difficult
to obtain the modified likelihood ratio statistic directly when the data have

missing observations. As such, much like in the two-sample case, we use p,, that
improves convergence to a y? distribution, and put it into the test statistic:

{1 Np—N2p2(1 1)}‘1
pm=y——"—~v—|(——— ,
Pecy Np Pey Pes

where

=l —(p+k+1

and pc,, pe, 7 0. Then we reject Hp, when —2p,, log A, > X%p—l)(k—l),a'

2.5 Simulation studies

In this section, we examine the accuracy of the approximations of the proposed
test statistics. The Monte Carlo simulation for the upper percentiles of 72-
type statistics and the likelihood ratio test statistic is implemented for selected
values of parameters. The settings of the parameters «, p (= p; + p2) and
M (= My + M,) for the simulation are as follows:

k=2,3,6,
a = 0.05,
(p1,p2) = (2,2), (3,1), (6,2), (2,6),
(My, Ms) = (10,10), (20,10), (50,10), (100, 10),
(10,100), (20,100), (50,100), (100,100),

where M; = N J@ (7 = 1,2). Further, we compare their type I error rates. As a
numerical experiment, we carry out 1,000,000 replications. It should be noted

15



that our results may be applicable to the case where the sample size differs
for each population. However, for simplicity, we show the results under the
same sample size. Tables 1-3 list the percentiles of T?-type statistics and the
values of F}" and F}. They also list the results for the comparison of the type
I error rates under the T?-type statistics when the null hypothesis is rejected,
using F}, Fy and a x? distribution. The T?-type statistics are closer to the y?
distribution when the sample size is large. Comparing the type I error rates,
we have that FY, and F3, seem to be closer to 0.05 than the percentiles of the
x? distribution especially when the sample size is small. The value tends to be
closer to 0.05 under the level hypothesis than under the parallelism hypothesis
and the flatness hypothesis.

Tables 4 and 5 which are compare —2log A,, and —2p,, log A,,, list the per-
centiles and type I error rates using a y? distribution. —2log A,,, and —2p,, log A,,,
are close to the x? distribution when the sample size is large. Furthermore,
—2pm log A,, is closer to the x? distribution than —2log A,,.

16



Table 1 : Upper percentiles and type I error rates of T3, and F; values.

percentile type I error rate
p p»_ p | M M M | T, F Fy X
4 2 2 20 10 10 9.671 9.540 0.052 0.089
X§70.05 =T7.815 30 20 10 8.750 8.684 0.051 0.071
60 50 10 8.212 8.194 0.050 0.059
110 100 10 8.001 8.014 0.050 0.054
110 10 100 9.176 9.339 0.047 0.078
120 20 100 7.996 8.446 0.050 0.064
150 50 100 8.075 8.061 0.050 0.056
200 100 100 7.974 7.950 0.051 0.054
3 1 20 10 10 9.198 9.308 0.048 0.080
30 20 10 8.664 8.644 0.050 0.069
60 50 10 8.182 8.191 0.050 0.058
110 100 10 8.020 8.013 0.050 0.055
110 10 100 8.261 8.676 0.042 0.060
120 20 100 8.137 8.221 0.048 0.057
150 50 100 7.987 8.010 0.050 0.054
200 100 100 7.953 7.936 0.050 0.053
8 6 2 20 10 10 18.184  20.645 | 0.030 0.120
X%o.os = 14.067 30 20 10 17.200  17.288 | 0.049 0.108
60 50 10 15.465  15.444 | 0.050 0.076
110 100 10 14.787  14.779 | 0.050 0.063
110 10 100 | 14.195 18.371 | 0.014 0.052
120 20 100 | 15.011  15.655 | 0.041 0.067
150 50 100 | 14.774  14.685 | 0.049 0.061
200 100 100 | 14.498 14.499 | 0.050 0.058
2 6 20 10 10 26.607  23.487 | 0.073 0.251
30 20 10 18.428  17.640 | 0.060 0.131
60 50 10 15.624  15.470 | 0.052 0.078
110 100 10 14.811  14.783 | 0.050 0.063
110 10 100 | 25.615  25.559 | 0.050 0.234
120 20 100 | 17.715  17.534 | 0.052 0.117
150 50 100 | 15.306  15.160 | 0.052 0.072
200 100 100 | 14.695 14.600 | 0.052 0.061
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Table 2 : Upper percentiles and type I error rates of 77, and Fy values.

percentile type I error rate

P D1 D2 M My, M, | T}, Fy Fy X

i 2 2 20 10 10 | 4171 4177 | 0.050  0.059
Xloos =3841 | 30 20 10 | 4037 4.022 | 0.050  0.056
60 50 10 | 3.924 3923 | 0.050  0.052
110 100 10 | 3.880 3.885 | 0.050  0.051

110 10 100 | 4.208 4.125 | 0.052 0.060
120 20 100 | 4.026 3.971 | 0.052 0.055
150 50 100 | 3.911 3.895 | 0.051 0.052
200 100 100 | 3.879  3.871 | 0.050 0.051

3 1 20 10 10 | 4.050 4.138 | 0.048 0.056
30 20 10 | 4.003 4.014 | 0.050 0.055
60 50 10 | 3.928 3.922 | 0.050 0.052
110 100 10 | 3.885 3.885 | 0.050 0.051

110 10 100 | 3.985 4.005 | 0.049 0.054
120 20 100 | 3.939 3.926 | 0.050 0.053
150 50 100 | 3.884  3.884 | 0.050 0.051
200 100 100 | 3.871  3.868 | 0.050 0.051

8§ 6 2 20 10 10 | 3.415 4.138 | 0.032 0.039
Xio.% = 3.841 30 20 10 | 3.979 4.014 | 0.049 0.054
60 50 10 | 3.918 3.922 | 0.050 0.052
110 100 10 | 3.887  3.885 | 0.050 0.051

110 10 100 | 2.845 4.005 | 0.023 0.026
120 20 100 | 3.850  3.926 | 0.048 0.050
150 50 100 | 3.877  3.884 | 0.050 0.051
200 100 100 | 3.870  3.868 | 0.050 0.051

2 6 20 10 10 | 4.233  4.217 | 0.050 0.061
30 20 10 | 4.067 4.030 | 0.051 0.057
60 50 10 | 3.923  3.924 | 0.050 0.052
110 100 10 | 3.890 3.885 | 0.050 0.051

110 10 100 | 4.261 4.245 | 0.050 0.061
120 20 100 | 4.061 4.017 | 0.051 0.056
150 50 100 | 3.919 3.905 | 0.050 0.052
200 100 100 | 3.894 3.874 | 0.051 0.052
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Table 3 : Upper percentiles and type I error rates of T2  and F; values.

percentile type I error rate

P P D2 M M, M T3, Fy Fy X

1 2 2 20 10 10 | 10.699 9.540 | 0.069  0.112
Xioos =7815 | 30 20 10 | 9.072 8684 | 0.057  0.078
60 50 10 | 8301 8194 | 0.052  0.061
110 100 10 | 8065  8.014 | 0.051  0.056

110 10 100 | 10.672  9.339 | 0.072 0.112
120 20 100 | 8.898 8.446 | 0.059 0.074
150 50 100 | 8.212 8.061 | 0.053 0.059
200 100 100 | 8.017 7.950 | 0.051 0.055

3 1 20 10 10 | 10.071  9.308 | 0.100 0.100
30 20 10 8.913 8.644 | 0.055 0.075
60 20 10 8.294 8.191 | 0.052 0.061
110 100 10 8.060 8.013 | 0.051 0.055

110 10 100 | 9.414 8.676 | 0.085 0.085
120 20 100 | 8.479 8.221 | 0.055 0.065
150 50 100 | 8&.106 8.010 | 0.052 0.057
200 100 100 | 7.980 7.936 | 0.051 0.054

8 6 2 20 10 10 | 24.303 20.645 | 0.084  0.230
X2o05 = 14.067 | 30 20 10 | 18111 17.288 | 0.061  0.127
60 50 10 | 15.663 15444 | 0.053  0.080
110 100 10 | 14.838 14.779 | 0.051  0.064

110 10 100 | 21.011 18.371 | 0.077 0.168
120 20 100 | 16.274 15.655 | 0.059 0.091
150 50 100 | 14.982 14.774 | 0.053 0.067
200 100 100 | 14.606 14.499 | 0.052 0.060

2 6 20 10 10 | 30.222  23.487 | 0.103 0.314
30 20 10 | 30.222  19.236 | 0.070 0.148
60 30 10 | 15.834 15.470 | 0.055 0.083
110 100 10 | 14.904 14.783 | 0.052 0.065

110 10 100 | 30.757  25.559 | 0.086 0.324
120 20 100 | 18,966 17.534 | 0.068 0.144
150 50 100 | 15.630  15.160 | 0.057 0.079
200 100 100 | 14.842 14.600 | 0.054 0.064
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Table 4 : Upper percentiles and type I error rates
using —2log A,,, and —2p,,, log A,,,values for k£ = 3.

percentile type I error rate

P P1 D2 M M, Ms| LRT modified LRT | LRT modified LRT

4 2 2 [20 10 1014314 13108 |0.086  0.060
Xioos = 12592130 20 10 [13.437 12789  |0.066  0.054
60 50 10 (12923 12631  |0.056  0.051
110 100 10 |12.771  12.615  |0.053  0.050

110 10 100|14.132 13.126 0.082 0.060
120 20 100|13.306 12.840 0.064 0.055
150 50 100{12.894 12.702 0.056 0.052
200 100 100|12.726 12.620 0.053 0.051

3 1 20 10 10 |13.961 12.906 0.078 0.056
30 20 10 |13.287 12.671 0.064 0.051
60 50 10 {12.893 12.604 0.056 0.050
110 100 10 |12.757 12.602 0.053 0.050

110 10 100|13.544 12.967 0.069 0.057
120 20 100|13.051 12.747 0.059 0.053
150 50 100]12.782 12.630 0.054 0.051
200 100 100|12.718 12.623 0.052 0.051

8 6 2 |20 10 1028011 24822 [0.128  0.067
Xoos = 23.685( 30 20 10(25.836  24.039  |0.084  0.055
60 50 10 |24.586  23.760  |0.064  0.051
110 100 10 |24.166  23.726  |0.057  0.051

110 10 100{26.788 25.009 0.102 0.070
120 20 10025.089 24.204 0.071 0.057
150 50 100|24.285 23.851 0.059 0.052
200 100 100{24.033 23.762 0.055 0.051

2 6 20 10 10 {29.686 25.521 0.168 0.079
30 20 10 |26.312 24.333 0.094 0.059
60 50 10 |24.669 23.826 0.064 0.052
110 100 10 |24.201 23.758 0.057 0.051

110 10 100{29.538 25.110 0.164 0.072
120 20 100|26.219 24.371 0.092 0.060
150 50 100{24.613 23.952 0.064 0.054
200 100 100|24.165 23.832 0.057 0.052
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Table 5 : Upper percentiles and type I error rates
using —2log A,,, and —2p,,, log A,,,values for k£ = 6.

percentile type I error rate

P P1 D2 M M, Ms| LRT modified LRT | LRT modified LRT

4 2 2 20 10 10 |27.213 25.642 0.085 0.059
Xf570_05 =24996| 30 20 10 |26.079 25.215 0.066 0.053
60 50 10 |25.462 25.066 0.057 0.051
110 100 10 |25.243 25.031 0.053 0.050

110 10 100{27.213 25.642 0.085 0.059
120 20 100|25.918 25.298 0.063 0.054
150 50 100|25.395 25.135 0.055 0.052
200 100 100{25.189 25.044 0.053 0.051

3 1 20 10 10 |26.759 25.372 0.077 0.055
30 20 10 |25.951 25.125 0.064 0.052
60 50 10 |25.407 25.016 0.056 0.050
110 100 10 |25.211 25.000 0.053 0.050

110 10 100|26.158 25.410 0.067 0.056
120 20 100|25.580 25.175 0.058 0.052
150 50 100|25.301 25.094 0.054 0.051
200 100 100|25.157 25.028 0.052 0.050

8 6 2 |20 10 1054759  50.882 |0.114  0.061
X2s005 = 49.802| 30 20 10 [52.432  50.154  |0.080  0.053
60 50 10|50.959  49.888  [0.062  0.051
110 100 10 [50.382  49.808  |0.056  0.050

110 10 100{53.064 50.957 0.088 0.062
120 20 100|51.423 50.305 0.068 0.055
150 50 100|50.581 49.802 0.058 0.052
200 100 100{50.248 49.895 0.054 0.051

2 6 20 10 10 |56.757 51.821 0.148 0.072
30 20 10 |53.077 50.585 0.088 0.058
60 50 10 {51.083 49.992 0.064 0.052
110 100 10 |50.431 49.854 0.056 0.051

110 10 100|56.585 51.391 0.145 0.067
120 20 100{52.916 50.608 0.086 0.058
150 50 100{51.004 50.150 0.062 0.053
200 100 100|50.427 49.993 0.056 0.052
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2.6 Concluding Remarks

We discussed profile analysis when the observations have two-step monotone
missing data. In Section 2.2, we first derived the MLEs of several groups. In
Section 2.3, we constructed the T%-type statistics under the three hypotheses
for a two sample problem using the MLEs given in Section 2.2. We gave the
likelihood ratio test statistic under the parallelism hypothesis for several groups
in Section 2.4. Finally, we performed a Monte Carlo simulation for the type I
error rates in Section 2.5. As a result, we confirmed that Fy, and Fy , are better
approximations than the upper percentiles of a y? distribution. We confirmed
that both —2log A,, and —2p,, log A,,, are closer to the x? distribution as the
sample size becomes large. We can also see that —2p,, log A,,, is always closer to
the y? distribution than —2log A,, for any sample size. Therefore, we confirmed
that convergence to the asymptotic x? distribution is improved by inputting p,,
into the likelihood ratio statistic —2log A,,
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Chapter 3

New test statistics for one and
two mean vectors with two-step
monotone missing data

3.1 Assumption and notations

Let us consider the /-th data set X ¥ that has the same monotone pattern as
that of the two-step monotone missing data (* : missing part £ = 1,2) :

0 © )
X — Xy Xis _ X1(12)
X0 x xO w7

where X 561) is a ngz) X py block matrix, X §? is a ngf) X po block matrix, X g? is a

n? X p1 block matrix, and X ) ig independent and distributed as a multivariate

normal distribution with a common covariance matrix. Next, we assume the
distribution of the observation vectors in the following manner:

vec(Xge()m)) ~ Nngap(vec(u“)l;gz)), Inga ® X),

vee(X{)) ~ N, (VeC(/ige)l;g))’ Lo @ 3%n),

respectively, where

(0
o _ [ M y_ ( Zn X
1 ( uéﬂ) ) ) ( 2/12 Yoo )
and p'¥ and ¥ are partitioned according to the blocks of the data set. There-

fore, p,y) (j = 1,2) is a p;-dimensional vector and X,,,, (j,m = 1,2) is a p; X py,
matrix. Further, let u® be the p dimensional mean vector of X, where
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?2)1 be the sample mean vector, S 2?2)1 be the unbiased sam-

ple covariance matrix of X E?Q)l' Let 5&?12)(: (fﬁ)',ﬁ?')’ ) be the sample mean

vector, and S 5?12) be the unbiased sample covariance matrix of X g?m), where

¢ (0) ()
( Xgl) ) _x® g _ ( S1(12),11 S1(12),12 )
¢ = Aar P12 T ) 0 :
X§1) 51(12),12 51(12),22

3.2 Asymptotic expansion for the distribution
of the test statistic

p=p1+p2. Let T

3.2.1 One Sample Problem

We first consider the one sample problem. Further, in this case, we define
the notation of the dataset by omitting ”(¢)” from superscript of the notation
defined in the previous section, for example, X = X. Then, the simplified
T2-type statistic for the hypothesis is the following:

Hy:p=p, vs. Hy:p# p, (3.1)
(without loss of generality, we can assume in (3.1) that g, = 0) 1is given by
Q= Q1+ Q2 (3.2)

where

Qi = NsoliA;' R, Ni=Y nj, i=12,
j=1

N =ZTa, My=7Ti2— 81(12),2151_(112)7115117
~ Ny—1 XMl
Ay =2 = —

- S Aoy —
11 N, (12)15 22 N

[51(12),22 - 51(12),21Sf(ﬁg)71151(12),12 .

We note that this statistic was originally obtained by Krishnamoorthy and
Pannala [8]. We also note that @); and @, are not exactly independent. We
propose a test using Ry, which is independent of ()¢, instead of (). We suggest

Qv = Q1+ Ry (3.3)
as a new test statistic, where
Q2 N o1 =
Ry = 1+ 0y Q2d = mmhsnlm),nwll-
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The likelihood ratio statistic with two-step monotone missing data using R,
is discussed by Krishnamoorthy and Pannala [7]. We can derive an asymp-
totic expansion of the test statistic more accurately because (); and R, are

exactly independent. Without loss of generality, we may assume that 3 =1 =
I

P O
o 1, )
Initially, we consider a statistic expansion of ). Let

1 1

T =——2z, S =1 —V.
T1(12) mz (12)1 [ ian TN =1

Yagi et al. [19] have provided the expansions of ()7 and (3. According to their,
()1 is expanded as

1, 1 _3
Vz+ —(2'2+2'V?2) + Oy(N, ?),
\/EZ z NQ(zz Z'V<z) (N, ?)

and the characteristic function of (); is

Q1 =2'z—

2
1 ]. 1 -
¢qu (1) = Elexp(itQ1)] = u™2" + — Y " Bjqu 2" + O(N; ),
N, =
where

1 N9
- __ - +2), =0, = — , o= —, u=1-—2it.
50,1 4(1 n T2)p1(p1 ) 51,1 52,1 50,1 2 )

Similarly, let

1 1

L11 = \/—N—lzl, L2 = \/—N_1

1 o 1 Vi Vi
S = n —_— .
112 ( o I, > * Ny —1 ( Vo Vo

Then, ()2 can be expanded as

Z2,

1 1 _3
Q2 — 2/222 + \/—WAl + EAQ + Op(Nl 2)’
1

where

/ /
Al = — 2Z2V21Z1 — Z2V22Z2,
/ /
Ag 22(Z2V21V1121 + Z2V22V21z1)
/ / / 1y 72
+ ZIV12V21Z1 + Z9Z9 + Z2V21V1222 + Z2V22Z2.
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Therefore, the characteristic function of ()5 is

b, (1) = Elexp(itQ,)] = u™2" + — Zﬁg 2u” 2P 4 O(N?),

7=0

where

1 1
Bo2 = —ZP2(4P1 +p2+2), Pra=pp2, P = ZPQ(PQ +2).

Further, we derive the characteristic function of R,. The denominator of R,
can be expanded as follows:

lwo

1 _
(1 + QQd)_l =1- Ezllzl + Op(Nl 2).

Then, R, is expanded as

1
——A + —(Ay — 2{z12525) + O, (N
m 1 N, ( 2 1#~1<2 2) P( 1
This means that an extra term —N%(z'lzlzgzg) has been added to the expansion
of Q3. Therefore, the characteristic function of Ry can be expressed as

PR, (t) =Elexp(itRy)]

1 1 1 1 1 1
=u 24— {(ﬁo,z + Eplpz)u_ipz + (Br2 — §p1p2)u_5p2_1
3

+ﬁ272u_%p2_2} —+ O(Nl_g)

nlw

I
R2 = Z9%2 +

Then, the characteristic function of Qs is

¢Q]M<t) :¢Q1(t)¢R2( ) =u 2p2+_26 u —5 +O )

where
By = - ! (p1 +2) + p2(2p1 + p2 +2) 6—1
0= Ty 1+T2P1 D1 P2(4p1 T P2 ) 1 = =zDP1D2,
6*—1 ! (p1 +2) + pa(p2 +2)
27 1+r2p1 P1 P2\DP2 .

Therefore,

2
Pr(Qur < 2) = Gy(a) + Ni S BiGyins(x) + O(NT),
§=0
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where G () is the distribution function of y?-variate with f degrees of freedom.
An approximation to the 100« percentile of @),/ is given by

st = o) = - P2 - Boel] @

N, P p+2°P

where Xz(a) is the upper 100a percentile ofy? distribution with p degrees of
freedom.

3.2.2 Two Sample Problem

In this section, we consider the two sample case. Let us consider the following
hypothesis:

Ho: p® = pu® vs. H, : p® £ p®

Yu et al. [21] provided the simplified 7% statistic for the two sample case.
We express the simplified 72 statistic as follows:

Q= Q1+ Q2 (3.5)

1 2 7 7
N+ N2, =
~(0) _ (0
N = T
© ) - © 0 - © 0 ' _w
~ (¥ (¢ ¢ ? ¢ / (¢
2 = L1z — Z {(Nl - 1)51(12),21} Z {(Nl - 1)51(12),11} Ti1,
/=1 /=1
. 1 2
Ay, 1 2 Z(NQ(Z) 1)55?2)1’
' N2( St N2( ) =1
1 2 2
R © © ) ©
A22,[% N L NO Z {(Nl - 1)51(12),22} - Z {(Nl 1)51(12) 21}
1 1 /=1 /=1
- ) ) g G (0)
l Y4 ¢ ?
{(Nl - 1)51(12),11} {(N1 - 1)51(12),12}]
—1 =1

Then, we suggest

Qv = Q1+ Ry (3.6)
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as a new test statistic, where

_ Qs
1+ Qo

NINP gy S 0 - 10 @)

— — 12 — —

Q2d = ﬁ(wll — ) Z(N1 - 1)‘5'1(12),11 (T — o).
N7+ Ny =1

Ry

) IP2
In a derivation that is similar to the one sample case, at the beginning we
consider a statistic expansion of Q. Let u) = u® = p = (u!, ub)’, where p,
is a p; x 1 vector. Then, let

Without loss of generality, we may assume that 3 =1 = I, O ) .

—(0) L <
T = M1+ ——ul?, 5(12)1 =1I, +

NS N —1

Yagi et al. [20] have provided the expansions of @ and Q. According to
their work, ()7 is expanded as

1 1 2 _3
Q= u'u— u'Wu+—{—u’u+u'W2u}+Op(N2 2),

NP Ny, |1+t
where
t\? 1 1 Vi N®
u= (_) (u(n__u@)) W= Wy Y@ 2
1+t Vit 1+t 1+t N

Then, the characteristic function of (); can be written as

2
1 . -

b ) =uim + N Y paum T+ 0N,
2 j=0

where
= (p1+4), 1= =L m+2)
Yo,1= 4(1+t)p1 D1 ) %’1_2(1—1—25)1)1’ Y21 = 4<1+t)p1 D1 .
Then, let
(0 1 0 1 ¢
mgl) = ll’l + ’u’g )7 mgQ) = “’2 + ’U,é )7
Nl(f) Nl(é)

4 4
g0 _(Im O, 1 wi) wij i1
0 I, (© wy o wy )T
N1 —1 21 22
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Then, Qs is expanded as

1
Q2 = ujuy + ——Az +

_3
A4 + OP(NI(I) i )7
N

N

where

/ /
Ag = —2’LL2W21’U,1 — UQWQQUQ,

A4 = 2(u'2W21W11u1 -+ uéW%lul) + UI1W12W21U1 + u’2W21W12u2

2
+ ——ubuy + U, W2 u,,
T4 g et T Wt

1 1
q ’ (1) L (2)> ( )2 ( (1) 1 (2))
u, = —— u, — — Uy = u,’ — —u ,

Wi Wi\ 1 ngl) W% n V4 521) Wg)
Wa Wy l+g¢q ngl) Wélg I4q ng) W§22) 7

Therefore, the characteristic function of ()5 is

¢Q2():u %pz_i_

Z%zu oW,
where

Ap14-pot+4 2p1+1), +2
Yo.2= 4(1+q)p2( pr1+pat4), Y12= 2(1+q)p2( p1+1), Y22= 4(1+q)p2(172 ).

Further, we derive the characteristic function of Ry. The denominator of Ry
can be expanded as follows:

_ 1 q 1 I / 1 1 2 -3
(1+ Qaq)'=1 - T X T o7 <u§>——u§>> u ——u® ) +O,(N{V ).
1

Therefore,

1 1 1 -
R2 = 'U,,2’u/2 + A3 + (A4 — EUIQUQ’U,S’UQ) + Op(Nl(l) )
1
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The characteristic function of Ry is

Oy (t) = Elexp(itRy)]
2
_1 1 1l 1)72
= U 2p2+ Au2p2]+0N( ,
Nl ;:0: 7.7»3 ( 1 )
where,

1 1 1
=— ——1(2p1+po+4), = +1), = +2).
70,3 4(1 T q)pz( P1TP2 ) 71,3 2(1+q)p2(p1 ) 72,3 4<1+q)P2(p2 )

Conforming the order of ()1 and Ry to vy,

1 1 1 1
t) = —3h — - 4 —35Dh1
dan(t) =+ S+
]. 1 1
—5p1—1 2)q, " 2P1 2 O(v2
+2(1+S)p1u +4(1+8>p1(p1+ Yu }+ (v19),
1 1
Gy (t) = u™2P + o {—ZPQ(M +2py + 4)uTr
1

1 1
+§p2(191 + Lua 4 11?2(1?2 + Q)U_ém_z} +O0(v?).

Since Qp; = Q1 + Ro, the characteristic function of @),/ is

¢QM (t) = (le <t>¢R2 (t)

2
1 1 1 .
= 2P + — E f}/ﬁfu_Ep_J + O ]/_2 ,
v prs 7 ( 1 )

where

.1
pi(pr+4), 7= sp2Apr+1)+

1
(2 4) — —— -
Yo 4p2( p1+ o+ 4) 019 5 2(1+8)p1,

. 1 1 1, (@ ;. Vo
V2 4p2(p2+ )+4(1+8)p1(p1+ )7 Vi n; +nz (Z y )7 S "
Therefore,

2
1
Pr(Qy < z) = Gpy(x) + o D 1 Gpaaj(x) + O(v1?),
j=0

where G ¢(z) is the distribution function of y?-variate with f degrees of freedom.
An approximation to the 100« percentile of Q) is given by

o) = o) — - [P0 Lo - bl e

vy P p+2°P
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3.3 Transformed test statistics

3.3.1 One Sample case

The statistics ()7 and ()2 that are transformed by the Bartlett collection are
given by

Qi = (1_F2(p1+2)> @1, Ry= (1—E(p1 +p2+2)) R;.
Therefore, we suggest the transformed test statistic of )y, as

Qy = Q1+ R, (3-8)

Moreover, Fujikoshi [4] suggested the Bartlett-type correction for general
test statistics. Using this method, the Bartlett-type corrections for )1 and Rs
are

1 1 1
le{N2—§(p1—|—2)}10g (1+FQ1>, for Ng—i(p1+2)>0
2

and
1 1 1
Yorr= {N1—§(2p1+p2+2)} log (1 + FR2> , for N1—§(2p1~|—p2—|-2) >0,
1

respectively. Then, we suggest the transformed statistic of (Q5; by the Bartlett-
type correction as

Y =Y+ You. (3.9)
We also have the Barllett correction of @), as
.I. 1
Q=1+ )Qu, (3.10)
Ny

where

1 1
== 2 2) .
= o+ D 4+ )

Using the result of Fujikoshi [4], we can obtain the Bartlett-type correction as

1
Yy, = (Nia+b)log <1 + N—QM> , for a>0 and Nyja+b>0, (3.11)
1a
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where

-1
GZP(P+2){ pl(p1+2)+p2p1+2} ;

141

a 1
b= —<{ —— 2 2 2) ¢ .
% {1+t2?1(p1+ )+ p2(2p1 + 2 + )}

Krishnarmoorthy and Pannala [8] proposed approximated upper percentiles of
@ distributions using F' distribution. Applying its approximation to @,;, we
propose ¢y p() as

qurp(a) = diF, . (a), for Ny > p+4, (3.12)
where
Vip — 2 ApM — 2(p + 2) M}
T e T M, (2
My = E(Qum) = E(Q1) + E(R»)
__ Nop n Nips
No—p1—2 Ny—p—2’
My = E(Q}y)
= E(Q7) + 2E(Q1)E(Ry) + E(R3),
B(Q?) = Nipi(pi +2) B(R?) = Nip2(ps +2)

(Ny —p1 = 2)(N2 —p1 — 4)’
This approximation gk p(a) is closer to the truth than the approximation for

@ that Krishnarmoorthy and Pannala [8] originally proposed because )1 and
Ry are independent, although )1 and ()2 are not independent.

(M —p—=2)(M —p—4)

3.3.2 Two Sample case

We suggest the transformed test statistics similar to that of the one sample
case. The statistic ()1 and @), that are transformed by the Bartlett collection
are given by

1 1
Q1 < o (p1 + 3)) Qi1, R; < ” (p1 +p2 + 3)) Ry

Therefore, we suggest the transformed test statistic of @y, as

Qu = Q1 + R (3.13)

Moreover, by applying the Bartlett-type correction of ()1 and Ry, we obtain
the following:

1
Y= {(Vl + V2)ayl + byl} 10g (1 + —)an) , for (Vl + Vg)ayl + byl > O,
Yy

(v + 15
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where
1
ay, =14+s, by, = _§(p1 +4)
and

1 1 1
Yorr= {V1—§(2p1+pz+4)} log (1+V—Rz) , for vi—2 (2p1 +p2 +4) > 0,
1

respectively. Then, we suggest the transformed statistic of ()5; by the Bartlett-
type correction as

Yvu =Y+ You. (3.14)
We have the Bartlett correction of Q) as

Qly = (1 + lcl) Qu, (3.15)
%1

where

1 1
caz—{1+8m@r+$+pﬂm+ﬂb+$}-

In addition, using the result of Fujikoshi [4], we can obtain the Bartlett-type
correction as

1
Y = (nia+b)log <1 + —QM) , for a>0, Nja+b>0, (3.16)
via

where

-1
p1(p1 +2) + pa(p2 + 2)} ;

azp(p+2){

1+s
1

a
(P 4 9 S
Qp{ 1+Sp1(p1 +4) + pa(—2p + po )}

Applying the approximation proposed by Yu et al. [21] to @, we propose
quyrp(a) as

quy rp(a) = doFy (@), for Nl(l) + N1(2) >p+5, (3.17)
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where

3.4

e Uyip — 2 Vo = 4pGy — 2(p + 2)G3
Uykp pGa — (p+2)GT

= E(Qu) = E(Q1) + E(Ry)

_ (Y + Ny (n{” + ni)ps

Bl NQ(I) —|—N2(2) —p—3 ngl) —|—n§2) —p-3

= B(Q%)

= B(Q}) +2E(Q1)E (Rz) + E(R),
(N(l + N&)Y2py(pr + 2)

(N() N(Q) )(N(l)—l—N 2) p1—5)7
(N} ¥ - Nf”) pa(p2 +2)

(N + NP —p = 3)(N" + NP —p—5)

B(Q7) =

E(R}) =

Simulation studies

In this section, we describe the accuracy of the approximations and the asymp-
totic behavior of approximate upper percentiles of the test statistic ()5, for the
one sample and two sample problems. We compare the approximate upper per-
centiles of )y, some of the transformed test statistics proposed in Section 4,
and the test using Krishnamoorthy and Pannala [8] and Yu et al. [21]’s ap-
proximation. Further, we compare the test (), we proposed with test ). Their

upper

1.

2.

100« percentiles and Type I errors are defined as the following:

qur and a2 = 100Pr(Qn > xj(e)) « for test Qp in (3.3) and (3.6)

quae and apap = 100Pr(Qu > quarp(a)) @ for asymptotic expansion
approximation (MAE) test in (3.4) and (3.7)

(a) quip and anxp = 100PE(Qu > qurp(a))

: for applying Krishnamoorthy and Pannala’s approximation to @,
n (3.12) (one sample)

(b) quykp and apyrp = 100Pr(Qrn > quykp(a))

: for applying Yu, Krishnamoorthy and Pannala’s approximation to
Q@ in (3.17) (two sample)

- qq:, and ag: = 100Pr(Q3,; > x2(a)) : for test @}, with Bartlett correc-

tion in (3.8) and (3.13)

Aot and agt = 100Pr(Q1, > xa(a)) : for test Q' , with Bartlett correc-
tion in (3.10) and (3.15)
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6. qy,, and ay,, = 100Pr(Ya; > x2()) : for test Yy, based on Bartlett-type
correction in (3.9) and (3.14)

T gy and ayy = 100Pr(Y,, > Xp(a)) @ for test Y], with Bartlett-type
correction in (3.11) and (3.16)

8. ¢ and a2 = 100Pr(Q > x2(a)) : for test Q

9. qap and agp = 100Pr(Q > gap(«)) : for asymptotic expansion approxi-
mation (AE) test

10. (a) qxp and agp = 100PI‘<Q > qu(Oé))

: for applying Krishnamoorthy and Pannala’s approximation to @) (one
sample)
(b) qQyKP and Ay Kp = 100PI‘(Q > qYKp(a))

: for applying Yu, Krishnamoorthy and Pannala’s approximation to ()
(two sample)

11. gg- and ag- = 100Pr(Q* > x2(a)) : for test @* with Bartlett correction
12. qgr and agr = 100Pr(Q > Xf,(a)) . for test Q' with Bartlett correction

13. gy and ay = 100Pr(Y > x2(«)) : for test Yy based on Bartlett-type
correction

14. gy+ and ayt = 100Pr(YT > X?)(a)) . for test YT with Bartlett-type cor-
rection

We note that 1 — 7 are about test 0y, and 8 — 14 are about test (). A Monte
Carlo simulation (10%) was conducted, considering a significance level o = 0.05.
The settings of the parameters p(= p; + p2), and sample size for the simulation
are as follows:

Case 1(p1,p2) = (2,2), (4,4)

(D) (n1,n9) = (m,m), (m, %), (m,2m), m = 10,20, 30, 40, 50, 100, 200, 400

(I1) (ny,n9) = (m,10), (m,20), (m,50), (m,100), m = 10,20, 30,50, 100
Case 2 p1 =2,4,6,8,10,p3 = 2 : fix, ny = ny = 30,

where, in the two sample case, we set ny = ngl) = n§2), ng = ng) = ng).

Tables 1-4 list the simulation results for (I). Tables 5-8 list the for (IT), which
are obtained by changing the sample size of the complete data (n;) to a larger
value and fixing the sample size of missing data (ny). Tables 9 and 10 list the
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simulation results for C'ase 2, which are obtained increasing the dimension of
p1 and fixing the missing data of p,. Tables 3,4,7,8, and 10 are for the two
sample case. The upper percentiles of the test statistics are closer to the upper
percentiles of x? distribution when n, is large. Comparing qyar and qag, qrar
is a better approximation to the true value q,;. In particular, the transformed
test statistics were observed to have a faster convergence. Comparing the type
I error, apxp and oy g p values are approximately 5.00 when the sample size
is large. ay,, and Qyj are always stable (almost 5.00 or more) for any sample
size although we find that the type I error using g¢y,, gose away from 5.00 for
large p, as shown in Tables 9 and 10. Judging in this light, the result using
guixp and qyyxp are good approximation even when p is large. Additionally,
Gy Was observed to be more conservative than ¢y xp.
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Table 1. The upper percentiles of test statistics and empirical Type I errors for
the one sample case, (p1,p2) = (2,2).

lmmny;  ny qm qMAE qMKP qQ;, q(;f‘l qyar MI q qAE qKxpP qQ+ l]T qy Q;
(aane)  (awap) (awwp) (ag,)  (ag)  (avy)  (ayy) | (@)  (aan)  (axp)  (ag)  (ag)  (av)  (ay1)

10 10 20.77 14.11 22.03 10.68 12.46 9.47 10.68 26.95 15.33 27.65 9.20 13.48 8.79 10.8
(23.94) (117) (435) (685) (9.24) (497) (727)](3003) (14.64) (475) (4.61) (10.00) (3.70) (7.55)

20 20 12.77 11.8 12.86 9.99 10.21 9.48 9.69 13.96 12.41 13.92 9.96 10.47 9.46 9.74
(11.88) (642) (4.88) (593) (6.32) (498) (542)|(1417) (711) (505) (585) (6.74) (4.95) (5.52)

30 30 11.41 11.03 11.43 9.80 9.89 9.49 9.57 12.03 11.44 11.96 9.84 10.02 9.52 9.59
(9.07) (5.64) (496) (562) (578) (501) (518)|(1036) (594) (510) (567) (6.03) (507) (5.22)

40 40 10.82 10.64 10.85 9.70 9.74 9.47 9.52 11.24 10.95 11.2 9.74 9.84 9.51 9.53
(7.85) (532) (4.95) (542) (550) (496) (5.06)| (873) (547) (5.07) (549) (5.67) (504) (5.09)

50 50 10.54 10.41 10.54 9.67 9.69 9.49 9.52 10.85 10.66 10.8 9.71 9.77 9.52 9.53
(723) (522) (499) (536) (540) (5.00) (506)| (792) (533) (509) (543) (554) (507) (5.08)

100 100 9.99 9.95 9.98 9.58 9.59 9.49 9.5 10.12 10.07 10.09 9.61 9.62 9.52 9.50
(6.05) (507) (501) (519) (520) (501) (503)| (634) (510) (507) (524) (527) (507) (5.04)

200 200 9.72 9.72 9.73 9.53 9.53 9.49 9.49 9.79 9.78 9.78 9.54 9.54 9.50 9.49
(549) (5.01) (500) (5.09) (509) (500) (500)| (563) (5.02) (5.02) (511) (512) (5.02) (5.00)

400 400 9.60 9.60 9.61 9.51 9.51 9.49 9.49 9.64 9.63 9.63 9.52 9.52 9.49 9.49
(523) (5.00) (500) (504) (504) (500) (500)| (530) (5.00) (501) (506) (506) (5.01) (5.00)

10 5 21.49 14.52 22.63 10.85 12.17 9.47 10.37 27.79 15.83 28.26 9.41 12.97 8.87 10.36
(25.33) (11.88) (441) (705) (883) (497) (6.73)](3111) (1463) (482) (490) (933) (388) (6.74)

20 10 13.01 12.00 13.10 10.03 10.19 9.47 9.62 14.28 12.66 14.15 10.06 10.47 9.50 9.65
(1241) (645) (483) (599) (6.27) (497) (528)|(1470) (711) (515) (6.00) (669) (503) (533)

30 15 11.54 11.16 11.59 9.81 9.87 9.47 9.53 12.20 11.60 12.11 9.89 10.03 9.53 9.54
(9.39) (5.61) (493) (563) (574) (497) (5.08)|(1071) (590) (513) (574) (6.01) (508) (5.11)

40 20 10.96 10.75 10.97 9.75 9.77 9.49 9.52 11.40 11.07 11.31 9.81 9.88 9.56 9.52
(813) (536) (498) (550) (556) (501) (506)| (9.04) (554) (514) (563) (576) (514) (5.08)

50 25 10.62 10.49 10.63 9.68 9.70 9.48 9.50 10.95 10.76 10.88 9.74 9.79 9.54 9.51
(738) (522) (498) (539) (542) (499) (503)| (808) (534) (512) (550) (559) (511) (5.05)

100 50 10.01 9.99 10.02 9.58 9.58 9.48 9.49 10.16 10.12 10.13 9.61 9.62 9.51 9.49
(608) (504) (499) (518) (519) (499) (5.00)| (639) (507) (505) (524) (526) (5.06) (5.00)

200 9.74 9.75 9.53 9.53 9.48 9.49 9.81 9.81 9.80 9.55 9.55 9.50 9.48
(499) (5.09) (509) (499) (499)| (569) (5.01) (5.03) (512) (513) (5.03) (4.99)

400 9.62 9.49 9.49 9.47 9.47 9.63 9.65 9.64 9.50 9.50 9.48 9.47
(496) (501) (501) (496) (496)| (529) (497) (498) (502) (502) (498) (4.96)

10 21.54 10.54 12.81 9.47 11.06 26.29 14.83 27.13 8.99 14.02 8.70 11.34
(4.32) (6.64) (974) (497) (7.91)](29.09) (1477) (4.69) (429) (10.73) (3.54) (843)

20 12.64 9.93 10.24 9.49 9.77 13.69 12.16 13.71 9.88 10.50 9.43 9.86
(486) (585) (6.38) (501) (555)|(13.60) (7.12) (498) (571) (6.77) (483) (574)

30 11.29 9.76 9.87 9.48 9.59 11.84 11.27 11.82 9.78 10.00 9.49 9.64
(493) (554) (573) (499) (522)]|(995) (589) (5.03) (555) (596) (5.00) (529)

40 T 10.75 9.70 9.76 9.50 9.56 11.14 10.82 11.10 9.72 9.84 9.51 9.58
(767) (537) (500) (543) (554) (502) (516)| (853) (554) (508) (546) (569) (5.05) (520)

50 100 | 10.46 10.33 10.46 9.66 9.69 9.50 9.54 10.76 10.56 10.71 9.68 9.75 9.52 9.55
(706) (524) (501) (534) (542) (502) (510)| (768) (536) (507) (539) (553) (5.06) (513)

100 200 9.94 9.91 9.94 9.56 9.57 9.49 9.50 10.07 10.02 10.05 9.58 9.60 9.50 9.50
(595) (5.06) (500) (516) (518) (500) (5.02)| (6.22) (5.09) (503) (518) (522) (5.03) (5.03)

200 400 9.72 9.70 9.71 9.54 9.54 9.50 9.50 9.78 9.76 9.76 9.55 9.55 9.51 9.50
(549) (5.04) (503) (511) (511) (503) (503)| (561) (505) (505) (512) (5.13) (5.05) (5.03)

400 800 9.58 9.59 9.59 9.49 9.49 9.47 9.47 9.61 9.62 9.62 9.50 9.50 9.48 9.47
(519) (4.98) (497) (5.01) (501) (497) (497)| (525) (498) (498) (502) (502) (498) (4.98)

Note: x2(0.05) = 9.49
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Table 2. The upper percentiles of test statistics and empirical Type I errors for
one the sample case, (p1,p2) = (4,4).

P ]
. ar @y

(any2)  (omap)  (amxr) (agy)  (ag)  (avy,)  (ayy) | (o) (aap)  (axp)  (ag)  (agi) (ay) (1)
20 20 27.90 21.51 28.35 17.01 18.83 14.94 17.05 34.84 23.49 34.73 15.49 20.03 14.66 17.18
(2684) (11.66) (472) (711) (954) (4.10) (7.49)|(3565) (1518) (505) (499) (10.60) (3.77) (7.73)
30 30 21.58 19.51 21.66 16.36 16.91 15.13 16.05 24.38 20.83 24.12 16.13 17.48 15.36 16.15
(1658) (7.56) (493) (631) (7.13) (437) (591)|(2159) (899) (521) (58)) (7.88) (4.76) (6.07)
40 40 19.51 18.51 19.56 16.08 16.34 15.21 15.76 21.20 19.50 21.01 16.07 16.70 15.50 15.83
(1259) (633) (494) (591) (631) (451) (542)|(1584) (7.09) (520) (587)
50 50 18.53 17.91 18.53 15.97 16.12 15.29 15.68 19.75 18.70 19.54 16.02
(1064) (586) (500) (575) (599) (4.63) (529)|(1297) (635) (523) (580)
100 100 16.83 16.71 16.84 15.70 15.74 15.38 15.54 17.32 17.10 17.24 15.77
(734) (519) (4.99) (532) (538) (4.78) (505)| (823) (531) (512) (54l)
200 200 16.14 16.11 16.14 15.61 15.62 15.45 15.52 16.36 16.31 16.31 15.65
(610) (505) (500) (517) (5.18) (4.90) (502)| (648) (5.09) (507) (523)
400 400 15.82 15.81 15.82 15.56 15.56 15.48 15.52 15.93 15.91 15.90 15.58
(553) (5.02) (501) (5.09) (510) (4.96) (501)| (570) (503) (505) (5.12)
20 10 28.51 22.00 28.96 17.15 18.53 14.92 16.68 35.62 24.12 35.29 15.76
(2826) (1L73) (4.73) (7.27) (9.14) (4.06) (6.92)](36.79) (1503) (515) (530)
30 15 21.98 19.84 22.05 16.43 16.85 15.12 15.92 24.92 21.25 24.49 16.32
(1738) (7.60) (494) (642) (7.05) (436) (5.69)|(2233) (895) (535) (6.13)
40 20 19.82 18.75 19.84 16.15 16.35 15.20 15.71 21.60 19.81 21.28 16.21
(13.17) (636) (497) (6.00) (630) (449) (534)|(1643) (7.10) (533) (6.04)
50 25 18.74 18.11 18.75 16.00 16.11 15.28 15.63 19.99 18.95 19.76 16.11
(11.06) (588) (498) (580) (598) (4.62) (520)|(1345) (634) (529) (592)
100 50 16.95 16.81 16.95 15.73 15.76 15.38 15.53 17.47 17.23 17.34 15.83

(758) (521) (500) (537) (541) (4.80) (505)| (853) (533) (5.18) (5.5
200 100 16.18 16.16 16.19 15.62 15.62 15.45 15.51 16.42 16.37 16.36 15.6

(618) (504) (499) (518) (519) (4.90) (500)| (659) (507) (507) (525)
400 200 15.84 15.83 15.84 15.56 15.57 15.48 15.51 15.95 15.94 15.92 15.5¢

(558) (5.02) (501) (510) (510) (4.96) (501)| (577) (5.03) (5.05) (5.
20 40 27.30 21.01 27.83 16.85 19.11 14.93 17.43 34.04 22.85 34.24 15.19
(2552) (1168) (4.67) (691) (997) (4.05) (8.09)|(3463) (1539) (491) (459)
30 60 21.19 19.18 21.31 16.26 16.95 15.11 16.18 23.88 20.40 23.80 15.94
(1564) (750) (488) (6.15) (7.20) (436) (6.09)|(2058) (899) (506) (562)
40 80 19.28 18.26 19.30 16.04 16.39 15.21 15.86 20.90 19.18 20.76 15.96

(1204) (636) (497) (584) (639) (452) (559)|(1521) (7.14) (515) (568)
50 100 18.30 17.71 18.33 15.90 16.10 15.27 15.71 19.44 18.44 19.34 15.89
(1015) (5.82) (497) (5.64) (595) (462) (534)(1239) (6.30) (512) (559)
100 200 16.72 16.61 16.74 15.68 15.72 15.37 15.54 17.17 16.98 17.14 15.71

(713) (516) (496) (527) (534) (478) (505)| (7.99) (529) (506) (5.33)
200 400 16.08 16.06 15.60 15.43 5.51 16.28 16.24 16.26 15.61

(599) (5.03) 15) (488) (5.00)| (6.36) (506) (503) (5.17)
400 800 15.77 15.78 53 4r 15.49 15.86 15.87 15.87 15.54
(5.44)  (497) 5.00) (4.91) (4.97)| (561) (498) (498) (5.06)

ny na qm AMAE qMKP qQ3, lthw Ay Ayt q qaAE 4Kk P qQ+ q

Note: x2(0.05) = 15.51
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Table 3. The upper percentiles of test statistics and empirical Type I errors for
two sample (p1,p2) = (2,2).

n iy qm qMAE AyMKP q9Q3, q% Ay lI)i‘f[ q qar qyKP qQ~ (1i qy fll/
(aar2)  (omrap)  (ayvaxp) ((VQ],) (U‘Qf\,) (avy,) (‘ly' ) (ay2) (aap)  (avkp)  (ag-) (aw) (ay) (ay)
10 10 13.54 12.15 13.66 10.01 10.33 9.89 9.77 14.96 12.63 14.90 9.98 10.66 9.87 10.01
(13.62) (698) (4.86) (596) (651) (584) (557)|(16.20) (810) (506) (588) (7.00) (577) (6.00)
20 20 11.08 10.82 11.11 9.71 9.77 9.68 9.54 11.53 11.06 11.48 9.76 9.87 9.72 9.63
(848) (546) (4.96) (556) (541) (511)| (944) (581) (509) (554) (576) (549) (5.29)
30 30 10.49 10.38 10.50 9.66 9.62 9.51 10.76 10.53 10.71 9.68 9.72 9.65 9.57
(716) (521) (5.00) (535) (527) (506)| (7.73) (539) (508) (538) (547) (533) (517)
40 40 10.24 10.15 10.22 9.64 9.60 9.53 10.43 10.27 10.37 9.65 9.68 9.63 9.56
(659) (517) (5.04) (530) (523) (508)| (6.99) (528) (511) (532) (538) (528) (5.16)
50 50 10.07 10.02 10.06 9.59 9.57 9.50 10.21 10.12 10.17 9.61 9.62 9.59 9.53
(6.22) (5.09) (5.01) (521) (517) (5.03)| (6.53) (518) (5.06) (524) (527) (522) (5.09)

100 100] 9.77 975 9.76 951 953 049 9.83 980 982 955 955 954 951
(559) (5.02) (501) (5.09) (508) (5.01)] (573) (506) (503) (512) (513) (510) (5.04)

200 200 | 9.64 9.62 9.62 952 952 0.50 9.67 964 965 953 953 953 951
(532) (503) (503) (507) (507) (5.03)| (5.38) (505) (504) (5.09) (509) (508) (5.04)

950 949  9.49 957 957 057 950 950 950  9.49

400 400 | 9.56 955 955

4 (5.00) (5.02) (501) (5.00)| (517) (501) (501) (5.03) (503) (502) (5.01)
1030 98 960 | 1533 128 1519 10.10 1060 989  9.90
(647) (577) (541)](1692) (824) (515) (6.05) (693) (579) (5.81)
981 967 055 | 1173 1118 1161 983 992 074  9.064
(562) (539) (5.12)] (9.84) (590) (518) (5.66) (584) (551) (5.32)
967 960 051 | 1086 1062 1079 9.1 974 965  9.57
(535) (523) (5.03)| (7.91) (542) (511) (543) (549) (533) (5.17)
961 956 9049 | 1047 1033 1043  9.64 966 961  9.54
(5.16) (531) (536) (5.24) (5.11)
962 963 959 054
(527) (530) (5.22) (5.10)
956 957 955 052
(515) (516) (5.13) (5.06)
951 951 950 048
(5.04) (504) (5.02) (4.99)
950 951 950  9.49
(5.04) (504) (5.03) (501)
991 1072 980  10.12
(5.76) (7.17) (5.63) (6.25)
9.70 :

10 5 13.89 12.40

20 10 11.26 10.94

30 15 10.58 10.46

40 20 10.27 10.22

50 25 | 1012 10.07
(633) (5.09)
100 50 | 9.80 9.78

200 100 9.62 9.63

400 200 9.56 9.56

10 20 13.28 11.91

20 40 10.95 10.70

(8.15) (5.44) (543)
30 60 | 1037  10.30 9.61
(6.88) (5.14) (5.25)
0 80 | 10.14  10.09 959

) (5.02)] (676) (519) (502) (522)

950 | 1014 1007 1012 958
(5.13) (5.02) (5.18)
947 978 978 949 952
(5.61) (501) (4.98) (5.07)

(639) (5.09)
50 100 | 1001  9.97
(6.09) (5.06)
100 200| 9.72 973
(548) (4.98)

Pt

| =
el gy o
o
=
ow
%

(5.05)

200 400 | 959 9.61 9.49 9.62 963 964 950
(5.22) (497) (5.01) (520) (498) (498) (502)
100 800 | 954 955 9.49 955 956 956 949
(511) (498) (4.99) (5.13) (498) (498) (500)

Note: x3(0.05) = 9.49
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Table 4. The upper percentiles of test statistics and empirical Type I errors for
the two sample case, (p1,p2) = (4,4).

ny ng am AMAE AyMKP Qs doi, vy, Uy, q qaE avkp Q-+ q' ay qu
(ear2)  (amap)  (avmre) (GQ;\,) (GQ;,) (ayy,) (0}/) ) (%) (@ap)  (aver) (agr) (agqr) (ay) (ayi)
10 10 30.56 22.09 31.22 17.09 19.48 16.53 17.44 38.98 23.64 38.99 15.16 20.95 15.50 18.19
(31.08) (1356) (465) (718) (1030) (6.79) (812)](40.59) (18.61) (4.99) (459) (11.56) (499) (9.13)
20 20 20.02 18.80 20.10 16.07 16.39 15.94 15.80 21.83 19.57 21.65 16.05 16.78 15.92 16.11
(13.69) (6.59) (492) (590) (638) (575) (548)|(17.16) (7.80) (518) (582) (694) (569) (598)
30 30 18.19 17.70 18.20 15.88 15.99 15.80 15.63 19.15 18.22 19.01 15.93 16.19 15.85 15.80
(998) (568) (498) (559) (577) (549) (520)](11.90) (6.27) (518) (567) (6.09) (557) (549)
40 40 17.40 17.15 17.42 15.77 15.82 15.73 15.56 18.06 17.54 17.95 15.83 15.97 15.78 15.69
(536) (498) (543) (552) (537) (509)] (977) (573) (513) (552) (574) (547) (5.30)
50 16.82 16.99 15.72 15.75 15.69 15.55 17.48 17.13 17.39 15.78 15.86 15.75 15.65
(523) (500) (535) (540) (530) (507)] (860) (550) (512) (544) (557) (540) (5.23)
100 16.17 16.20 15.61 15.61 15.59 15.52 16.42 16.32 16.38 15.64 15.66 15.63 15.56
(505) (5.00) (516) (518) (5.15) (501)] (6.60) (516) (506) (523) (526) (521) (5.09)
200 15.84 15.85 15.57 15.57 15.56 15.52 15.96 15.91 15.93 15.59 15.59 15.58 15.54
(504) (5.02) (510) (510) (5.09) (503)] (578) (508) (506) (513) (514) (512) (5.06)
400 15.67 15.67 15.53 15.53 15.52 15.50 15.72 15.71 15.71 15.54 15.54 15.53 15.51
(499) (499) (5.03) (5.03) (503) (499)] (535) (501) (501) (505) (505) (504) (5.01)
10 22.65 31.95 17.29 19.11 16.45 17.00 40.04 24.20 39.68 15.49 20.35 15.54 17.57
(13.76) (471) (741) (9.79) (6.62) (742)](41.88) (18.74) (5.14) (498) (10.77) (505) (819)
20 19.08 20.42 16.17 16.39 15.92 15.74 22.29 19.85 21.96 16.23 16.81 15.98 16.06
(669) (496) (6.04) (639) (570) (539)](17.97) (7.96) (532) (6.06) (6.96) (577) (591)
30 17.89 18.41 15.91 16.00 15.77 15.60 19.41 18.40 19.21 16.03 16.23 15.87 15.80
(571) (498) (565) (578) (545) (5.15)](1243) (636) (526) (580) (6.15) (560) (548)
40 17.29 17.57 15.84 15.88 15.74 15.58 18.31 17.68 18.10 15.94 16.06 15.84 15.74
(544) (5.04) (5.53) (560) (539) (513)](10.14) (588) (527) (569) (587) (554) (539)
50 16.94 17.11 15.75 15.77 15.67 15.54 17.64 17.25 17.51 15.83 15.90 15.76 15.66
(527) (501) (539) (544) (527) (506)]| (886) (558) (519) (553) (565) (541) (526)
100 16.22 16.26 15.60 15.61 15.57 15.50 16.48 16.38 16.44 15.65 15.67 15.62 15.56
(503) (497) (516) (516) (510) (498)] (6.70) (516) (506) (524) (526) (518) (5.08)
200 15.86 15.87 15.57 15.57 15.56 15.52 15.99 15.94 15.96 15.60 15.60 15.58 15.54
(5.03) (501) (511) (511) (508) (502)] (583) (508) (506) (515) (515) (512) (5.06)
400 15.69 15.69 15.54 15.54 15.53 15.52 15.75 15.72 15.73 15.56 15.56 15.55 15.53
(5.02) (501) (506) (506) (505) (501)] (541) (504) (504) (508) (508) (507) (5.04)
10 21.53 30.62 16.94 19.94 16.40 17.97 38.13 23.08 38.42 14.89 21.61 15.24 18.89
(13.60) (462) (7.00) (1097) (655) (894)](39.31) (18.65) (489) (425) (1247) (459) (10.17)
20 18.52 19.80 16.04 16.45 15.90 15.91 21.46 19.29 21.37 15.94 16.81 15.81 16.20
(660) (494) (582) (647) (567) (566)]|(1640) (7.74) (510) (566) (6.99) (550) (6.12)
30 17.52 18.01 15.82 15.98 15.76 15.66 18.90 18.03 18.82 15.84 16.17 15.77 15.82
(566) (495) (551) (577) (543) (524)](11.42) (619) (510) (553) (6.05) (543) (5.51)
40 17.01 17.27 15.72 15.80 15.68 15.57 17.86 17.40 17.81 15.76 15.92 15.71 15.68
(532) (496) (535) (547) (530) (510)] (937) (565) (506) (539) (566) (533) (528)
50 16.71 16.87 15.69 15.74 15.65 15.56 17.33 17.02 17.27 15.72 15.83 15.69 15.64
(522) (499) (529) (537) (524) (508)] (827) (544) (507) (534) (551) (529) (521)
100 16.11 16.15 15.59 15.61 15.57 15.52 16.35 16.26 16.32 15.61 15.64 15.60 15.55
(5.05) (499) (513) (516) (511) (502)] (647) (513) (504) (517) (521) (514) (5.07)
200 15.81 15.82 15.55 15.55 15.55 15.51 15.91 15.89 15.90 15.56 15.57 15.56 15.53
(553) (501) (500) (508) (508) (507) (500)] (570) (505) (503) (510) (510) (5.09) (5.03)
400 800 | 15.64 15.66 15.66 15.51 15.51 15.51 15.49 15.69 15.70 15.70 15.52 15.52 15.52 15.50
(523) (497) (497) (5.01) (5.01) (501) (497)] (532) (499) (498) (502) (502) (501) (498)

Note: x2(0.05) = 15.51

40



Table 5. The upper percentiles of test statistics and empirical Type I errors for
the one sample case, (p1,p2) = (2,2),n2 : fix.

mo N am qMAE qMKP qQ3, 401, vy Iy, q qaE aKxp qQ- q' qy @
(any2)  (amap)  (amxr) (agy)  (agr)  (owy)  (oyp) | (o) (aap)  (axp)  (ag)  (agi) (ay)  (ayt)
10 10 20.77 14.11 22.03 10.68 12.46 9.47 10.68 26.95 15.33 27.65 9.20 13.48 8.79 10.80
(23.94) (1170) (435) (685) (924) (497) (7.27)|(30.03) (1464) (475) (4.61) (10.00) (3.70) (7.55)
20 10 13.01 12.00 13.10 10.03 10.19 9.47 9.62 14.28 12.66 14.15 10.06 10.47 9.50 9.65
(1241) (645) (4.88) (599) (627) (497) (528)|(1470) (711) (515) (6.00) (6.69) (503) (533)

30 10 | 1165 1123  11.67 9.8 9.90 949 054 | 1232 1169 1219 993  10.06 956  9.54
(959) (5.66) (4.97) (570) (578) (5.00) (510)[(1095) (596) (519) (584) (607) (515) (5.11)
50 10 | 1070 1058 1072 9.69 9.70 947 948 | 1106 1086 1097  9.77 9.80 955 949

(7.57)  (5.22) (4.96) (540) (542) (4.96) (499)| (829) (533) (514) (554) (560) (5.12) (5.00)
100 10 | 1008 1005 1009  9.59 9.59 948 949 | 1024 1020 1019  9.64 9.65 953 949
(625) (5.06) (499) (522) (522) (4.99) (500)| (657) (509) (509) (531) (532) (5.08) (5.00)
10 20| 2022 1370 2154 1054 1281 947  11.06 | 2629 1483  27.13 899 1402 870  11.34
(2279) (1168) (432) (6.64) (974) (497) (7.91)|(29.09) (1477) (4.69) (429) (10.73) (354) (843)
20 20 | 1277 1180 1286 999 1021 948  9.69 | 1396 1241 1392 996 1047 946  0.74
(11.88) (642) (4.8%) (593) (632) (498) (542)|(1417) (711) (5.05) (585) (674) (495) (552)

30 20 | 1147 1.1l 1152 9.80 9.36 947 953 | 1212 1154 1205 986  10.02 953 9.5
(926) (5.60) (4.92) (5.62) (5.74) (4.97) (509)|(1057) (590) (510) (571) (6.00) (5.08) (5.13)
50 20 | 1067 1052 1066  9.71 9.73 950 952 | 1101 1079 1091  9.78 9.82 957 9.2
(7.52) (5.27) (5.03) (543) (546) (5.03) (507)] (823) (539) (517) (554) (564) (516) (5.08)
100 20 | 1006 1003 1007  9.59 959 949 949 | 1022 1017 1017

(621) (5.06) (4.99) (521) (522) (5.00) (500)| (654) (509) (509)
10 50 | 1989 1320 2112 1043 1326 950  11.64 | 2501 1433  26.69
(2179) (11L79) (436) (651) (1027) (5.02) (867)|(28.24) (1510) (4.70)
20 50 | 1247 1154 1258 993 1025 949 9.9 | 13.63 1200  13.66
(1123) (642) (486) (582) (639) (500) (561)|(1349) (7.15) (4.97)

30 50 | 1130 1093 1132 9.79 9.89 949  9.60 | 1190 1131  11.86
(883) (5.63) (558) (5.78) (501) (522)](1009) (593) (5.07)
50 50 | 1046 1033 9.66 9.6 950 954 | 1076 1056  10.71
(7.06) (5.24) (534) (542) (502) (510)| (7.68) (536) (5.07)
100 50 | 10.02 9.99 958 959 949 949 | 1017 1012 10.13

(613)  (5.06)
10 100| 1966  13.11
(21.25) (11.81)
20 100 1227 1139
(1080) (6.37)
30 100 | 1117 1081

(519) (520) (500) (501)| (644) (509) (5.07)
1034 1341 948 1173 | 2561 1411 26,51 872 1490 860  12.39
(639) (1049) (4.99) (895)|(27.76) (1517) (466) (3.87) (11.80) (3.36) (9.96)
98 1023 946 081 | 1337 1101 1353 046  10.47
(5.69) (638) (495) (567)](13.02) (7.12) (482) (549) (6.78)
974 9.83 948 062 | 174 1117 1174 974  10.00

(857) (5.61) (494) (551) (576) (499) (526)| (980) (5.92) (500) (549) (5.96)
50 100| 1046 1033 1046 9.66 9.69 954 | 1076 1056 1071 9.68 9.75
(7.06) (524) (501) (534) (542) (502) (510)| (768) (536) (507) (539) (553)
100 100 | 9.99 9.95 998 958 959 949 950 | 1012 1007 1009  9.61 9.62

(605) (507) (501) (519) (520) (501) (503)| (634) (510) (507) (524) (5.27)

Note: x3(0.05) = 9.49
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Table 6. The upper percentiles of test statistics and empirical Type I errors for
the one sample case, (p1,p2) = (4,4),n2 : fix.

t

ny N am qmAE qMKP qQ3, 901, vy v}, q qAE akp aQ- q Gy Iy
() (amap)  (amxr)  (agz) (o) (aw,)  (ayr) | (o) (aap)  (axp)  (ag)  (agi) (ay)  (ayt)
10 10 20.77 14.11 22.03 10.68 12.46 9.47 10.68 26.95 15.33 27.65 9.20 13.48 8.79 10.80
(23.94) (1170) (435) (685) (9.24) (4.97) (7.27)(30.03) (14.64) (475) (4.61) (10.00) (3.70) (7.55)
20 10 13.01 12.00 13.10 10.03 10.19 9.47 9.62 14.28 12.66 14.15 10.06 10.47 9.50 9.65
(1241) (645) (488) (599) (627) (4.97) (528)|(1470) (7.11) (515) (6.00) (6.69) (503) (533)
30 10 22.20 20.00 22.26 16.50 16.84 15.13 15.87 25.20 21.46 24.68 16.41 17.43 15.51 15.88
(1784) (7.63) (495) (650) (7.00) (4.38) (560)|(22.80) (896) (542) (628) (7.71) (500) (5.62)
50 10 18.96 18.30 18.99 16.05 16.12 15.27 15.58 20.31 19.21 19.98 16.21 16.45 15.66 15.59
(1153) (589) (497) (585) (598) (4.60) (513)(1401) (635) (537) (6.07) (644) (524) (5.14)
100 10 17.09 16.95 17.11 15.76 15.77 15.38 15.51 17.66 17.42 17.49 15.90 15.94 15.63 15.51
(7.85) (521) (498) (541) (543) (479) (501)| (885) (5.33) (522) (562) (569) (520) (5.01)
10 20 20.22 13.70 21.54 10.54 12.81 9.47 11.06 26.29 14.83 27.13 8.99 14.02 8.70 11.34
(2279) (1168) (4.32) (664) (9.74) (4.97) (7.91)(2009) (1477) (469) (429) (10.73) (354) (843)
20 20 12.77 11.80 12.86 9.99 10.21 9.48 9.69 13.96 12.41 13.92 9.96 10.47 9.46 9.74
(11.88) (642) (488) (593) (6.32) (4.98) (542)|(14.17) (7.11) (505) (585) (674) (495) (552)
30 20 21.82 19.71 21.89 16.42 16.87 15.13 15.97 24.71 21.08 24.34 16.26 17.46 15.41 16.04
(17.05) (758) (493) (638) (7.08) (4.38) (578)|(2200) (896) (531) (5.88)
50 20 18.78 18.16 18.82 15.99 16.10 15.24 15.60 20.07 19.03 19.82 15.61
(1L15) (583) (495) (577) (593) (457) (516)|(1357) (630) (529) (5.18)
100 20 17.05 16.91 17.06 15.76 15.78 15.39 15.53 17.60 17.36 17.44 15.53
(778) (5.22) (500) (540) (543) (481) (5.03)| (878) (534) (5.22) (5.04)
20 50 27.21 20.87 27.70 16.84 19.24 14.94 17.58 33.90 22.67 34.12 17.98
(2522) (11.69) (4.69) (6.90) (410) (830)|(3430) (1547) (4.90) (8.93)
30 50 21.30 19.26 21.40 16.29 15.11 16.15 24.02 20.51 23.88 16.32
(1586) (753) (491) (6.20) (435) (6.06)|(2085) (896) (5.12) (633)
50 50 18.53 17.91 18.53 15.97 15.29 15.68 19.75 18.70 19.54 15.73
(1064) (586) (500) (575) (463) (529)](1297) (635) (5.23) (537)
100 50 16.92 16.81 16.95 15.71 15.37 15.51 17.44 17.23 17.34 15.52
(752) (517) (496) (534) (477) (5.00) | (848) (529) (5.3) (5.02)
20 100 26.94 20.52 27.39 16.74 14.93 17.93 33.51 22.21 33.83 18.53
(2442) (1189) (471) (6.78) (408) (883)|(3361) (1581) (4.85) (9.76)
30 100 21.02 18.98 21.12 16.23 15.12 16.29 23.63 20.14 23.62 16.54
(1523) (757) (490) (6.10) (437) (628)](2013) (9.00) (5.01) (6.67)
50 100 16.92 16.81 16.95 15.71 15.37 15.51 17.44 17.23 17.34 15.52
(752) (517) (4.96) (534) (477) (5.00) | (848) (520) (513) (5.02)
100 100 16.83 16.71 16.84 15.70 15.38 15.54 17.32 17.10 17.24 15.55
(7.34) (519) (4.99) (532) (478) (5.05) ] (823) (531) (512) (5.07)

Note: x2(0.05) = 15.51
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Table 7. The upper percentiles of test statistics and empirical Type I errors for

the two sample case, (p1,p2) = (2,2),ny : fiz.

n ny qm qMAE AyMKP q% lI)i‘f[ qarE qyKP qQ+ qy fll/
(aar)  (amam) (avmrr) (og1) (ay;) (@ap) (avr) (ag-) (ov)  (oy1)

10 10 13.54 12.15 13.66 10.33 9.77 12.63 14.90 9.98 9.87 10.01
(13.62) (6.98) (4.86) (6.51) (5.57) (810) (5.06) (5.88) (5.77) (6.00)

20 10 11.26 10.94 11.25 9.81 9.55 11.18 11.61 9.83 9.74 9.64
(885) (554) (5.02) (5.62) (5.12) (590) (5.18) (5.66) (551) (5.32)

30 10 10.61 10.50 10.63 9.66 9.49 10.66 10.84 9.71 9.63 9.56
(741) (521) (4.97) (5.35) (5.01) (542) (5.11) (5.44) (529) (5.15)

50 10 10.17 10.12 10.17 9.60 9.49 10.21 10.28 9.63 9.57 9.54
(643) (5.09) (5.00) (5.22) (5.01) (520) (5.00) (5.29) (516) (5.10)

100 10 9.83 9.81 9.83 9.55 9.49 9.86 9.88 9.57 9.53 9.52
(572) (5.03) (5.01) (5.12) (5.09) (5.06) (5.18) (5.09) (5.07)

10 20 13.28 11.91 13.39 10.41 12.39 14.64 9.91 9.80 10.12
(13.02) (7.02) (4.87) (6.67) (8.09) (497) (5.76) (5.63) (6.25)

20 20 11.08 10.82 11.11 9.77 11.06 11.48 9.76 9.72 9.63
(848) (546) (4.96) (5.56) (581) (5.00) (5.54) (549) (529)

30 20 10.56 10.43 10.55 9.68 10.58 10.76 9.71 9.67 9.58
4 (5.39) (544) (5.12) (5.43) (537) (5.19)

50 20 9.60 10.18 10.24 9.63 9.59 9.54
(5.23) (520) (5.00) (5.28) (521) (5.10)

100 20 9.55 9.85 9.87 9.57 9.54 9.52
(5.13) (5.09) (506) (5.17) (5.11) (5.07)

10 50 10.44 12.14 14.42 9.77 9.59 10.22
(6.74) (8.00) (4.82) (5.53) (519) (643)

20 50 9.78 10.90 11.32 9.70 9.66 9.65
(5.58) (5.75) (5.04) (5.42) (534) (5.33)

30 50 9.64 10.47 10.64 9.63 9.61 9.55
(5.30) (5.32) (5.02) (5.28) (525) (5.12)

50 50 9.59 10.12 10.17 9.61 9.59 9.53
(5.21) (5.18) (5.09)

100 50 9.55 9.83 9.52
(5.12) (5.09) (5.06)

10 100 10.48 12.03 10.30
(6.80) (8.01) (6.55)

20 100 E b 9.77 10.81 9.66
(7.91) (546) (5.57) (5.71) (5.35)

30 100 | 10.35 10.25 9.64 10.40 9.56
(683) (5.19) (5.31) (5.32) (5.14)

50 100 | 10.01 9.97 9.57 10.07 9.52
(6.09) (5.06) (5.16) (5.13) (5.06)

100 100 9.77 9.75 9.54 9.80 9.51
(559) (5.02) (5.09) (5.06) (5.04)

Note: x3(0.05) = 9.49
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Table 8. The upper percentiles of test statistics and empirical Type I errors for
the two sample case, (p1,p2) = (4,4),ny : fiz.

ny ng am AMAE AyMKP a3, doi, vy, Ay, q qaE avkp Q- q' av qu
(ear2)  (amap)  (avmre) (GQ;\,) (GQ;,) (ayy,) (0;») ) (ay2) (ap)  (avkr) (ag-) (aqt) (ay) (ay1)
10 10 30.56 22.09 31.22 17.09 19.48 16.53 17.44 38.98 23.64 38.99 15.16 20.95 15.50 18.19
(31.08) (1356) (465) (718) (1030) (6.79) (812) |(4059) (1861 ) (499) (459) (11.56) (4.99) (9.13)
20 10 20.38 19.08 20.42 16.17 16.39 15.92 15.74 22.29 19.85 21.96 16.23 16.81 15.98 16.06
(14.44) (6.69) (496) (6.04) (639) (570) (539) |(1797) (796) (532) (6.06) (6.96) (577) (591)
30 10 18.50 17.98 18.52 15.93 15.99 15.72 15.58 19.56 18.50 19.32 16.06 16.26 15.84 15.80
(10.62) (572) (497) (566) (579) (536) (512) |(1263) (640) (529) (584) (6.17) (554) (547)
50 10 17.25 17.05 17.23 15.78 15.80 15.63 15.55 17.81 17.36 17.63 15.91 15.96 15.75 15.69
(818) (530) (502) (545) (548) (520) (5.06) | (920) (565) (525) (564) (572) (540) (530)
100 10 16.33 16.30 16.35 15.62 15.62 15.52 15.50 16.59 16.46 16.52 15.70 15.71 15.60 15.58
(643) (5.05) (498) (519) (519) (503) (498) ] (6.89) (520) (510) (530) (531) (515) (5.11)
10 20 29.90 21.53 30.62 16.94 19.94 16.40 17.97 38.13 23.08 38.42 14.89 21.61 15.24 18.89
(29.53) (13.60) (462) (7.00) (1097) (6.55) (894) |(3931) (1865) (4.89) (4.25) (1247) (459) (10.17)
20 20 20.02 18.80 20.10 16.07 16.39 15.94 15.80 21.83 19.57 21.65 16.05 16.78 15.92 16.11
(13.69) (6.59) (492) (590) (638) (575) (548) |(17.16) (780) (5.18) (582) (6.94) (569) (598)
30 20 18.32 17.81 18.33 15.90 16.00 15.79 15.61 19.33 18.33 19.13 15.99 16.23 15.88 15.81
(10.30) (571) (499) (564) (579) (549) (518) |(1223) (6.34) (524) (577) (6.14) (561) (551)
50 20 17.14 16.97 17.14 15.74 15.77 15.65 15.53 17.67 17.28 17.54 15.84 15.90 15.74 15.65
(792) (525) (500) (538) (542) (523) (504) | (892) (556) (518) (553) (563) (538) (525)
100 20 16.30 16.28 16.32 15.62 15.62 15.54 15.50 16.56 16.43 16.50 15.68 15.69 15.60 15.57
(639) (504) (497) (517) (5.17) (505) (498) | (6.84) (518) (5.09) (528) (530) (516) (5.10)
10 50 29.50 20.97 30.11 16.83 20.53 16.08 18.63 37.51 22.52 37.92 14.64 22.35 14.77 19.71
(2819) (1384) (467) (6.88) (11.74) (597) (991) |(3825) (1890) (4.84) (394) (1352) (390) (1142)
20 50 19.64 18.44 19.72 16.01 16.45 15.88 15.93 21.34 19.21 21.29 15.90 16.80 15.76 16.22
(1288) (6.61) (492) (581) (6.50) (562) (570)|(1625) (7.73) (505) (559) (702) (540) (6.17)
30 50 18.05 17.56 18.06 15.86 16.00 15.79 15.67 18.97 18.08 18.87 15.88 16.19 15.81 15.83
(9.67) (570) (499) (556) (580) (548) (527) |(1150) (6.24) (514) (559) (6.09) (550) (553)
50 50 16.98 16.82 16.99 15.72 15.75 15.69 15.55 17.48 17.13 17.39 15.78 15.86 15.75 15.65
(766) (523) (500) (535) (540) (530) (507) | (860) (550) (512) (544) (557) (540) (523)
100 50 16.24 16.22 16.26 15.60 15.61 15.57 15.50 16.48 16.38 16.44 15.65 15.67 15.62 15.56
(628) (503) (497) (516) (516) (510) (498) | (6.70) (516) (506) (524) (526) (518) (5.08)
10 100 | 29.28 20.72 29.90 16.75 20.77 15.87 18.92 37.28 22.27 37.72 14.53 22.71 14.49 20.11
(2757) (1397) (467) (6.79) (1206) (561) (1032)](37.73) (19.01) (4.83) (379) (13.96) (349) (11.97)
20 100 | 19.45 18.24 19.53 15.98 16.50 15.75 16.02 21.09 19.01 21.11 15.81 16.83 15.58 16.29
(1238) (6.61) (492) (573) (654) (541) (583) |(1568) (7.67) (498) (545) (703) (513) (6.26)
30 100 | 17.91 17.40 17.89 15.84 16.02 15.74 15.72 18.79 17.92 18.71 15.82 16.18 15.71 15.86
(935) (571) (502) (553) (582) (539) (535) |(11.09) (6.20) (510) (549) (6.08) (534) (559)
50 100 | 16.86 16.71 16.87 15.69 15.74 15.65 15.56 17.33 17.02 17.27 15.72 15.83 15.69 15.64
(741) (522) (499) (529) (537) (524) (508) | (827) (544) (507) (534) (551) (529) (521)
100 100 | 16.20 16.17 16.20 15.61 15.61 15.59 15.52 16.42 16.32 16.38 15.64 15.66 15.63 15.56
(621) (505) (500) (516) (518) (515) (5.01) | (6.60) (516) (506) (523) (526) (521) (5.09)

Note: x2(0.05) = 15.51
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Table 9. The upper percentiles of test statistics and empirical Type I errors for
the one sample case, (n1,n2) = (30,30),py : fix.

Pop2 qm qMAE qMKP q9Q3, fIQV” Gy (ly"l q qAE qKpP qo+ (IT qy ll\t

(o) (amar) (ouke) (ag;) (agr)  (av)  (ay) (ay2) (ap)  (axp)  (ag-) (agt) (ay) (ay+)
2 2 10.49 10.38 10.50 9.64 9.66 9.62 9.51 10.76 10.53 10.71 9.68 9.72 9.65 9.57
(716) (521) (500) (531) (535) (527) (5.06)| (7.73) (539) (508) (538) (547) (533) (517)
4 2 15.69 14.95 15.70 13.08 13.25 12.18 12.78 17.04 15.67 16.88 13.06 13.63 12.58 12.92
(1114) (607) (4.99) (584) (6.13) (4.28) (533)|(13.72) (6.83) (519) (577) (6.73) (4.98) (5.61)
6 2 20.18 18.92 20.21 16.21 16.48 14.86 15.78 22.51 19.91 22.28 16.01 17.26 15.35 16.18
(1393) (661) (4.96) (6.07) (6.51) (3.96) (546)|(18.05) (8.07) (522) (573) (7.61) (476) (6.11)
8 2 25.04 22.98 25.09 19.25 19.70 17.49 18.73 28.77 24.22 28.46 18.70 21.10 17.86 19.52
(1751) (744) (4.96) (637) (7.03) (381) (566)|(23.58) (9.81) (523) (551) (881) (436) (6.88)
10 2 30.41 27.16 30.45 22.29 22.98 20.10 21.66 36.14 28.62 35.84 21.11 25.30 20.14 23.04
(2216) (848) (4.96) (6.70) (7.62) (3.77) (593)(30.30) (1229) (5.18) (510) (1036) (3.86) (7.95)

Note: x3(0.05) = 9.49,x2(0.05) = 12.59,x2(0.05) = 15.51,%3,(0.05) =
18.31, x2,(0.05) = 18.31

Table 10. The upper percentiles of test statistics and empirical Type I errors
for the two sample case, (ny,n2) = (30,30),ps : fizx.

P D2 qm qMAE qQyMKP q9Q;, 'IQ;, Qv qY«': q qAE qykp qQ+ ’1‘ qy (ITy
(aare)  (awrap) (avaxe)  (ogy) (o) (ovy)  (oyp) | () (aam) (avee) (o)  (ag)  (av)  (ayi)
2 2 10.49 10.38 10.50 9.64 9.66 9.62 9.51 10.76 10.53 10.71 9.68 9.72 9.65 9.57
(716) (521) (500) (531) (535) (527) (506)| (7.73) (539) (508) (538) (547) (533) (517
4 2 14.11 13.91 14.11 12.81 12.85 12.91 12.64 14.61 14.19 14.52 12.87 12.98 12.96 12.75
(794) (532) (500) (539) (547) (558) (509)] (893) (565) (513) (547) (569) (5.65) (5.30)
6 2 17.69 17.38 17.69 15.83 15.89 16.09 15.58 18.46 17.76 18.32 15.87 16.12 16.14 15.78
(903) (546) (501) (553) (562) (6.00) (511)](1048) (597) (518) (558) (596) (6.06) (545)
8 2 21.31 20.83 21.31 18.75 18.83 19.21 18.40 22.37 21.32 22.18 18.76 19.17 19.23 18.70
(10.37) (565) (5.01) (566) (580) (648) (515)]|(1231) (635) (522) (568) (6.28) (647) (5.60)
10 2 24.99 24.30 25.00 21.58 21.70 22.30 21.14 26.37 24.88 26.16 21.55 22.16 22.27 21.54

(11.82) (584) (5.00) (579) (594) (6.97) (517)|(14.36) (6.77) (522) (571) (657) (68) (575)

Note: x2(0.05) = 9.49,x2(0.05) = 12.59,v2(0.05) = 15.51,%2,(0.05) =
18.31, x2,(0.05) = 18.31

3.5 Concluding Remarks

We considered testing for equality of one and two mean vectors when the ob-
servations have two-step monotone missing data. In this case, T?-type statistic
can be decomposed into sum forms that can be provided asymptotic expansion
has been discussed in previous study. However, these are not independent. In
this paper, we proposed new test statistics that can be expressed as sum of
statistics that are independent. We also considered transformed test statistics
that convergence quickly. Further, we performed a Monte Carlo simulation
and confirmed that test statistics we proposed showed better x? approximation
than original test statistics. Finally, we compared some procedures and con-
firmed that gy p(a) in (3.12) and gyy xp(a) in (3.17) are good approximations
when the sample size of the complete data is large. Additionally, YATJ is a good
approximation when considering the approximation accuracy and conservative-
ness. We recommend using the test statistics properly according to sample size
and dimension. We are currently working on this problem with K-step (K > 3)
monotone missing data.
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Chapter 4

Conclusion

We considered some tests when the observations have two-step monotone miss-
ing data.

In Chapter 2, we discussed profile analysis. First, we derived the MLEs of
several groups. Second, we considered two sample problem and gave the T2-type
test statistics under the three hypotheses using the MLEs given in Section 2.2.
We also gave the likelihood ratio test statistic under the parallelism hypothesis
for several groups. Then we proposed upper percentiles of the test statistics.
Finally, we examine the accuracy of the approximations of the proposed test
statistics by a Monte Carlo simulation. As a result, we confirmed that FY,
and Iy, are better approximations than the upper percentiles of a x? distribu-
tion. We also confirmed that convergence to the asymptotic x? distribution is
improved by inputting p,, into the likelihood ratio statistic —2log A,,.

In Chapter 3, we discussed testing for equality of mean vectors for one sample
and two sample problem. We proposed new test statistics that can be expressed
as sum of statistics that are independent. Then we derived an asymptotic
expansion of the null distribution of the test statistics. We also considered
transformed test statistics for the proposed test statistics and approximated
upper percentiles of the distribution. Finally, we compared some procedures
by a Monte Carlo simulation. Further, we confirmed that the test statistics we
proposed showed better y? approximation than the original test statistics.
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