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Abstract. In this paper, we show an approximation in law, in the space of continuous
functions on [0, 1]%, of two-parameter Gaussian processes that can be represented as a
Wiener type integral by processes constructed from processes that converge to the Brownian
sheet. As an application, we obtain a sequence of processes constructed from a Lévy sheet
that converges in law towards the fractional Brownian sheet.
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1. Introduction

A Brownian sheet B = {Bs;;(s,t) € [0,1]%} is a zero mean real continuous Gaus-
sian process with covariance function E[Bs, i, Bs,t,] = (51 A 82)(t1 A t2) for any

(Sla t1)7 (SQa t2) € [0, 1]2
Let us consider a family of random kernels 6,, such that the processes

t s
Cn(s,t) :/ / 0. (x,y)dxdy, (s,t) €0,1] x [0,1],
o Jo
converge in law in the space of continuous functions C([0, 1]2), with its usual topology,

to the Brownian sheet. Our aim is to give sufficient conditions on the family 6,, and
on a couple of deterministic kernels K; and K5 to ensure that the processes

11
X, (s.) = / Ky (5, w) Ko (t, 0)0n (u, v)dudy, (1)
0o Jo
converge in law in C([0,1]?) to the process
11
whphe = / / K1(s,u)Ka(t,v)dBy.. (2)
0o Jo
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As an example, we obtain the convergence to the fractional Brownian sheet
of a family defined using random kernels based on a Lévy sheet. In Section 5, the
reader can find the definition of the fractional Brownian sheet and the corresponding
expressions of the kernels K and Ks.

Compared with the previous literature, our result generalizes widely the family
of random kernels used in the construction of the approximating processes. By
clearly distinguishing the essential properties needed by the kernels to obtain the
convergence, we are able to extend the approximations that have been known so far
only by using Poisson process (see [4]) to Lévy processes.

The proces WE-E2 — {VV;?’KQ7 (s,t) €0, 1]2} given by (2) is characterized by
the fact that it is centered, Gaussian and its covariance function factorizes in the
following way:

[Wffl;QKQWKl K2 = </ Ki(si,u)K;(s, u)du>

51,52

There are several papers in the literature dealing with the weak convergence to
the fractional Brownian motion. In [7, 9, 10] the authors built up the approximations
using Poisson processes, while in [11], the approximation sequence is based on a Lévy
process.

On the other hand, in [3], it is proved that the family of processes

//ﬁ NWne 1) qody,  n € N,

where {N(z,y), (z,y) € R2} is a standard Poisson process in the plane, converges
in law in C([0,1]?) to an ordinary Brownian sheet. Using this result, in [4], the
authors show that the sequence

t s
n/ / K1 (s,u) Ko (t, v)y/uv(—=1) NV gy gy,
0o Jo

converges in law to the process W¥1:£2 defined in (2). Actually, this convergence is
a particular case of our Theorem 1 since the kernels 69 (z,y) = n\/xiy(—l)N(\/M"/ﬁy)
will satisfy our hypothesis (see Section 2).

The result of [3] is generalized in [5]. The authors consider {L(z,y); =,y > 0} a
Lévy sheet with Lévy exponent U(¢) := a(€) +ib(§), £ € R. Given 6 € (0,27) such
that a(0)a(20) # 0, for any n € N and (s,t) € [0,1]2, they define

Cnls,t) = nNa/O /0 V@Y {cos(0L(Vnz, ny)) +isin(0L(v/nx, vny)) }dady,

where the constant Ny is given by
1 a(9)? + b(0)? 3)
v2ooa0)

Then they prove that, as n tends to infinity, ¢, converges in law, in the space
of complex-valued continuous functions C([0, 1]%; C), to a complex Brownian sheet.

Ny =
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That is, the real part and the imaginary part converge to two independent Brownian
sheets.
In our paper, we show that the random kernels presented in [5], that is,

0 (x,y) = nNy\/zy cos(0L(y/nz, /ny)

and
62 (2, y) = nNpy/@ysin(OL (v, v/ny)

satisfy the set of conditions in Section 2. Thus, they can also be used to construct
approximations to the fractional Brownian sheet.

Actually, we will present two sets of conditions (H1) and (H1’) on the determinis-
tic kernels K3 and Ko. (H1) is satisfied for the kernels that can be used to define the
fractional Brownian sheet with a parameter greater than % while the kernels used to
define the fractional Brownian sheet with a parameter less than or equal to % satisfy
only hypothesis (H1’) that is weaker than (H1). Moreover, deterministic kernels that
satisfy only (H1’) need random kernels 6,, that satisfy an extra hypothesis (H4), that
also depends on the properties of deterministic kernels.

We have organized the paper as follows: Section 2 is devoted to the sets of
hypotheses for the deterministic kernels K; and K5 and for random kernels 6,,. In
Section 3, we prove our main result that under the hypothesis presented in the
previous section we can obtain weak convergence. In Section 4, we prove that the
kernels 61 and 6?2 satisfy the set of hypotheses, and, finally, in Section 5, we give
some examples to which our result applies, pointing out the case of the fractional
Brownian sheet.

Along the paper we will consider two probability spaces. On the one hand, we will
consider a probability space (2, F, P), where we have defined the approximating
processes, and another probability space (Q, F, ]5), where we have defined the limit
processes. The mathematical expectation of these probability spaces will be denoted
by F and E, respectively.

The multiplicative constants that appear along the paper are denoted with cap-
ital letters. They may vary from one expression to another. We only specify the
parameters on which they depend when this dependence is important for the bounds.

2. Hypothesis

Since our aim is to study convergence in law to a Gaussian process

1 1
Wit = [ [ Kot o),
0 0

where B is a standard Brownian sheet and K; and K> are deterministic kernels,
we need to fix the conditions that will satisfy K; and K3 and allow us to get the
convergence to a fractional Brownian sheet. We consider two sets of hypotheses on
K, and K, that we recall from [3]:
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(H1)

(i) For ¢ = 1,2, K; is measurable and K;(0,7) = 0 for all » € [0,1] almost
everywhere.

(ii) For i = 1,2, there exists an increasing continuous function G; : [0,1] —
R and o; > 1 such that forall 0 < s < s’ <1,

1
/0 (K;(s',7) — Ki(s,7))° dr < (Gy(s") — Gi(s))™ .

(HL)

(i) For i = 1,2, K; is measurable and K;(0,7) = 0 for all » € [0, 1] almost
everywhere.

(ii") For i = 1,2, there exists an increasing continuous function G; : [0,1] —
R and 0 < p; < 1 such that for all 0 < s < s’ <1,

A(&Wﬂ—m@ﬂﬂ#g&&%GwWﬂ

(iii) For i = 1,2, there exist constants M; > 0 and f; > 0 such that for all
0<s<s <land0<sy<s;<1,

So
/ (Ki(s',7) — K;(s,7))" dr < M(sp — o).
S0

Remark 1. Clearly, condition (ii) implies condition (ii’). Condition (iii) is added
in order to obtain tightness under the weak condition (ii’) (see Theorem 1).

For instance, the deterministic kernels associated to a fractional Brownian sheet
with Hurst parameter H > % satisfy (ii), while when H < %, the deterministic
kernels satisfy (ii’) and (iii).

On the other hand, to build the approximation sequence X,, given by (1), we
deal with a set of kernels ,, € L>°([0,1]?). We consider the following hypotheses on
these kernels:

(H2) The processes

%@ﬂ=AA%WwWW,SMEMHXMH

converge in law in C([0,1]?), as n tends to infinity, to the Brownian sheet.

(H3) For any f, g € L?([0,1])

2
E (/ f(x)g(y)an(%y)dl“dy) <C f(z)%g(y)*dady.
[0,1]2

[0,1]2
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Finally, under (H1’) we need another hypothesis on the kernels 6,,. Notice that
this hypothesis (H4) will also depend on the properties of K7 and K>. We need
first to introduce some notation. Given a real function X defined on Rf_, and
(s,t),(s',t') € R2 such that s < ¢’ and ¢t < ¢/, we denote by A, ;X(s',t') the
increment of X over the rectangle ((s,t), (s',t')], that is

A X(s', )= X(s',t') = X(s',t) — X(s,t") + X (s,1).

When we consider an increment of the processes defined in (1), we have that

Ay X, (s 1) = /[ U6~ K5, ) Ut ) = Kol ),y
0,1]2
= AO,OYn(la 1)7

where the process Y;,, that depends on s,t,s", ¢, K1 and Kj, is defined by

Yalsoto) = [ (K1 (', 2)— K1 (5, 2)) (K (¢, )~ Ko (t,9))0n (2, ) ddy. (4)
[0,s0]%[0,%0]

Now, we can state (H4) when (H1’) holds:

(H4) Consider the processes Y;, defined in (4). For any 0 < s¢ < s, < 2So,

0 < tg < t{ < 2ty there exists an even number m > m such that

mpo

E Ayt Yo (5, 1)) <Crnpt (G1(5") = Gi(s)) © (Ga(t') — Ga(t))
x [(sg — s0)(to — to)]™" (5)

where 7 is a parameter belonging to the interval (0,1) (that will only depend
on fq and fB2) and the constant C,, as depends only on m, M; and My.

Remark 2. Notice that under (H1) or (H1’) the processes X,, are continuous. In-
deed, for all0 < s < s <1,0<t <t <1 using condition (ii’) on hypothesis (H1)
we have that

™
o3

180X (5, )] < 00lloo (G1(5) = G1(5)) F (Gal#) — Ga(t)

where G1 and Gy are continuous functions.

3. Convergence in law to two-parameter Gaussian processes
In this section, we present our main result. It states as follows:

Theorem 1. Assume one of the following sets of hypotheses:

(J1) K; and Ko satisfy (H1) and the kernels 6, satisfy (H2) and (H3)

(J2) K; and K5 satisfy (H1’), the kernels 0,, satisfy (H2) and (H3) and, all together,
they satisfy (H4).
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Then, the laws of the processes {X,(s,t), (s,t) € [0,1)*}, given by (1), converge
weakly to the law of {WS{?’KZ, (s,t) € [0,1]%}, given by (2), in C([0,1]?), when n
goes to infinity.

Before the proof, we need to recall a technical lemma from [4] (see Lemma 3.2
therein), that will be useful for our computations.

Lemma 1. Let Z = {Z, ,; (u,v) € [0,1]?} be a continuous process. Assume that
for a fixed even m € N and some 1,02 € (0,1) there exists a constant Q@ > 0 such
that

E(AuoZW 0" < QU —u)™ (v — v)™o

forany 0 < u < v <2u, 0 <v<v <2v. Then, there exists a constant C that
depends only on m, §; and do such that

E(Ay Z(u o)™ <CQ (W — u)™0 (v — v)™2
forany0<u<u <1,0<v < <1.

Proof of Theorem 1. We will prove the convergence in law checking the tight-
ness of the family of laws of the family {X,,} and identifying the limit using the
convergence of finite dimensional distributions.

This structure of the proof is similar to those in [3] and [4] to obtain the con-
vergence. Nevertheless, we present a general version. [3] and [4] deal with specific
kernels 6,, constructed from a Poisson process, and therefore some computations
could be made directly. In our case, we can only use the bounds given by hypothe-
ses (H3) and (H4). As we will see in Section 4, these hypotheses are satisfied not
only by the kernels constructed from a Poisson process but also by those constructed
from Lévy processes.

We first prove the tightness. Using the criterion given by Bickel and Wichura
in [6] and that our processes are null on the axes, it suffices to show that for some
m > 2 there exist two constants, C' > 0 and n > 1, and two increasing continuous
functions, G; and Ga, such that

sup B (A1 Xn (s, )] < C[(C1(5) = G1(9) (Ca(t)) = G2 ()", (6)

forany 0<s<s <1,0<t<t' <1.
Under the set of conditions (J1), using condition (ii) of (H1) and (H3) we have
that

E [AS,tXn(s'7t’)]2 =F (/[0 1](2K1(s'7x)—Kl(s,x))(Kg(t',y)—Kg(t, y))en(%y)d;vdy)

< C 0,1] (Kl(s/ux) - Kl(S,I))Q(KQ(t/7y) - K2(t7y))2d$dy
0,1]2

< C(Gi(s') — Gi(s)™ (Ga(t') — Ga(t)™,

where o and ao are greater than 1. So, choosing n = min{ay, a2}, (6) holds.
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Under the set of conditions (J2) we will see that for m >
and forall0<s<s <1,0<t <t <1,

7min{:§1,p2} given in (H4)

mpq mpo

sup B [As X (s, )] < C(G1(s") = Gal)) T (Galt') = Galt) T,

where C' is a constant that does not depend on n. Indeed,

E[Ay Xn(s,t)"= E / (Ko (s, 2)— K (5, 2)) (Kot ) — Ko (t, 1))0n (2, y)dady

[0,1]2
= E[Ao,oYn(1,1)]",

where the process Y;, was defined in (4). By Lemma 1 it suffices to check that for
any 0 < sg < s( < 280, 0 < tg <t < 2t

E Dt Yn(s0:10)]™ < L{(sh — s0)(tg —to)]™"

where L = C (G1(s') — Gl(s))% (Ga(t) — Gg(t))% and it is true by hypothesis
(H4). So (6) holds easily.

We proceed now with the identification of the limit law. We will prove the con-
vergence of finite dimensional distributions of the processes X,, to those of W15z,
For fixed k € N, consider ay,...,a; € R and (s1,t1),..., (sk, tx) € [0,1]%2. We must
see that the random variables

k
Z%‘Xn(é’j,tj) (7)

converge in law, as n tends to infinity, to

k
> a WK (s, 15). (8)

j=1

Actually, we will prove the convergence of the characteristic functions.

For any j, consider a sequence {77} of elementary functions converging in
L%([0,1]), as £ tends to infinity, to K;(s;,-). In the same way, take a sequence {p?*}
of elementary functions tending in L?([0,1]) to K2(tj,+). Then, we can introduce
random variables

Xt =/[ | V@) () O (, y) ddy,
0,1]2

and

X7t = /[0 . V(@) " (y)d By

Then, for any A € R we can bound the difference between characteristic functions



138 X. BARDINA AND C. ROVIRA
of (7) and (8) by
’E [euzj ajxn<sj,tj)} _E [e“zj ajWKI,KQ(Sjytj)} ‘
<|E {ei)‘ >, ai Xn(s55t5) _ gAY, %'XZ:Z} ‘
+’E {ev\ >, anf;,’[:| ) [em 5, a].Xj,e}

+’E {ez’AEj a; X7t eiAZiajWKl’Kz(Si’tj)} ‘

= S1ne+Sone+ Ss0. (9)
We study first S ,¢. By the mean value theorem

Sl,n,f < CmaX{E|Xn(5j’tj) _ X7]l7€|}
J

Each one of the expectations appearing in the last maximum can be bounded as
follows:

E| X, (sj,t;) — X"

E‘ [ ]Kl(sj,x)Kz(tj,y)9n(x7y)dmdy—/[ }W’Z(w)ﬂ"’@(y)ﬁn(%y)dwdy
0,1]2 0,1]2

<E| [ Kis2)(0" @) - Kalty, )60 (a)dndy)
0,1]2

+E| [ P () (K1 (3, 2) = 47 (2))0n (w0, y)dady

0,12

< c( dewmfd:”) </ (P (y) - Kz(tj,y))zdy>
[0,1] [0,1]

j,[ 2 S;. X)) — j’e X 2 X
o (/{O’H@ ) dy> (/{O’H<K1<J, ) <>>d>,

where in the last inequality we have used hypothesis (H3). Since {77‘} and {p’}
converge in L2([0, 1]), as ¢ tends to infinity, to K;(s;,-) and Ka(t;, ), respectively, if
{ is big enough, this last expression can be made arbitrarily small. That is, for any
g > 0, there exists £y big enough such that for any £ > ¢,

sup |S1 ne| <e. (10)

We deal now with S5 ,, 0. Since the functions 77* and p?* are elementary func-
tions, the random variables X/»* are linear combinations of increments of the pro-
cess (n(s,t) defined in (H2). Due to (H2), the laws of these last processes converge
weakly, in C([0, 1]?), to the law of the Brownian sheet. Then, the linear combinations
of the increments of (,, will converge in law to the same linear combinations of the
increments of the Brownian sheet, that is, to X7, So, for fixed ¢ € N,

lim Sy, =0. (11)
n—oo
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Finally, we consider S3,. Applying the mean value theorem as in the study of
S1,n,¢ and using the isometry of the stochastic integral, we can write

S0 < Cmax{E|X* — WK (s 1)}
J

= Cm]aX{E\ o [V () (y) — Ko (55, 2) Ka(t5,9))d By |}
0,1]2

2

J

< C'max (/ (Y (@)™ (y) - Kl(sj,x)Kz(tpy))zdwdy)
[0.1]2

This last norm in L2([0, 1]?) tends to zero as £ tends to infinity. That is

lim S5, = 0. (12)
£— o0
Putting together (9), (10), (11) and (12) we finish the proof. O

4. Kernels defined from a Lévy sheet

In this section, we will prove that the kernels defined from a Lévy sheet introduced
in [5] satisfy our hypothesis.

Remark 3. In [3], it is proved that if we consider the kernels

where {N(z,y), (z,y) € RZ} is a standard Poisson process, then the corresponding
processes {(n(s,t), (s,t) € [0,1]x[0,1]} converge in law in C([0,1])?) to the Brownian
sheet. So, hypothesis (H2) is verified. Moreover, hypothesis (H3) corresponds to
Lemma 3.1 in [4], and (H4) is checked for deterministic kernels satisfying (H1’) in
the proof of Lemma 3.3 in [4]. Thus, the kernels 00 satisfy hypotheses (H2), (H3)
and (H4).

Let us recall some notation and definitions of Lévy sheets. If @ is a rectangle in
Ri and Z a random field in R%r, we denote by AgZ the increment of Z on Q. It is
well-known that for any negative definite function ¥ in R, there exists a real-valued
random field L = {L(s,t); s,¢t > 0} such that

e For any family of disjoint rectangles Q1,...,Q, in Ri, the increments Ag, L,
..., Ag, L are independent random variables.

e For any rectangle @ in Ri, the characteristic function of the increment AgL
is given by
E [erAQL} = MRVE) e R, (13)
where X\ denotes the Lebesgue measure on Ri.

Definition 1. A random field L = {L(s,t); s,t > 0} taking values in R that is
continuous in probability and satisfies the above two conditions is called a Lévy sheet
with exponent W.
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By the Lévy-Khintchine formula, we have ¥(&) = a(&) + ib(§), where

09 1= 30+ [ [1 = cos(éaln(ao). (14)
and
b(&) :=a& —l—/R [JT;F - sin({x)] n(dz), (15)

with @ € R, ¢ > 0 and 7 the corresponding Lévy measure, that is a Borel measure

on R\ {0} that satisfies
|z
/R T |x|2n(dx) < 0.
Notice that a(¢) > 0 and, if £ # 0, a(€) > 0 whenever o > 0 or 7 is nontrivial.
We are able now to recall the kernels defined from a Lévy sheet introduced in
[5]. Consider {L(z,y); z,y > 0} a Lévy sheet and ¥ (&) := a(&) + ib(§), £ € R, its
Lévy exponent. Let 6 € (0,27) and define

6L(x,y) = nNoy/zy cos(OL(v/nz, /i) (16)

and
0r(2,y) = nNoy/wysin(0L(v/nzx, Vny)), (17)

where we assume that a(0)a(26) # 0 and where the constant Ny is given by (3).

Our aim is to check that these kernels satisfy hypotheses (H2), (H3) and (H4).
In [5], it is proved that the corresponding processes {(,(s,t), (s,t) € [0,1] x [0,1]}
converge in law in C[0,1]® to a Brownian sheet. So, 0} and 62 verify hypothe-
sis (H2). We will prove that they also satisfy (H3) and (H4) in lemmas 2 and
4, respectively. Notice that to check (H4) we need the additional condition that
a(0)a(20) - - - a(mb) # 0, where m is the even integer appearing in hypothesis (H4).
We also present an intermediate technical result in Lemma 3.

Lemma 2. For any f, g € L*([0,1]) and k € {1,2},

2
136
FE (_/[0)1]2 f(x)g(y)eﬁ(%y)dxdy> < CLT@N(? \/[0)1]2 f(x)2g(y)2dxdy.

Proof. We will prove the lemma in the case k = 1 since the case k = 2 can be done
using similar computations. We have that

3 </[o,112 J(@)g(6)6n(, y)dwdy>
N /[o 14 b H (f(x5)9(y;)05 (5, y5)) | d:---dys

2
= 2’ N} /[0 | 11 (F@ngw)vaims)
714j:1

x E[cos(0L(v/nz1,vny1)) cos(OL(vnxa, vV/ny2))| 1z, <amydey - - - dyz,(18)
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where in the last expression we have used the symmetry between x; and x5 to get
that the integral over [0, 1]? is two times the integral over the set {z; < z2}.
Notice that using complex notation, we have that

cos(0L(v/nzy1,vny1)) cos(0L(v/nxe, vVnys))
(ewuﬁzhﬁyl) 4 e~ 0Lz Vayy)  i0L(vnwa,vny2) 4 e—ieL(\/mwm))

X
2 2

_1 (ewuﬁxl,ﬁylmeuﬁmz,ﬁyz) 4 GOL(VTw1 iy ) 0L (/A2 /y2)
4

+€—i€L(\/ﬁx1,\/ﬁyl)-i-iGL(\/ﬁxQ,\/ﬁyg) + e—iaL(\/ﬁxl7\/51/1)—1'911(\/7&27\/592))
= Ay + Ag + Az + Ay

Putting this expression in (18), we obtain that the term (18) is equal to the sum of
the corresponding four terms obtained from A1, A5, A3 and A4 that will be denoted
by Il, IQ, Ig and .[4.

We will deal first with I; and so we will begin with the study of A;. Notice that
using that L is null on the axes, when {21 < 23} and {y2 < y1}, we have that

L(v/nz1,vnyr1) + L(Vnxa, v/nys)
= Ag, iy, LWz, V) + A gy, o L(Vn@2, Vnya) + 2080,0L(vVnx1, vVnysa)

and when {27 < x5} and {y1 < y2}, we have that

L(v/nzy,v/ny1) + L(vV/nxa, vV/nys)
= AO,\/ﬁylL(\/ﬁzla \/ﬁyQ) =+ A\/ﬁwl,OL(\/ﬁ‘IQa \/ﬁyl) =+ A\/ﬁzl,\/ﬁgnl’(\/ﬁx% \/ﬁyQ)
+200,0L(v/nw1,v/nyr).

Then, from (13) we get that

E |:ei9L(\/ﬁfL’17\/ﬁy1)+wL(‘/ﬁaj2’ﬁy2)I{x1 <za}

— e—"[(9€2—$1)y2+(y1—yz)ﬂﬂl]‘l’(e)—"(iﬁlyz‘l’(w))]{mlSm}j{yzgyl}
+e_n(w2y2_wlyl)\y(e)_n(xlyl\P(ze))l{mlémg}‘r{m<y2}

< emnlmment im0 [ o <)

+€—n[(r2—rl)y1+(y2—y1)z1]a(0)l{ml<m2}[{y1<y2}7
where in the last inequality we have bounded by 1 the modulus of all the terms with
the factor ib(f) in the exponential and we have used that a(f) > 0 to bound also by
1 some exponentials with negative real exponent.

Since both summands in the last expression are equal interchanging the roles of
y1 and yo, we obtain that

2
|| < n2N92 /[O ” H |f(ggj)g(yj)m| e~ Pl(@2—z1)y1+(y2—y1)z1]a(6)
s j=1

XI{MSIz}I{?ﬂSyQ}dml s dyg.
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On the other hand, using that a(—6) = a(f), we can bound the modulus of the
integrals I, I3 and I, by the same bound. Then

2
1
B ( /.. f(iv)g(y)9n(ﬂf,y)dxdy)

2
< 4n2N92 /[O " H ’f(g;])g(y])m| e~ Ml(@2—z1)y1+(y2—y1)z1]a(0)

j=1
XLy <o} Ly <y s - - dyo.

From here we can follow closely the proof of Lemma 3.1 in [4]. We have to divide
the region of integration into two parts: A := {&; < 23 < 2z1,y1 < y2 < 2y1} and
A®. Over the region of integration A we can obtain the bound

4 9 2
25 ™ [ V@) ey

while over the region A®, we get the bound

X ﬂ 2 X 2 X
25 i [ U@t ey

and the proof finishes easily.

Let us present an intermediate technical result.

Lemma 3. Consider L = {L(s,t); s,t > 0} a Lévy sheet with exponent V() =
a(€) +1ib(§), 0 < sp < s < 280, 0 < tg < ty < 2tp, m an even number and
0 € (0,27) such that a(0)a(20)---a(mb) # 0. Then, for any (x1,y1),-- -, (Tm, Ym)
such that so < z; < sy and to < y; <ty forall j € {1,...,m}, it holds that

B | [ cos(6L(/z;, viy,))
=1
n *
< exp {—Ea () [ (m-1) Wim) = Ym=1)) + Z(m-3)Y(m—2) — Ym—3))
n *
ot 2y (Ye) — ya))] ] exp {*ga () [Ym—1) (T (m) = T(m—1))

+Y(m—3)(T(m—2) = T(m-3)) T+ Yy (@) — x(l))“ )

where a*(0) = min{a(0),a(20),...,a(mb)} and (), ..., T4y and Yoy, ..., Yum) are
L1y T aNd Y1, ..., Ym after being ordered.
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Proof. Notice that

ML m eieL(\/ﬁwjv\/ﬁyj) + eiieL(\/ﬁajj)\/ﬁyj)
[ cos(0L(vna;, vVny;)) =
j=1

: 2
Jj=1
1 ' 100 L(v/nwj,v/ny;)
= om > IIe !
(617--~76m)6{11_1}mj:1
_ Q}n 3 o0 STy 85 LT /)

(814eees0m ) E{L,—1}m
_ Lm Z ei0 Zjt1 05800 L(VITs /) (19)
(81,0 6m)E{L,~1}m

For fixed (d1,...,0,,), we can write

Z 6800 L(Vnxj,V/ny;) = Z ;A 1o L(v/nj, \/ﬁyj)+z 0 A 0L(vnxj, vnto)
j=1 j=1 j=1

+Z§ A0 to \/>SO7\/>y])+L \/7307\/>t0 Z(S
Jj=1

and so

T 8 M0 0 LT ) — ST 8 Bt LV /i) X0y 858 0LV /o)
xeza:l 51A0,t0L(\/ﬁsm\fy])e/;(\fso:\/ﬁto)Z;n:1 6]'. (20)

Since the interval ((0,0), (so,to)] and the families of intervals {((so,%0), (z;,y;)]
1<j< m}7 {((8070)7(xj’t0)]71 <J< m}’ {((O,to),(So,yl)],l <J< m} have
support on disjoint sets, the four factors of (20) are independent random variables.
Moreover,

E (ez‘e D @AO,OL(ﬁzj,ﬁyJ-)) |
=|E (ei9 i JjASO,tUL(\/EIj!\/Eyj)) \|E (6i9 > 5]‘Aso,oL(\/ﬁr]‘,\/ﬁto)) |
«|E (eie =, 6jAo,t0L(ﬁsO,\/ﬁyj)) I\E (ewL(ﬁso,ﬁto)zy;l 5j> |

<|E (eie 2 5JA50,0L(\/5911,\/51‘/0)) I|E (eie > 5jAo,t0L(\/7780;\/ﬁyj)) |, (21)

where in the last step we have bounded two factors by 1.

Let us study first the second term in (21). We need to introduce the notation
(¥1),01)), -+ +» Y(n),O(n)) for the variables (y1,01),. .., (Yn,dn) sorted in increasing
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order by the variables y;. Using this notation, we can write

> 680,40 L(v/ns0, V) Z%)Ao to L(v/150, Vy(j))
=1

= 5(m) AO,y(m,l)L(\/ﬁSOa \/ﬁy(m)) (5(m) + 5(m—1))AO,y(m,2>

X L(v/ns0, /Ny (m—1) 25 Ao .to L(v/150, vVny(1y)-

Since in the last expression all the rectangles where we consider the increments of the
Lévy sheet are disjoint, all the terms in the last expression are independent random
variables. Then, if we bound by 1 all the factors with an even number of summands
in 5(m) + 5(m_1) + e+ 5(j), we obtain that

B (eie B 5J-Ao,tOL(\/ﬁsO,\/ﬁyj)) |

< exp [ = nso(Y(m) — Yim—1)) ¥ (0(m)0)
_nso(y(m—Q) —Yim- 3)) ((5(m + 5(m 1)+ 5(7"_2))0)

== nso(ye) —ym) ¥ Z%)

Let us recall that U(h6) = a(h@) + ib(h) for all h € R. Bounding again by 1 the
modulus of all the terms with the factor ib(hf) in the exponential we obtain that

B (eie )2 6jAo,t0L(\/HSO,\/ﬁyj)) |

<exp [ = n80(Y(m) — Ym—1))a(8(m)0)
150 (Y(m—2) — Y(m-3))a ((5(m) + 0(m—1) + d(m—2))0)

—- = nso(ye) —ym)a Z%)

< exp [—nso(Y(m) — y(mfl))a (9)
—150(Y(m—2) — Ym—3))a" (0) — -+ —nso(y2) —ya))a*(0)], (22)

where a*(0) = min{a(6), a(26),...,a(m0)}.
Using the same arguments, we can also bound the first term in (21) and we get
that

E (ew PO 6jASO,OL<ﬁzj,\/ﬁto>) |

< exp [—nto(x(m) — T(m-1))a’ (0) = nto(T(m—2) — T(m-3))a”(0)
— = nto(l‘(g) - l‘(l))a*(a)] . (23)
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Then, putting together (21), (23) and (22)
|E (ei9 DIy 51A0,0L(\/ﬁlja\/77yj)) |

< exp [—na*(0) 50 [(Ym) —Ym-1)) T Wm—2)—Ym-3)) + -+ (W) —va))]]
xexp [=na’(0)to[(€(m) =T (m—1)H+ (Lm—2) = T(m-3) + -+ (x@)—z1))]] -

Finally, using that 2ty > t, and 2s¢ > sj,, the last expression can be bounded by

exp {—m (9)50 [(Ym) = Yom—1)) + Wm—2) = Ym—3)) + -+ (Y2) — Z/(1))ﬂ
N
o [_na 03 (@) = @n-1) + (@om-2) = Tm-3) + -+ (22) = x(lﬂ}

n *
< exp {—Ea (0) [2(m—1) Ym) — Ym—1)) + T(m-3) Y(m—2) = Ym—3)) +

n *
+2)(Y2) — Y]] exp {*ga () [Ym-1) (@(m) — T(m-1))
FYm—3)(T(m—2) — T(m-3)) + - + Y1) (@) —z))]] - (24)

Since this last bound does not depend on (41, ..., d,,), putting together bound (24)
with (19), we finish the proof easily. O

We are now able to prove (H4) under (H1’).

Lemma 4. Assume (H1’). Let us consider processes (4) defined using the kernels 0}
or 02, with 6 € (0,27) such that a(0)a(20) - - - a(m@) # 0 for an even integer number

m > m. Then, for any 0 < so < s, < 259, 0 < to < t, < 2to,
E[Asy 10 Yn(50:t0)]" < Connr (G1(8') = Gi(s)) * (Ga(t') — Gaft))
x [(s6 — s0)(to — to)]™" (25)

where v is a parameter belonging to the interval (0,1) (that will depend only on
and B2) and the constant Cy, p depends only on m, My and Ms.

Proof. As in Lemma 2, we will prove the result only for the kernels 6} since the
case 62 is very similar. From (4), the definition of Y,,, we can write that

B [AsqtYn(50,t0)]"

s0,to0

= glE[/[O 1) I1 (I[sgpsd (@) Ty 01 (y5) (K1 (87, 225) — K (s, 25)) (Ko (t, y5)
s j=1

_KQ(tv yj))\/ Z5Yj COS(GL(\/HJ?]', \/ﬁyj))> dxl T dym] .
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Using Lemma 3, we obtain easily that
E [ASO,tOYn(Sé)v té))]m
< (m!)QnmN(;” /[0 ” H <I[s;),so](ij)f[tg,to](yj)
R m j=1

X (Ki(s',25) — Ki(s,25)) (K2 (', y5) — Kz(t,yj))\/xjyj>

n *
X exp [~ 20" (0) [2m—1 (Y — Y1) + -+ + 2152 — 1))
n
X €Xp [*Ea*(e)ym_l(xm —Tm1) + o Fyi(ze — 1 } Iigy <<}

XI{yIS"‘Sywn}dxl T dym
2

SC’WL(TLQNG /[;)1 H< s ,50] I’] I[to,to]( )

X (K1(s',25) — Ki(s,25)) (K2 (', y;) — Kz(t’yj))\/l"jyj)

m
2

7

n .
X exp [fga (0) [z1(y2 — y1) + y1(z2 — xl)}] It <oy <yoydes - - dy2>

where C,, is a constant depending only on m.
By the computations of Lemma 2, this last expression is bounded by

2
([ T @ g0 2) - Kis,0)?
[0 1 5 S0150 00 ) )

m

(K (t',y) — Kg(t,y))zdzdy> ’

N2 / 2
< Corme (L Tt U 5'2) = K (5. 9)

x (K (t,y) — Kaft, y))2dxdy>
X(/[O 1 (Ki(s',2) = Ki(s,2))*(Ka(t',y) — Kz(t,y))dedy) *

!

Using conditions (iii) and (ii’) on the kernels K7 and Ks, the last expression is

bounded by

mpy

H(Gi(s) — Ga(s)) !

B1m
4

(to — to)

Cm M4M4 (a* (9))2(56—80)
(Ga(t)) — Ga(t))
< Cm,M(a*]E]W[(SS - 50)(t6 - tO)]'Ym(Gl(S/) — Gl(s))%(GQ(tl) - GQ(t))M
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where v = 1 inf{f1, B2}. So, we have proved inequality (25) and the proof is now
complete.
O

Putting together all the lemmas of this section, we get the following result:

Corollary 1. Let L = {L(s,t); s,t > 0} be a Lévy sheet with exponent ¥(§) =
a(&) + ib(§), where a(§) and b(§) are defined in (14) and (15), respectively. Con-
sider 0 € (0,27) with a(0)a(20) # 0. Then, the kernels 0} and 6% defined in (16)
and (17) satisfy hypotheses (H2) and (H3). Furthermore, given deterministic ker-
nels K1 and Ky satisfying (H1’), if for an even integer number m > 4

min{p1,02}
a(0)a(20) - --a(ml) # 0, then (H4) is also satisfied.

5. The fractional Brownian sheet and other examples

In this section, we apply Theorem 1 to obtain the convergence to the fractional
Brownian sheet. More precisely, we use the anisotropic fractional Wiener random
field introduced by [8] and [2]. This is a centered Gaussian process, defined on
some probability space (Q,F, P), denoted by W*# = {Wffgﬁ, (s,t) € R2}, with
the covariance function given by

B (Werwes) = % (5% 4 52— s = 5) % (0% + 20— =), (26)
where o and 8 are two parameters belonging to the interval (0,1). By definition,
this process is null almost surely on the axes, and it is proved in [8] and [2] that
it possesses a continuous version. Observe that if a = § = %, then we obtain the
standard Brownian sheet.

Recall that a fractional Brownian motion of Hurst parameter « € (0,1), W& =
{W, t € Ry} is a centered Gaussian process with covariance function

R(t,s) = E (WeWS) =

S

(tQa T 82a _ |t _ S|2a) .

N | =

This process admits an integral representation of the form (see for instance [1])

t
we = / K. (t,s)dB,, (27)
0

where B is a standard Brownian motion and the kernel K, is given by

Kalt) = [dut =9t dag - ) [t (1= (2)7 ) au] rg o)

U
(28)
with the following normalizing constant

o = (nfﬁg()gr(x)za))% |
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Taking into account expression (27) for the fractional Brownian motion, one can
consider the following representation in law of the fractional Brownian sheet:

t s
/ / Ko(s,u)Kg(t,v)dBy, .
0o Jo

To see the equality in law of these processes and the fractional Brownian sheet it
suffices to realize that this is a centered Gaussian process with the same covariance
function as W#.

Our result states as follows.

Theorem 2. Let L = {L(s,t); s,t > 0} be a Lévy sheet with exponent ¥(§) =
a(&) +1ib(§), where a(§) and b(&) are defined in (14) and (15), respectively. Consider
the random kernels 0. or 62 defined in (16) and (17), with 6 € (0,27), and the
deterministic kernels K, and Kg defined in (28). Consider the conditions:

(A) min(a, ) > 5 and a(6)a(20) # 0.

(B) ?;;I;{a’ﬂ} < 5 and there exists an even integer number m > m such
a
a(0)a(20) - --a(mf) # 0.

Then, if (A) or (B) is satisfied, the laws of the processes { X, (s,t), (s,t) € [0,1]?}
given by (1) (with K1 = K, and Ky = Kg) converge weakly to the law of a fractional
Brownian sheet, {WS{{,&‘“KB, (s,t) € [0,1]%}, given by (2), in C([0,1]?) when n goes
to infinity.

Proof. If we consider the kernels K, (or K3), we have that

1
/0 (Kals'7) — Kal(s,r) dr = E (WS — W)? = (s' — 5)2°.

And then the set of conditions (H1) is satisfied if « > 1 and 8 > 3. In [4], it is
proved that if @ or 8 belongs to (0, %], then the kernels satisfy the set of conditions
(H1).

In Corollary 1, we have checked that 6. and 62 satisfy (H2) and (H3). We have
also checked that under (B) (H4) is also true. We finish the proof by applying

Theorem 1.
O

Remark 4. If we consider the kernel processes 0% and 6% with the same Lévy process,
it can be proved that we will obtain two families of approzximation processes that
converge to two independent fractional Brownian sheets. The proof follows the ideas
in [5] for the case of the Brownian sheet.

5.1. Other examples

In [4], we can find other examples of kernels that satisfy the set of conditions (H1’).
On the other hand, in Lemma 4, we have seen that using random kernels 6} or 62
defined by (16) and (17) condition (H4) will also be satisfied. So Theorem 1 can be
applied to processes with representation (2), where K; and Ks are some of these
kernels. For the sake of completeness, let us recall these examples.
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5.1.1. Goursat kernels

The kernel

I
K(t,r) = gi(t)hi(r) I (r)
=1

for some I € N, with g; € Lip, (0 <~ < 1) and h; € L*([0,1]). We also impose
that F, defined by F(t) = fot hZ (r)dr, belongs to Lip., (0 < 72 < 1).

5.1.2. The Holmgren-Riemann-Liouville fractional integral

The kernel
K(t,r) = V2r(t — )T~ 21 4(r),

with 0 < H < 1. This kernel satisfies the set of conditions (H1’) for all 0 < H < 1.

5.1.3. A Lipschitz function

The kernel
K(t,r) = h(t — ) q(r),

with h a Lipschitz function of parameter v € (0, 1].
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