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Abstract

We consider the problem of metastability for stochastic dynamics with exponentially
small transition probabilities in the low temperature limit. We generalize previous model-
independent results in several directions. First, we give an estimate of the mixing time of the
dynamics in terms of the maximal stability level. Second, assuming the dynamics is reversible,
we give an estimate of the associated spectral gap. Third, we give precise asymptotics for the
expected transition time from any metastable state to the stable state using potential-theoretic
techniques. We do this in a general reversible setting where two or more metastable states
are allowed and some of them may even be degenerate. This generalizes previous results
that hold for a series of only two metastable states. We then focus on a specific Probabilistic
Cellular Automata (PCA) with configuration space X = {—1, +1}4 where A C 7% is a
finite box with periodic boundary conditions. We apply our model-independent results to
find sharp estimates for the expected transition time from any metastable state in {—1, ¢?, ¢¢}
to the stable state 1. Here ¢?, ¢ denote the odd and the even chessboard respectively. To
do this, we identify rigorously the metastable states by giving explicit upper bounds on the
stability level of every other configuration. We rely on these estimates to prove a recurrence
property of the dynamics, which is a cornerstone of the pathwise approach to metastability.
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1 Introduction

Metastability is a phenomenon that occurs when a physical system is close to a first order
phase transition. Among classical examples are super-saturated vapors and ferromagnetic
materials in a hysteresis loop [52]. The metastability phenomenon occurs only for some
thermodynamical parameters when a system is trapped for a long time in a state different
from the stable state. This is the so-called metastable state. While the system is trapped, it
behaves as if it was in equilibrium, except that at a certain time it makes a sudden transition
from the metastable state to the stable state. Metastability occurs in several physical situations
and this has led to the formulation of numerous models for metastable behavior. However,
in each case, three interesting issues are typically investigated. The first is the study of the
transition time from any metastable state to any stable state. The fluctuations of the dynamics
should facilitate the transition, but these are very unlikely, so the system is typically stuck in
the metastable state for an exponentially long time. The second issue is the identification of
certain configurations, the so-called critical configurations, that trigger the transition. The
system fluctuates in a neighborhood of the metastable state until it visits the set of critical
configurations during the last excursion. After this, the system relaxes to equilibrium. The
third and last issue is the study of the typical paths that the system follows during the transition
from the metastable state to the stable state, the so-called tube of typical trajectories. This
issue is especially interesting from a physics point of view.

The goal of this paper is twofold. First, we prove some model-independent results. In
particular we consider general dynamics with exponentially small transition probabilities and
we give an estimate of the mixing time. Moreover, for a reversible dynamics, we estimate the
spectral gap of the transition matrix in terms of the maximal stability level, and we compute
the expected value of the transition time for a series of more than two (possibly degenerate)
metastable states. Second, we focus on a specific Probabilistic Cellular Automata in a finite
volume, at small and fixed magnetic field, in the limit of vanishing temperature and we prove
sharp results describing the metastable behaviour of the system.

Letus now discuss the two goals in detail, starting with a comparison between our estimates
for the mixing time and the spectral gap and the literature on the topic. Similar results on the
estimate of the mixing time and the spectral gap have been proved for the model of simulated
annealing in [14]. The authors use Sobolev inequalities to study the simulated annealing
algorithm and they demonstrate that this approach gives detailed information about the rate
at which the process is tending to its ground state. Thanks to this result, the mixing time is
estimated for Metropolis dynamics in [46, Proposition 3.24]. We give a model-independent
estimate of the mixing time for a dynamics (not necessarily Metropolis) with exponentially
small transition probabilities, in a finite volume.

The analysis of the spectral gap between the zero eigenvalue and the next-smallest eigen-
value of the generator is very interesting for Markov processes, since it is useful to control
convergence to equilibrium. In [10] the authors focus on the connection between metasta-
bility and spectral theory for the so-called generic Markov chains under the assumption of
non-degeneracy. In particular, they use spectral information to derive sharp estimates on the
transition times. We refer also to [7, Chapters 8 and 16], where the authors incorporate all
the previous results about the study of metastability through spectral data. In particular, they
show that the spectrum of the generator decomposes into a cluster of very small real eigen-
values that are separated by a gap from the rest of the spectrum. In order to study the PCA
in Sect. 3.1, we need to extend their estimates of the spectral gap to the case of degenerate in
energy metastable states and to a model with the Hamiltonian that depends on the asymptotic
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parameter 8. The states o and n are degenerate metastable states if they have the same energy
and the energy barrier between them is smaller then the energy barrier between a metastable
state and the stable state (see Condition 2.1 for a precise formulation and see [7, Chapter 16.5
point 3] for a discussion). To suit our purposes, we express these estimates as functions of the
virtual energy instead of the Hamiltonian function, see Eq. (2.4) for the specific definition
and [14,21]. Indeed, when the Hamiltonian function depends on some asymptotic parameter,
it is convenient to compute the model-dependent quantities in terms of the virtual energy.

Regarding the expected transition time, in [25] the authors consider series of two
metastable states with decreasing energy in the framework of reversible finite state space
Markov chains with exponentially small transition probabilities. Under certain assumptions,
not only they find the (exponential) order of magnitude of the transition time from the first
metastable state to the stable state, they also give an addition rule to compute the prefactor.
We generalize their results on the mean transition time and their addition rule to a setting
with several degenerate metastable states, see Sect. 2.4 for details.

The second goal concerns a particular Probabilistic Cellular Automata (PCA). Cellu-
lar Automata (CA) are discrete-time dynamical systems on a spatially extended discrete
space and are used in a wide range of applications, for example to model natural and social
phenomena. Probabilistic Cellular Automata (PCA) are the stochastic version of Cellular
Automata, where the updating rules are random, i.e., the configurations are chosen according
to probability distributions determined by the neighborhood of each site. Mathematically,
we consider PCA with parallel (synchronous) dynamics, i.e., systems of finite-states Markov
chains whose distribution at time n depends only on the states in a neighboring set at time
n — 1. PCA are characterized by a matrix of transition probabilities from any configuration
o to any other configuration n defined as a product of local transition probabilities as

plo,m =[] piocm@), onex,
ieA

where A C 77 is a finite box with periodic boundary conditions and X = {—1, +1}* is the
set of all configurations. Here we consider a specific PCA in the class introduced by Derrida
[31], where the local transition probability is a certain function of the sum of neighboring
spins S, (+) (2.28) and the external magnetic field &

1 1
I +exp{—2Ba(S, (i) +h)) 2

Pio(a) := [1 + atanh B(S, (i) + h)].

We obtain our PCA by summing only over the nearest neighbor sites, see (3.1) and Fig. 1.
When the sum is carried out over a symmetric set, the resulting dynamics is reversible with
respect to a suitable Gibbs-like measure p defined via a translation invariant multi-body
potential, see (2.26). This measure depends on a parameter 8 which can be thought of as the
inverse of the temperature of the system. For small values of the temperature, the PCA is
likely to be found in the local minima of the Hamiltonian associated to . The metastable
behavior of this model has been investigated on heuristic and numerical grounds in [6]. A
key quantity in the study of metastability is the energy barrier from one of the metastable
states to the stable state. This is the minimum, over all paths connecting the metastable to the
stable state, of the maximal transition energy along each path, minus the energy of the starting
configuration (see (2.6)—(2.7)). Intuitively, the energy barrier from 7 to o is the energy that
the system must overcome to reach n starting from o.

For our choice of parameters, our PCA has one stable state +1 and peculiarly three
metastable states, which we identify rigorously as {—1, ¢, c¢’}. To prove this, we will con-
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Fig. 1 In black are highlighted
the sites j such that

K (i — j) # 0 in the reversible
PCA model for spin systems

struct for each configuration o ¢ {—1, ¢, ¢, +1} a path starting from o and ending in a
lower energy state, such that the maximal energy, along the path, is lower than the energy
barrier from —1 to +1. This leads to an explicit upper-bound V* for the stability level of
every configuration except {—1, ¢¢, ¢?, +1}, in Lemma 3.1, which we will refer to as our
main technical tool. We rely on this estimate to prove two recurrence properties. The first is
that, starting from any configuration, the system reaches the set {—1, c¢, ¢?, +1} in a time
smaller than e#V" with probability exponentially close to one. The second is that starting
from any configuration the system reaches +1 in a time smaller than AT To prove this,
we combine our main tool with the computation of the energy barrier I"'?CA in [19] to prove
the second recurrence property. We remark that ¢® and ¢ are two degenerate metastable
states, since they have the same energy and the energy barrier between them is zero. Hence,
we will use the shorthand ¢ = {c¢, ¢’}.

In order to find sharp estimates of the transition time from —1 to 41 for the PCA model
in Sect. 3.1, we extend the model-independent theorems given in [25], which hold for a
series of two metastable states. Indeed, we are interested in analyzing energy landscapes
characteried by a series of three or more metastable states, possibly degenerate. To do
so, in Sect. 2.4, we generalize the three model-independent conditions upon which The-
orems 2.3,2.4,2.6,2.7,2.8 hinge. The first condition for our PCA model is stated and proved
in Theorem 3.1, while it was assumed to hold without proof in [24]. The second condition
is the property that starting from —1 the system visits the chessboard ¢ before reaching +1
with high probability, that is proved in [19]. The third condition is the computation of the
constants k1 and k, done in [24]. Having verified the three model-independent conditions for
our PCA model, we apply Theorems 2.6, 2.7, 2.8 and we conclude the sharp estimate for the
mean transition time in Theorem 3.2.

Regarding the model-dependent results, [ 19] focuses on the transition from the metastable
states to the stable state. In particular, the authors describe the tube of typical trajectories
and they also estimate the transition time. To do this, they analyze the geometrical condi-
tions for the shrinking or the growing of a cluster. Furthermore, they characterize the local
minima of the energy and the so-called traps for the PCA dynamics. Building on this, we
construct a specific path from any cluster to the stable state that the system follows with
probability tending to one. Our estimates of the stability levels in Lemma 3.1 are based on
these characterizations.

The authors in [23] consider areversible PCA model with self-interactions, that is a specific
model which we use as second example in Sect. 2.3. In particular they prove the recurrence
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to the set {—1, 41} and that —1 is the unique metastable state. They estimate the transition
time in probability, in L' and in law. Moreover, they characterize the critical droplet that is
visited by the system with probability tending to one during its excursion from the metastable
to the stable state. Furthermore, in [45] they prove sharp estimates for expected transition
time by computing the prefactor explicitly.

State of the art. A first mathematical description of metastability [52] was inspired by Gibbsian
Equilibrium Statistical Mechanics and was based on the computation of the expected values
with respect to restricted equilibrium states. The first dynamical approach, known as pathwise
approach, was initiated in [13] and developed in [49,50,55], see also [51]. This approach
derives large deviation estimates of the first hitting time and of the tube of typical trajectories.
Itis based on the notions of cycles and cycle paths and it hinges on a detailed knowledge of the
energy landscape. Independently, similar results based on a graphical definition of cycles were
derived in [14,15] and applied to reversible Metropolis dynamics and to simulated annealing
in [16,56]. The pathwise approach was further developed in [20,21,41] to disentangle the
study of transition time from the one of typical trajectories. This method was applied in
[1,18,26,29,37,38,40,44,47,48,51] for Metropolis dynamics and in [19,22,23] for parallel
dynamics.

The potential-theoretical approach is based on the study of the hitting time through the use
of the Dirichlet form and spectral properties of the transition matrix. One of the advantages
of this method is that it provides an estimate of the expected value of the transition time
including the prefactor, by exploiting a detailed knowledge of the critical configurations, see
[7,11]. This method was applied in [2,8,12,25,30] for Metropolis dynamics and in [45] for
parallel dynamics.

Recently other approaches are described in [3,4,34] and in [5].

The more involved infinite volume limit, at low temperature or vanishing magnetic field,

was studied for Metropolis dynamics via large deviation techniques in [17,28,42,43,53,54]
and via the potential-theoretical approach in [9,33,35,36,38].
Outline. The paper is organized as follows, in Sect. 2 we define a general setup and we
present the main model-independent results with some applications to concrete models. In
Sect. 3 we describe the reversible PCA model that we consider and we present the main
model-dependent results. In Sect. 4 we carry out the proof of the model-independent results,
and in Sect. 5 we carry out the proof of the model-dependent results. Finally in Appendix we
prove theorems stated in Sect. 2.4.

2 Model-Independent Results
2.1 General Setup and Definitions

Let X be a finite set, which we refer to as state space, and let A : X x X — Rt U {c0}
be a function, which we call rate function. A is said to be irreducible if for every x,y € X
there exist a path w = (w1, ..., w,) € X" with w; = x, w, = y and A(w;, w;j4+1) < oo for
every 1 <i <n — 1, where n is a positive integer. A family of time-homogeneous Markov
chains (X, ),en on X' with transition probabilities Pg indexed by a positive parameter § is
said to have rare transitions with rate function A when

log Pg(x,
lim —10gPp(x. y)

= A 2.1
Jim —==— (e, 7). @1
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for any x, y € X. Intuitively, A(x, y) = 400 should be understood as the fact that, when
is large, there is no possible transition between states x and y. We also note that condition
(2.1) is sometimes written more explicitly as [21, Eq. (2.2)]: for any y > 0, there exists
Bo > 0 such that

e BlAG.Y)+Y] < Ppx,y) < e—ﬂlA(x,y)—VL (2.2)

for any B > Bp and any x, y € X, where the parameter y is a function of 8 that vanishes
for B — o0. Because of this, we also refer to the function A(x, y) as the energy cost of the
transition from x to y. Next, we define the Gibbs measure

e~ BGpW)

—_ (2.3)
ZyeX e~ PBGp(Y)

u(x) =

where G : X —> R is the so-called Hamiltonian function. Now, we are able to give the
definition of the virtual energy

Hx) = lim Gpx). 2.4)

—

Definition (2.4) is well-posed, since for large g, the Markov chain (X,), is irreducible
and its invariant probability distribution w in (2.3) is such that for any x € X' the limit
limg_, oo —% log 1 (x) exists and is a positive real number, see [14] and [21, Prop. 2.1].

We define the transition energy for a pair of configurations as the sum between the vir-
tual energy of the first configuration and the energy cost of the transition between the two
configurations.

H(x,y) = H(x)+ A(x, y), 2.5

where x, y are configurations in X. Note that for Metropolis dynamics the transition energy
between two configurations is given by the maximum of the energy of the two configurations.

Let w = {wy, ..., w,} be a finite sequence of configurations such that Pg(w;, w;+1) > 0
fori = 1,...,n — 1, w is a path of length |w| = n with starting configuration w; and final
configuration w, (Fig. 2). We define the height along w either as &, = H(w)) if |w| = 1, or
if |w| > 1

Fig.2 Example of a path @
between x and y with |w| =5

@ Springer



Energy Degeneracy and Transition Times for a Series of Metastable States Page 7 of 42 8

Fig.3 There are three paths in
©®(x, y). The red mark represents
the communication height
between x and y

D, = max lH(w,-,a)iH) if |o| > 1. (2.6)

=1l —

Let x, y € X be two configurations. The communication height between two configurations
x, y is defined as

@(x,y):= min Dy, 2.7
weB(x,y)

where © (x, y) the set of all the paths w starting from x and ending in y (Fig. 3). Similarly,
we also define the communication height between two sets A, B C X as

D(A,B) := min @(x,y). (2.8)
xeA,yeB

The first hitting time of A C X starting from x € X is defined as
7y :=inf{r > 0| X, € A}. (2.9)

Whenever possible we shall drop from the notation the superscript denoting the starting point.
For any x € X, let Z be the set of configurations with energy strictly lower than H (x), i.e.,

I, ={ye X|H(y) < Hx)}. (2.10)

The stability level V, of x is the energy barrier that, starting from x, must be overcome to
reach the set Z,, i.e.,

Ve =@ (x,Zy) — H(x). (2.11)

If Z, is empty, then we let V, = oo. We denote by X' the set of global minima of the energy,
and we refer to these as ground states. The metastable states are those states that attain the
maximal stability level I}, < oo, that is

I, ;= max V,, (2.12)
XeX\ XS
X" i={yeX|Vy=Tn} (2.13)

Since the metastable states are defined in terms of their stability level, a crucial role in our
proofs is played by the set of all configurations with stability level strictly greater than V,
that is

Xy i={xeX |V, >Vl (2.14)

We frame the problem of metastability as the identification of metastable states and the
computation of transition times from the metastable states to the stable configurations. In
summary, from the mathematical point of view, the metastability phenomenon for a given
system is described in terms of X*, I3, and X”. Now we define formally the energy barrier
I' as

I :=®(ym, ys) — H(ym), (2.15)
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8 Page8of42 G.Betetal.

where y,, € X and y; € X*. Note that I" does not depend on the specific choice of y,,, ys.
The energy barrier is the minimum energy necessary to trigger the nucleation. The energy I”
turns out to be equal to I}, under specific assumptions [20, Theorem 2.4].

2.2 Main Model-Independent Results

The following theorems give estimates of the mixing time and the spectral gap in the general
setting.

Theorem 2.1 Let (Pg(x, ¥))x,yex be the transition matrix of a Markov chain. Assume there
exists at least a stable state s such that

1
lim ——log Pg(s,s) =0. (2.16)
B—00 ﬂ
Then, for any 0 < € < 1 we have
.1 ;
ﬁhﬁmoo B log t’é”"(e) =T, 2.17)
where tf™* = min{n > 0| maxcex ||Pg(x, -) — u()llry < €} and [|[v = V|lry =

% Y ovex V(@) =V (x)| for every v, V' probability distribution on X.

We call weakly reversible dynamics with respect to H (-) a dynamics for which the following
equation is satisfied for any x, y € X

H(x) + Alx, y) = H(y) + Ay, x). (2.18)

We note that this condition is satisfied for Metropolis dynamics in the first example of Sect. 2.3
and for the class of probabilistic cellular automata that we discuss in Sect. 3.1 and in the
second example of 2.3.

We say that the Markov chain (X,),, is reversible if it satisfies the detailed balance property

Ppx, ) e PPN = Py(y, x) e POPO), (2.19)

forany x, y € X.Thisimplies that the measure y is stationary, thatis Y n(x)Pg(x, y) =
w(y). By taking the limit 8 — oo in (2.19), we get (2.18). In other words if the dynamics is
reversible with respect to the Gibbs measure (2.3) that depends on G g, then it is also weakly
reversible with respect to H (-).

In the rest of Section we assume that the dynamics is reversible.

The Dirichlet form associated with reversible Markov chain is the functional

1
Pplf1i=5 D msMpp(y AL = F@F, (2.20)
y,zeX

where f : X — R is a function. Thus, given two not empty disjoint sets ¥, Z C X the
capacity of the pair Y and Z defined as

capﬂ(Y,Z) = f:;rrnﬁu[})’” Dl f1. (2.21)
fly=1.flz=0

Note that the capacity is a symmetric function of the sets Y and Z. It can be proven that the
right hand side of (2.21) has a unique minimizer called equilibrium potential of the pair Y
and Z. There is a nice interpretation of the equilibrium potential in terms of hitting times.
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For any x € X, we denote by P, (-) and E,[-] respectively the probability and the average
along the trajectories of the process started at x. Then, it can be proven that the equilibrium
potential of the pair Y and Z is equal to the function hy 7z defined as follows

Py(tzy <1z) for x e X\ (Y U2Z)
hy z(x):=41 forxeY (2.22)
0 for x e Z

where 7y and t7 are, respectively, the first hitting time to Y and Z for the chain started at x.
It can be also proven that, forany ¥ C X andz € X'\ Y,

capg(z, ¥) = np(@P. (v < 1), (2.23)
see [7, Eq. (7.1.16)]. In the following we define the set of metastable states as in [10].

Definition 2.1 According to the potential-theoretic approach, a set M C X is said to be
metastable if
fim e g leapg (e MTT 0. (2.24)
p—o00 min, ey pup(x)[capy(x, M\ {x})] ™!

We observe that M is different from the set of metastable states defined in (2.13), in
particular M includes the configurations in X U X** that satisfy the Eq. (2.24). In order to
avoid confusion, we will denote the states that satisfy (2.24) as p.t.a.-metastable. The phys-
ical meaning of the above definition can be understood once one remarks that the quantity
up(x)/capg(x, y), for any x, y € X, is strictly related to the communication cost between
the states x and y, see Proposition A.2 for details. Thus, condition (2.24) ensures that the com-
munication cost between any state outside M and M itself is smaller than the communication
cost between any two states in M.

Theorem 2.2 Let (Pg(x, y))x,yex be a reversible transition matrix. Let pg = 1 — a/(gz) be the

spectral gap, where a/(gz) is the second eigenvalue of the transition matrix such 1 = aél) >

a? > ... > al*h > —1. Then there exist two constants 0 < ¢1 < ¢ < o0 independent of
B such that for every > 0,

Cle_ﬂ([;n"‘)’l) < Pﬂ < Cze_ﬂ([‘m_VZ)! (225)

where y1, vy are functions of B that vanish for f — oc.

2.3 Results for Some Concrete Models

In this section we show that several well-known models in statistical mechanics satisfy the
assumption (2.16) of Theorem 2.1. In particular we are able to get precise asymptotics for
the mixing time of these models, that are given in Corollaries 2.1 and 2.2.

Throughout this section we denote by A a finite subset of Z2, by X the configuration
space and by s a stable state.

In the basic example of Metropolis dynamics, the assumption (2.16) and the result are
proved in [46, Prop. 3.24]. Note that Kawasaki dynamics is a type of Metropolis dynamics, so
it falls into this case. Derrida’s PCA model for Spin Systems. For this model, the Hamiltonian
function is given by

1
Gp(o) = —hY o(i)— = > logcosh[B(S, (i) + h)], (2.26)

ieA ieA
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8 Page 10 0f 42 G.Betetal.

and the virtual energy is obtained by (2.4)

H(o)=—hY o)=Y |S:)+hl. (2.27)
ieA ieA
Here
So (i) == Z K@i —j)o()), (2.28)
JjeU;

where K (i — j) # 0 for j € U; aneighborhood of i. Different choices of K (-) and U; yield
different PCA. It can be shown that, if U; is symmetric, then the Markov chain is reversible
with respect to Gg(-) and weakly reversible with respect to H (-). The transition probabilities
are given by
plo,n) = Hpi,a(n(i)), o,n€X, (2.29)
ieA
where, fori € A and o € X, p; 5(-) is the probability measure on {—1, 41} defined as
1 1

i o(a) = = —[1 +atanh B(S, (i) + h)], 2.30
Pi.o(a) 1+ exp (—2Ba(Sy (i) + h)) 2[ B(Ss (@) )] ( )

witha € {—1, +1}. We have

1 1 1
lim ——1 = lim ——1
fim =g leereon = Jim —glee | | s G s m )
= Jim 3" log((1 +exp [=2As(0)(S:(1) + M) 1)
ieA

< ﬂli)mooZIOg (1 + %exp{—Z,Bs(i)(Ss(i) +h)}>, 2.31)
ieA

where we used the inequality (1 + x)¥ < 1 4+ ax with & € (0, 1). In this model the unique
stable state is s = 41, so we conclude in the following way

lim " log (1+ éexp{—zfﬁ(sx(i) +}) = Jim 3 log (1+ %exp{—zmw +m})
ieA ieA

_ 1
= Jim 14l1og ((1+ 2 exp (=28(U;1 + 1))
=0, (2.32)

where in the last equality we used that # > 0 and |U;| is the same for all i € A. By (2.32)
and Theorem 2.1, we have the following Corollary.

Corollary 2.1 Let I'PPCA pe T, for this model. Then, for any 0 < € < 1 we have
. 1 mix __ pDPCA
ﬁll)moo 5 logig"*(e) = I, . (2.33)

Irreversible PCA model. The Hamiltonian function of the following PCA model is given by

G(o, 1) = — Z [ok(tin + Ter) + hoyti], 0,7 € X, (2.34)
keA,
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withk* := (@, j+ 1), k" =G+ 1,j)fork=(,j) € A?V‘ The transition probabilities are
given by
¢—BGm)

S e BG@D)
TeX

Pglo,n) = (2.35)

Note that the subset X' \ X’* is not empty since G is not constant. Observe that the dynamics
is irreversible with with a unique stationary distribution [27, Proposition 2.1]. We compute

1 1 e PO6D)
fim g lozPpe.9) = Jim —Zlo (< pe)
TelX
1
_ .1 ~BG(s.7)
= His. )+ Jim log ( ;e s ) (2.36)
T

Take T € X such that G(s, T) = min G (s, t). We get
T

1 1 _
H(s,s)+ lim — log ( Z e_ﬂG(s'f)) < H(s,s)+ lim — log (2Nze_ﬁc(”))
poo /3 TeX p=oo ﬁ

= H(s,s) — H(s,7) + lim l lo (2N2)
’ ’ ﬁ g .
(2.37)

The last term goes to zero since N is finite. Since in this model s = +1, we have
H(+1,+1)=-N'Q2+h), HH1L,7) =-N'Q+h)

and (2.16) follows for this model. Using Theorem 2.1, we get the following Corollary.

Corollary 2.2 Let F,QPCA be I, for this model. Then, for any 0 < € < 1 we have

1 i IPCA
ﬁlem E log t,’s"”‘ (e)=1T,, . (2.38)

2.4 Series of Metastable States

In this Section we generalize the results in [25, Sects. 2.5, 2.6] to a degenerate context. Indeed,
in [25] the authors analyze a setting with a series of two metastable states, while we prove
similar results for a setting with a series of more than two metastable states possibly degen-
erate. We will use this generalization for PCA model in Sect. 3.1, that has three metastable
states with one non-degenerate-in-energy metastable state and two degenerate metastable
states.

Let O be the set of pairs (x,y) € X x & such that Pg(x,y) > 0 or, equivalently,
A(x,y) < oo. The quadruple (X, Q, H, A) is then a weakly reversible dynamics on the
energy landscape (X, H) [20].

Condition 2.1 We assume that the energy landscape (X, Q, H, A) is such that there exist
Sfour or more states xo, xll,xlz, ..., X} and x2 such that X° = {xo}, X" = {xll, XYL X2},
and H(x) > H(x}), H(x}) = H(x]), @(x],x]) — H(x}) < T, foreveryr,q =1, ..., n,
withn € N.
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Recalling the definition of the set of ground states A* and X™ in (2.13), we immediately
have

H(x}) > H(xg) foreveryr=1,..,n. (2.39)

Moreover, from the definition (2.11) of maximal stability level it follows that (see [20,
Theorem 2.3]) the communication cost from x; to xp is equal to the communication cost
from x] to xo for every r =1, ..., n, that is

D (x2, x0) — H(xp) = & (x], x0) — H(x]) = . (2.40)

Note that, since x, is a metastable state, its stability level cannot be lower than [7,. Then,
recalling that H (x2) > H (x]) forevery r = 1, ..., n, one has that @ (x2, x) — H(x2) > I}.
On the other hand, (2.40) implies that there exists a path w € ©(x2, x]) such that &, =
H(x2) + Iy, and, hence, @ (x2, x{) — H(x2) < I, forevery r = 1, ..., n. The two bounds
finally imply that

®(x2. x}) — H(xa) = . (2.41)

Note that the communication cost from xq to x and that from x| to x> are larger than I3,
1.€e.,

D(x0,x2) — H(xo) = I, and & (x],x2) — H(x]) > Iy, forevery r =1, ..., n.
(2.42)

Indeed, recalling the reversibility property (2.18), we have

@ (x], x2) — H(x]) = ®(x2, x}) — H(x2) + H(x2) — H(x])
= Fnl"‘H(xZ)_H(xD > Iy

where in the last two steps we have used (2.41) and Condition 2.1, which proves the second
of the two Eq. (2.42). The first of them can be proved similarly. In the following we give a
condition on the dynamical property of the system: starting from x;, with high probability
the system visits x| before xq forevery r =1, ..., n.

Condition 2.2 Condition 2.1 is satisfied and

lim Py, (1, < 7,r) =0, foreveryr =1, .., n. (2.43)
B—00 !

We remark that the Condition 2.2 is in fact a condition on the equilibrium potential /1, .r
evaluated at xp, forevery r = 1, ..., n.

One of important goals of this paper is to prove an additional rule for the mean hitting
time of 41 starting at —1 using Theorem 2.8 for the expectation of the transition time 7y,
for the chain started at x,. Such an expectation, hence, will be of order exp(81;,) and the
prefactor will be that given in (2.53).

We can thus formulate the further assumptions that we shall need in the sequel.

Condition 2.3 Condition 2.1 is satisfied and there exists two positive constants ki, ko < 00
and such that

1 n
Mﬁl(xz) _ ielg['m[l +o(Dl.. Mﬂ({)il, o XD ieﬁ’"m[l +o()l.
capg (x2, {x, ... 1, xo})) ki capg(fx], ..., x{'}, x0) k2

(2.44)

where o(1) denotes a function tending to zero in the limit f — oo.
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Condition 2.4 Condition 2.1 is satisfied and there exists n positive COnStants ci, ¢z, ..., Cp <
oo such that

.
1

L)il) = —eﬂrm[l +o(1)], foreveryr =1,..,n, (2.45)

capg(xy, x0)  ¢i

where o(1) denotes a function tending to zero in the limit f — oo.

The following theorems generalize respectively Theorem 1, 2, 3, and 4 in [25]. The
novelty of these proofs consists in dealing with the degeneracy of the metastable states
{xl1 , xlz, ..., x|}, that is not present in [25]. We prove them in Appendix.

Theorem 2.3 Assume Condition 2.1 is satisfied. Then for every r = 1,...,n we have
{x0, x|, x2} C X is a p.t.a.-metastable set.

Theorem 2.4 Assume Condition 2.1 is satisfied. Then

mp(x2)
E, [t n = 1+o0(1)], 2.46
xz[ {XII ..... XI’XO}] Capﬂ(-x27 {x115 .,,,XIL, xO})[ W ( )
,
Exf [Tyo]l= nitp 1) [1+o0(1)], foreveryr=1,...,n. (2.47)

capg (x7, x0)
Let A, B C X be two non-empty disjoint sets. Let v4 p be the probability distribution on
A given by

_ nWPy(tp < T4)
va,B(y) = —capﬂ(A, B yeA, (2.48)

where capﬁ(A, B) = erA wx)Py(tp < 714), see [7, Eqgs. 7.1.38-7.1.39]. Moreover,
recalling [7, Corollary 7.11], we have

Ealtp] =) vap(0)Elrs] =

xeA

W Z w(y)ha,p(y)

and we are able to state the following theorem.
Theorem 2.5 Assume Condition 2.1 is satisfied. Then

_ pwpxl, . xmh)
Capﬂ({xllv" }7 0)

llllll [1+o(1)]. (2.49)
Theorem 2.6 Assume Conditions 2.1 and 2.3 are satisfied. Then
1
(sl trg)] = €M 1+ 0D (2.50)
E [t ]—eﬁfmi[1+o(1)] (2.51)
{(x]xm ool = k> ) .
Theorem 2.7 Assume Conditions 2.1 and 2.4 are satisfied. Then
BIw ;
Exlr [txo] =" —[1 +o(1)], foreveryi=1,...n. (2.52)
Ci
The following theorem is one of our main results. It gives an estimate of the transition time

from the metastable state with higher energy and the stable state, in a general reversible
setting.
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Theorem 2.8 Assume Conditions 2.1, 2.2, and 2.3 are satisfied. Then
1 1
Eulta] = e/ (= + - )[1 +o(D)] (253)
ki ko

We remark that Theorem 2.8 gives an addition formula for the mean hitting time of x starting
at xp. Neglecting terms of order o(1), such a mean time can be written as the sum of the
mean hitting time of the subset {xll, ..., X1, xo} starting at x, and of the mean hitting time of
Xo starting from any state in {xll, ..., x1'}, see Eq. (A.18) and Condition 2.2 in the proof of
the Theorem. It is very interesting to note that in this decomposition no role is played by the
mean hitting time of {xll, x{‘} starting at x;.

3 Model-Dependent Results
3.1 The Model

We consider the PCA model for Spin Systems introduced by Derrida in [31], see also [19]. In
the second example of Sect. 2.3, we considered a class of PCA which is reversible with respect
to Gg(-) and weakly reversible with respect to H(-). From now on we restrict ourselves to
a specific nearest-neighbor interaction, see Fig. 1. Consider the two-dimensional torus with
L even A% = {0, ..., L — 1}2, endowed with the Euclidean metric. To each site i € A
we associate a variable o (i) € {—1,+1}. Ai represents an interacting particles system
characterized by their spin and we interpret o (i) = +1 (respectively o (i) = —1) asindicating
that the spin at site i is pointing upwards (respectively downwards). Let X := {—1, 41}
be the configuration space, let f := % > (0 where T is thought of as the temperature. Let
h € (0, 1) be a parameter representing the external ferromagnetic field. We do not consider
the case & > 1, because in that case there is no metastable behavior. The dynamics of the
system are modelled as a Markov chain (0;,),,ey on X’ with transition matrix defined in (2.28),
(2.29). In the rest of the paper, we will choose

Lifli—j| =1,

0 otherwise. G.D

K@ —j):= {

Note that the transition probability p;  (s) for the spin o (i) given in (2.30) depends only
on the values of the adjacent spins.

The system evolves in discrete time steps, where at each step, all the spins are updated
simultaneously according to the probability distribution (2.30). Intuitively, the value of the
spin is likely to align with the local effective field S, (i) + h. Here S, (i) represents a ferro-
magnetic interaction among spins.

The Markov chain o, satisfies the detailed balance property (2.19), where Gg(-) in (2.26)
is the Hamiltonian function. Equivalently, the Markov chain is reversible with respect to the
Gibbs measure (2.3) and this implies that the measure p is stationary. Finally, given o, n
€ X, we define the energy cost of the transition from o to n for our specific PCA, as

Ao i= = Jim PEEED S 215, ) . (32)

L ieA:
1()1Ss ()+h] <0

Note that A(o, n) > 0 and, perhaps surprisingly, A(o, 1) is not necessarily equal to A(n, o).
We also note that condition (3.2) is sometimes written more explicitly as in (2.2). The last
equality in (3.2) is obtained as follows,
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— lim
B—00 ﬂ

log plo,m) _ > lim 108(1 + exp{2B1S, () + 21})

teAm (@) Sa ity <0P 7 B

= Z 2|8, (i) + hl.

i€ Am(i) (S (i)+h) <0
Let us fix the notation of some important states as follows:

— 41 is the configuration such that 4-1(i) = +1 forevery i € A;

— —1 is the configuration such that —1(i) = —1 forevery i € A;

— ¢® and ¢ are the configurations such that c¢(i) = (—1)1+2 and ¢°(i) = (—1)/1+i2+!
for every i = (i1, i) € A. These configuration are called chessboard configurations.

Next we define the virtual energy as the limit

Jim Gp(0) == H(0) = —h Y 0G) =) 1Ss(i) + hl, (3.3)

ieA ieA
We distinguish two cases.

— Case h = 0.Inthis case H(0) = — ) ;. 4 |S5 (i), so there exist four minima of H given
by the configurations 41, —1 and the chessboard configurations. The configurations +1,
—1 and ¢ are ground states and each site of them contributes —4 to the total energy.

— Case i > 0. In this case +1 is the unique ground state. The energy of this state is
(—=h — (4 4 h))| Al, so each site contributes —h — (4 + h) to the total energy.

From now on we assume 4 > 0, fixed and small. Under periodic boundary conditions, the
energy of these configurations is, respectively

— H(+1) = —L?*(4 +2h),

- H(=1) = —L*(4 —2h),

- H(c) = H(") = —4L%.
Since H(c®) = H(c?) and A(c®, c?) = A(c?, ¢?) = 0, from now on we will indicate
either element of the set {c¢, ¢’} as ¢, this is an example of stable pair (see Definition 5.1).

Therefore, H(—1) > H(c) > H(41) for 0 < h < 1. Our first goal is to show that {—1, c}
is the set of metastable states and 41 is the global minimum (or ground state).

3.2 Main Model-Dependent Results

In the setup introduced in [41], the minimal description of the metastability phenomenon is
given in terms of X%, X and I3,, so we concentrate our attention on these. In particular we
determine the metastable and stable stases and we show that the maximal stability level I3,
is equal to the energy barrier I'?CA, defined as [19, (3.29)]

= TP = 232 4204 + h) — 2, (3.4)
where A is the critical length computed in [19, (3.24)] and defined as
o= [2] +1 (3.5)
=5 , .

where [-] is the integer part. Assuming that the system is prepared in the state oy = —1, with
probability tending to one as f — oo the system visits the chessboard ¢ before relaxing to
the stable state 4-1. Moreover, by [19, Theorem 3.11, Theorem 3.13] along the tube of paths
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from —1 to ¢ the system visits a certain set of configurations called critical droplets from —1
to c. The critical droplets are all those configurations that have a single chessboard droplet of
a specific size in a sea of minuses. Instead, along the tube of paths from ¢ to +1 the system
visits a certain set of configurations, also called critical droplets from c to +1, but in this
case these are all those configurations that have a single plus droplet of a specific size in a
chessboard. The droplet size, in both cases, is the so-called critical length A. We then say
that a rectangle is supercritical (resp. subcritical) if the side of the rectangle is greater than
A (resp. smaller than A). Formally, the chessboard droplet is a supercritical rectangle with
a one-by-one protuberance attached to one of the two longest sides and with the spin plus
in this protuberance. Note that starting from different initial configurations yields different
kinds of droplets.

We are finally ready to present our model-dependent results. In Lemma 3.1 we show that
all states different from 41, —1, ¢ have a strictly lower stability level than I"PCA, Using this
lemma and [19, Lemmas 3.4, 4.1], we show that I" PCA — I m» allowing us to conclude in
Theorem 3.1 that the only metastable states are indeed —1 and c.

Lemma 3.1 (Estimate of stability levels) For every n € X\{—1, ¢, +1}, there exists V* such
that V,; < V* < IPCA,

Theorem 3.1 (Identification of metastable states) For the reversible PCA model (3.1) we
have T, = TP and thus X™ = {—1, c}.

Theorem 3.2 below implies that the system visits a metastable state or a ground state in a
time shorter than efY"*+€ and visits a stable state in a time shorter than /¢ uniformly
in the starting state for any € > 0. We say that a function g — f(B) is super exponentially
small (SES) if

ﬂlim log f(B) = —o0.

Theorem 3.2 (Recurrence property) For any € > 0, the functions

* PCA
B> sup Py(tgic—1) > V), B sup Pz > ) (36)
nex nex
are SES.

Equation (3.7) in the next theorem already appeared in [24, Theorem 3.1], however the
proof there was incomplete. Thanks to the previous theorems we are able to prove it rigorously
here. The second part of the next theorem is an application of Theorem 2.1 to the reversible
PCA model by Derrida.

Theorem 3.3 For B large enough, we have

E_i[ty1] = (% + é)eﬂf”“(l +o(1)), 3.7)

where ki = ko = 8A|A|. Moreover for any 0 < € < 1 we have

1 .

lim — log " (€) = I'"™, 3.8

Jim 2 log i () (3.8)

and there exist two constants 0 < ¢ < ¢y < 00 independent of 8 such that for every B > 0

(FPCA

creBUT < pp < cre P -1, (3.9)

where yy, y» are functions of B that vanish for § — oo, and pg is the spectral gap.
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PCA . . . .
The first term k]—leﬂ r represents the contribution of the mean hitting time E_ [t 1{z. <7, }]

. PCA . .
while the second term éeﬁ r represents the contribution of E¢[741].

4 Proof of Model-Independent Results

Before we prove Theorem 2.1, let us recall some important definitions.

Definition 4.1 (Cycle, [21, Def. 2.3], [14, Def. 4.2]) Let (X,), be a Markov chain. A
nonempty set C C X is a cycle if it is either a singleton or for any x, y € C, such that

X # Yy,
. 1
ﬁlgr;o—glogP(Xr(X\c)um #y| Xo=x)>0. 4.1

In other words, a nonempty set C C X is a cycle if it is either a singleton or if for any x € C,
the probability for the process starting from x to leave C without first visiting all the other
elements of C is exponentially small. We denote by C(X) the set of cycles of X.

Definition 4.2 (Energy Cycle, [21, (2.17)], [21, Def. 3.5]) A nonempty set A C X is an
energy-cycle if and only if it is either a singleton or it verifies the relation

max @ (x.y) < P4, X\ A). 4.2)
X,y€

Definition 4.3 Given acycle C C X, we denote by F(C) the set of the minima of the energy
in C, namely

F(C) = (x € C| min H(y) = H(x)). 4.3)
ye

The proposition [21, Prop. 3.10] establishes the equivalence between cycle and energy-cycle
and allows us to use the equivalence between the approach in [15,16,39] and the path-wise
approaches [19,21,41,46,49-51] that uses the energy-cycle. Next we define the collection of
maximal cycles.

Definition 4.4 ([46, Def. 20], [21, Def. 2.4]) Given a nonempty subset A C X, we denote
by M (A) the collection of maximal cycles that partitions A, that is

M(A) :={C € C(X) | C maximal by inclusion under the constraint C € A}. (4.4)

Moreover, we extend to the general setting the definition of the maximal depth given in [46,
Def. 21] for the setting of Metropolis dynamics.

Definition 4.5 The maximal depth I" (A) of a nonempty subset A C X is the maximal depth
of a cycle contained in A, that is

I'(A) ;== max I'(C). 4.5)
CeM(A)

Trivially I"(C) := I'(C) if C € C(X).

Proof~of Theorem 2.1 We prove (2.17) by generalizing [46, Prop. 3.24]. To do this, we show
that I" (X \ {s}) is equal to I;,. Recall definition (2.12)

I, = max ((x,Z,) — H(x)).
xeX\{s}
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Since @ (x,Zy) < ®(x, s), we have that I, < I'(X \ {s}). To prove the reverse inequality
Iy>Tx \ {s}), we consider Rp (x), the union of {x} and of the points in X which can
be reached by means of paths starting from x with height smaller than the height that is
necessary to escape from D C X starting from x [21, (3.58)]. We consider

Rx\(sy(x) = (xJU{yeX | @(x,y) < @(x,s)}. 4.6)
We partition X into the set of local minima Xj (i.e., Xy with V = 0) and its complement, as
X = XU (X'\ Ap), 50 that X'\ (s} = (o U (X' \ X)) \ {5} = (Xp \ {5}) U (X \ Xp). Then,
FX\{sh) = xg\fés} I (Rx\(5)(x)) = max { Xerilva\ﬁo T'(Rx\i5)(x)), Xerflvgﬁs} F(RX\{,;}(X))}~
4.7)
Let us analyze the two terms on the right separately.

- Ifx € & \ {s}, then Rx\(ss(x) = {y € & | @(x,y) < P (x,s)} is a non-trivial cycle.
Using [21, Prop. 3.17],

(1) If x € F(Rx\(5)(x)), then I"(Rx\(51(x)) < Vi, by [21, Prop. 3.17 (3)].

(ii) Suppose that x ¢ F(Rx\(s)(x)). Consider X = argminxeRX\(S)(x)H(x), then X €
F(Rx\(s)(x)) and by [21, Prop. 3.17 (2), (3)] we have V, < I'(Rx\{;3(x)) =
I'(Rx\(5) (X)) = V;. So

max Vy = Vg = F(RX\{S}(X)). (48)
YERx\(5}(x)
From this follows that
max I'(R X)) = max max V, < T},. 4.9
celiy TR () reXo\ls) yeRag o) 0 9

— Ifx € X\ A, we proceed as follows
(I If @(x,s) = H(x), then Rx\(5)(x) = {x} because {y € X' | @(x,y) < H(x)}is
empty. Indeed, @ (x, y) is always greater than or equal to H (x). So, I" (Rx\(5)(x)) =
I'({x}) =0.
II) If @ (x,s) > H(x), we choose X = argminxeRX\(S)(x)H(x), soX € Xp \ {s} and
D(x,5) = P(x,s). Then{y € X | @(x,y) < P(x,5)} € Rx\(5(¥) and we refer
to the previous case x € Xp, since x € Ap \ {s}.

This concludes the proof that I5,, > r (X \ {s}) and hence that I3, = r X\ {s). ]

The key step in [46, Prop. 3.24] was to show that Hy = H3, H; is defined as [14, Theorem
5.1]

Hy:=T'(X\{x})), xeargmin,Gg(x) (4.10)
The critical depth H3 is defined as [14, Theorem 5.1]
Hs :=T'(X x X\ F), (4.11)

where F = {(x, x)|x € X}, F(XXX\F) = maxcemxxx\F) I (C)and M(X x X\ F) =
{C € C(X) | C maximal cycle by inclusion under the constraint C € X x X'}. Through the
equivalence of two definitions of cycles, given by [21, Prop. 3.10], the critical depth H; is
equal to Ir'x \ {s}). This quantity is well defined because its value is independent of the
choice of s [14, Theorem 5.1]. Now we consider two independent Markov chains, X; and Y;,
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on the same energy landscape and with the same inverse temperature 8. We define the two
dimensional Markov chain {(X;, ¥;)} on X x X with transition probabilities 73?2 given by

PR NE D) = Ppr P50, 5 V@), EH X x X (412)

[14, Theorem 5.1] states that H, < H3 and if the null-cost directed graph G = (E, X*) with
E={(s,5) € X' x X*| limg_, o -1 log Pg (s, s’) = 0} has an aperiodic component, then
H, = Hj. The assumption (2.16) concludes the proof.

Proof of Theorem 2.2 Before proving the bounds (2.25)
c1e BT < o < cremPTn=r),
we recall the Definition 2.20 and we define the generator of a Markov process. O

Definition 4.6 For any function f : X —> R, g f is the function defined as

Lpf(x) =Y Pplx, ML) = fFODI (4.13)

yeXxX

The result (2.25) is an immediate consequence of the next two lemmas and it is obtained by
generalizing [39, Theorem 2.1, Lemmas 2.3, 2.7].

Lemma 4.1 There exists a constant C < oo such that for all B > 0,
pp < Ce PTm=1) (4.14)
where y is a function of B that vanishes for f — oo.

Proof We first observe that by assumption I}, > 0. Without loss of generality, we may
assume that xg € X™, yo € X and H(yg) = 0. Therefore I';,, = @ (xq, yo) — H (xo) since
X is finite. We write the spectral gap pg as

pp= inf —2meaS OLp SO
feL2(w Varg (f)
where Varg (f) == 3, c» FropE)— QO rex F () (x))?, and L2 is the space of functions

with finite second moment under the measure w. We will find a function F' and a constant
C < 00, such that

, (4.15)

~ 2nex FOLgFORW _ (- opir),

Vs ) (4.16)

Letxg € X and yg € Z,, be two points for which @ (x¢, yo) — H (xo) = I}, and letus consider

the set R\ (xo} (0) = {yo} U {x € X' | @(y0,x) < @(y0, x0)}. Note that xo & Ra\{xo} (Y0)
and yp € R\ (x}(y0). Moreover ifx € Ra\(xo) (Y0) and y ¢ R x\(x} (Y0), then

H(y) + Ay, x) = @(yo, x0)- (4.17)

(See Fig. 4) For any x € R\ {x}(Y0) and y ¢ R\ (xo}(¥0), by reversibility we have

logPg(y,x) | )
B =) = BAGD+HM 7)),

(4.18)

Pp(x, yux) =Py, x)u(y) =e"
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Fig.4 In this figure we draw an
example energy-landscape,
compatible with the assumptions
on x(, yo and x. We also draw
four y; & R x\(xy1 (V0)s

i =1,2,3,4, for which (4.17) is
valid

Yo

where, to obtain the inequality, the first term is estimated by (2.1) and [21, Eq. (2.2)], i.e.,

log P (y, 8
_ oePp0,0) > AQy,x) = 7. (4.19)

The second term in (4.18) is estimated by (2.4) and (2.3), that is

_ logu(y)
B

where 71, 72 and y{* = p| + 72 are functions of B that vanish for § — oo. Then using (4.17)
we get

= H(y) — 7, (4.20)

e~ BAGX)+H)—Y]) < e~ BPx0.y0) BY" 4.21)

Let F(x) = J%RX\(XO)(yO)(x), then

1
=D FOLgFOR() = 5 D7 w@Ppx, pIF @) = F)P?

xeX x,yeX

< Z e~ B(@G0.)0) By (4.22)

XER x\(x0} (Y0)
YER x\(x9} (V0)

On the other hand,

—BGp(yo) ,—BGp(x0)
e e
Varg (f) = (R a\ixo) Do) (R a (o} (0)) = ~ ~

> e PHG0)+72) ,—B(H (x0)+72)

_ o BHE)2) (4.23)

where the last inequality is obtained by (4.20), and by our assumption H(yg) = 0. We
conclude that

PB < Ce_ﬁ(rm_)’)

where C is a constant and y = y;" 4+ 27».
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Lemma 4.2 There exists a constant C > 0, such that for all B > 0,
pg = Ce PInt7), (4.24)

where y is a function of B that vanishes for f — oc.

Proof 1t will be enough to find a constant ¢ > 0 such that for every § > 0 and every
fe L.

_ ZXEX FOLg f(x)p(x) > Ce—BTn+y)

(4.25)
Varg (F)
We consider x, y € X and w € @ (x, y) with length |w| = n(x, y) and define
N := max n(x,y). (4.26)
x,yeX
For z € X, w € Z,, we define the function F; ) : @ (x, y) —> {0, 1} as
| 1ifw; =zand wjy1 = w forsome 0 <i < n(x,y),
Few(@) = { 0 otherwise. (4.27)
Then,
n(x,y) 2
Warg(f) = Y (fO) = fE uMp@x) = Y ( > f(wi)—f(wifl)) m) (),
x,yeX x,yeX i=1
where in the last equality we use that ® € O (x, y) with |w| = n(x,y) and we wrote

f(y) — f(x) as a telescopic sum. Using (4.26) and (4.27), we get the following inequalities

n(x,y) 2 n(x,y)
> ( > flon - f(wi_1)> pEEE) < Y ney) Y (F@) = flo))pEu)
x,yeX i=1 x,yeXx i=1
SN YD Few@)(fw) = f@)pe)u).
x,yeX z,weX
(4.28)
We estimate w(x)u(y) as in (4.20),
M(X)M(y) _ efﬂ(f log(/g(x)) 7log(;};()‘))) < e—ﬂ(H(x)+H(y)—2)72). (4.29)

Then we have

N YT Y Fea@)(fw) = f@)riun)
X, yeX z,weX
—B(H(x)+H(y)—2y2)
=N Z Z Fzw) (@) (f (w) — f(2) efﬂdﬁ(z,w)e e—BP(z.w)

x,yeX z,weX

o~ BUHC)+H()~27)

_ —BP(u,v)
< N max ZEXIF<z,w)<w> — i) ZGXU"(v) Fu?e PO,
X,y u,v

(4.30)
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Moreover

o~ BH@)+H(y)~2/)

F(e.u) (@) — =Fw) (w)eﬂ(‘P(Z,U))*H(x)*ﬂ()‘)Jerz)

< F ) (@)eP @0 =HO-H+27)
=Few (w)eﬁ(nn+2?2)~ 4.31)
The result (4.24) follows from (4.28), (4.30), (4.31).

5 Proof of Model-Dependent Results

In Sect. 5.1 we prove the main model-dependent results except for Lemma 3.1, which we
postpone to Sect. 5.2.

5.1 Proof of Theorems 3.1, 3.2, 3.3

Note that our PCA verifies [20, Definition 2.1]. In order to prove Theorem 3.1 we will lean
on [20, Theorem 2.4]. Roughly speaking, if we have an ansatz for the set of metastable
configurations and one for the communication height, and we show that these verify two
conditions, then [20, Theorem 2.4] guarantees that the anzatzes are correct.

Proof of Theorem 3.1 (Identification of metastablestates) In [19] the authors computed the
value of I" to be I'PCA = —2422 4 21(4 + h) — 2h. There, it was also proven that

& (=1,+1) — H(=1) = "4, (5.1)
®(c, +1) — H(c) = PN, (5.2)

By [19, Lemmas 3.4, 4.1] we have that &(—1, ¢) = I'°A + H(—1), thatis '?CA + H(—1)
is the minmax between —1 and c. The first assumption of [20, Theorem 2.4] is satisfied for
A={-1l,clanda = I'FCA thanks to [19, Theorem 3.11, Lemmas 3.4, 4.1], hence

(0, X%) — H(o) = '’ forall o € {—1, ¢} (5.3)

Moreover, the second assumption of [20, Theorem 2.4] is satisfied because by Lemma 3.1
either X \ ({=1,c}UX*) =0 or

Vo < TP forallo € X\ ({=1,c} U X¥). (5.4)
Finally, by applying [20, Theorem 2.4], we conclude that I, = I'PCA and X" = {=1.c}.O

Proof of Theorem 3.2 (Recurrence property) In Lemma 3.1 we compute V* = 2(2—h). Recall
the definition of Xy in (2.14) and apply [21, Prop. 2.8] witha = V*, Xy« = {—1,¢, +1}.
We get

B — sup P, (txmuxs > PV F) s SES. (5.5)
neX

With a similar reasoning with a = I}, X, = X*, we get

B> sup P, (txs > P9y is SES. (5.6)
nex
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Proof of Theorem 3.3 1In [24] the proof of [24, Theorem 3.1] was only sketched in Section 4.
Recall Theorem 2.8, then Condition 2.1 is satisfied thanks to our Theorem 3.1, Condition 2.2
is satisfied thanks to [24, Lemmas 3.3, 3.4] and Condition 2.3 is satisfied thanks to [24,
Lemma 3.5]. Thus, applying Theorem 2.8 concludes the rigorous proof of (3.7). In the
second example of Sect. 2.3 we verify the assumptions of Theorems 2.1 and 2.2 for general
reversible PCA model in order to get (3.8) and (3.9). O

5.2 Proof of Main Lemma 3.1

Definition 5.1 We call stable configurations those configurations o € X suchthat p(o, o) —
linthelimit 8 — oco.Equivalently,o € X is a stable configuration if and only if p(o, n) — 0
in the limit § — oo forall n € X'\ {o}.

For any o € X there exists a unique configuration n € X such that the transition 0 — n

happens with high probability as B — oo, that is p(o, 1) Aog 1. So let n and o be two
configurations in X" such that n = T'o, where

T: X —> X

or—To

is the map such that for each x € A

o*(x) if py(o*(x)|o) ﬁiiol

o) if pe(o*()]o) =50

To(x) = {

Definition 5.2 Let 0, n € X be two different configurations. We say that o and n form a
stable pair if and only if » = To and Tn = o. Moreover, we say that o € X is a trap if
either o is a stable configuration or the pair (o, To) is a stable pair. We denote by 7 C X
the collection of all traps.

We define two further maps, that will be useful later on. For any given j € A, TjF (o) =
T (o) except in the site j, where T/.F (o) = o(j). Formally,

i o . B0
; i@ I pile o) L,
T7 00 = Youx @) if pi(a’()le) =0, 5.7
o(j) if i =j.
For any given j € A, ch(a) = T (o) except in the site j, where ch(a) = —o(j)-
Formally,
; o P p—o0
. Uﬁ(\{j](’) if pi(c' (Do) — 1,
i) = N P B
7o =You ;) if pie')lo) =0, (>8)
—o(j) ifi=j.
The two maps are similar to 7' (o), the only difference being that TjF (o) fixes the value

of the spin in j and T/.C (o) changes the value of the spin in j.
We say that x, y € A are nearest neighbors if and only if the lattice distance d between
x,yis one, i.e., d(x,y) = 1. We indicate by R; ,, C A the rectangle with sides / and m,
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2 <1 < m and we call non-interacting rectangles two rectangles R; ,, and Ry, such that
any of the following conditions hold:

— d(Ri m, Ry ) = 3, if OR,y = g??l,m and ORy v = Q(I)i,/_ )

— d(Rym, Ry ) = 3,if ORw = gi?l,m and ORy = g%l’.m”

— d(Rym, Ry ) = 3,if ORy = ilRl,m and ORy = +1Rl’.m’;

— d(Rym, Ry ) = 1,ifog,,, = Q‘I’M and ORy y = g;ﬂ e

— d(Rym, Ry w) = 1,ifopg,,, = CRy o ORy = +1Rz/ “and the sides on the interface are
s s Jm —Ky
of the same length.

Whenever two rectangles are not non-interacting, we call them interacting.

Proof of Lemma 3.1 We begin by giving arough sketch of the proof. Without loss of generality,
we consider only configurations in i/ := Ay \ {—1, ¢, +1}, since the configurations in X"\ Xy
have stability level zero. Indeed, if o € X'\ Ap, we construct the path w = (o, T (0)), so that
T(0) € Zy and V; = 0, where 7 was defined in (2.10). We will partition Xp \ {—1, ¢, 41}
into several subsets A, B, D, E and for each of these we will construct a pathw € ® (o, Z5N
Xp). Denote with o4/ a configuration 0 € A" € A. We will find an explicit upper-bound V*
on the transition energy along @ as

max  H(wg, wx1) — H(o) < V). (5.9)
k=1,...,||—1
We define
V¢ = max V,, Se{A,B,D,E}, (5.10)
oes
and since
max V& < I'PCA, (5.11)
Se{A,B.D.E}

from (5.9) and (5.10) follows that, for any o € Xy \ {=1, ¢, +1},

®(0,7-) — H(o) = min max  H(wj, wit1) — H(o) < TP (5.12)
weB (o,n) i=l,..., |lw|—1

This means that all configurations in Xp \ {—1, ¢, +1} have a lower stability level than I"'?CA,
We now proceed with the detailed proof. We partition the set Ay \ {—1, ¢, +1} into four
subset as Xp \ {—1,¢,+1} = AUBUDU E [19, Prop. 3.3]. For each set A, B, D, E, we

first describe it in words and then give its formal definition. O

We define the set A to be the set of configurations consisting of a single rectangle containing
either ¢ or +1, and surrounded by either —1 or ¢, see Fig. 5. More precisely, A = A1 U A, U
A3z U Aq U As U Ag, where:

— Aj (respectively A») is the collection of configurations such that 3! R; ,, C A withl < A
(respectively [ > 1), ORm = CRy.,, and op\R,,, = ;lA\R[,,,,;

— Ajz (respectively Ay) is the collection of configurations such that 3! R; ,, C A with! < A
(respectively [ > 1), ORy = LIR] . and TR = CA\Ry b

— As (respectively Ag) is the collection of configurations such that3! R; ,, C A with/ < A
(respectively [ > 1), og,,, = +—1R1_m and oA\R, ,, = _—1A\R1,m'

Configurations in the set B consist of a single chessboard rectangle which may contain
an island of +1, surrounded by —1, see Fig. 6. More precisely, B = By U B, U B3, where:
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Ay, As As, Ay As, Ag
- - - - = = - + -+ -+ -+ - - - - = = -
+ -+ - - —+ - — - -
R e S —t o+ = -
R -+ - e i
i it o+ - R
. S e
- - - = = - + -+ -+ -+ - - - - = = -

Fig.

5 Examples of configurations in A
By, Ba, B3
SECEIETE- -
e e
—H - -
il i -
S - e -
SRt it bt Al
6 Examples of a configurations in B
By is the collection of configurations such that 3! R; ,, with og,, = +I R and
B —Rm
: / — —_ .
ARy 2 Rim With " < A, o, ARy, = CRy i \Rim® OA\Rp = ;1A\RI’,m”
B is the collection of configurations such that 3! R; ,, with [ > A, og,,, = +1 R and
3! Rl’,m’ 2 Rl,m such that ORy \Rimw = ERI’,m’\Rl,m » OA\Ry_ v = ;IA\RI’,m/;
B is the collection of configurations such that 3! R; ,, withl < A, og,,, = +1 Riy and
. / _ _ ’
ARy 2 Rim withl” > A suchthatog, g, = CRy p\Rim> TA\Ry 0 = ;1A\thm/'

The set D contains all configurations with more than one rectangle, see Fig. 7. More

precisely, D = D1 U D> U D3 U Dg U Ds, where:

D is the collection of configurations such that there exist subcritical non-interacting
rectangles R := (Ry ;)1,m such that op\g = —1 AR and any rectangle of chessboard
may contain one or more non-interacting rectangles of pluses;

D5 is the collection of configurations such that there exist rectangles R := (R m)i.m
where at least one of them is supercritical and such that o y\g = —1 MR Moreover, any
rectangle of chessboard may contain one or more non-interacting rectangles of pluses;
D3 is the collection of configurations consisting of interacting rectangles R := (R;,u)1,m
with [ < A and such that any rectangle of chessboard may contain one or more non-
interacting rectangles of pluses;

Dy is the collection of configurations consisting of non-interacting rectangles R :=
(Ri1,m)1,m withl < A such that og,,, = ilRl,m and o\ = CAR

Ds is the collection of configurations consisting of rectangles R := (R ;);,,» wWhere at
least one has [ > A and such that og, ,, = ilR[,m and o4\R = Cp\RS
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Dy, Dy Ds

R I A e -+
—————— -+ = - e
s O e
R e et et b iRt et et el
—————————————————— :+ —7-‘1—”—74-:—
777777777777777777 e
X wra M I 4 i
St b i i Sl i it St s st bl
- - mim i o - A S e
L e T I I '+
Sl e g

+ -+ ++++ -+ -
-4+ -+ ++++-+ -+
+ -+ + +++ i+ -+ -

Fig.7 Examples of configurations in D

The set E contains all possible strips, that is, rectangles winding around the torus, see
Fig. 8. More precisely, E = E; U E; U E3 U Eq4 U Es U Eq U E7, where:

— E (respectively E3) is the collection of configurations containing strips of ¢ (respectively
+1) of width one surrounded by —1, and possibly rectangles of 41 and c;

— E» is the collection of configurations containing strips of +1 of width one surrounded
by ¢, and possibly rectangles of +1;

— E4 is the collection of configurations containing pairs of adjacent strips of ¢ and —1. For
at least one of these pairs, both strips have width greater than one. Furthermore, there
may be rectangles of ¢ and +1 surrounded by —1, and rectangles of +1 surrounded by
(o

— Es (respectively Eg) is the collection of configurations containing pairs of adjacent strips
of ¢ and 41 (respectively +1 and —1). For at least one of these pairs, both strips have
width greater than one. Furthermore, there may be rectangles of 4-1 surrounded by ¢
(respectively rectangles of ¢ and 41 surrounded by —1);
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B, By Eg
- -t - - - ittt -t - - = =it - -
e e B I e e
R e I R e Rl B ol e bl
- - = = - -t -+ - - -+ +i- -
— — i i Fribih —ih i - - = =it 4= -
— -l - SlH- -+ PR T

E7

—r—”—j——f+++f+—+—+f+—+—

R B e i i

i hh R R e e R AR

***** R At b e

————— o+ R R

R A R S P

R

e e i T i s

e A b e e e

i e L e I

- - - - - R e T

77777 i+ o+ - i i+ — 4

————— ot I R = -

e T e B e o R B e

R e e A R

e b o o o el RS S S

————— s e e e

Fig.8 Examples of configurations in E

— E7 is the collection of configurations containing strips of ¢, —1 and 41 with at least
one width greater than one, and possibly rectangles of ¢ and 41 in —1, and possibly
rectangles of 41 in c;

We begin by considering the set A. Consider first the set Aj. Case A;.For any configuration
o € A; we construct a path that begins in o and ends in a configuration in A} U {—1} with
lower energy than o, i.e., w € @ (0,75 N (A; U {=1})). We now fix 0 = w; € Aj and
we begin by defining w;. If there is a minus corner in og,,, , say in ji, then o (j) is kept
fixed and all other spins in the rectangle switch sign, i.e., wy = ij (w1). On the other hand,
if there is no minus corner in op, ,,, then we call the next configuration in the path w and
we define it as w| := T'(w1), i.e., all the spins in the rectangle switch sign. After this step,
) has a minus corner, so we can proceed as above and define wy := ij (w}). Note that
in w, there are two minus corners in the rectangle that are nearest neighbors of j;. For the
next step, keep fixed the minus corner that is contained in a side of length /, say in j,, and
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define w3 := ij (wn). By iterating this procedure [ — 2 times, a full slice of the droplet is
erased and we obtain the configuration n = w; such that ng,,,_, = c and na\g,,,_; = —1.
In order to determine where the maximum of the transition energy is attained, we rewrite for
k=1,...,01—1

H(wk, wp11) — H(w1) = H(wg) + Alw, k1) — H(wy)
k=1
= Z(H(wm+l) — H(wm)) + Alwg, wpy1), (5.13)

m=1

with the convention that a sum over an empty set is equal to zero. From the reversibility
property of the dynamics follows that

H(wy) + Alwk, wp+1) = H(wg+1) + A(@k+1, o), (5.14)
and since A(wy41, wx) =0fork =1,...,1 — 2, for the path w,

Sk (H(@mi1) — H(om)) ifk=1,...,01-2,

H —H =
(@ ) = H@n {Zﬁ,:_%(H(wmm—H(wm>)+A(w1_1,wz> itk=1-1.

(5.15)

Itcanbe shownthat H (wy+1)—H (wy) = 2h > Oform =1, ..., [—2and A(w;—1, w;) =
2h [19, Tab. 1], so the maximum is attained in the pair of configurations (w;—1, w;). Hence,

-2
max__ H(wg, wkp1) — H(@) = Y (H(@ni1) — H(@n)) + Alor-1, o)
Wk, Wk +1 €W -

=2h(l —2)+2h =2h( - 1) := V). (5.16)

Since V,; depends only onthelength/, we find V= maxgeqa, V, by taking the maximum
over /. Since [ < A, we have

VXI <22 —h). (5.17)

Finally, let us check that w; € 75 N (A U {—1}). Using (5.14), (5.16) and [19, Tab. 1], we
get

H(wy) +2h( —1) = H(w;) +22 — h). (5.18)
The rectangle R; ,, is subcritical if and only if [ < 2/h, and so
H(w)) — H(w;)) =4 —2hl >0, (5.19)

which concludes the proof for A.
Case Aj. For any configuration o € A, we construct a path that begins in o and ends in a
configuration in A U {c} with lower energy than o, i.e., @ € ® (0,75 N (A2 U {c})). We
now fix 0 = w; € Ay and we begin by defining wp. We call j € R; , a site in one of the
sides of length / and such that o (j) = +1. Furthermore, we call j; € A \ R;,, the nearest
neighbor of j such that (necessarily) o (j1) = —1 and we define w, := Tf(a)l), ie., o(j1)
switches sign and the signs of all other sites in o 4\ g, ,, remain fixed. We define w3 := T (w3),
w4 = T(w3) = T?*(wy) and so on until a new slice is filled with chessboard. We obtain
the configuration 5 such that ng, ., = ¢ and na\r,,,,; = —1. Note that at the first step of
the dynamics either one or two nearest neighbors of j; in the external side of the rectangle
switch sign when T is applied. Analogously, at each subsequent application of 7', either one
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of two further sites in the external side of the rectangle switch sign. Therefore, the maximum
number of iterations of the map 7 is / — 1. In order to determine where the maximum of the
transition energy is attained, we rewrite the energy difference as in (5.13). Using (5.14) and
since A(wg, wr+1) =0fork =2,...,1 — 1, for the path o,

k 1 —_ —_
Hwp, wxs1) — Hiwy) = Alwr, w2) + Y n (H(wpy1) — H(wyw)) ifk=2,...,1—-1

Awy, w2) ifk=1
(5.20)
It can be shown that H (wy,+1) — H (wp) = —A(wm+1, o) = —2h < Oform =2, ...,1
[19, Tab. 1], so the maximum is attained in the pair of configurations in (w1, w?), hence
max 7H(a)k, wk+1) — H(a)l) = A(a)l, a)z) = 2(2 — h) = V:. (5.21)
Wk ,Wk+1 €W

Since V. is the same for all configurations in A2, V:z = MaXgea, V) = 2(2—h). Finally,
let us check that w; € Z- N (A2 U {c}). Using (5.14), (5.21) and [19, Tab. 1], we get

H(w1) +2@2—h) = H(w)) +2h( - 1). (5.22)
The rectangle Ry, is supercritical if and only if / > 2/h, and so
H(wy) — H(w)) =2kl —4 > 0, (5.23)

which concludes the proof for As.

Case As. For any configuration o € A3 we construct a path that begins in o and ends in a
configuration in A3 U {c} with lower energy than o, i.e., @ € ® (0,75 N (A3U{c})). We now
fix o = w; € Az and we begin by defining w;. If in oy, ,, there is a plus corner surrounded
by two minuses, say in ji, then o (j;) switches sign and the signs of all other spins in the
rectangle remain fixed, i.e., wr = Tﬁ (w1). On the other hand, if in og,,, there are no plus
corners surrounded by minuses, then we call the next configuration in the path o} and we
define it as a)q =T (w),i.e.,allthe spinsin o4\ g, ,, switch sign. After this step, a)’l has a plus
corner surrounded by two minuses, so we can proceed as above and define w; := ij (w)).
Note that in w, there are two plus corners in the rectangle that are nearest neighbors of jj.
For the next step, the plus corner, say in jp, that is contained in a side of length /, switches
sign, i.e., w3 1= Tjg (w2). By iterating this step [ — 2 times, a full slice of the droplet is erased
and we obtain the configuration n = @y such that ng,,,_, = +1 and na\g,,,_, = ¢. In order
to determine where the maximum of the transition energy is attained, we rewrite the energy
difference as in (5.13). Using (5.14), we obtain the same result as in (5.15). Hence,

-2
max__H (o, okr1) = H(w) = 3 (H(ong1) = Hon) + Ao, o)
Wk, W41 €W m=1
=2h(l —2) +2h =2h(l — 1) := V}. (5.24)

Since V,; depends only on the length/, we find V¥ = maxgea, V; by taking the maximum
over [. Since I < X, we have ‘

V:3 <22 —h). (5.25)
Finally, let us check that w; € 75 N (A3 U {c}). Using (5.14), (5.24) and [19, Tab. 1], we get
H(wy) +2h( —1) = H(w)) +2Q2 — h). (5.26)
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The rectangle Ry, is subcritical if and only if / < 2/h, and so
H(wy) — H(w) =4 —2hl > 0, (5.27

which concludes the proof for A3.
Case Ay4. For any configuration 0 € A4 we construct a path that begins in o and ends in a
configuration in A4 U {41} with lower energy than o, i.e., ® € @(0,Z5 N (A4 U {+1})).
We now fix 0 = w| € A4 and we begin by defining w,. Pick any site j € Ry, in one of
the sides of length /, such that its nearest neighbor j; € A\ R;,, is such that o (j1) = +1.
We define wp = ij(a)l), i.e., o(j1) is kept fixed and all the spins in o4\g,,, switch sign.

We define w3 := T(w3), wa := T(w3) = T*(wy) and so on until a new slice is filled with
+1. We obtain the configuration 7 such that ng, ., = +1 and na\g,,,,, = c. Note that at
the first step of the dynamics either one or two nearest neighbors of j; in the external side of
the rectangle switch sign when T is applied. Analogously, at each subsequent application of
T, either one of two further sites in the external side of the rectangle switch sign. Therefore,
the maximum number of iterations of the map T is / — 1. In order to determine where the
maximum of the transition energy is attained, we rewrite the energy difference as in (5.13).
Using (5.14), we obtain the same result as in (5.20). Hence,

max _ H(wk, wpt1) — H(@)) = Alwr, w2) =22 — h) ==V}, (5.28)
Wk, W41 ED
Since V) is the same for all configurations in Ay, VA4 = maXgeay Vg = 2(2—h). Finally,
let us check that w; € 75 N (A4 U {+1}). Using (5.14), (5.28) and [19 Tab. 1], we get

H(w1) +22—h) = H(w) +2h( - 1). (5.29)
The rectangle R, ,, is supercritical if and only if / > 2/h, and so
H(w1) — H(wy) =2hl —4 > 0, (5.30)

which concludes the proof for A4.
Case As. For any configuration 0 € As we construct a path that begins in ¢ and ends
in a configuration in Dy with lower energy than o, i.e., ® € @ (0,75 N Dy). We now fix
0 = w) € As and we begin by defining w,. We call j; a corner in R; ,, such that (necessarily)
o (j1) = +1 and we define w, := TC(wl) i.e., o (j1) switches sign and the signs of all other
spins in the rectangle remain fixed. Note that in w, there are two plus corners in the rectangle
that are nearest neighbors of jj. For the next step, the plus corner, say in ji, that is contained
in a side of length / switches sign, i.e., w3 = Tjg (wy). After this, the spin of the nearest
neighbor of j, along the same side of R, and different from jj, say in jz, switches spin,
ie., w4 = Tjg (w3). By iterating this step / — 3 times, a full slice of the droplet is erased and
we obtain the configuration w; = 7 such that ng,,,_, = +1, ng,, = ¢, na\r,,, = —1. The
configuration 7 is a configuration in Dj. In order to determine where the maximum of the
transition energy is attained, we rewrite the energy difference as in (5.13). Using (5.14), we
obtain the same result (5.15). Hence,

-2
max  H(w, opp1) — H(or) = Y (H(@pi1) — H(om)) + Alwr-1. o)
W 5 wk+|€w m—l1

=2h(l —2) 4+ 2h =2h(l — 1) := V. (5.31)

Since V,; depends only on thelength/, we find Vi = maxgeas V; by taking the maximum
over [. Since [ < A, we have

Vi <22 —h). (5.32)
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Finally, let us check that w; € Z- N Dj. Using (5.14), (5.31) and [19, Tab. 1], we get
H(wy) +2h( — 1) = H(w;) + 22 — h). (5.33)
The rectangle Ry, is subcritical if and only if / < 2/h, and so
H(w1) — H(w;) =4 —2hl > 0, (5.34)

which concludes the proof for As.
Case Ag. For any configuration 0 € Ag we construct a path that begins in o and ends in
a configuration in D3 with lower energy than o, i.e., ® € ®(0,Z5 N D3). We now fix
0 = w; € Ag and we begin by defining wy. We call j € R;,, a site in a side of R; ,
and note that (necessarily) o (j) = +1. Without loss of generality, we choose a side of
length . Furthermore, we call j; € A\ R;, the nearest neighbor of j contained in the
external side with length / such that (necessarily) o (j;) = —1. We define w; := Tﬁ (w1),
i.e., 0 (j1) switches sign and the signs of all other spins in o 4\g, ,, remain fixed. We define
w3 := T(w2), ws := T (w3) = T (wy) and so on until a new slice is filled with ¢, so we obtain
the configuration 7 such that ng,,, = +1, ng,; = ¢ and na\g, ., = —1. Note that at the
first step of the dynamics either one or two nearest neighbors of j; in the external side of the
rectangle switch sign when 7 is applied. Analogously, at each subsequent application of T,
either one of two further sites in the external side of the rectangle switch sign. Therefore, the
maximum number of iterations of the map 7 is / — 1. The configuration 1 is a configuration in
D> . In order to determine where the maximum of the transition energy is attained, we rewrite
the energy difference as in (5.13). Using (5.14), we obtain the same result as in (5.20). Hence,
max _H(wk, wpy1) — H(@)) = Alwr, w2) =22 — h) ==V, (5.35)
Wk ,Wk+1 EW

Since V) is the same for all configurations in Ag, V:G = MaXgea, V) = 2(2—h). Finally,

let us check that w; € Z~ N D3. Using (5.14), (5.35) and [19, Tab. 1], we get

H(w1) +22 —h) = H(wy) +2h( —1). (5.36)
The rectangle R, ,, is supercritical if and only if / > 2/h, and so
H(w1) — H(wy) =2hl —4 >0, (5.37)
which concludes the proof for Ae. In conclusion,

Vii= max Vi =22—h) (5.38)
i=l,...,

Next we consider the set B. Case Bj. For every configuration in Bj, both rectangles are
subcritical. Following a path that changes a slice of +1 into a slice of ¢, analogously as was
done for Az, we get a configuration in Z, N (B U A1). We have

Vi = Vi <22 —h. (5.39)

Case B;. For every configuration in By, both rectangles are supercritical. Following a path
that adds a slice of ¢, analogously as was done for A;, we geta configurationin Z, N(Ba UAy).
We have

Vi, = Vi, =22 —h). (5.40)

Case B3. For every configuration in B3, the external rectangle is supercritical and the internal
rectangle is subcritical. Following a path that adds a slice of ¢, analogously as was done for
Aj, we get a configuration in Z, N (B3 U A3). We have
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Vi =Vi, =22 —h). (5.41)
‘We conclude that
Vg =max{Vg, Vg, Vp} =V}

Next we consider the set D.

Case D1. For every configuration o in D1, all rectangles are subcritical and non-interacting.
If o contains at least one rectangle of +1 surrounded by ¢, we take our path to be the path
that cuts a slice of 4-1, analogously as was done for A3. We get a configuration in Z, N Dj.
Otherwise, if o contains at least one rectangle of +1 surrounded by —1, we take our path to
be the path that changes a slice of 4-1 into a slice of ¢, analogously as was done for As. We
get a configuration in Z, N D3. Finally, we consider all remaining configurations, namely
chessboard rectangles in a sea of minus. We take our path to be the path that cuts a slice of
¢, analogous to the one described in Aj. We get a configuration in Z, N (D1 U Ay). So, we
have

Vh, =max{Vi , Vi, Vi}<22—h). (5.42)

Case D;. For every configuration o in D», there exists at least one supercritical rectangle. If
this is a chessboard rectangle, then we take the path that makes the rectangle grow a slice of
¢, analogously as was done for A>. We get a configuration in Z, N (A3 UA4U Dy U D4U D5 U
E4 U {c}). Otherwise, if this supercritical rectangle contains 41, we take the path that makes
the rectangle grow a slice of ¢, analogously as was done for Ag. We get a configuration in
Zs N (Dy U D4 U Ds). So, we have

Vi, =max{Vi, Vi}=2Q2—h). (5:43)

Case Dj3. For every configuration o in D3, all rectangles are subcritical and non-interacting.
If o contains at least one rectangle of 41 surrounded by ¢, we take our path to be the path
that cuts a slice of +1, analogously as was done for A3. We get a configuration in Z, N Dj3.
Otherwise, if o contains at least one rectangle of +1 at lattice distance one from a rectangle of
¢, we take the path that changes a slice of 4-1 into a slice of ¢ along the interface between the
two rectangles, analogously as was done for A3. We geta configurationinZ, N(A;UD1UD3).
In the remaining cases, o contains at least two rectangles of different chessboard parity at
lattice distance one. We take our path to be a path that changes a slice of ¢, analogously as
was done for A;. We get a configuration in Z, N (A} U Dy U D3). So, we have

Vp, = max{Vy , Vi} <22 —h). (5.44)

Case D4. For every configuration o in Dy, all rectangles of 41 surrounded by ¢ are subcritical
and non-interacting. We take our path to be a path that cuts a slice of +1, analogously as was
done for Az. We get a configuration in Z, N (D4 U A3). So, we have

Vi, = Vi <22 h. (5.45)

Case Ds. For every configuration o in Ds, there exists at least a supercritical rectangle of +1
surrounded ¢. We consider this rectangle and we take the path that makes the rectangle grow
aslice of +1, analogously as was done for A4. We get a configurationin Z, N (D5 U A4 U Es).
So, we have

Vi =Vi, =22 —h). (5.46)
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In conclusion,
* * * * * k o\ _ Y%
Vp=max{Vp . Vp . V.. Vp,. Vp} = Vi.

The last set E is composed of strips.
Case E;. A configuration 0 = w; in E; has at least a strip of ¢ of width one. Pick a site
j in the strip such that o(j) = —1 and define w; = TjF(a)l), i.e., o(j) is kept fixed.
The energy difference is H(wp) — H(w1) = 2h [19, Tab.1]. We define w3 = T (wy),
w4 := T (w3) = T*(wy) and so on until we obtain a configurationin Z, N (E; U D; U Dy U
D3 UA1UAUAsUAgU BU {—1}). So, we have

Vi =2h. (5.47)

Case E>. A configuration 0 = wj in E contains at least a strip of 41 of width one. Let o ()
be a plus in the strip surrounded by one or two minuses. We define w, = T (o)), ie., o(j)
switches sign. The maximum energy difference is H (wy) — H(w1) = 2(2 — h) [19, Tab.1].
We define w3 := T(w2), w4 := T (w3) = T*(w;) and so on until we obtain a configuration
inZ, N (Ey U E7 U {c}). So, we have

Vi, =max{Vi 22 — h)} =22 — h). (5.48)

Case E3. A configuration 0 = ) in E3 has at least a strip of 41 of width one. If in o
there is a strip of +1 surrounded by two chessboards with the same parity, then pick a plus
o (j) in the strip and define wy = TJ.C (w1), i.e., o (j) switches sign. The energy difference is
H(w3) — H(wy) = 2h [19, Tab.1]. We define w3 := T (w2), w4 := T(@3) = T?(w2) and so
on until we obtain a configuration in Z, N (E7 U E7). Instead, if in o there is a strip of +1
surrounded by two chessboards with different parity, then pick a plus o (j) in a chessboard
at lattice distance one from the strip and define w, = TF(w)), ie., o j) is kept fixed. The
energy difference is H(wy) — H(w1) = 2(2 — h) [19, Tab.1]. We define w3 := T (w»),
w4 := T(w3) = T*(wy) and so on until we obtain a configuration in Z, N Es5. So, we have

VES =max{2h,2(2 — h)} =22 — h). (5.49)

Case E4. We consider a configuration o = w in E4 and pick a plus on the interface between ¢
and —1, and call j the site of this plus. We call j; the nearest neighbor of j in —1 and we define
w) = Tﬁ (w1),1.e., 0 (j1) switches sign. The energy difference is H (w2) — H (w1) = 2(2—h)
[19, Tab.1]. We define w3 := T (w2), w4 := T(w3) = Tz(wz) and so on until we obtain a
configuration in Z, N (E4 U D4 U Ds U E7 U {c}). So, we have

V§4 =22 —-h). (5.50)

Case E5. We consider a configuration 0 = w; in Es and pick a plus in ¢ on the interface
between ¢ and +1, and call j the site of this plus. We define wy = T].F (w1),1.e.,0(j) is kept
fixed. The energy difference is H (wp) — H(w1) = 2(2 — h) [19, Tab.1]. We define w3 :=
T (@), ws := T(w3) = T?(w>) and so on until we obtain a configurationinZ, N(E5U{4-1}).
So, we have

Vgs =212 —h). (5.51)

Case Eq. We consider a configuration 0 = w; in Eg and pick a minus on the interface
between —1 and 41, and call j the site of this minus. We define w; = TC(w1), ie., o(j)
switches sign. The energy difference is H(w2) — H(w1) = 2(2 — h) [19, Tab.1]. We define
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w3 =T (), w4 = T (w3) = T?(wy) and so on until we obtain a configuration in Z, N E7.
So, we have

Vi =22 —h). (5.52)

Case E7. If the configuration o = w; in E7 contains a strip of —1 adjacent to a strip of +1
and both have width greater then one, then we pick a minus one on the interface between
—1 and +1 and we take a path analogously as was done for E¢. We get a configuration in
Zs N (E7 U Es5). Otherwise, E7 contains a strip of ¢ adjacent to a strip of —1, both with
width greater then one. Then, we pick a plus one, say in j, in the strip of c. We call j; the
nearest neighbor of j in —1 and we define wp = Tﬁ (w1), i.e., o(j1) switches sign. The
energy difference is H(wy) — H(w1) = 2(2 — h) [19, Tab.1]. We define w3 := T (w2),
w4 = T (w3) = T?*(w5) and so on until we obtain a configuration in Z, N (E7 U Es). So, we
have

Vg7 = max{VE6, 22 -h)}=22—h). (5.53)
Then
Vi =max{Vg,, Vi, Vi, Vi, Vi, Vi, Vi = Vi,

To conclude the proof, we compare the value of V* = max{V}, V5, V5, Vil =22 —h)
and I'PCA and we get

IPeA = 2na? 4204+ h) —2h > 22 — h) = V*. (5.54)
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Appendix

In this section we prove theorems given in Sect. 2.4.

Proof of Theorem 2.3 Recall the equivalence relation above Theorem 3.6 in [20] forx, y € X
x ~ yifandonly if ®(x,y) — H(x) < I, and @(y,x) — H(y) < I}. (A.1)
The configurations x 11 ..., x| are in the same equivalence class. Thus, the theorem follows

immediately by Condition 2.1, (2.41), and [20, Theorem 3.6]. O
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Before given the proof of Theorem 2.4, we state two useful lemmas. In the first of the two
lemmas we collect two bounds on the energy cost to go from any state x # x| to x] or to xo,
forr =1, ..., n. The second lemma is similar.

LemmaA.1 Assume Condition 2.1 is satisfied. For any x € X and x # x{, for every r =
I, ...n If H(x) < H(x}), we have that

®(x,x0) —H(x) < Iy, and @(x,x7) — H(x)) > I, forevery r=1,..,n.
(A.2)

Proof Let us prove the first inequality. By Theorem 2.3 in [20] we have that @ (x, xg) <
I, + H(x). If by contradiction @ (x, xo) = I, + H(x) then, by the same Theorem 2.3 in
[20], x € X™ which is in contradiction with Condition 2.1. Next we turn to the proof of
the second inequality and we distinguish two cases. If H(x) < H(x]), then we have that
X € Ix;. By (2.19) and by (2.11), we get

D (xy,x) = P(x1, L) = Iy + H(x])
that proves the inequality. If H(x) = H (x]), then let us define the set
Ci={yeX:®(y,x]) < Hx)) + I'n}.

We will show that x ¢ C. Since H(x) = H(x]), the identity 7, = ler follows. Furthermore,
since x| € X", we have C N Ixf = (; hence, C N Z, = ¢ as well. Moreover, if x € C then
Vi =@ (x,Z,) — H(x) = H(x{) + I}, — H(x) = I},. By (2.19), x would be a metastable
state, in contradiction with Condition 2.1. Hence, since x ¢ C, we have that

D(x,x7) = Iy + H(xp).
This proves the inequality for every r = 1, ..., n. O

Lemma A.2 Assume Condition 2.1 is satisfied. For any x € X and x ¢ {x2, xll, o XYL X0
If H(x) < H(x2), then

D(x, {xll, wo X{yxo) —H&) < Iy and & (x,x2) — H(xp) = Iy (A.3)

Proof Let us prove the firstinequality. By Theorem 2.3 in [20] we have @ (x, {)cl1 s X1, X0))
< @&(x,x9) < I, + H(x). We proceed by contradiction and assume that @ (x, xg) =
I, + H(x). By [20, Theorem 2.3], x € X™ which is in contradiction with Condition 2.1.
Next we turn to the proof of the second inequality we distinguish two cases. If H (x) < H (x2),
then we have that x € Zy,. By (2.19) of metastable state and by (2.11), we get

(D(xz, x) > (D(XZ’ sz) =1+ H(x2)-
This proves the inequality. If H(x) = H (x3), then let us define the set
C:={y e X:®(y,x) < Hxa) + In).

We will show that x ¢ C. Since H(x) = H (x3), the identity Z, = Z,, follows. Furthermore,
since x € X, we have C N Z,, = ¥; hence, C N Z, = ¢ as well. Moreover, if x € C then
Vi =®(x,Z,) — H(x) > H(x2) + I, — H(x) = I". By (2.19), x would be a metastable
state, in contradiction with Condition 2.1. Hence, since x ¢ C, we have that

D(x,x2) = Iy + H(x2).

This proves the inequality. O
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Proof of Theorem 2.4 We begin by proving Eq. (2.46).

The proof is based on Lemmas A.1 and A.2. In the proof we only use the representation
of the expected mean time in terms of the Green function [11, Corollary 3.3], see also [32,
Eq. (4.29)]. Indeed, recalling (2.23) above, we rewrite the expected value in terms of the
capacity as

1
Ey, 7,1 = xX)h, 1 o a(x). (A4)
TR0} capg(x2, {xll,...,xf’,xo}));(uﬂ 12631 30)
Since h,, (. T xo}(¥2) = 1, we get the following lower bound:
E > ! h
B e
g (x2)

(A.S5)

cap(x2, {x], ..., x", x0})

In order to give an upper bound, we first use the boundary conditions in (2.22) to rewrite
(A.4) as follows:

1
Bl o] = [ wph, ()
P 0T cap (g, {2 x0)) xex\{xg_,xil,xo} %2 B0l

H(0)ZH(x)

+ Z ] (x)hxz,{xll ..... x?,xo}(x)]'
XEX\{XII,...,xf,xo}
H(x)>H(xp)
Next we bound g (x) as ug(x) < ug(x2)exp(—p38) for some positive § = min, {H (x) —
H(x)} and for any x € X such that H(x) > H(x2). We get

1
Eolt, 1 00> [ xX)h X
ol ap g, {xl,...,x?,xo})xdwgwf PO el

H(x)<H(x2)
+ gl +o(D] . (A6)

Next we upper bound the equilibrium potential /,, (x ol x0) 1(x) by applying Proposi-

tion A.l withx =x,Y ={x}, Z = {xll, . XY, X0}, as

cap(x, x2)
= cap(x, {x], ..., xT, x0})

Furthermore, if H(x) < H(xz) and x ¢ X™ U X*, then

e—BPE.x) o~ BTn+H(x2) s, Hp(x2)

<C =Cie )
POl o) e BT THD) =51 ! 105(x)

hxz,{xll ..... xf,xo}(x) < Cl

where C1, §; are suitable positive constants. In the first inequality we used Proposition A.2,
in the second we used Lemmas A.1 and A.2. By using (A.6) we get

1 g (x2)
Bl ] < Ciup(x)e + (1 +o(1]],
2E o) cap(xz,{xll,...,x’f,xo})xex\(;uxv), / g (x) P
H(x)<H(x2)
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which implies

pp(x2)
~ cap(xa, {xll, e XYL x0})

[1+o(D], (A7)

where we have used that the configuration space is finite. Equation (2.46) finally follows by
(A.5) and (A.7).

Next we prove Eq. (2.47). Recalling (2.23) above, we rewrite the expected value in terms
of the capacity as

]Ex;‘[fxol = Z mp(x) hxf,xo(x) foreveryr =1, ...,n. (A.8)

CaPﬁ(XT,XO) rex

Considering the contribution of every x| in the sum and observing that i ,(x]) = 1 and
hyr x (x?) ~ 1 forevery g = 1, ..., n , we get the following lower bound:

q q
Eyrlty] = Wuﬁ(mhxl () + Z capGer gy DA o 0D
q#r
> % ugx})
cap(xl,xo) Z P
.
_ n,uﬂ(xl) 7 (A.9)
cap(x7, xo)

where the last equality follows from the definition of Gibbs-measure and H (x]) = H (xlq)
forevery ¢ = 1, ..., n. In order to give an upper bound, we first use the boundary conditions
in (2.22) to rewrite (A.8) as follows:

1
Eglrol = o s[ 2 mp@hga+ 3 5D ()]
plxy, Yo xeX\xo, xeX\xo,
H(x)<H(x}) H(x)>H (x])

Next we bound g (x) as ug(x) < ug(xj)exp(—pB3) for some positive § = min, {H (x) —
H(x])} and for any x € X such that H(x) > H(x]). Recalling that th,xO(x{) =1,
th,xo(in) =14o0() foreveryg =1, ...,n with g # r, we get

Eqlrgl > — [ Y up@ g+ Y upDIL + o]

=
Cap(xl ’ xO)xeX\{xll ..... x7,x0}, q=1
Hx)<HG)
(A.10)
Next we upper bound the equilibrium potential hxf,xo (x) by applying Proposition A.1 with
x=x,Z={xo}and Y = {x]} foreveryi =1, ..,n
cap(x, x!)
hxf.xo (x) < —
cap(x, xo)
Furthermore, if H(x) < H(xf) and x # xi] forevery g = 1, ..., n, then

—BP(x,x! —B(In+H ("
e~ BP(x.x]) <6 e BUn+HKD) _ 38_/353 Mﬁ(xf)
e BP(x.x0) = 77 p=PIn+H(x)—83) pp(x) ’

hxf.xo(x) =< C3
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where C3, §3 are suitable positive constants. In the first inequality we used Proposition A.2,
in the second we used Lemmas A.1 and A.2. By using (A.10) we get

1
Exf[fxo]fi[ > CGipplx)e” o LB U] )+Zuﬂ(xl )l +0(1)]],

-
Cap(xl ’ XO)xeX\{xll ,,,,, X1 .x0}, ﬁ(X)
H(x)<H (x|
which implies
anl Mﬁ(xlq) nug(xy)
Eolt] < =0 o)) = 2220 1 4 o(1), (A.11)
cap(xy, xo) cap(xy, xo)

where we have used that the configuration space is finite and H (x]) = H (xi]) for every
g=1,...,n

Proof of Theorem 2.5 We prove Eq. (2.49).
Recalling (2.23) above, we rewrite the expected value in terms of the capacity as

Do upI A (0. (A1)

[tx] =
(ke Lo capg ({xl"' x0) =

Considering the contribution of xj for every r = 1,...,n in the sum and observing that
h{ 11111 %0 (xl) = lforeveryq =1, ..., n, we get the following lower bound:

X1, o) Zﬂﬂ(xl ..... "}xo(xl)

11111

cap({xll, e

_ q
N cap({xll, X x ) Z'uﬁ(xl)

__mplaf P
cap({x], ..., x}, x0)”

(A.13)

where the last equality follows from the definition of Gibbs-measure and H (x]) = H (x?) for
every r,q = 1, ..., n. In order to give an upper bound, we first use the boundary conditions
in (2.22) to rewrite (A.12) as follows:

1
E i o] = [ Wp Oy ()
(R cap({x], ..., xJ'}, x0) xe;:xo, b2 30

H(x)<H(x})

Y e @] (A.14)
xeX\xo,
H(x)>H (x])

Next we bound pg(x) as ug(x) < ug(xy)exp(—p8) for some positive § = min, {H (x) —
H(x})} and for any x € X such that H(x) > H(x]). We get

1
E.i . [,,]:—[ 5 () () + npp(x] )[1+o(1)]]
bt )0 Cap({xllv~~~9X?}sx0)xe/\’\{x1 xnxo)ﬁ st a

o),

H)<H )

(A.15)
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Next we upper bound the equilibrium potential &, Lo (x) by applying Proposition A.1

......

withx =x,Y = {xll, .., x{'}and Z = {xo}

cap(x, {x, ..., x|}
cap(x, xo)

......

Furthermore, if H(x) < H(x}) and x ¢ {xll, .. X1, X0}, then

e~ BPE x|, XD o= BUn+HGD)

(el g ) = C2 o B®(x.x0) 5C2e—ﬁ(rm+f1<x)—sz> =2

o—B% mp(xp)

h ,
mp(x)

where C», &, are suitable positive constants. In the first inequality we used Proposition A.2,
in the second we used Lemmas A.1 and A.2. By using (A.15) we get

1 s, MB(X])
E i oofre] < —[ Coup()e P2 220 4y (x’)[1+o(1)]],
ey o) oo Cap({xlls~~~sx?}vx0)xg.)(\(xlzx x0) ’ o) w

Ll o),

H(x)<H(x])
which implies

nug(xy)
= cap({x], ..., x}, x0)

[1+o(D)], (A.16)

where we have used that the configuration space is finite. Equation (2.49) finally follows
recalling nug(x]) = ug ({xll, ...x1'}) and by (A.13) and (A.16). ]

Proof of Theorem 2.6 and Theorem 2.7 The two theorems follow immediately by exploiting
Condition 2.3 and applying Theorem 2.4. O

The proof of Theorem 2.8 is based on the following lemma.

Lemma A.3 Given three or more states y, wl, ., w z € X pairwise mutually different, we
have that the following holds

Ey[r,] = ]Ey[‘c{wl wn}[rz]]P’y(r{w1 _____ wry < 7). (A.17)

..........

Proof First of all we note that
]Ey (r) = ]Ey [Tzl{rwl ‘‘‘‘‘ i }<‘[z] + ]Ey [rzlr(w1 AAAAA w,,,zrz]~
We now rewrite the first term as follows

E'V [Tzl{-[(w] ,....u!”)<TZ)] = Ey [E')Y[tzl{.[(
=E,[1

wh,.., z T(ml e}

<t} (I{w'

(u/l ..... wh) ST N, why W,

= Ey[‘[(wlu..,w”}l[f(wlM.wn)<fz]] + ]P)y(‘[{wl ,,,,,,,,,, w”}[Tz]v

where we have used the fact that T, wt) = min{z,1, ..., Tyn} is a stopping time, that

,,,,

l{T(wl o} is measurable with respect to the pre-ty,i _,»—o—algebra Frot um and the
strong Markov property which gives Ey[z, |]-}(w, wn)] =Tyl )+ By ymyltz] onthe
event {ty,1 _,ny < Tz} Since (Tp,1 wn}l{,(wl _____ o) <7} +rzl{r(w,“_"wn)zfz}) =Tl z)s
(A.17) follows. m]
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Proof of Theorem 2.8 By (A.17) we have that

EXZ [IX()] = EXZ [""{xll ..... xi’xo}] + IE{xll x;’}[rXO]PXZ (T{xl1 ..... X1} < TXO)

.....

By Theorem 2.6 and Condition 2.2 it follows that

1
]Exz [Txo] = e,BFm (7

1
k + 5)[1 +o(1)]

which concludes the proof.

Proposition A.1 Consider the Markov chain defined in Sect. 2.1. We have that
capg x,Y)

P <
w(ty < 12) < capﬂ(x, 7)

(A.18)

(A.19)

foranyY = (y!', ..y} C Xfort €N Z=1{z',..2YCXfort! eNYNZ =4,

xeX\{YUZ).

Proof GivenY,Z C X suchthatY N Z =@ and x € X \ {Y U Z}, a renewal argument and

the strong Markov property yield

Pi(ty < 12) = Pi(ty < 72, Tyuz > T0) + Pr(ty < 72, YUz < T0)
= Py (ty < tzltyuz > t)Pr(tyuz > o)
+Py(ty < 72, TYUZ < Tx)
=Py (ty < t2)Pi(tyuz > o) + Pu(ty <12, Ty < T0)
=Py (ty < 12)Px(tyuz > ) + P (ty < TZ00))-

Therefore

Pr(ty <tzul) Px(ty < tzux)) _ Py(ty < 1x)
I_P)C(rYUZ > fx) IP))«C(TYUZ < fx) - IP),\'(":Z < Tx)-

Recalling (2.23), we can rewrite the ratio in terms of ratio of capacities:

Pi(zy < 12)=

IFDx(":Y < Tx) _ Capﬂ(xv Y)
Py(tz < ) Capf;(X, Z)'

Hence, we get Eq. (A.19).

Proposition A.2 [8, Lemma 3.1.1] Consider the Markov chain defined in Sect. 2.1. For every

not empty disjoint sets Y, Z C X there exist constants 0 < C; < Cp < 00 such that
C1 =PV D Zgcapy (v, Z) < Oy,

for all B large enough.
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