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—— Abstract

In a recent landmark result [Ji et al., arXiv:2001.04383 (2020)], it was shown that approximating
the value of a two-player game is undecidable when the players are allowed to share quantum states
of unbounded dimension. In this paper, we study the computational complexity of two-player
games when the dimension of the quantum systems is bounded by 7'. More specifically, we give a
semidefinite program of size exp (O (T12(log2 (AT) 4 log(Q) log(AT))/eZ)) to compute additive e-
approximations on the value of two-player free games with T" x T-dimensional quantum entanglement,
where A and ) denote the number of answers and questions of the game, respectively. For fixed
dimension T, this scales polynomially in Q and quasi-polynomially in A, thereby improving on
previously known approximation algorithms for which worst-case run-time guarantees are at best
exponential in () and A. For the proof, we make a connection to the quantum separability problem
and employ improved multipartite quantum de Finetti theorems with linear constraints that we
derive via quantum entropy inequalities.
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1 Introduction

Thanks to the celebrated discovery by John Bell [4], it is well-known that quantum correlations
can be used to overcome locality constraints, which was one of the earliest examples of
advantages provided by quantum correlations over classical correlations. This led to the
development of numerous quantum information processing tasks which make use of quantum
correlations as a resource to outperform their classical analogues. In general, understanding
the differences in the performance of distinct correlation sets for a given task is important
both fundamentally and practically. A common way to measure the quantitative advantages
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Algorithms for Free Quantum Games in Bounded Dimension
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Figure 1 Two-player games. The referee gives Alice and Bob questions ¢1 € Q1 and ¢2 € Q2
according to the question probability distribution 7(q1,¢2), and then Alice and Bob give answers
a1 € Ay and az € Az back to the referee depending on the questions they received. The referee decides
whether Alice and Bob win or lose according to the rule function V' : A1 X As x Q1 X Q2 — {0,1},
where 0 denotes losing the game, and 1 denotes winning the game. Alice and Bob cannot communicate
with each other during the game, but they can agree on a strategy beforehand. We are interested in
determining the values of the game, i.e., the maximum achievable winning probabilities, for different
classes of strategies. For simplicity, we assume that |Q1| = |Q2| = Q and |A:1| = |A2| = A.

of different sets of correlations is via a two-player game G (illustrated in Figure 1). In a
two-player game, the performance of a given correlation set is quantified by the maximum
achievable winning probability. For example, the classical value we(G) is the maximum
winning probability that can be achieved using shared randomness between the two players,
while the quantum value wg(G) is the maximum winning probability that can be achieved
by sharing arbitrary quantum states between the players.

In general, it is hard to compute we(G) and wg(G) for the given description of a two-
player game G. Approximating we(G) within some constant multiplicative factor is NP-hard
[2, 3], while approximating wq(G) has recently been shown not to be possible for an algorithm
running in finite time [20]. Despite these general hardness results, there are some special
classes of two-player games for which we(G) and wg(G) can be approximated in polynomial
time [10, 21, 1, 9]. In particular, for free games, i.e., games where the questions for the
two players are chosen independently, there exists a quasi-polynomial time algorithm that
can approximate we(G) within any constant additive error [1, 9]. Also, in practice, the
Navascués-Pironio-Acin (NPA) hierarchy [27, 29] provides semidefinite programming (SDP)
upper bounds on wg(G) which give approximately tight bounds for many games of interest.

1.1 Contributions

In this paper, we study the dimension-bounded quantum value wqr)(G) — the maximum
winning probability that can be achieved by sharing quantum states of fixed dimension 7" x T'.
It is easy to see that wg(1)(G) = we(G) and wq(G) = suprs; wo(r)(G). Computing wor) (G)
is of particular interest since it can be used as a dimension witness for an underlying system
in semi-device-independent quantum information processing protocols, see for example [15].
SDP upper bounds have been derived for wg(7)(G) in [25, 28, 26]. In [25], the authors exploit
a connection to the quantum separability problem, and in [28, 26], the authors employ a
moment matrix technique similar to the NPA hierarchy to derive SDP relaxations with better
performance than the ones in [25]. However, the worst case runtime guarantees for these
works is either not analytically quantified or is at best exponential in the number of questions
@ and the number of answers A of the game G.
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In our work, we provide approximation algorithms for wq(r)(G) whose runtime has an
improved dependence on both A and (). More specifically, we construct a new hierarchy of
SDP relaxations, providing a sequence of upper bounds for wgry(G) for a given game G,
and then derive analytical bounds on the convergence speed. This gives an upper bound on

the computational complexity of calculating wq(r)(G) in terms of the size of the game G.

For the case of free games, a semidefinite program of size

exp ((’) <7:22 log(AT) (log(Q) + log(AT)))> (1)

is sufficient for computing additive e-approximations of wg(r)(G), where A and @ denote
the number of answers and questions, respectively. The dependence is quasi-polynomial
in A and polynomial in @ thus improving on the best previously known approximation
algorithms [25, 28, 26], for which only exponential bounds in A and @ are known. In the
classical limit (T" = 1), our result recovers the quasi-polynomial time approximation scheme
for computing we(G) for two-player free games — which has a matching hardness result
assuming the Exponential Time Hypothesis [1, 9]. Besides analysing free games, we give
an algorithm for general games as well, leading to approximation algorithms that are still
quasi-polynomial in A but exponential in Q.

We construct our SDP relaxations by drawing a connection to a variant of the quantum
separability problem where the optimisation variables are additionally subject to some linear
constraints. Similar variants of the quantum separability problem have been studied in
[35, 34, 6]. The main tool we use to obtain the analytical convergence speed is improved
multipartite quantum de Finetti theorems with linear constraints, which we derive in our
work. One of the contributions towards this result, which we believe is of independent
interest, is an improved version of the optimal loss in distinguishability relative to quantum
side information.

1.2 Preliminaries on two-player games

A non-local game is a mathematical formulation for the correlations between distant parties.
In this paper, we will consider two-player games where only two distant parties are involved.

In this formulation, the correlation between two parties is considered to be a resource to win
the games.

In a two-player game G, two spatially separated agents, Alice and Bob, need to provide
correct answers a; € A1 and as € As to the referee depending on the questions ¢; € @1 and
g2 € Q2 they received (see Figure 1). The correct answers are determined by a given rule
function of G

VZA1XA2XQ1XQ2—){0,1}, (2)

where 0 means the answer is incorrect, and 1 means the answer is correct. The questions g

and g2 are chosen by the referee according to a given probability distribution 7 (g1, g2) of G.

A specific two-player game G can be represented by the pair of rule function V(a1 ag, ¢1,q2)
and question probability distribution (g1, ¢2), and hereafter we will denote a game G as
(V,m). Alice and Bob cannot communicate with each other during the game, but they can
agree on a strategy beforehand as well as make use of systems whose correlations lie within
a given class. When only classical shared randomness is allowed, the correlations take the
form

pla1, az2|q1, ¢2) = e(ai|qi)d(az|qz), (3)
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where e(aq|q1) and d(az|g2) are conditional probability distributions for Alice and Bob
respectively. That is, >°, e(ai|q1) = 1Yq:1 € Q1, and ), d(az|g2) = 1 Vga € Q2. When
quantum resources are allowed, the correlations have a more general form

pla1,a2lq1, @2) = tr [prs (Br(a1|qn) @ Dy(azlg2))] (4)

where p,.; is a possibly entangled quantum state shared by Alice and Bob, and {E7(a1(q1)}a,
and {Dj(az|g2)}a, are positive-operator valued measurements (POVMs) performed by
Alice and Bob respectively for given ¢; and go, i.e., >, Er(ailq1) = Ir Vg1 € Q1 and
> a, Dilaz]az) =13 Vgz € Qo.

The quantitative advantage of each set of correlations can be captured by the maximum
winning probabilities achievable using the given correlation set. For a given two-player game
G = (V,m), the classical value is defined as

we(V,m) := max Z 7(q1,q2)V (a1, a2, q1, g2)e(ai|q1)d(azlg2), (5)

al,ql,a2,q2

and the quantum value is given by

we(Vim) = sup Y w(qr, )V (a1, a2,q1,2) tr [ppp (Br(ai|q) ® Dy(azlg2))] . (6)

al,ql
on H a2:q2

Here, the optimisation is taken over not only states and measurements but also the Hilbert
space H ;. We can define the dimension-bounded quantum value as

wory(V,m) = (Ef(gaDXp) Z m(q1,42)V (a1, a2,q1,¢2) tr [pri (Er(ai|q) ® Djp(azlge))]
on ~ al,ql

cToc? a2,q2

(7)

which is the central object of investigation in this paper.

If not stated otherwise, we assume that the choice of questions for Alice and Bob are
independent, i.e., 7(q1,q2) = 71(q1)m2(g2), which corresponds to free games. We denote
HE™ as A", and dim(H,) as |A|. For simplicity, we assume that |Q;| = |Q2| = Q and
|Ar] = [A2| = A.

2 Derivation of semidefinite programming relaxations

2.1 Connection with quantum separability

Quantum separability problems are a special type of optimisation problems, where the
optimisation is taken over the set of separable quantum states. We show that computing
wqry(V, ) for a given two-player game (V, 7) can be rephrased as an instance of the tripartite
quantum separability problem subject to additional linear constraints.
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» Lemma 1. For a two-player free game with V(a1,a2,q1,q2), 7(q1,q92) = m1(q1)m2(q2), and
|T|2-dimensional quantum correlation, we have

wory (Vi) = |[T|” - max tr [(VAlAleQz ® ‘I’TT|SS) (EAlQlT @Dy, 0,7 ®/’SS)}

s.t.

(E,D,p)
Pss =0, tr[psg} =1
B _ Er(ail|qr) >
AT — Z 71—1((11) |a‘1ql><a1(h|A1Q1 ® T >0
a1,q1
D(az|q2)
DAQQQT = Z TQ(QZ) |a2Q2><aQQ2|A2Q2 ® T|T >0
az,q2
Ir
tra, [Ba,q,7] = Zm(fh) lai)alg, ® T
q1
L:
4, [Dpgur] = 2 mala) leanlo, © (®)

q2

where @iy g5 = [PAP| 1755 is the (non-normalised) mazimally-entangled state, |®)pp 55 =
Yo i 1) gg, and Va,a,q,q, 5 a diagonal matriz whose entries are given by the rule
function V (a1, az2,q1,q2).

To prove Lemma 1, we need a slightly modified version of the swap trick.

» Lemma 2. Let Mg be a linear operator on Ha @ Hp, and N be a linear operator on
Ha. Then, it holds that

tr[(Na ® Ip)Mag] = tr [(FA\A ® HB) (N;® MAB):| ; )

where FA|A denotes the swap operator between A and A.

Proof. By inspection, we have that

tr [(FA|A ® HB) (N;® MAB)}

—tr (FA|A ®]IB) D ni liGla® D> My RN, @ [s)Xt]
L %, k,l,s,t
=tr | D7 i mgeeen 1K) © 1K © L)l
Ry
= D mi My = 0 [(Na ® 1) Mag), (10)
%,7,8,t
where we used Nz =7, iny; [i)(j] 4 and Map =32 4 o Mreyse) [KXE[ 4 @ [s)E] <
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Proof of Lemma 1. Let us start from the expression for wg(ry in Eq. (7). For free games,
ie. m(q1,q2) = m(q1)m2(q2), we can write

wo(r)(V,m) = |T|? ax tr {(VAlAQQlQQ ® ppy) (EA1Q1T ® DAZQQT)] (11)
st. ppp >0, tr[pTT] =1
Er(a1lq
Eaor = Z m1(q1) largi Xa1qu 4, g, ® (T1||1) >0
a1,q1
Dy (az|gz)
D y,0.7 = Z m2(q2) la2g2)a2q2 4,0, ® T|T 20

a2,q2
It

tra, [Ea, 7] = Zﬁl((h) la)a1lg, ® [l
q1

IL-
tra, [DAQQQT] = m(a2) [@:2Xa2lg, ® ‘?ﬂ
q2

where we define VA1A2Q1Q2 = Za17a27q1,q2 V(ala az,qi, q2) |a1’ az,41, q2><a1’ az,qi, Q2|~ Then,
using Lemma 2 we can rewrite the objective function in Eq. (11) as

tr [(VAlAleQz ® pr) (EAlQlT ® DAzsz)}
=tr _(HA1A2Q1Q2 & PTT) ((VA1A2Q1Q2 ® ]ITT) (EAlQlT ® DA2Q2T)>}

=tr _(HA1A2Q1Q2 ® FTT|SS> (((VA1A2Q1Q2 ® HTif“) (EAlQlT ® DAgQgT)) ® pSS’)}
(by Lemma 2)

=tr _((VAIAQQlQZ ® FTT|SS) (EAlQlT @Dy, 0,7 ® PSS))} ,
(12)

which has a similar form to the objective function in Lemma 1 with the exception that FTT\ 58
replaces (I)TT| g4 To complete the proof, we write the swap operator F AlA in terms of the (non-

normalised) maximally-entangled state ® , ; = [®)}®|, 4, where |®) ;5 = Zf;‘l %) 4 1) 4-

Namely, we have F WA= P where Ty denotes the transposition over the A subsystem.

Ta

AlA°
Redefining the variable p as p”, we then immediately obtain Eq. (8) as this last step leaves
the constraints invariant. |

In Lemma 1, the optimisation is now taken over all product states with respect to the
tripartition A1Q1T|A2Q2T|S S satisfying the stated linear constraints. Since product states
are extreme points in the set of separable states, we can equivalently think of the above as
an optimisation over the convex hull of the feasible states, where the feasible states are all
product states satisfying the linear constraints. This gives the claimed connection to the
quantum separability problem.

2.2 Hierarchy of semidefinite programming relaxations

In the previous section, we showed that wq(7)(V,7) can be rephrased as a variant of the
quantum separability problem which is subject to additional linear constraints. However,
solving quantum separability problems is known to be NP-hard [16, 17], and our mapping
does not necessarily make the problem more approachable. Fortunately, there are well-known
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relaxations for the quantum separability condition; the Doherty-Parrilo-Spedalieri (DPS)
hierarchy [12] based on extendibility, which is strongly related to the notion of monogamy of
entanglement [33].

» Definition 3 (Extendibility). A bipartite quantum state pap is n-extendible if there exists a
multipartite quantum state papn such that

trpn-1 [papr] = pap, (Za®Ugn) (papr) = papn Vm € S(B"), (13)

where S(B™) is the symmetric group over B", U, (-) = UR.(-)(UE.)T is the adjoint repres-
entation of the group, and UL, is a unitary permutation operator acting on B™.

Extendible states have two main advantages. Firstly, deciding if a state is n-extendible can
be done efficiently via SDPs [11, 12]; for fixed n, the computation resources scale polynomially
in the system dimension. Secondly, it is shown that a quantum state is n-extendible for all
n > 2 if and only if the state is separable [14, 30]. Thus, the set of n-extendible states is
a good outer approximation for the separable set and converges to the separable set when
n — 0o. The same idea can be generalised to the tripartite case as well; (n, ns)-extendible
states papc with the two-fold extension pspnicne:. As in the bipartite case, the set of
(n1,n2)-extendible states converges to the set of tripartite separable states when n; — oo
and ng — oo [13].

To derive SDP relaxations for wgry(V,7) in Eq. (8), we can simply replace the optimisa-
tion variables with (n,n)-extendible states with respect to the appropriate tripartition.

sdp,, (V,m,T) := |T|? max tr [(VAlAleQz ® (I)TT\SS') IO(AlQlT)(AzQzT)(SS)} (14)

St P40 T)(AsQuT)n(sS)n = 05 BT [p(AlQlT)(AQQZT)n(SS)n} =1 (15)
P(A1QLT)(A2QoT)n (§5)n PETM. inv. on (A2Q2T)" wrt (A1Q1T)(SS)" (16)
P (A1 @T) (A2 Qe (s§yn PETIL IV, o0 (SS)™ wrt (A1Q1T)(A2Q2T)" (17)

Ir
tra, [p(A1Q1T)(A2Q2T)”(SS')"] =l ® F ® p(AZsz)"(SS)" (18)

I
tra, [p(AlQlT)(A2Q2T)"(SS')"] =100:® m @ P(A1Q1T)(A2Q2T) (=1 ()" (19)

Tayoir T(A2Q2T)n

(Tt s8) =V Py sutynssy = D 20)

where o, = >, i(q:) [a:)gilg, for i = 1,2, and the last line Eq. (20) contains all positive
partial transpose (PPT) conditions with respect to all the cuts

AQ\T - ALQYT - - AZQBT™ : S'S8Y ... 5m 8, (21)

Note that in addition to the n-extendibility conditions Eq. (16)—(17) enforced by the DPS
hierarchy, we arrive at the additional linear constraints, Eq. (18)—(19), originating from
the constraints in Eq. (8). These additional constraints are crucial in order to obtain the
improved complexity bounds. Furthermore, we are able to combine our SDPs with the NPA
constraints [27], so that our new hierarchy is guaranteed to produce at least as good outputs
as the ones produced by the NPA hierarchy (see the full version [19, Section 5]),

sdpNPA(V, 7, T) := sdp,,(V, 7, T) with T, (p(AlQlT)(AQQQT)n(SS)n) >0, (22)

where T',,(p) denotes the n-th level NPA matrix.
It is worth noting that sdp,,(V,n,T) in Eq. (14) is naturally upper bounded by 1.
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» Proposition 4. Let sdp,(V,n,T) be the n-th level SDP relazation for the two-player
free game with rule matriz V, probability distribution m(q1,q2) = m1(q1)m2(q2), and |T|?-
dimensional quantum correlation. Then, we have that

0 < sdp,(V,n,T) < 1. (23)

The proof can be found in the full version [19, Proposition 5].

3 Convergence of the hierarchy

3.1 Tripartite quantum de Finetti theorem with additional linear
constraints

Quantum de Finetti theorems provide a quantitative bound on how close n-extendible states
are to the set of separable states in trace distance as a function of both n and the system’s
dimensions. This information can be converted to the upper bound on the accuracy of
our SDP relaxations. However, since the quantum separability problem for wqr)(V, ) in
Eq. (8) is subject to the additional linear constraints, we cannot directly exploit the standard
quantum de Finetti theorem and need an adapted version (we refer to [6, Example 3.7] for a
discussion of counterexamples). What we need is an upper bound on how close n-extendible
states satisfying the linear constraints are to the separable states satisfying the same linear
constraints.

In this paper, we derive improved multipartite quantum de Finetti theorems with ad-
ditional linear constraints employing the information-theoretic proof technique based on
quantum entropy inequalities [8, 9]. Using this adapted quantum de Finetti theorems is
crucial to obtain the improved complexity bounds on approximating wgr)(V, ) in the next
section. Here, we state the tripartite version of the theorem.

» Theorem 5. Let papricne be a quantum state which is invariant under permutations
on B™ with respect to AC™ and on C™2 with respect to AB™ , satisfying for linear maps
Easir Mg g, and I'w_, 5 and operators X 5, Y 5, and Zg that

(EAi®Ipnicn2) (paBricnz) = Xz Q@ ppnicme linear constraint on A (24)
(Ap 5 ®Zpni-10ns) (pBricnz) =Y 5 ® pgri—10ome linear constraint on B (25)
(Zpnicna-1 L) (pBricm2) = Za @ ppnigna—1 linear constraint on C. (26)

Then, there exist a probability distribution {p;}icr and sets of quantum states {o"y }icr,
{whbier and {7k }ier such that we have that

_ o @ wh @ T
HPABC ZPZ A B C L

i€l
log |A| + 8log |B| log|A
< min {18%/2\/JABCY,4|BC|} x \/21n2<\/ og|A| +8log|B| | log| |> (27)
Up) ny
Easa(0h) =X4, AppWp)=Yps Tone(e)=2Zs Viel (28)

Like any other de Finetti theorem, Theorem 5 can be understood as a statement on the
monogamy of entanglement; a multipartite system, described by an extendible state, cannot
possess much entanglement between any tripartition. Instead of directly working with the
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trace distance, we prove the above theorem via quantum entropy inequalities and chain rules.

This approach allows us to carefully quantify how correlations are divided between different
partitions of the extendible states.

For k given quantum systems A, ..., Ay and a classical system R described by the global
state pa, 4,...4, r, the conditional multipartite quantum mutual information is defined as

k
I(Ay: Ag:...: AglR) := ) S(AiR) — S(A1Az ... AxR) — S(R), (29)
i=1
where S(A;) = —tr[pa, log pa,] is the von Neumann entropy [23] of the marginal state pa,.

This quantity has a few useful mathematical properties. One is its relation to the bipartite
ones [9, Lemma 3]

I(Al L AHR) = I(Al : A2|R) + I(A1A2 . A3|R) 4+ ...+ I(Al .o ~Ak—1 : AHR), (30)
and another one is the chain rule
I(AB:C|D)=I(B:C|D)+ I(A:C|BD). (31)

The conditional multipartite quantum mutual information is mathematically equivalent to
the relative entropy distance between the state and the tensor product of its conditional
marginals

I(Al Ay Ak|R) = D(pA1-~Ak|RHpA1\R & ... ®pAk|R)7 (32)
~1/2

where py,|r is the marginal state of the conditional p4,..a,|r = Pg PA1---A;€P§1/2
D(pl|o) = tr[p(log p — log 0)] is the relative entropy between p and o whenever supp(p) C
supp(c). The relative entropy can be further related to the trace distance via Pinsker’s

, and

inequality. As the tensor product of marginal states is a separable state, if we can find an
upper bound on the conditional multipartite quantum mutual information of an extendible
state papnicne, we can show Eq. (27) in Theorem 5.

For the first ingredient, we derive a general upper bound on the conditional multipartite
quantum mutual information of a state with classical subsystems.

» Lemma 6. Consider a quantum state pazniywne classical on the Z- and W-systems. Then,
there exist 0 < m < ny and 0 <! < ny such that

log | 4| N log |A| + log | Z|

. . T myrsl
I(A.Zm+1.Wl+1|Z wh < " -

(33)

N (34)

log | A] N log |A| + log | Z|
ny U») '

Moreover, by Pinsker’s inequality, this implies that

Ez’iwl_ {HPAZm+1Wl+1|zmwl_ — P Azl ® P Zi1]zmwl ® legrl\zﬁlwl_

<2In2 (
Here, we use the notation p,, for the conditional state after measurement on classical
system Z when the measurement outcome is z, i.e.,

oa = X2 [paz(Ia ® |2)z]4)]
AT o paz(a @ |22 ,)]

(35)

The proof of Lemma 6 is as follows.
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Proof of Lemma 6. The multipartite quantum mutual information I(A : Zz44
W;H\Zle) can be expressed in terms of bipartite ones using Eq. (30):

I(A: Zgsr - W |Z7W) = 1A Zind | Z7W) + I(AZ g1 = Wiy | Z7WY). (36)

The two terms in the right hand side (RHS) are the bipartite mutual information between
quantum and classical systems, and this allows us to find an upper bound for each term
using the chain rule in Eq. (31). Additionally, we also make use of a general upper bound

I(A: Z|X) <log|4] (37)
for a classical-quantum state pazx with classical Z and X systems [19, Lemma 13].

First term: For any [, it holds that

nlfl
I(A: 2 W) = > I(A: Zpga|ZmW') < log|A], (38)

m=0

where the first equality is the chain rule in Eq. (31) and the second inequality is found by
applying Eq. (37) to I(A : Z™|W!). Then, summing over all [ gives us

ny— lTLQ 1

SN A Zia|Z™W) < nylog Al (39)
m=0 [=0

Second term: Using the same argument, for any m, it holds that

n271
I(AZpgr - W™\ Z7) = > I(AZpy1 s Wi | Z27W') < log|AZp 4], (40)
=0

and summing over m gives us

nlfl 77,271

SN H(AZpyr : Wi |Zm W) < ny (log |A] +log | Z]) - (41)

Combining Eq. (39) and Eq. (41) gives

108 4]+ m (g |4+ 10g 12)
Z Z (A Zypr|Z"W) 4+ 1(AZp iy - Wi |27 W]
m=0 1=0
> nin [(  Zna| ZMW) 4 I(AZg Wi 12701 (42)

where m and [ are the indices of the smallest element in the sum. Dividing both sides by
ning gives us the desired relation,

I(A: Zgsr s W |Z7WY) = I(A : Zipy1 | Z7W) + [(AZgir : Wiy (|27 W)
< log | A N log | 4] —I—log\Z|_
ni N9

(43)

This ends the proof of Eq. (33). Then, using Eq. (32) and Pinsker’s inequality we can obtain
Eq. (34). <

As another ingredient, we derive two different types of informationally complete measure-
ments that achieve the optimal loss in distinguishability.
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» Lemma 7.

1. ([8, Lemma 14]) There exist fized measurements Ma, Mg, and Mc with at most |A[®,
|B|8, and |C|® outcomes, respectively, such that for every traceless Hermitian operator
Yapc on Hapc we have

vascll; < 18%2\/JABC| - (M4 ® Mp ® Mc) (vasc)l;- (44)

2. There exists a fivred measurement Mp with at most |B|® outcomes such that for every
traceless Hermitian operator yap on Hap we have

17aBlly < 2[B|- [I(Za ® Mp) (vaB)ll;- (45)

The first part is straightforward from [8, Lemma 14]. We remark that when a traceless
Hermitian operator already has a classical subsystem, i.e., yapcz with classical Z-system,
the dimension factor only includes the dimension of the quantum systems

IvaBczll, < 18*2\/]ABC| - |(Ma® Mp @ Mc ® Iz) (yapcz)|; - (46)

This follows easily as ||, p% ® |2)(z[|l, = >_. [[p4]l; for classical-quantum states paz.

The proof of the second part is given in Section 5. The main idea is to identify the
one-way quantum teleportation protocol as a candidate for the optimal measurement and is
largely inspired by [22, Theorem 16]. Our result improves on the factor v/18B%/2 given in [9,
Eq.(68)]. Moreover, as there exist quantum states pap and o4p such that [24]

2

= 4
|B]+1° (47)

lpas —oasll; =2 and Sup (Za ® M) (pas — oaB)l; =
B
our result establishes that the dimension dependence for the optimal loss in distinguishability
relative to quantum side information is ©(|B|). This answers a question left open in [6].
Then, for the extendible state p4pn1cne in Theorem 5, applying the optimal measurement
M as specified in Lemma 7 to the state (to make it partially classical), and applying Lemma 6
to the resulting classical-quantum state allows us to derive Theorem 5.

Proof of Theorem 5. Let Mp_.y be a quantum-to-classical measurement from B to the
classical system Y, and M¢g_,z be a quantum-to-classical measurement from C to the
classical system Z. We apply these measurements to the quantum state p4pnicn. and will
denote the outcome classical-quantum state as pgynizn2. Then, according to Lemma 6,
there exist m € {0,--- ,n; —1} and £ € {0,--- ,ny — 1} such that

2
Bym e {HpAYm+1Ze+1|yng T PAymat B PY, fymat @ Pz |ymat Hl}
log | 4] N log |A| + log Y]
ny no '

(48)

< 21112(

As papnione is invariant under permutations of the systems B™ and C™2, we can always
find m and [ satisfying Eq. (48).
Now, let us define

YABC = PAB,11Cog1|ymzt — PAlymzt ® PBy1lymzt ® PCry1lymzt- (49)

Note that

IA ® MB%Y ® MC%Z (’YABC) = pAYnl+1Z[+1|y7”z£ - pA|y"”zZ & me+1\y"’Lz[ & ng+1|y""z£'
(50)
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Using the second part of Lemma 7 iteratively, we can obtain

[vaBcll, < 2[C|[[(Zap ® Mc—z) (vao)ll;
< 2|B| x 2|C||[(Zac @ Mp_y) (Zap @ Mc—z) (P)’ABC)Hl
=4|BC||[(Za ® My @ Mcz) (vaso)lly, (51)

with |Y| < |B|®. We can also exploit the first part of Lemma 7 to obtain

lvapcl, < VI8ABC| (M ® Mp_y ® Mcoz) (vaso)ll;
< VIS[ABC|||(Ta ® Mp_y ® Mcz) (vaso)l, (52)

with |Y| < |B|®, where the second inequality follows from the monotonicity of the trace norm
under completely positive and trace preserving (CPTP) maps. Depending on the dimensions,
we can freely choose the tighter bound between the two cases. Combining Eq. (48) with the
above two results we obtain

2
EymzZ {HPABWJAC@Jrl\ymz’Z — PAJym ¢ ® PBpi|ymzt Y PCyiq|ym 2t Hl}

2 I
< min{,/183|ABC\,4|BC|} % 21n2 (loiw | loglAl+8 °g|B|> . (53)
1

n2

Then, we have

||pABm+1Ce+1 - Eyng {pA\ymZz ®Q PBialymzt © PCHl\ymz‘f}Hl

<

Eymze {HpAB'm+1CZ+1‘y"LZ[ —PAlymzt D PBy i |ymzt @ POy |ym 2t Hl}

IN

2
\/Ey’"z“ {||pABm+16’tz+1IymzZ T PAymzt @ PBfymat & POy 2t ||1}

IN

ni T2

min {\/I8[ABCY, 4BC|} x V2In? \/1°g|A 1 logl Al +8log Bl } (54)

where we used the triangular inequality for Schatten p-norms in the second line and the con-
cavity of the square function in the third line. AsE,m . {pA|ymzz ®@ PBy 1|yt © pcgﬂwmzz}
is a separable state with respect to the tripartition A|B|C, this proves the first half of the
theorem.

The remaining part is to check whether pyym.e, pp,, . |ym-¢ and pg,,  |ym e satisfy the
desired linear constraints. Let us denote M}:{, and Méf as the POVM elements of the

measurements Mp, _,y, and M¢,_,z, corresponding to the measurement outcomes y; and z;,
respectively. Then, we find

Eali (Uil) =E4L,4 (pA\ymz[) (55)
 Tepmer (IO ME 00 MY © M3 @+ © ME)Ex, 4 (panmer)]

T (lx & MY, 60 ME 605, &7 5 M pannc]
_ Trpmee [(a@ ME @@ ME" @ MZ: @ --- @ M) (X; ® ppmee)]

T (lx o M3, 60 MEL 6 33, &7 & Ml oasmc]

X
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A5 (w}:‘s’) =Ap, 5 (me+1\ymzz) (56)
_ Trpmer [(I5 Mp, @--- @ Mph @ Mg, ®--- @ Mg))Ap 5 (ppms1ce)]

T T [ME o8 My 8l © MG 6 © ME)ppmaci]

_ Trpmee (I3 @ MB @ - @ M @ ME ®---© M) (V3 ® ppmct)]

T T [ME @ 8 My L, © MG @ © MG )ppmaicr]

Fese (Té*) =ToLe (pCe+1|ymzf) (57)
_ Trpnce [(lg @ Mg ® - ®@ My @ ME, ® - ® ME)To 6 (ppmor)]
T [(ME © @ My @ ME @ ® MZ, ®1lc,,,) (ppmeest)]
_ Trpmee [(Ig @ MB: ®@--- @ ME™ @ ME ®--- @ M) (25 @ ppmce)]
Tr [(ME ©-- @M @ ME @ -+ @ M ®@1g,,,) (ppmce+)]

£

= ZC" <

Theorem 5 describes a general setting; both the extendible state and the linear constraints
do not have any refined structures. However, in our case, we have more information about
the state and the constraints. The extendible state P41 Q1 T)(A3QaT)yn (85)n 111 sdp,,(V,m,T)
to which we apply the de Finetti theorem already has some classical subsystems, and the
linear constraints are partial trace constraints. We can exploit this information to obtain a
better bound in the quantum de Finetti theorem. We state this special case as a lemma.

» Lemma 8. Let PAX X)B™ (CZZ)m be a quantum state with classical X X - and Z Z-systems
invariant under permutation on B™ and (CZ Z )2 with respect to the other systems, satisfying
trx |:p(AX)'()Bn1 (CZZ)"L2:| = XAX & ppny (CZZ)r2 (58)
trz {p(AXX')Bnl(CZZ)TQ} =Zcz® P(AXX)Br1(CZZ)m2—1 (59)

for some operators X, %, and Z 5. Then, there exist a probability distribution {p;}icr and

sets of quantum states {O’;X)Z}iej, {wh}ier and {Tézz}ig such that

PAXX)B(CZZ) — Zpi Ouxx QW OTy

el 1
log |X| + 8log|B| log|X
gmin{183/2\/|ABC|,4|BC\}><\/41n2 \/Og |“;8°g| Ly °i| | (60)
2 1

with trx |:O'i } =X,5 and trz [Té

X T = Zn5 foralliel.

ZZ}
The proof of Lemma 8 is similar to the one of Theorem 5 apart from the following two
ingredients — leading to the tighter bound in Eq. (60) in comparison to Eq. (27):
The partial trace constraints allow us to use a stronger bound on the conditional quantum
mutual information in the proof of Lemma 6 (instead of Eq. (37)). Namely, for a quantum

state papcp satisfying tra[papep] = pB ® pop, we have that
I(AB:C|D),=1(B:C|D)+I(A:C|DB) < 2log|A|. (61)

Using this results in a better bound with |X| instead of |AX X| in the square root part of
Eq. (60). Please see Section 4.2, especially Lemma 6 and Lemma 7, in the full version [19]
for a more detailed discussion.
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As we remarked in Eq. (46) after Lemma 7, the dimension factor only comes from the
measurements on the quantum systems. This is why there is no | X X ZZ| contribution in
the first part of Eq. (60).

3.2 Convergence of the hierarchy

Lemma 8 allows us to find an upper bound on the accuracy of the SDP relaxations in Eq. (14).
We derive analytical bounds on the convergence speed of our SDP hierarchy in terms of the
dimension |T'| and the size of the game.

» Theorem 9. Let sdp, (V, 7, T) be the n-th level SDP relazation for the two-player free game
with rule matriz V', probability distribution m(q1,q2) = m1(q1)m2(g2), and quantum correlation
of dimension |T|?>. Then, we have

log |T|| A
0 < sdp, (V,m, ) — wgury (Vi) < O <|T6 g'ﬂ”) . (62)

Hence, we have wgr)(V,7) = lim, o sdp,, (V, 7, T).

Proof. Let PAL QI TA»QsTSE be the optimal state of the n-th level relaxation sdp,, (V,n,T).
The state should be (n, n)-extendible since all feasible states must be (n,n)-extendible states
satisfying the linear constraints. Then, we have

sdp,, (V,m,T) = |T* tr [ (Va1 422102 ® Priis5) Pay 017 ar0a7s5)

= |T1*tr | (Va14:0102 © Prpiss) (Z PiohT @ Wyy0,1 © Tss)]

k3

) . . .
+[T|" tr (VA1A2Q1Q2 ® q’TT|ss) <pA1Q1TA2Q2TSS - Zpi TarT O Wy, 0,7 @ Tfes)

(3

< wo(r) (V. )

2 i i 1
+[T|" tr (VA1A2Q1Q2 ® ‘I’TT|SS) <pA1Q1TA2Q2TSS‘ - Zpi TaT @Wy,0,7 @ ng’) , (63)

3

where ). p; O’ithT ® wil 0.7 © ng is one of the close separable states to p 4, o 74,0,755
272
specified by Lemma 8. As sdp,,(V,n,T') is an upper bound for wgr)(V, 7) we obtain

sdp,, (V,m, T) — woery (V, w)‘

<|r]?

tr l(VAlAleQz @ (I)TT\SS) <pA1Q1TA2Q2TSS - Zpi Uj‘thT ®wj42Q2T ®T;§>] ‘

7

<IT1?||Vay 420102 ® Prayss||

o Y o T,
PALQ1TA2Q2TSS PidAa, Q1T O Wy,0,7 @ T
i 1

(by Holder’s inequality)

) . , .
= |T"IVas 4201021l oo ||(I)TT|SS'||OO PA1QITA2QaTSS — Zpi T QT ®Wa,0,7 ® Tsg

k3

1



H. H. Jee, C. Sparaciari, O. Fawzi, and M. Berta

4 7 2 2
=71 Par@iras@utss = D PiThiarr ® Wiyg,r ® Thg

K3

1

(by [Vaia20102ll00 = 1, Hq)TT\SSHOO = |T|2)

< \T|4 183/2|T|2 (m) (\/10g|A1| + 8log|SS| n 1ogA1|>

(by Lemma 8)
n n

_ 183/2‘T|6 ( /912 1n2) (\/log|A| +711610g|T\ + IOgn|A> ] (64)
Here, weset A=T, X = A, X =Q, B=55,C =T, Z = Ay, and Z = Q, when we
applied Lemma 8. <

It is worth noting that neither the PPT nor NPA constraints are used to derive this
convergence speed.

Theorem 9 allows us to provide an upper bound on the computational complexity of
calculating we(ry (V, ) for two-player free games. To achieve a constant error e, it is sufficient
to go up to the following level of the hierarchy:

@ <|T6\/bg|nTA|> <e = n>0 (|T|121°g€|2TA> : (65)

The resulting size of the program is stated in Eq. (1), where the dependence is quasi-polynomial
in A and polynomial in Q. Our result is the quantum extension of the quasi-polynomial
time approximation scheme for computing classical values we(V, ) of two-player free games
developed in [1, 9].

3.2.1 General games

We hitherto assume that the choice of questions for Alice and Bob is independent, i.e.,
m(q1,q2) = m1(q1)m2(g2), which corresponds to free games. We can use the same protocol
that we used for free games to derive upper bounds on the computational complexity of
calculating weq(ry (V, 7) of general games, when 7(q1, g2) # 71(q1)m2(g2). The key difference
is that for general games we absorb m(qi, g2) into the rule matrix V' (a1, as, g1, g2) instead of
Ea v and Dy, o7 when we connect wg(ry(V, ) to the quantum separability problem in
Lemma 1. This leaves some additional factor |@1]|Q2| in the objective function, which leads
to a worse upper bound on the computational complexity. For a general two-player game
with |T'|?-dimensional quantum correlation, we can compute additive e-approximations of
wq(r)(V,m) with a semidefinite program of size

12 4 2
o <0<|T| QI* (1o |A||T|+10gA|IT|10g|Q)>>, (66)

€2

where |A| and |Q]| are the number of possible answers and questions, respectively. The
dependence is still quasi-polynomial in |A|, but exponential in |@| in contrast to the case
of free games in Eq. (1). The detailed derivation can be found in Appendix C of the full
version [19, Appendix C].
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4 Conclusions

In this paper, we study the characterisation of quantum correlations of fixed dimension
and, more specifically, provide a converging hierarchy of SDP relaxations with improved
analytical convergence speed for the set of fixed-dimensional quantum correlations. This is
done by employing a variant of the quantum separability problem and multipartite quantum
de Finetti theorems with additional linear constraints. Our result leads to an upper bound
on the computational complexity of additive e-approximation for wgr)(V, ) of two-player
free games with 7' x T-dimensional quantum correlation.

We conclude with a few remarks on possible future studies. Firstly, for a given level n,
sdp,,(V, 7, T) has a relatively large-sized optimisation variable. One possible way to improve
this aspect is to exploit the symmetry embedded in the program to reduce the size of the
optimisation variable. We could employ some existing symmetry-finding programs such
as [31] to achieve this. Secondly, it is still not certain whether the T-dependence in Eq. (1) is
optimal. In the classical limit (7" = 1), our result matches the best-known classical result for
free games in terms of A and @ — which also has a matching hardness result [1]. This implies
that the dependence on A and @ in Eq. (1) is optimal, but there could be more efficient
approximation algorithm in terms of T-dependence. For example, one could explore e-net
based methods as in [7, 32].

5 Proof of Lemma 7

In this section, we prove the second part of Lemma 7 which states that for a traceless
Hermitian operator y4p on Hap, there exists a measurement Mpg on Hp with at most
|B|® outcomes such that |[(Z4 @ Mg) (vag)|; > ﬁ”')/ABHl- The proof is inspired by [22,
Theorem 16].

Proof of the second part of Lemma 7. Let us start with the maximally entangled state
1 . . ! !
D = |ONP| g Where |®) 4 5 = WZ 1) 4 |1} pr» and |A'[ = [B']. (67)

We can create a separable state wa/p/ by mixing ® 4,5/ with another separable state

HA/B/_(bA/‘B/
gA'B = [B']>—1 as

/
warpr = iq)A/B/ + |B|7710'A/B/ S SEP(A7 B’)7 (68)
|B'| |B'|
where SEP(A’: B’) denotes the set of separable states with respect to the bipartition A’|B’.
Hence, we can write warp = Y, piw’y, ® wl, for some probability distribution {p;}; and
states {w¥, }; and {w, }; with at most |A’B’|? elements [18]. Next, we define a measurement
M with operators {Mp (i, k)}ik, as well as a set of measurements {M;k}lk with operators

(M58 ()} as
MB(i, k‘) =trp l:pZU;(k‘) wiBAI)BB/ wlB,UB(k‘):l and (69)
Mzk(j) =tra |: wi‘,UL (K)Naa (j)UA/(k)\/wil,] , (70)
where U (k) denote generalised Pauli operators, w’, and w, are the elements of the decom-

position of wa:p/, and {Naa/(j)}; are measurement operators defined later. We can check
that both definitions indeed correspond to valid measurements:
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> Mp(ik) =1g, Y M5"(j) =14, and Mp(i, k), M3"(j) = 0 Vi, k, j. (71)

i,k J

The goal is to show that Mp defined in Eq. (69) gives rise to Eq. (45). Before showing
that, however, it is helpful to understand where these measurements came from. They are
related to the quantum teleportation protocol [5]. Without loss of generality, let us assume
that |A| > |B| = |A’| = |B’|. Then, the quantum teleportation protocol from B to A is a
quantum channel defined as [5]
|B|?
raapan () = 3 Un (k) trpp () (Taa @ Up(h)@ppUL(H)) | UL (k). (72)
k=1

For a traceless Hermitian operator v4p, we then consider

|TaBA B A4 (YaB @warp)|; = Z [tr [Naar(j) (TaBaB—aar (YaB @ warp))]|, (73)

J

where we used the expression || Xal|; = max{ar, i)y, >_; [tr [Ma(i) X a]| for the trace norm
with corresponding arg max {Na4/(j)}; to be used in Eq. (70). Then, we have

lTaBarB— a4 (YaB @ warp)|l;

= Z Ztr [NAA/(j) (UA/(k') trep [(’YAB & CUAIB/) (]IAA’ & UB(k)‘I)BB/U};(k))} UL/(]{:))} ’
k

= Z Ztr (Ui‘/(k‘)NAA'(j)UA'(kE) ® HBB’) ((’YAB ®warp’) (HAA’ ® UB(k)q)BB’U}TB(k))) ] ‘
il b

=D D o | (UL (B)Naa () Uar (k) ® UL ()@ 55 Us (k) (MB ® (Zpi“’f‘*’ @ “’B))} ‘
;e b '

- Y ( (VU (BN aw YU (1))
i | ik L

® (piU;(k)\/ wh, Pppry/ w};/UB(k)) ) (vaB ®]1A'B/)] ‘
=2

The measurement Mp defined in Eq. (69) now gives rise to

Ztr [vas (M4 (j) ® Mp(i, k)] ‘ (74)
i,k

I(Za ® M) (vas)ll, (75)

= > |ltrp [(Ta ® Mp(i, k) va5] |, (76)
ik

- ik {MI;’?();)}J' ZJ: " [(Mi!k(ﬁ ; MB(L k)> ’YAB} ‘ 7

> 300 Jor [(MLERG) © Ms(i. k) 1a | (79)
ik 7

>3 Y w [(Mgk(j) ® Mp(i, k)) WAB] (79)
i |k
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= ||[TaBaBsaa (YaB @warp)|, (by Eq. (74)) (80)
1 B -1
= ||TaBA'B'—» A4 | YAB ® ((I)A’B’ + UA’B’)) (81)
( |B| |B| 1
1 IB|—1
= B TABA'B'—>AA (YAB @ Parpr) + WTABA/B/—MA/ (YAB ® 0arpr) (82)
1
1 1Bl -1

> ®|‘TABA’B’—>AA’ (YaB ® @arp )|y — ||[TaBA B a4’ | YAB ® WUA’B/ :
1
(83)

where in the third line we substituted the measurement operators {M;lk( j)}; instead of the
maximisation, and in the last line we used the reverse triangular inequality. Note that the
first term in the last line is equivalent to ||yag||; since ® 4/ p- is the maximally entangled state.
Let us investigate the second term more closely. We have a chain of elementary implications

|B| —1 |B| —1 N 1 o
oap < —=—o0ap +5Pap =wap
| B | B | B
|B| -1
YAB ® WUA'B/ < YaAB @warp:
|B| -1
TABA'B'—AA | YAB ® ] oAB < |\|TaBarB'—aar (YaB @wars)|;
1
‘B| -1 ik . ~ .
TABA'B'—AA | YAB ® IB] oAB < Z Ztr YaB (M3 (j) ® Mp(i, k)
1 i |k

(by Eq. (74))

Bl —1
BB A (m® ('JA,B/)) < |Za® Ms)(vas)l,  (by Eq. (79))

|B| 1
(84)
and substituting this into Eq. (83) yields the claim
1
[(Za ® Mp) (vaB)l, = @llVABHl — (Za © M) (vas)l;- (85)

It remains to quantify the number of measurement outcomes of Mp with measurement
operators {Mp(i, k)}i p defined in Eq. (70). The index ¢ came from the number of elements

in the separable state wa/ps, which is at most |A’B’|?> = |B|*, and the index k came from
the number of generalised Pauli operators, which is | B|?. Therefore, the number of outcomes
is at most | B|°. <
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