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ABSTRACT

In this paper, we investigate the enstrophy dynamics in relation to objective Eu-
lerian coherent structures (OECSs) and their impact on the enstrophy and scalar
transport near the turbulent/non-turbulent interface (TNTI) in flows with and with-
out stable stratification. We confirm that vortex-stretching produces enstrophy in-
side the boundaries of the OECSs, while viscous diffusion transfers the enstrophy
across the boundaries of the structures. Although often overlooked in the litera-
ture, viscous dissipation of enstrophy within the boundaries of vortical structures
is significant. Conversely, for the weakly stratified flows also investigated here, the
effect of the baroclinic torque is negligible. We provide evidence that the OECSs
advect the passive/active scalar and redistribute it via molecular diffusion. Finally,
we use conditional analysis to show that the typical profiles of the enstrophy and
scalar transport equation terms across the TNTI are compatible with the presence
of OECSs positioned at the edge between the turbulent sublayer and the turbulent
core region. We show that when these profiles are further conditioned to the presence
of OECSs, their magnitude is considerably higher.
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1. Introduction

Vortical coherent structures have received considerable attention from the turbulence
community over the last decades. Mostly defined as regions with concentrated vorticity
and material coherence with a life time larger than the typical time scales of the
flow [TIUI7], vortical structures constitute an appealing tool for understating complex
turbulent flow phenomena [34]. Moreover, vortical structures are valuable to investigate
the mixing and the transport of mass, momentum and scalar (e.g. temperature or
concentration) in turbulent flows [17].

In turbulent flows, a well-established convention divides vortical structures into two
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classes: the so-called large scale vortices (LSVs) and the intense vorticity structures
(IVSs) [6]. The LSVs originate from the particular instability of a certain type of
flow and their characteristics such as size and lifetime are reported to be flow depen-
dent [14/45]. On the other hand, IVSs have similar characteristics across a variety of
flows. Mostly detected through a threshold on the vorticity [28], IVSs are known in
isotropic turbulence as worms [40]. Many studies dedicated to these worms showed
that universally their size is of order of 57, with n the Kolmogorov length scale, in
isotropic turbulence [27/28/40/48], in mixing layers [42], in channel flows [30] and in jets
[16]. In an early study by Jiménez et al. [28], IVSs were observed to be rather stable
structures and their dynamical behaviour was shown to be similar to that of a stable
Burger vortex model, which is characterized by a radial balance inside a vortex tube
between enstrophy production and enstrophy diffusion. However, a direct assessment
of the enstrophy production and enstrophy diffusion mechanisms is still missing in the
literature. Moreover, it is not clear how other mechanisms such as viscous dissipation
of enstrophy or the baroclinic torque that is present in stratified flows may contribute
to these. To date, research progress on the enstrophy transport by vortical structures
has been hampered by arbitrariness in the detection methods, which are mostly based
on thresholding either the vorticity field [6/26/28] or the vorticity relative to the strain
field [242538/52]. Progress made in a recent string of research [I7] allows to over-
come the arbitrariness of the classic methods and permits to identify objective (i.e.
observer-independent) coherent structures, as required for replicable experiments.

In the present work, we extract objective coherent structures and investigate the
enstrophy dynamics inside vortical structures to shed a light on the mechanisms that
govern the time evolution of the enstrophy contained in these structures. We use
a newly developed extraction method to systematically identify objective Eulerian
coherent structures (OECSs) [19/39] and we apply it to direct numerical simulations
(DNSs) data of a turbulent flow with and without stable stratification.

The impact of vortical structures on the transport of scalars, such as concentration
or temperature, have been matter of numerous studies in recent years [IJ29]. The main
motivation has been to better understand the role of vortical structures in organiz-
ing scalar transport which is relevant in many practical applications, e.g. mixing of
pollutants in atmosphere or heat-transfer in heat exchangers and gas turbines. In par-
ticular, Kadoch et al. [29] showed that in homogeneous, isotropic turbulence vortical
structures are mainly responsible for turbulent transport and mixing of passive scalars.
The impact of vortical structures on heat transport was investigated by Dharmarathne
et al. [9] in a thermal turbulent channel flow. They observed that vortical structures
near the wall contribute to the removal of hot fluid from the wall to outer region. De-
busschere and Rutland [8] studied heat transport in plane channel and Couette flows.
Their results indicated that in channel flow the overall vertical heat transfer is lower
as compared to Couette flow. They attributed this observation to the presence of large
scale vortical structures in Couette flow that transport heat across the center line of
the flow, while similar structures are missing in plane channel flow. Frohlich et al. [15]
investigated the scalar transport in co-annular swirling jets. They found that 30 —40%
of the concentration fluctuation is carried by large-scale coherent flow structures. Here,
we use conditional analysis to investigate the impact of OECSs on the transport and
diffusion of the active/passive scalar of flows with and without stable stratification.

At the boundaries of turbulence, a sharp and highly contorted interface, so-called
turbulent /non-turbulent interface (TNTI), is known to separate the turbulent region
form the irrotational surrounding fluid [4J7/53]. The ambient surrounding fluid is con-
tinuously entrained into the turbulent side through the TNTI, a phenomenon known



as turbulent entrainment. It has been shown that turbulent entrainment is a two-
stage process [3J3550]. Initially, at the outer edge of the TNTI, a non-turbulent fluid
parcel acquires vorticity via viscous diffusion [20] and subsequently, in the turbulent
region vorticity is amplified through vortex stretching. The role played by the vortical
structures along these two stages was recently investigated by Watanabe et al. [51].
The authors used a model to show that the average profile of enstrophy production
and enstrophy viscous diffusion near the TNTI are compatible with the presence of
Burger-type vortex near the interface. By positioning a Burger-vortex of the size of
the IVSs at a distance of approximately 97 from the TNTI, they predicted reasonably
well the profiles of the enstrophy production and enstrophy viscous diffusion across
the TNTI of a free shear turbulent flow. However, in its present form their model
lacks other effects such as viscous dissipation of enstrophy and baroclinic torque that
may potentially be of significance. In this work, we compute the conditional profiles
of the terms in the enstrophy transport equation across the TNTI and compare them
to those crossing an OECS near the interface. The goal is to understand the impact
of vortical structures as extracted from the flow on the dynamics of enstrophy near
the TNTI. To identify the OECSs that are in proximity of the TNTI and to investi-
gate their contribution to enstrophy and scalar transport, we use a recently developed
conditional analysis by Neamtu-Halic et al. [36].

The turbulent transport of the scalar across the TNTT is an important phenomenon
for many applications of practical interest (e.g. chemical reactors) [10]. In a recent
work by Watanabe et al. [49], it was shown that a large jump of passive scalar exists
at the boundary of turbulent flow regions and that molecular diffusion exchanges the
passive scalar between the turbulent region and the fluid in the TNTI proximity. Since
vortical structures are known to carry large amount of scalar [29], larger gradients of
the scalar are expected in proximity of the TNTI when OECSs are present. OQur aim
is to understand how OECSs impact the transport of the scalar near the TNTI.

In nature, turbulent flows develop frequently in presence of stable stratification
(e.g. cloud-top mixing layers, river plumes and oceanic overflows). In these flows,
the entrainment rate is known to diminish with increasing Richardson number Ri,
the ratio between the buoyancy and shear strength of the flow [12]. Nowadays, it
is widely accepted that entrainment rate reduces with increasing stratification as a
consequence of the reduction of both the local entrainment velocity and the area of
the TNTI [31J4647]. Recently, Neamtu-Halic et al. [36] used experimental data of a
gravity current to show that OECSs modulate the area of the TNTI and that their
modulating capacity diminish with increasing stratification. Moreover, OECSs have
been observed to organize the flow field on the TNTI proximity thereby imposing
the local entrainment velocity [36] and setting the mechanism that produces/destroys
the surface area of the nearby TNTI [37]. It remains to be understood how OECSs
affect the process of the entrainment and how do they adapt at different levels of
stratification. To this end, we apply the conditional analysis of the enstrophy transport
equation to the direct numerical simulations data of gravity currents and of a wall-
jet. Moreover, we investigate how the diffusion of the active/passive scalar across the
interface in the OECSs proximity varies with increasing stratification.

The main scope of the paper is to investigate the dynamics of the enstrophy inside
the OECSs and to understand the role of the OECSs in the transport of the scalar,
with a particular regard to the region in proximity of the TNTI.

The paper is organized as follows. In §2|we present the DNS data set. This is followed
by the presentation of the results in while a summary and concluding remarks are
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Table 1. Simulation parameters: N; and L; denote the number of grid
points and the size along i-direction respectively. The subscript 0 indicates
the inflow parameters. The Taylor Reynolds number Rey = 4/ 15/!/661/2
is computed averaging the rate of turbulent dissipation € and the turbu-
lent kinetic energy e over 120 < t < 130.

a(deg.) Rig Reg Re), NzNyN, LzLyLz/hg

Ri0 - 0 3700 115 15362 x 1152 202 x 10
Rill 10 0.11 3700 105 15362 x 1152 202 x 10
Ri22 5 0.22 3700 70 15362 x 1152 202 x 10

2. Methods

2.1. DNS data set

The data set employed in this work consists of DNSs of temporally evolving gravity
currents and of a temporal turbulent wall-jet. These flows are particularly suitable
to study the transport of enstrophy and scalar in that different intensities of vertical
transport of these quantities can be obtained by varying the stratification level. It
is thus possible to investigate how OECSs adapt to this change and contribute to
transport. The simulations reproduce the classical experiment of Ellison and Turner
[12], in which a lighter turbulent fluid flows along the top of an inclined wall in a
heavier ambient irrotational fluid. As sketched in figure a), we reverse the problem
upside-down as we simulate the motion of a negatively buoyant fluid flowing down a
slope inclined at an angle «. The physics of the problem is unaffected as we consider a
Boussinesq fluid. The temporal problem is particularly suitable for obtaining converged
statistics relatively inexpensively, as it is homogeneous in the wall-normal planes and
the statistics depend only on time and wall normal direction. For the simulations, we
employ SPARKLE, a code that solves the NavierStokes equations in the Boussinesq
approximation [5]

ou

5+U‘Vu:—Vp+VV2u+b, (1)
Oc
= - Ve = DV? 2
8t+u Ve V-e, (2)

V-u=0. (3)

with a fourth-order accurate finite volume discretization scheme [5] on a cuboidal
domain. Here, u = (u, v, w) is the fluid velocity in the z streamwise, y spanwise and z
wall-normal direction, p is the (modified) kinematic pressure, b = Bgc is the buoyancy,
with g = (sina, 0,cosa) to simulate the sloping bottom and 8 = py 'dp/dcle,, and v, D
are the kinematic and molecular diffusivity, respectively. For the wall jet c is a passive
scalar (with Schmidt number Sc¢ = 1), whilst for the gravity current c is an active
scalar.

The boundary conditions are periodic in the streamwise and the spanwise direction,



while in the vertical direction, at the wall (z = 0) and at the top of the simulation
domain, no slip and free slip velocity boundary conditions are imposed respectively
for the velocity and Neumann (no-flux) boundary conditions are imposed for scalar c.
For the initial conditions (indicated by subscript 0), a uniform distribution of both the
streamwise velocity ug and the scalar ¢y up to a height hg above the bottom wall are
implemented. A schematic representation of the simulation set-up is shown in figure
(a). The size of the domain is L, x L, x L, = 20hg x 20hg x 10h¢ with a resolution
of 15362 x 1152. For a more detailed discussion on the DNSs concept and numerical
configuration we refer to van Reeuwijk et al. [46] [47].

Following Neamtu-Halic et al. [37], we simulated three different flow cases, namely
a wall-jet (8 = 0) and two different gravity currents (5 > 0). The flow cases differ in
the initial Richardson number Rip = By cos («)/u3, where By = Bgcoh is a conserved
quantity in the simulations, whereas the initial bulk Reynolds number Rey = ughg/v
is kept constant. Table [I| summarizes the parameters of the simulations employed in
this study. Note that the label of the flow cases indicates the value of Rig. The results
presented here are based on data over six independent zz-planes, which are equally
spaced in the y-direction, amounting to 280 snapshots over a period of 140f, with
tho /uo.

Throughout the paper, we use the following top-hat definitions

uTh:/ udz, u?rhz/ uw’dz  and CTh:/ cdz, (4)
0 0 0

where w and ¢ are the mean streamwise velocity respectively the mean concentration,
computed averaging in wall-parallel planes.

To characterize the structure of the flows, in figure (b) the mean profile of the
streamwise velocity are normalized with the top hat definitions, showing a collapse on
a single curve for all flow cases in the outer layer of the flow. That is, although there are
fundamental differences between the gravity currents and the wall-jet, the structure
of the flows is similar. The mean profile of the scalar concentration is shown in figure
(c). Again, when normalized with the top hat definitions, the profiles collapse on a
single curve, although ¢ has a different physical interpretation in the stratified cases
as compared to the unstratified one. We note that the similarities of the flow structure
shown here are due to the fact that although the gravity currents presented here are
buoyancy driven, the turbulence characteristics are shear dependent [33].

The time evolution of the top-hat definitions is shown in figure[1fd-f). After an initial
transition, the current height h grows linearly for the gravity currents and h o £1/2 for
the wall-jet, while up is constant for the gravity currents and up o< t1/2 for Ri [46].
As Ri increases, h decreases while up increases. On the other hand, ¢y o< ! for the
gravity currents and e o ¢ /2 for the wall-jet, with ¢z increasing with decreasing
stratification.

2.2. OECSs eduction and TNTI identification

The identification method used in this work to extract vortical structures is based
on the so-called instantaneous vorticity deviation (IVD). The IVD is an observer-
independent scalar field that measures an intrinsic material rotation rate of fluid el-
ements [19]. Derived from a new dynamic version of the classic polar decomposition
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Figure 1. Schematic representation of the simulation setup (a). Vertical profiles of the mean streamwise
velocity (b) and mean concentration (c) for Ri0 (red), Rill (purple) and Ri22 (light blue). Time variation of
current height (c), top-hat velocity (d) and top-hat concentration (e).

[18], the IVD field is defined by

IVD(x,t) = |w(x,t) — w(t)] (5)

where w(x, t) is the vorticity vector and @(, t) is its spatial mean. In particular, the
1VD provides an observer-independent local angular velocity for each point of the fluid
mass and therefore, enables the identification of OECSs in an observer-independent
manner, as required for reproducible coherent structure extraction [I7]. Local maxima
of the IVD field identify the center of the OECSs, while the outermost almost con-
vex contour of the I'VD encircling a local maximum represents the boundary of the
structure. To contain the computational costs, we extract 2D OECSs from vertical
planes of 3D data. We use a criterion defined in Neamtu-Halic et al. [37] in which a
maximum of the VD field is selected only if the ratio between the two eigenvalues of
the Hessian of IVD at the location of IVD maxima is below a threshold. The rationale
behind this criterion is based on the fact that a 2D OECS in a slice results form the
intersection of the tubular structures with the plane itself. Since most of the dynamics
of tubular vortical structures happens in planes perpendicular to the center-line of
the structure, we select only structures that are perpendicular to the plane [37]. The
results presented throughout the paper corresponds to 120 < ¢ < 130.

To identify the position of the TNTI, we impose a threshold on the enstrophy field
w? = wiw; [22223)36/41]. Here, the threshold is selected as w3, = 1073w?, where w?
is the space average of the enstrophy. Following a criterion by Taveira et al. [43], the
threshold values were verified to lie within the interval of possible values in which there
is no appreciable variation of the volume fraction of the turbulent region with wfhr.
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Figure 2. (a) OECSs (red) and radial lines (dashed blu lines), with the scalar field in the background. Local
normal lines (yellow) to the TNTI (red open curve) and local approximately-normal lines (red dashed lines)
passing trough the center of an OECSs, with the enstrophy field in the background.

2.3. Radial profiles and conditional profiles.

We investigate the radial profiles inside the OECSs of the terms of the enstrophy
transport equation

Dw? dg,
Tt = 2wiwj5ij + vV . (Vw2) — 2vVw; : Vw; + 2€ijkWi8i‘]; (6)

where P> = 2w;w;S;; is the the enstrophy production, with S;; the rate of strain
tensor, D2 = vV - (Vw?) is the viscous diffusion of enstrophy, &,: = —2vVw; : Vw;
is the viscous dissipation term, B,z = 26ijkwi% is the baroclinic torque, and of the
scalar transport equation

Dc
D = DV - (Vc). (7)

In order to compute these profiles, for each selected structure we connect the center
of the structure with the points on the boundaries (figure ) with a segment and
interpolate the scalar terms of above on the points of the segment. The distance
from the center of the OECS is then normalized with the distance between the center
and the boundary R. Note that the material derivatives are computed from the terms
on the right hand side of .

In the TNTI proximity, average values of the terms in equations (@ and @ are
also computed conditioned with respect to the position of the TNTI. As consolidated
in the literature [7J31], these terms are computed along lines that are normal to the
TNTI itself, as schematically shown in figure (b), with the distance form the interface
normalized by the Kolmogorov length scale 7. Here the normal to the interface points
in the direction of the turbulent region. In a second set of results presented in this
work, we use a further condition. That is, we compute the conditional averages of
the quantities in equations @ and with respect to the TNTT along lines that are
approximately perpendicular (90° 4+ 30°) to the TNTI and passing through the center
of OECSs near the TNTI. A sketch of this concept is illustrated in figure [2(b). Also
in this case the origin is fixed at the TNTI position.
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Figure 3. PDFs of size of the OECSs (a) and of the position of their center (b). Mean streamwise (c) and
wall-normal (d) velocities at the center of the OECSs (continuous) against the mean velocity profiles (dashed)
for Ri0 (red), Rill (purple) and Ri22 (light blue).

3. Results

3.1. General description of coherent structures

In the following we provide a general description of the OECSs extracted from the three
flow cases. In figure a), we show the probability density function (PDF) of the size of
the structures D, normalized by the Kolmogorov length scale n = (1/6)1/ 4. To compute
D we fit an ellipse on the boundaries of the OECSs and calculate D as the mean value
between the minor and the major axes of the fitting ellipse. Note that the use of a
single single size to express the dimension of the OECSs is justified by the fact the
aspect ratio of the structures is not far from 1, with an average value of approximately
0.8. The PDF of the OECSs size shows a sharp increase from approximately 37 to
7n where it presents a maximum, to decrease more gradually up to 40n. As the Ri
number increases, there is no significant difference in terms of the size distribution of
the structures.

The position of the center of the structures normalized by the current height A
is shown in figure (b) For all flow cases, in the wall proximity, the PDFs grow
approximately linearly up to z/h =~ 0.15, where the PDF shows a peak. Interestingly,
this height corresponds to the position of the maximum of the mean stream-wise
velocity profile, which means that this region is a particularly active region for the
formation of coherent flow structures. From the maximum towards larger wall distance,
a different behaviour can be noticed for the unstratified case compared to the stratified
ones. For Ri0, the PDF decreases monotonically towards the outer region of the current
at z/h =~ 1.5. Conversely, for the gravity currents, the PDFs show a second peak in
the center of the mixing layer region at about z/h = 0.7. The two peaks of the PDFs
of the gravity currents indicate that two different population of OECSs are present
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Figure 4. JPDFs of the spanwise component of the vorticity at the center of the OECSs and the position of
their center (a), respectively their size (b) for Rill flow case.

in the flow. As discussed in [46], the turbulence production is zero at the velocity
maximum, implying that the boundary layer becomes ‘decoupled’ from the outer layer.
This is corroborated in figure [T] by the increasing concentration difference between the
boundary layer and outer layer with increasing stratification.

The mean streamwise and wall-normal velocity profiles built with the velocities at
the center of the structures are shown in figure[3{c) and (d). For a comparison, we show
also the unconditioned mean velocity profiles. As shown in figure (c), the structures
follow the mean flow for z/h < 0.5, while they are on average somewhat faster than
the mean flow in the streamwise direction near the outer region of the current. This is
consistent with the behaviour in the wall-normal direction. For z/h > 0.5, the OECSs
tend, on average, to move upwards. This means that they move from a region with a
higher streamwise velocity to a region with a lower one, which makes them faster than
the mean flow. Note that the upward movement of the OECSs is consistent with the
growth in time of the current depth in the temporal problem. Since the structures are
identified uniquely in the turbulent region, they tend to move away from the wall as the
current depth grows in time. Since the vertical movement of the fluid is suppressed
by stable stratification [13J44], this effect is less pronounced as Ri increases. This
average movement away from the wall of vortical fluid does not violate conservation
of mass as non-turbulent fluid moves on average inward. That is, due to the external
intermittency of these flows, the turbulent fraction moves on average outwards, while
the non-turbulent fraction move inward. Conversely, the unconditioned vertical mean
velocity is zero everywhere.

In the following, we display the spanwise component of the vorticity w, at the center
of the structures. We present results for Rill flow case; however qualitatively similar
results can be found for the other flow cases (not shown). A joint PDF (JPDF) of
wy and of the position of the center of the structures is shown in figure [f(a). Two
distinctive elongated zones of high probability can be observed. Both zones have a
peak at about z/h = 0.7, but they have opposite signs of the vorticity component.
That is, the structures in this region possess either a clockwise and an anticlockwise
rotations. As the outer-shape of the JPDF suggests, on average the structures tend to
rotate in the counterclockwise direction (negative w,) in the outer and in the mixing-
layer region while they tend to rotate in the clockwise direction (positive wy) in the
near-wall region, which is consistent with the sign of the mean velocity gradient in
these regions.
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Figure 5. Radial profiles of the enstrophy (a) and of the scalar (b) and of the terms in transport equation of
enstrophy (c), respectively of the scalar (d). Increasing thickness and transparency of the lines corresponds to
increasing Ri.

The joint PDF of w, at the center of the structures with respect to their size is shown
in figure (b) While the two probability peaks of w, of opposite sign are positioned at
about 51, the highest vorticity is associated with structures with a size of ~ 8 — 10n.

3.2. Radial profiles of the terms of enstrophy and scalar transport
equations

In this section, we present results for the radial profiles of the terms of the enstrophy
and concentration transport equations. As explained in section in these profiles the
distance form the center of the OECSs is normalized with the distance R between the
center of the structures and their boundaries.

In figure [5], we show the radial profiles averaged over all the structures in the flow.
Figure a) shows that the profile of the enstrophy has a bell shape with a maximum
at the center of the structure, followed by a sharp decrease towards the boundary
at 7/R = 1, reaching the unconditioned average value outside the boundaries of the
structure at /R = 2. The shape of the enstrophy profile is fundamental to understand
how the OECSs are sustained, in that it results from a balance of inertial and viscous
effects as shown below. As Ri increases, the profile flattens. This is not unexpected
given the smaller magnitude of the vorticity in the whole flow with decreasing strat-
ification. In figure [5[b), we also show the radial profile of the scalar normalized with
the value at the center of the structures ¢o. The radial profile of ¢/cy shows a similar
profile as the enstrophy, although much less steep since it decreases only by a few per
cent over the same span.

In figure (c), the radial profile of the terms in the enstrophy transport equation
are shown. The production term P, is positive with a maximum at the center of the
structure and it decreases sharply towards the boundary. This is in agreement with
the well-known vortex stretching mechanism, in which the enstrophy is on average
produced by the interaction between vorticity w and rate of strain S;;. Note that P,
has a maximum at the center of the OECSs which is consistent with the radial profile
of w? shown in figure (a). The viscous diffusion of the enstrophy D, is negative
inside the boundaries of the structure and changes sign outside the boundaries. This
means that the enstrophy inside the OCESs is diffused through the boundaries of the
structures to the surrounding flow. Note that the trend of D, is also consistent with
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the radial profile of w?, which shows a negative curvature for /R < 1 and a positive
one for r/R > 1. The viscous dissipation of the enstrophy &,2 is negative everywhere
with a minimum (in magnitude) coinciding with the center of the structures. This is
again expected based on the radial profile of w?, which shows little variation in the
proximity of /R = 0, while it has a sharper decrease towards the boundaries. It is
important to note that this view holds for little variation of enstrophy in the axial
direction, that is for vortical structures with an elongated shape. In [36], we showed
that 2D OECSs in vertical planes results as the intersection of tubular structures with
the plane itself, justifying thereby our perspective.

The radial profile of the baroclinc torque B,: shows that this term is negligible in
comparison with the other terms. This means that on average, B, has no relevant
impact on the enstrophy transport for OECSs. The sum of all the terms, the material
derivative of the enstrophy, shows a negative value inside the OECSs with a minimum
at r/R = 0, reaching an unconditioned negligible value outside the OECSs. The fact
that Dw?/Dt is negative inside the boundaries of the OECSs means that on average
the structures decrease their enstrophy content over their evolution. In particular, it is
the negative viscous diffusion of enstrophy in addition to enstrophy dissipation inside
the OECSs, which is only partially balanced by the enstrophy production, that causes
the decrease of w? over time. As stratification increases, all the terms of the enstrophy
transport equation increase in magnitude, which is consistent with the increase of the
mean enstrophy at the center of the OECSs with increasing stratification.

In figure 5| (d), we show the radial profiles of the terms of the transport equation
for the concentration. The diffusion of the concentration DV - (Vc) is positive inside
the structure which means that the concentration decreases in magnitude. Note that
this is also consistent with the radial profile of the concentration (figure [5| b) which
shows a strong positive curvature at /R = 0.5 that decreases towards the boundaries.
Moreover, as Ri increases, the diffusion is damped.

In the following we display the same profiles shown in figure [5| conditioned with
respect to the distance of the center of structures from the wall. We selected three
regions: a near-wall region (z/h < 0.3), a region where the mean shear is constant
(0.3 < z/h < 1.2) and a region near the outer boundary of the current (z/h > 1.2). In
figure |§| (c), the profiles of the terms in the enstrophy transport equation show a similar
behaviour to the ones presented in figure (c), although with a different magnitude.
They are more intense in the near-all region and decrease with increasing distance
from the wall. This is in agreement with the radial profiles of enstrophy (figure [6h),
which show more intense values in the near-wall region. Indeed, as observed above,
the intensity of mean velocity gradient is maximum near the wall (z/h < 0.15), it
decreases in the mixing layer (0.3 < z/h < 1.2) and it is minimum in the outer region.
Differently, the radial profile of the scalar diffusion is more intense in the outer region
and is minimum in the region between 0.3 < z/h < 1.2 (figure [6}d).

The radial profiles of the terms of enstrophy and scalar transport equation condi-
tioned with respect to the size of the structures are shown in figure[7} The limits of the
intervals in which the OECSs are grouped are the following: D/n < 4.5,4.5 < D/n < 8,
8 < D/n <12 and D/n > 12. In figure [f|(a), we show the radial profiles of the enstro-
phy. The enstrohy at the center of OECSs increase with the size of the structures to
reach a maximum for 8 < D/n < 12, to then decrease again for D/n > 12. The average
size of former interval is 107, which is the average size of the most intense vortical
structures in this work and observed by others [6l28]. The profiles of the terms of the
enstrophy transport equation follow a similar trend in which the most ”active” OECSs
are those in the interval 8 < D/n < 12 (figure [7| c). These OECSs are also the more
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wall. The thickness and the transparency of the curves increase with the distance from the wall as indicated
in the text.
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Figure 7. Radial profiles of the enstrophy (a) and of the scalar (b) and of the terms in budget equation of
enstrophy (c) and of the scalar (d) for Rill conditioned with respect to the size of the OECSs. The thickness
and the transparency of the curves increase with increasing size of the structures, which are divided in the
following groups: D/n < 4.5, 4.5 < D/n < 8,8 < D/n <12 and D/n > 12.

stable structures, in that they present a minimum of Dw?/Dt. A different trend can
be observed for the scalar diffusion. The radial profiles of the scalar transport equation
show that the magnitude of the scalar molecular diffusion decreases with increasing
size of the structures (ﬁgurem d). At first sight, this result seems to be in contradiction
with the curvature of the radial profiles of the scalar (figure [7] b). However, note that
while the radial profiles are normalized with R, the curvature of the profile it is not.
That is, a match between the profile of the scalar and the magnitude of the scalar
molecular diffusion cannot be expected. The results are qualitatively similar for R:0
and Ri22 (not shown).

3.3. Impact of coherent structures on the enstrophy and concentration
transport near the TNTI

In the following, we investigate the impact of the OECS on the terms of the enstrophy
and scalar transport terms conditioned with respect to the TNTT position. The normal
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Figure 8. Conditional average of the enstrophy (a) and of the terms in the enstrophy transport equation (b)
with respect to the TNTI position. Conditional average of the enstrophy (c) and of the terms in the enstrophy
transport equation (d) with respect to the presence of an OECS near the TNTI position. The thickness and
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distance z from the TNTI is normalized by the Kolmogorov length scale 1 as it is
common in the literature [7)31/41] and the normal to the interface is oriented in the
turbulent direction such that Z/n is positive inside the turbulent region and negative
outside.

In figure 8| (a), we show the conditional average of the enstrophy with respect to
the TNTI position. The enstrophy has the typical profile described in the literature,
with a sharp increase between Z/n = 0 and Z/n &~ 10. As the stratification increases
this jump is less sharp.

The conditional average profiles across the TNTI of the terms of the enstrophy
transport equation are shown in figure |8l The profiles present the typical shape de-
scribed in the literature with the presence of three distinct regions. Near the TNTT,
the vortex-stretching is negligible and the enstrophy increases due to viscous diffusion.
This region, also known as the viscous superlayer (VSL), extends to Z/n ~ 4 where
viscous diffusion is maximal. Further inside the turbulent region, the vortex stretching
term increases and dominates the enstrophy growth, reaching a maximum at about
Z/m =~ 11, where the viscous diffusion shows a minimum, while the dissipation term
shows an inflection. The region between Z/n =~ 4 and Z/n ~ 11 is known as the turbu-
lent sublayer (TSL). Form here onwards, the viscous diffusion becomes negligible and
the vortex stretching is balanced by the viscous dissipation. This region is known as
the turbulent core (TC). As also shown by [31], at these Ri the baroclinic torque is
negligible near the TNTI.

In the recent literature [51], it has been inferred that the typical shape of the
profiles of the enstrophy transport equation terms across the interface is compatible
with the presence of vortical structures at about Z/n ~ 9. This distance was obtained
by Watanabe et al. [51], as the sum between the radius D/2 = 571 of a Burger vortex
modelling IVSs and the average size &, =~ 47 of the VSL. By superimposing the profiles
of enstrophy transport equation terms conditioned with respect to the TNTI to those
from the model, they observed a reasonable agreement. To test if the TNTI profiles
are compatible with the presence of coherent structures, in figure |8 (d), we show
the same conditional analysis presented above, this time conditioned with respect to
the presence of an OECS. All the terms of the enstrophy transport equation exhibit
the same trends shown in figure (c) although with a different magnitude. Note the
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different vertical axis limits in figures[§|(c) and [§[(d). In particular, in the VSL and the
TSL, all the terms are magnified up to one order of magnitude with respect to the
levels when conditioned on the TNTT only. The shape of the profiles shown in figure
(d) is consistent with the radial profiles of a coherent structure positioned at a mean
distance of Z/n ~ 11. This is further supported by figure[§|(b), in which we display the
conditioned profile of the enstrophy with respect to the TN'TI position and the presence
of the OECSs. The enstrophy profiles have a peak at about Z/n ~ 11. As shown in
[51], this position is close to the center of the most dominant vortical structures in the
proximity of the TNTI. As the stratification increases, the peak position is slightly
farther form the TNTI, which indicates that on average the OECSs are more distant
form the TNTI. The results presented here clearly indicate that a large amount of the
intensity of the enstrophy transport equation terms near the TNTI is attributable to
the OECSs in the interface proximity.

The same analysis conducted above is reproduced for the transport equation of the
scalar. Figure |§|(a) shows that the scalar increases sharply from the non-turbulent to
the turbulent side, which is steeper in the presence of OECSs (ﬁgure@b). That is, given
that OECSs contain a higher scalar concentration as compared to the background,
they also enhance the gradient of the scalar in the proximity of the TNTI. As the
stratification increases, the concentration jump is less sharp. The conditional average
of the scalar diffusion is shown in figure[J] (c). Notably, DV - (Vc¢) is negative in the TC
and positive in the TSL. It then changes sign and it shows a positive peak in the VSL.
This means that DV - (Vc) transports scalar from the TC to the outer fringes of the
TNTI. Compatible with the curvature of the scalar profile, this is most effective for the
unstratified case when compared to the gravity currents. By conditioning the profile
of DV - (V) with respect to the presence of an OECS, it can be seen that magnitude
of the positive and negative peaks near the interface are approximately twice as high.
This shows that the OECSs contribute to enhance the scalar diffusion near TNTI.

4. Summary and conclusions
We investigated the role of vortical structures on the transport of the enstrophy and

of the scalar concentration. To educe vortical structures we employed an objective
Eulerian coherent structures (OECSs) extraction method based on the instantaneous
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vorticity deviation field (IVD).

We showed that high levels of enstrophy can be found within the boundaries of
the OECSs. In particular, we showed that the radial profile of the enstrophy has a
shape that is reminiscent of a half-Gaussian curve with a maximum at the center of
the OECS followed by a sharp decrease towards the boundaries. For highly stable
vortical structures, as in the case of the worms investigated by [6l28] the radial profile
of enstrophy has been shown to be Gaussian. In their work, Jiménez et al. [28] identify
these worms as regions of space that possess the highest vorticity in the flow (1% of of
the total volume). In our approach, even though the vortical structures are identified
through a different extraction method that is independent of the vorticity magnitude,
the results are very similar to those of Jiménez et al. [2§].

The shape of the radial profile of the enstrophy is crucial to understand the time
evolution of OECSs, in that it is at the base of the various terms of the enstrophy
transport equation. The shape of the stretching and of the viscous diffusion terms are
similar to those described in the literature for IVSs [28§], in which viscous diffusion of
enstrophy is balanced by the vortex stretching. While in the previous literature these
terms were only inferred based on a fitting to the Burgers model [6I28], here these
terms were computed directly from the flow fields. Moreover, contrary to the Burgers
model, we showed that the viscous dissipation of enstrophy is not negligible. We also
found that Dw? /Dt is on average negative inside the OECSs. This can be explained in
terms of vertical movement of the OECSs. By moving upwards, the structures carry
enstrophy towards the outer layer of the current where on average enstrophy produc-
tion cannot sustain the combined effect of viscous diffusion and destruction. As Ri
increases, the depth of the current is lower and the mean vorticity is higher. This is
reflected on the OECSs enstrophy content which is higher for higher Ri. As a conse-
quence, both the radial gradient and the radial curvature of enstrophy are higher and
thus the magnitude of terms of the enstrophy transport equation is stronger. Impor-
tantly, we observed that for the gravity currents, the baroclinic torque is negligible in
comparison to the other terms of the enstrophy equation.

By investigating the radial profile of the scalar, we showed that it resembles that of
the enstrophy except that it is flatter. This means that, the OECSs on average carry a
slightly higher scalar concentration compared with the background fluid. This can be
explained in terms of material barriers. Since, on average, OECSs move upwards (figure
and thus towards regions with a lower average concentration, a higher content of
the scalar is expected within their boundaries as compared to the fluid around them.
As the stratification increases, the radial profile of the scalar is less steep. This may,
at first sight, be counter intuitive as c is a passive scalar for Ri0, while it is an active
one for Rill and Ri22. In the gravity currents, fluid parcels that possess a higher
concentration are lighter and thus one might expect that these lighter parcels migrate
towards the center of the OECSs due to centrifugal effects, which should result in a
steeper radial profile as compared to Ri0. The apparent contradiction may be again
explained by vertical movement of the OECSs. Since the structures move on average
away from the wall faster in the unstratified case and traverse a steeper concentration
gradient, higher differences between the concentration at the center of the OECSs and
the surrounding fluid are seen for Ri0 as compared to Ri1l and Ri22.Consistent with
the radial profiles of concentration (i.e. their curvature), we also observed that the
diffusion of the concentration is positive inside the boundaries of the OECSs, that is,
these structures contribute to redistribute the scalar across their boundaries.

Conditioning on the wall-normal position of OECSs center, we observed that the
structures near the wall are the most active ones in terms of enstrophy transport. This
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is not unexpected given the highest gradient of the mean flow in this region. However,
a difference we show is that the scalar diffusion is maximum in the outer region. This
region corresponds to the maximum upward average velocity of the OECSs, which
lends further support to the view that the scalar diffusion is connected to the vertical
movement of the structures away from the wall.

The effect of vortical structures on the typical profiles of the enstrophy transport
equation conditioned with respect to the TNTI position was investigated by further
conditioning the analysis to the presence of OECSs. We showed that with this further
condition, the intensity of the terms in the enstrophy transport equation can be one
order of magnitude higher. This means that the shape of these profiles across the TNTI
might be attributable to vortical structures near the interface. Recently, Watanabe
et al. [51] used a stable Burgers vortex positioned at approximately 91 form TNTI
to reconstruct relatively well the vortex-stretching and the viscous diffusion profiles
across the TNTI. However, in their model the viscous dissipation of enstrophy and
the effect of the baroclinic torque are missing. As a difference, with their model we
used conditional analysis to assess the impact of the OECSs on all the terms of the
enstrophy transport equation near the TNTI. We confirmed their findings related
to the vortex-stretching and the viscous diffusion of enstrophy profiles, even though
the profiles are compatible with an OECSs positioned a little farther away from the
TNTI, i.e. at approximately 11n. This difference may be related to the fact that
their Burgers vortex models IVSs, while we employed OECSs that have a different
size compared to IVSs. We also showed that while OECSs have no significant impact
on the baroclinic torque which remains small in magnitude compared to the other
terms, their footprint on the viscous dissipation is not negligible. This means that
the model proposed by [51] could be improved by further taking in account role of
vortical structure on the viscous dissipation of enstrophy. Furthermore, compatible
with the observations of previous literature [31J47], as the stratification increases, the
magnitude of the enstrophy transport equation terms decreases, that is, the OECSs
are less ’active’ and entrainment process is less effective.

We showed that similar considerations made for the enstrophy transport equation
also hold for the scalar transport equation. When the profiles computed by condi-
tioning to the TNTI position are further conditioned to the presence of OECSs, their
magnitude is approximately double. Therefore, the OECSs also play an important role
on the diffusion of the scalar across the TNTI by maintaining a steep concentration
profile of the scalar.

The methodology used in this work to describe the enstrophy dynamics inside
OECSs can be easily extended to other flows. It would be useful to understand if
some characteristics of OECSs educed from the flows investigated here share common
features with OECSs in other flows. We expect that for free shear flows such as wakes
and jets or flows with weak unstable stratification such as turbulent convections in
which the baroclinic torque has a weak influence on the enstrophy transport [21],
the enstrophy dynamics of OECSs may be similar to that described here. When
the baroclinic torque starts to acquire importance with respect to the other terms
of the enstrophy transport equation, as in the case of turbulent plumes [32], the
analysis introduced here can be replicated to understand how this term affects the
enstrophy dynamics of OECSs and how it impacts enstrophy, scalar transport and
the entrainment process near the TNTI.
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