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Abstract The paper provides second order sufficient conditions for the strong
local optimality of bang-bang-singular extremals in a Mayer problem with general
end point constraints. The sufficient conditions are expressed as a strengthening
of the necessary ones plus the coerciveness of a suitable quadratic form related to
a sub-problem of the given one. The sufficiency of the given conditions is proven
via Hamiltonian methods.
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1 Introduction

The aim of this paper is twofold: on one hand we extend the results obtained in [1],
on the other hand we show how the fixed-free case studied there is a case study in
the Hamiltonian approach. The results were announced in [2].

In [1] the authors gave sufficient second order conditions for the strong local
optimality of a reference extremal trajectory in a Mayer problem with fixed-free
end points constraints. Here, we consider the case when the trajectory has the
same control structure, but the end points constraints are smooth submanifolds of
the state space, thus allowing one also for abnormal extremals.
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We show that, under our sufficient conditions, the extremal trajectory is a
strict strong local minimizer (Definition 1) in the normal case and it is an isolated
admissible trajectory in the abnormal one. The sufficient conditions are those,
which allow us to apply the Hamiltonian approach described in Section 4. In
particular, they include:

— Regularity assumptions which permit to define an overmaximized Hamiltonian;
see Section 3.2.

— Coerciveness of a suitable second variation; see Section 5, which allows us to
have an invertible projected overmaximized flow.

For a general introduction to the Hamiltonian approach to strong local optimality,
the reader is referred to [3]. We also recall that sufficient conditions have been
proven - via Hamiltonian methods - in several cases, whose common feature is
that the dynamics is control affine.

We recall the papers [4,5], which deal with bang-bang extremals with simple
switches and [6,7], where the authors consider bang-bang extremals having a dou-
ble switch. In [8], the author considers a singular extremal in a Mayer problem and
introduces the overmaximized Hamiltonian. Indeed, the fact that the extremal is
singular makes it impossible to exploit the Hamiltonian approach via the maxi-
mized Hamiltonian function; see [9, Section 3.1]. The results were extended to the
singular multi-input case in [10,11]. The paper [9] faced the problem of concatena-
tions of bang and singular arcs in the minimum time problem. Sufficient conditions
have also been given in the case where the control takes values in a closed ball;
see [12-15].

Sufficient conditions to various kinds of local optimality have been provided
via other methods by several authors. We would like to mention the book [16]
and the references therein. Important results have been obtained in [17] for bang-
singular concatenations, while [18] provides some numerical applications. Finally,
[19] provides sufficient second order conditions for optimal control problems on
time scales. We conclude by mentioning [16, 20, 26], which motivated us to study
the bang-bang-singular case.

2 Statement of the Problem and Notation
2.1 The Problem

Let Ng, Nt be smooth manifolds in R", let X1,..., X, be distinct smooth vector
fields and let X' (z) be their convex hull at each point z € R"™. By smooth we mean
C*, although C2-regularity both on the constraint manifolds and on the vector
fields would suffice.

For a precise definition of bang and totally or partially singular trajectories,
the reader is referred to [1, Definition 1.2], where also an equivalent formulation
as a multi-input optimal control problem is given. Here, we consider the following
Mayer problem on a fixed time interval [0, T]:

minimize C(£) = co(£(0)) + cr(&(T)) subject to (1a)
£(t) € X(£(t), €(0) € No, &(T) € N, (1b)
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where solutions of (1b) are meant in the Carathéodory sense. We assume there
exists a bang-bang-singular reference trajectory E, whose optimality we want to
investigate. More precisely we aim at giving sufficient conditions for the strong local
optimality of 5 according to the following definition:

Definition 1 An admissible trajectory £ [0,T] — R™ is a strong local minimizer
of problem (1la)—(1b) if it is a minimizer among the admissible trajectories which

-~

are close to ¢ in the C° topology i.e. there exists ¢ > 0 such that C(¢) < C(€) for any

adissible trajectory ¢ for problem (1b) satisfying Hf - E‘ oo = n%a% Hg(t) - E(t)H <
o telo,

e. If C’(g) < C(¢) for any & # £ we say that € is a strict strong local minimizer.

The trajectory E has the following structure: there exist times 71, 72, called switching
times, 0 < 71 < T2 < T, vector fields hi, he, hs € {X1,...Xm}, he # hs, and a
function © € C°([72,T]) taking values in the open interval ]0,1[ such that £ is a
solution to

£(t) = h1(€(1)) t €]0,71],
&(t) = ha(&(1)) t €]71, T2,
() = 0()ha(€(t) + (1 —0(1) h2(E(t)) ¢ €]72, T1,
€(0) € No, &(T) € Nr.

Setting fq := hs — ha, we can define the time-dependent reference vector field

h1 te[0,71],
ft =< hs t € |71, 72],

he +0(t)fa  te[m,T]

Notice that the continuity assumption on ¥ is not restrictive, in view of the SGLC
condition which we are going to assume; see Assumption 4.

2.2 Notation

For the sake of conciseness and clarity we use notation from differential geometry.
Indeed, this notation helps to realize that the discussion is intrinsic and the re-
sult can be applied to problems on manifolds. In particular we denote the trivial
cotangent bundle (R™)* x R™ as T*R™ and we distinguish between points in R",
usually denoted as x, and tangent vectors to R", denoted as dx.

If N is a smooth manifold we denote as Ty N and T; N the tangent and cotan-
gent spaces to N at a point z € N, respectively. The symbol T3 N denotes the
linear subspace of one-forms in (R™)* which are null on T;N.

Given a C' vector field f on N, we denote as exptf(z) the flow at time t
emanating from a point z at time 0, i.e. exptf(z) is the solution to

(1) = f&(1), €(0) =

If g is another C! vector field, then the Lie bracket between f and g is denoted as
[f,9], i.e. [f,g](z) := Dg(x) f(z) — Df(z)g(z).

If a: N — R is a C? function, da(z) is its differential at € N. If, at some
point T one has da(z) = 0, then the second derivative of a at T is a well defined
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bilinear form on 73N which we denote as D?a(Z). Lya (z) := (da(z), f(z)) is the
Lie derivative of a with respect to the vector field f at the point z. The symbol
da«dz denotes the couple (DQa(x)(ém, ), 69:) € Ty R™ x T;R™ whenever the point
is clear from the context.

If G is a C! map from a manifold X to a manifold Y, its tangent map at a
point z € X is denoted as T»G, or just as G« if x is clear from the context.

We also use some basic element of the theory of symplectic manifolds referred
to the trivial cotangent bundle T*R"; see e.g. [3].

Let m: £ = (p,z) € T*R™ — z € R™ be the canonical projection, and denote
by s = Y1, p' dz; the canonical Liouville one—form on T*R™. Given a time-
dependent smooth Hamiltonian H;: T*R™ — R the canonical symplectic two-form
o =ds = 2?21 dpi A dz; allows one to define a Hamiltonian vector field H.

Indeed one sets o (V, ﬁt(é)) = (dH(¢), V), for any V € T,T*R", i.e. ﬁt(é) =
(— 0zH (), 0pHi(£)), for any £ = (p,z) € T*R"™.
We recall that any vector field f on R™ defines a Hamiltonian
Fit=(p,2) e T°R" > (p, f(a)) € R.

In particular we denote by Hi, H2, H3 and Fyq the Hamiltonians associated with
hi, ha, hs and fq, respectively. Moreover His and Has denote the Hamiltonians
associated with the brackets [h1, ha] and [ho, h3], respectively. Analogously Haa3
and Hsaz are the Hamiltonians associated with [he, [he, h3]] and [hs, [he, hs]], re-
spectively. Finally Fy denotes the time-dependent Hamiltonian function obtained
by lifting the reference vector field ft and F; denotes its flow from time 7', i.e. the
flow associated with its Hamiltonian vector field. Indeed, due to the construction
required to carry on our proof, we deal with flows starting from time T and evolv-
ing backwards in time. In particular the flow S; of f; is a local diffeomorphism
defined in a neighbourhood of &(T).
We conclude the section introducing the maximized Hamiltonian H™?#*:

H™* () :=max{{p, Y): Y € X(x)} vl = (p,z) € T"R".

3 Regularity Assumptions and Consequences

The first assumption is the main necessary condition for optimality, i.e. Pontryagin
Maximum Principle (PMP):

Assumption 1 (PMP) There exist po € {0,1} and an absolutely continuous map-
ping i [0,T] = (R™)*, po + |a(T)| # 0, such that a.e. t € [0,T]

i(t) = —i(t) Df (1)),
#(0) € po deo(€(0)) + Tygo No. - A(T) € ~poder (E(T)) + Tgip) N
Fy(a(t), &(8)) = H™™(7i(1), (€(t)).

[t is called adjoint covector and € is called a state extremal while the couple X(t) =
(1(t), &(t)) € T*R™ is called an extremal.

We denote the terminal and switching points of X and E as follows:
lo := A(0), 6 = A7), s := \(72), by = XN(T),

To:=£(0) = wlo, T1:=E(71) =wh, T2:=E&(R) =nl, Fr:=&(T) = nlr.
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3.1 Regularity Conditions

In this section we state the regularity conditions, i.e. we require strict inequalities
whenever necessary conditions yield mild ones; see [1, Section 2.2].

Along each bang arc we assume that only the reference vector field gives the
maximized Hamiltonian.

Assumption 2 (Regularity along the bang arcs)

Hi(A() > (A(t), Y)  YY € X(E)\ {m ()}, Vte[0,7],
Hy(M(#) > (i(1), Y) VY € X(E(1) \ {ha(E(1))}, Vt |71, 7],

Along the singular arc we assume that only the vector fields in the edge defined
by hs and h3 give the maximized Hamiltonian.

Assumption 3 (Regularity along the singular arc) For any a € [0,1] and any
t € [m2,T]

Hy(A(1) + 8 Fa(\(®) > (A1), Y) VY € X(E(1)), Y # (he + afa) (€(1)).

Remark 1 The above regularity assumptions imply that h1(€(t)) and ha(£(t)) are

vertexes of X({(t)) for any ¢ € (0,71) and ¢ € (71,72), respectively and that both
ha(€(t)) and hs(£(t)) are vertexes of X (£(t)) for any t € [72, T1.

We assume the strong generalised Legendre condition. Namely, setting
L(€) := (Hz2s — Ha23)(¢) = (p, [fa, [h2, fd]] (x)), €= (p,xz) € T'R",

we assume the following.

Assumption 4 (SGLC) For all t € [72,T) there holds R(t) := L(A()) > 0.

Remark 2 In [1] the authors prove that whenever SGLC holds, then the singular
control is smooth on [72, T].

Assumption 5 (Regularity at the switching times)

Hiz2(01) = (A(71), [h1, k2] (F1)) > O, (2)

~

Ha23(l2) = (ii(72) , [h2, [h2, fa]] (Z2)) < 0. (3)

Remark 3 Inequality (2) is the classical regularity condition for bang-bang con-
catenations, see [21], while inequality (3) implies that the reference vector field is

discontinuous at 72. By the necessary conditions, both Fy oX(t) and d%Fd oX(t) are
. . . dk ~ .
null on the interval [72,T], so that hm+ @Fd o A(t) = 0 for any k € N. Inequality
t—T,

2
(3) means that lim %Fd o A(t) # 0.
t—Ty



6 Laura Poggiolini, Gianna Stefani

3.2 Geometry Near the Reference Extremal

It is easy to prove that SGLC implies that there exists a neighbourhood Os of the
range of the singular arc A\([T2,T]) in T*R"™ such that the sets
Y :={leOs: Fq(¢) =0}, S:={leX: Hy3(¢) =0}

are smooth simply connected manifolds of codimension 1 and 2, respectively. More
precisely ﬁ23 is transverse to X' in Os, while Fg is tangent to X and transverse
to S in X; see [9].

In [1] the authors prove that under Assumptions 1-5, there exists a tubular
neighbourhood O of the graph of Xand a piecewise C'' Hamiltonian function

H: (t,0) e O— Hi(£) eR

that satisfies the regularity and overmaximization properties required to pursue
the Hamiltonian approach to strong local optimality described in [22]. The con-
struction of Hy is based on the techniques developed in [8] for singular extremals
and then extended in [9] for concatenations of bang and singular arcs. We briefly
sketch the construction; see [1,9] for details.

Proposition 1 Possibly restricting the neighbourhood Os, there exists a smooth Hamil-
tonian function, Ho: Os — R, satisfying the following properties
- gg (£) > Ha(£) for any ESE. Equality holds if and only if £ € S.
— Hoy is tangent to X and Ho(0) = ﬁg(f) forany L € S.
By the regularity assumptions there exists ¢ > 0 such that the following time-
dependent Hamiltonian is well-defined in a neighbourhood of the graph of the
reference extremal A,
Ha(0) +0()Fa(0),  t€[r,T],
Ht(f) = Hg(g), Hzg(f) >0, te [5'\2 - 5,?2[,
H™2(¢), else.
The flow associated with this Hamiltonian and starting from time 7' is denoted as

H: and it is well defined in a neighbourhood of U7 as described in the following
propositions.

Proposition 2 There exists a neighbourhood Oz of 22 such that the followings hold.

— By means of the implicit function theorem the equation
=
Hsz 0 eXp(tQ — ?Q)Hg(f) =0
defines a smooth function to: O2 — R such that tQ(ZQ) = T2. We set 72(0) :=
min {tg (Z), ?2}
— By means of the implicit function theorem the equation

=
(Hy — Ha) o exp(ry — m2(€))Ha 0 exp(ra(£) — 7o) Ha() = 0

defines a piecewise C1 function 11: O3 — R such that 11 (Zg) =7.
Moreover, for any 5 € T@T*R" the differential of 71 at {2 is given by

o (exp(71 — 72) Hawol, (H1 — Ha)(01)) |

(dri (L), 60) = Tl
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Proposition 3 There exists a neighbourhood Or of ZT in X such that the flow Hi
emanating f\mm Or _is well defined, Lipschitz continuous and piecewise Ct. Moreover
A(t) = Hi(bp). Let € := Hz,(£), then

— Hi(€) € T for (t,£) € [r2(€),T] x Op.
— Hy is an over-maximized flow, i.e.
— Hi(He(0)) > H™*(He (L)) for any (¢,£) € [m2 ), T| x O and equality holds if
and only if Hi(€) € S. N
— Hi(H¢(0)) = HP*(H(€)) for any t € [0, 72(0)].
— The linearised flow at time t = 0 s given by

Howdl = Fou (—(dn (B2), SO K (br) + ]?_1?{;2*68) . (5)

To*

4 The Hamiltonian Approach

The leading idea of the Hamiltonian approach is to compare the costs of neigh-
bouring admissible trajectories by lifting them to the cotangent bundle; see [22]
for a detailed explanation. This is done via the Hamiltonian flow #; introduced in
the previous section and it is possible thanks to the coerciveness of the extended
second variation defined in Section 5.

More precisely, we consider the flow emanating from a horizontal Lagrangian
manifold A such that ZT € A C X. Its construction is granted by the reduction of
the problem to a free final point one, see Section 5.3, while the existence of the
lifting is proven studying the coerciveness of the extended second variation of the
fixed-free problem studied in [1].

The lifting allows one to estimate the difference of the cost of admissible trajec-
tories by the variation of a function of their initial points, i.e. the optimal control
problem is transformed into a finite dimensional optimisation problem.

4.1 A Hamiltonian Sufficient Condition

In this section, we prove an extension of [1, Theorem 4.2], which takes into account
the cost on the initial point. Namely, let ¢ be a smooth function defined on a
neighbourhood of Z7 such that

Li,e=0,  d(=9)(@r) = AlT). (6)
We consider the problem with free final point given by

minimize C(€) := a(£(0)) + &(£(T)) subject to (7a)

E(t) e X(&(¢)), ae.tel0,T], &(0)e No. (7b)
Theorem 1 Let A be the horizontal Lagrangian submanifold defined by
A= {(d(ig)(x)wr)? LS ﬂ-(OT)} .

Assume the followings hold:
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1. There exists a neighbourhood U of the graph ofg such that the map
id x 7H: (t,€) € [0,T] x A (t,7H(€)) €U C [0,T] x R" (8)

is locally Lipschitz invertible.
2. o (dax(mHo)«0l, Hox0l) > 0 for any 6 € Ty A such that (7Ho)«0( is in Tz, No \

{0}

Then € is a strict strong locally optimal trajectory for problem (7a)—(7b).

Proof By (6), A C X so that the flow in (8) satisfies Proposition 3. Clearly (id x
aH) " (t,E(t) = (t,07) for any t € [0,T]. Let &: [0,7] — R™ be an admissible
trajectory for (7b) whose graph is in ¢/ and let

(t,£(t)) == (id x 7H) T (L), M) = He(€(t)) = (u(t),£(1)), ¢ €[0,T].

Let vp: [0,1] — No be a curve such that ¥o(0) = Zo, ¥o(1) = £(0) and define
wo = (7Ho) ' otho: [0,1] — A. Also let pp:[0,1] — A be a curve such that
o7 (0) = £(T), @r(1) = £7. We can consider the closed path in [0,T] x A obtained
by the concatenation of the curves

t— (8, £(¢)), s = (T, o7(5)), t (T—t,ZT), s+ (0,00(s)).

The one-form w := H* (s — Hy dt) is exact on [0,T] x A; see [22]. Thus there exists
a Lipschitz continuous function 6: (¢,¢) € [0,T] x A +— 6¢(¢) € R such that df = w.
In particular we can choose

0(t,0) = —&(nt) — /tT ((HS(Z) e 5 0 Hs(0)) — Hy o Hs(é)) ds.

Integrating the one-form w, we obtain

0=fo= [ (. i) -mom)at [ s

YT

[ (@ @ - mGw) k[ s )

Yo

Since d(0y o (7H¢) ") (x) = Hi o (wHe) ™' (z), see [22, Lemma 3.4], we get
o HSS B /Hootpa 5= (90 ° (7T'H0)71) (5(0)) N HO(ZT)'
Substituting in (9) we obtain
0 < ~&(@r) +2E() + (80 © (+Ho) ™) (€(0)) = (60 © (Ho) ") o).
hence
C©) =@ = (a= (900 (#H0) ™)) (6(0) = (@ = (000 (*Ha) ") ) (@0).  (10)
By PMP and the properties of 6,

d(a— (90 o(wﬂo)*l)) (Zo) = 0. (11)
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For any dyg € Tz, No \ {0} set 64 := (7H0)x 16y0. By 2., we have
D2 (o~ (60 0 (wH0) ") ) (o) bu0]® = o (dadyo, Houdt) > 0. (12)

Thus zg is a strict local minimum for a.— (90 o (71'3'-[0)71) : No — R. Hence, by (10),
¢ is a strong local minimizer for the cost C' constrained to (7b).

If C(¢) = C(€), then £(0) = Zp by (11)-(12). Proceeding as in the proof of
Theorem 4.2 in [1] we obtain that ¢ is a strict strong local minimizer. O

5 The Extended Second Variation

The classical second variation of control affine systems is completely degenerate.
We show here how to construct a non degenerate one.

We first extend to the whole R” the cost functions poco and pger in such a
way that the transversality conditions hold on R"”. Indeed, it is possible to find
smooth functions «, 8: R™ — R such that

B =pocr on Nr, u(T) =d(-B)(@r) onR", (13)
a=pocy on No, 12(0) = da(Zo) on R". (14)

In the normal case (pp = 1) 8 and « are cost functions equivalent to the original
ones while in the abnormal case (pg = 0) we study a problem with zero cost,
thus saying that E is a strict strong minimizer with po = 0 means that it is isolated
among admissible trajectories i.e. there exists e > 0 such that there is no admissible

trajectory & for problem (1b) satisfying Hg —E‘

<e.
co

We consider the problem of minimising the cost a(£(0))+8(¢(T)) allowing only
for perturbations of the reference control on the singular interval |72, T[ and for
perturbations of the switching time 71. A reparametrization of time on the interval
[0,72] allows to write the reduced problem as

minimize «(£(0)) + B(£(T)) subject to

. vo(t)hi(&(t)), t €]0,71[,
g(t) = UO(t)hQ(g(t))7 t E]?l,?Q[,

ha(€(1) +v()fa(€(t),  t €l T,

vo(t) > 0, /Tzvo(t) dt =7, w(t) € (0,1), €(0) € No, &(T) € Nr.
0

In order to obtain the second variation, we first pushforward the problem to the
final time T, so that we obtain a problem evolving in a neighbourhood of z7 and
where the reference trajectory E corresponds to the constant trajectory t — Zp.
Indeed, setting 6 := min{min{o(¢), 1 —v(t)}: t € [72,T]} and

&::ao§o, J/\70:2§61(N0), gt::§;1fdo§t, t €7, T,
ki=S-thioSx, i=12, ki=Fki — ko
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we obtain the equivalent optimal control problem

minimize a(y) + 8(z) subject to

(vo(t) — Dk1(n(t)), t €]0,71,
() = 4 (vo(t) — Dka2(n(t)), t €71, 72,

(v(t) =0(t)ge(n(t)),  te€lm,T], (15)
volt) > 0, /TQ(vo(t) —1)dt=0, |o(t) —B(t)| < 5,
0
n0)=ye No, n(T) =z € Nr.

As in [1], we first write the second variation following [23]. Then, via a coordinate
free version of Goh transformation, we extend it to a new quadratic form which we
call extended second variation; see Appendix A for a detailed construction. Namely,
consider the linear system on [72, T

C(t) = w(t)ge(@r), ((F2) =6y +eok(@r), ((T)=dz+efa@r) (16)

and let de := (0x, 0y, €0,€1,w) € Ty, Ny X TETNO xR xR x L?([T2, T],R). We define
the space of extended admissible variations as the Hilbert space

Wext := {de: system (16) admits a solution}.

The extended second variation of (15) is the quadratic form on Wext given by

2
Jexalde)? = 5 D@+ 8) @r)loo]* + 2 (126 @r) + Ly, 58 ()

2
~ 3 ~ ~
+ SoL(;yLkﬁ (mT) — %L}dﬂ (:ET) — 61L5fodﬁ (JZT)

T
+ % /?2 (2w(t)LC(t)L9tﬁ (zr) + w(t)QR(t)) de.

Remark 4 Jext is independent of the choice of a and § satisfying (13)—(14). More-
over L[kz,kl]ﬂ (:/L‘\T) = H12(€1) and ¢: = St_*l [h27 hg] oS Vte [7/'\27T}.
5.1 Coerciveness of the Extended Second Variation

In the forthcoming discussion, we study the coerciveness of the extended second
variation, in the two following cases

1. fa(Zr) ¢ Tz, Nr. In this case we can choose 8 with properties (13) and such
that Ly 8 =0, so that {(d(-p)(z),z)} C X. We define

g::ﬂ and VT = TiTNT@Rfd(/x\T)'

2. fa(@r) € Ty, Np. In this case (—fq(Z7),0,0,1,0) € Wext and

Jext[(—fa(@7),0,0,1,0))* = %L}dg (7).
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Thus, a necessary condition for the coerciveness of Jext is Lfcdﬁ (zr) > 0. This
condition does not depend on the choice of 5 and it implies that we are dealing
with the normal case pg = 1.

Proceeding as in [1] consider the hyper-surface, locally defined near zr,

M= {zeR": Ly, B(z) =0}

and the intersection Np := M N N7 Since L?cdﬁ (zr) #0, N is a submanifold
of Nt and its tangent space at T is

T3, Ny = {0z € T3, Np: L5, Ly, B (Zr) =0} .

We now extend f|3; as a constant function along the integral lines of fq,

i.e. for any z = exp(rfa)(z), z € M we set B(z) := B(z). In a sufficiently small
neighbourhood O of Zr, the function 8: O — R is smooth. Moreover

B(@Er) = B(GEr), dB(ET) =dBET) = —A(T),

~ (17)
B(x) < B(x), Ly B(z)=0 VzeO.

Finally we set Vp := T5, Nr.

We now show how, in both cases, the coerciveness of Jext on Wext can be studied
via the coerciveness of an equivalent quadratic form. Indeed, consider the boundary
value problem

() =wt)g(@Fr), () =0y +eok(@r), ((T) =0z, (18)
bz eR", dyeR™ e eR, we L*([R,T],R), (19)

and let A € R™ x R"™ x R x L?([72,T],R) be the Hilbert space of 4-uple de =
(6z, 6y, £0,w) such that (18)-(19) admits a solution.

Let the function E and the linear space Vp be defined according to the two
cases above and set

r:=D*@+pB)(@r),  Jo:=LiB(@r) + Hi2(l1),

2 ~
J[oe)? = S T(55)% + D Jo + oLy L (Fr)
1 (T _ (20)
+ 5[ <2w(t)Lc<t>Lgtﬁ (@r) + w(t)QR(t)) dt.

In both cases the coerciveness of Jext on Wext implies the coerciveness of J on
W= {562 (6, 8y, e0,w) € A: éx € V, 5y€T§Tﬁo}. (21)

More precisely, in case 1. the coerciveness of Jext on Wext is equivalent to the co-
erciveness of J on W, while in case 2. the coerciveness of Jext on Wext is equivalent
to the coerciveness of J on W plus L2d6 (z7) > 0; see Appendix B.

Remark 5 Notice that in both cases we have fq(Zr) # 0. Moreover, in the case
Nr = M, the restriction of (20)-(21) to éy = 0 coincides with the extended second
variation (16)-(17) in [1] where 3 is replaced by c.
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5.1.1 Exploiting the Coerciveness of J on W

In order to successfully exploit the coerciveness of J, we introduce two subspaces
of W. Namely, let Vo C Wy C W be defined as:

Vo := {de € W: dy = 0,e9 = 0}, Wy := {de € W: dy = 0}.

Denote by VOLJ and WOL" their orthogonal spaces in W with respect to the bilin-
ear form associated with J. It is well known that the coerciveness of J on W is
equivalent to the coerciveness of J on Vg, on Wy N Vé‘ 7 and on WnN Wé‘“’ .

The main tools that we need are the linear Hamiltonian system and the bi-
linear form associated with J. Indeed we can define the minimized Hamiltonian
associated with the linear-quadratic problem (18)—(20)

1/ 6p.62) 1= =gz (. 3e@0) + LioaL B (1)) (22)

and the Lagrangian subspace of the final transversality conditions
j- {(5p, §z): op € Vi, bx € VT}. (23)
We consider the Hamiltonian system defined by (22)—(23)

/(0 = s (0 @) + Loy LB (F) ) Loy o ).

&"(0) = 5 (" (©) e@r) + Lo g, B Gr) ). (24)
(u"(T),¢"(T)) = (dp, 62) € L,
and we denote its solution as
Hi': (0p,6x) € L — (ut (9p, 6x), ¢/ (9p, 62)) € (R™)* x R™.
We consider the bilinear form associated with J on A
2J(be,0e) = I'(8y,0y) + €080 Jo + 50L@Lkg(5T) +ZoLsyLiB (T1)
+ / ' (w(t) Ly Lau B (@) + WO Loy Lo, B (Br) + w(O)TOR(W) ) dt.
If p(¢) is a solution of the differential equation
B(t) = —w(t)L(y Ly, B (@),
we obtain
2 J(Se,8¢) = I'(8y,dy) + soL@LkE (@7) + (p(72), oY)
20 (c0do + Loy LB () + (0(72), k(@r)) — (1), D) (9

T
+ [ 00 (600). (@) + Loy LB (Fr) + w(OR(D) e

2
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Another fundamental tool relies on the property that the flow %}, up to a linear
transformation, is the differential of the flow #;. This relation can be obtained via
the antisymplectic isomorphism

L (6p,6z) € (R™)* x R™ w3 60 := (—5p +D?(—B)@r)(oz, ), 5:,;) e T*R™;
see subsequent property 3. Indeed
M = F L e Ve e [R,T). (26)

Formula (26) was first proven in [23] where a symplectic isomorphism was consid-
ered. We recall the following properties of ¢« which we extensively use:

1. o =71,

2 Ly =L = {(w,02) € (R")* x V: wlyy = DA(=B)(@r) (0, ) } ,

3. o (L((Sp, 5z),1(op, ﬁ)) =0 ((@, éx), (6p, 637)), 5p,dp € (R™)*, §z,6x € R™.

Moreover, in order to describe the orthogonal subspaces introduced above in terms
of the flow Hy. it is useful to introduce the vector field k := S .k o S;; and its

associated Hamiltonian K (p,z) = (p, §?2*k o §;21(a:))
5.1.2 The Coerciveness of J on Vg

The coerciveness of J on Vg is characterized in the lemma below.
Lemma 1 The following conditions are equivalent

1. The quadratic form J is coercive on V.
2. If 3t € [72,T] and (0p, 6x) € LY. such that mH{ (6p, 6x) = 0, then

sz =0, HY (6p,0) = (6p,0) Vs € [t,T).
3. If 3t € [12,T| and 6¢ € Lt such that (7H)«(6¢) =0, then
Tl =0,  H(60) =50 Vse [t T).
Proof For the equivalence of 1. and 2.; see [24]. Take advantage of (26) to obtain
the equivalence of 2. and 3. ad

5.1.3 The Coerciveness of J on Wy

Let A := {0e = (éx,dy,£0,w) € A: dy = 0}. By [25, Lemma 6.3], de € Ap is
orthogonal to Vy with respect to J, if and only if

Jwp € Vi and 6p € R such that J(de,de) = (wp, 6x) + Opg0  Vde € Ag.
If we choose p(T) = —w7 in (25), taking into account that éz € R™, we obtain
bo = c0Jo + (p(72) , k(z7)),
(p(t), t(@r)) + Ley Ly, B (@r) + w(t)R(t) = 0. (27)
By (27), the couple (p(t),((t)) solves (24) with p(T) € V. Moreover
2J[6e)? =k Jo +eo(p(?2), k(Zr)) Ve e Won V.

Using the properties of + we can summarize this result in the following lemma:
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Lemma 2 Let J be coercive on Vo. Then the followings are equivalent:

1. J is coercive on Wo.
2. If (6p,6x) € LY and C% (0p,0z) = eok(zT) with (8z,20) # (0,0), then

€00 + eo{ui%, (9p, 82) , k(27)) = e5.Jo + (7, (9p, 82) , &7, (6p, b)) > 0.
3. If (80,e0) € Ly x R and (7Hz,)«00 = e0k(Z2) with (m460,£0) # (0,0), then

8Jo + & (Hz,.0¢, (0, (7Hz,)+0£)) > 0.
5.1.4 The Coerciveness on W

Again by [25, Lemma 6.3], a variation de € A is in WOLJ if and only if
Jwr € VTL and wz, € (R™)* s.t. J(de,de) = (wr, 0z) + (ws, , 6y) Vde € A.
Choosing p(T) = —wr in (25), taking into account that §z € R™ we obtain
ws, = I'(8y, ) + oLy LiB (Fr) + p(72),
goJo + LéyLkE(fT) +(p(72), k(z1)) =0,
(p(t), t(@r)) + Ley Ly, B (@r) + w(t)R(t) = 0.
Thus, (p(t),¢(t)) solves (24) with p(T) € V& and
2J[6¢]® = I'[6y]* + eoLsy LB (Fr) + (p(T2), 6y), Vée € WN Wy, (28)
We have thus obtained the following lemma:
Lemma 3 Assume J is coercive on Wy. Then the followings are equivalent.
1. J is coercive on W. R
2. If Op, 0x) € L and (7 (6p, 6x) = Sy+eok(Zr) with (6x,0y,e0) # 0 and eo H12(f1)+

~

Ley (op.d) LiB (B1) + (1l (9p,0z) , k(@) = 0, then

F[C;A.Iz ((Sp7 (53:)]2 — QEOL(:;/Q (86p,0x) Lka (EE\T) + E%Lia (ET)
+ (i, (0p, 6) , CF, (6p, 62)) + eg Hiz(f1) > 0. (29)

3. If (8¢, ¢0,0y) € LyxRxTs, No, and (7Hz,)+00 = S;,,6y-+eok(Z2) with (704, €9, 6y) #
~ =
(0, 0, 0), and 60H12(€1) — 0o (7—[?2*5& K(EQ)) = 0,then

~ ~ =
o (d(a 0 521)485,.8y, —eo K (£2) + H%*éé) > 0. (30)

Proof By the antisymplectic isomorphism ¢ the conditions required either in 2. or
in 3. are equivalent and they mean that de = (dz,dy,e0,w) € W&“’. It is easy
to see that the left-hand side of (29) coincides with (28). We have to prove that
inequality (29) is equivalent to (30). By the conditions in 2. we get

2J[8¢)* = I'[¢Z (6p, 62)) — 2e0 Leyr (5p,50) Ln@ (T1) + eSLia (Tr)
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+ (1%, (6p, 6z) , ¢F, (6p, 0x)) + €0 Hna (01)
= I'[¢Z (3p, 62)]* — 2¢0 Lyt (5p,60) Lt (1) + egLia (T7)
+ (uz, (5p, 6z) , dy) — fongz(ap,M)LkB@T)
= I'(¢£,(6p, 6x), 8y) — eoLsy L@ (Tr) + (1, (0p, 6) , 6y)
() (545 s
— eoLsy Ly (T7) + (7, (6p, 6z) , 5y)
= o (2,09, 62), (=@ — B)s0y) — eoLoy Ln (1)

Applying ¢ and setting 8¢ := .~ (dp, dz) we get
2 ~ -1 ~ I_g -~
2J[e]” =0 (da*éy,]:%*%%*(%) — €00 (da*éy, (KT))

To*

— (da*(sy, FolHs 60 — soﬁ(ZT)) . =

5.2 The Free Final Point Case

If N7 = R™, we fall into case 2, the extremal X is normal (po =1) and 8 = cy. The
coerciveness of Jext amounts to LfcdcT (zr) > 0 together with the coerciveness of
J on W where ¢ = 3 and Vi = R™.

In this case Ly = {d(—¢)«dz: 6z € R"}, the coerciveness on Wy is studied
in [1] and the coerciveness on W N Wy, i.e. Lemma 3, reads

Lemma 4 The quadratic form J is coercive on W if and only if it is coercive on Wy
and for any non trivial triple (6z,€0,8y) € R™ x R x Ty, No such that

(7Hz, )+ A(—0)s6 = Sry oy + 20h(32), (31)
~ =
eoH12(61) — o <’H;-2* d(—=¢)«0z, K(€2)> =0, (32)
there holds
N =
o (d(a o S_?; )*S?Z*dy, —eo K (62) + Hz, d(—a*&r) > 0. (33)

5.3 Reduction to the Free Final Point Case

We now prove how, thanks to [25, Theorem 13.2], we can add a penalty to problem
(20)—(21) and reduce ourselves to the free final point case Ny = R™.

Let r be the dimension of the linear space Vp and let fa,..., fr be vector
fields tangent to Np. In case 1. choose fi = fq, while in case 2. let f1 be a
vector field tangent to Ny and such that fi(zr) = fq(Z7). In both cases we get
Span{fi1(Zr), f2(ZT), ... fr(z1)} = V. Choose coordinates as follows

T exprfioz’fa...oexpz’ froexpa T friio.. . 0oexpa” fn(T7)
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and let 1: R" — R be defined as 9(z) := 31, (")

Consider the Hilbert space B := {5e = (dz,d0y,e0,w) € A: by € T’I\Tﬁo}
and apply [25, Theorem 13.2] to the Legendre form J given by (20) and to the
weakly-continuous form D2y (Z7)[de]? := D%y (27)[0x]>. By such theorem there
exists p > 0 such that

Jploe]? := J[se]* + £ D> (@r)[6e]”
is coercive on B. Moreover, defining
¢i=B+py, I:=D*a+9)(@r), (34)
we can prove the following result.
Lemma 5 For any de € B the quadratic form J, can be written as
Joloel? = SFl6R + 2 (L2 (or) + Hua(B))

T (35)
+50L5yLkE(§T)+% [ (2w(t)L<(t)LgtE(ET)+w(t)2R(t)) dt.

Proof Let W[de]® be the right-hand side of (35). For de € B we have
2Jp[0¢]* = D*(@+ B + pu) (@) [0y)* + €3 LR (B + pv) (1)
+2e0Lsy Ly (B £ pv) (1) + g Hi2(f1) + D (py) (@) [82]
T ~
+ [ (o)L s G2 p0) @r) + 0 RO) o

= 20[5¢]” + D (py) (@) [62]” — (D2(p¢)(5T)[5y]2 +e3Li(p¥) (@r)

T
+220Ls, Lulpw) (Br) + [ 20(0)Leq Lo, (o) () )

7

= 20(5e]* + D*(py) (@) [62]* — D* (o) (@) [Sy + 0k)?

T
B /A 2w(t) Ly L, (p¢) (Tr) di.

2

Recalling that dy(Z7) = 0 and ¢(t) = w(t)g:(Z7), we observe that

T T )
[ 2w(t) Loy Lo, () () dt = / 2 D2(pu)(@r) (¢(1), E(1)) dt

T2

= D*(py) (@r)[62)? — D*(pv) (@r) [0y + 2ok
This completes the proof. ad

Remark 6 The function ¢ satisfies the properties required in equation (6) and h)
is a normal Pontryagin extremal for the optimal control problem (7a)-(7b). We
recall that ¢ = 8 on Np, so that ¢(z) < pocr(z) for any = € Np.
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6 The Main Results

We can now state the main theorems of this paper. The first theorem covers the
case when the extended second variation is coercive. In Section 6.1 we give an
analogous result in a special case when coerciveness is lost.

Theorem 2 Assume that the reference trajectory gsatisﬁes Assumptions 1-5 and that
the extended second variation Jext is coercive. Then, if po = 1, E 18 a strict strong
locally optimal trajectory of (1a)—(1b); if po =0, € is an isolated admissible trajectory
of (1b) with respect to the C° distance between trajectories.

Proof In this proof we refer to problem (7a)—(7b) choosing ¢ as the function defined
in (34) and « as the function defined in (14). The coerciveness of J, on B is
equivalent to the coerciveness of J, on By := {56 € B: oy = O} and the coerciveness

of J, on BOLJ”. By [1] the coerciveness on By implies that first assumption of
Theorem 1 is satisfied. Let us now prove that also the second one holds.

For any ¢ = d(—¢)«dz € Ly, let 60 := Mz, 00, Sy := Sg. (wHo)«5¢. With this
notation, equation (4) reads

Hiz(6)(dr () , 60) = (]R Mz, 00, ?(£T>

so that, using (32) we obtain o = (dr1(f2), 6¢). Substituting in (5) we obtain
that also (31) is satisfied so that the variation (7r*5€, (dr1 (L), 80), 6y) belongs to

BN BLJ” Thus, if (7Ho)«0¢ # 0, inequality (33) in Lemma 4 is satisfied. Notice
that, by (31), inequality (33) can also be written as

. - - = .
- (d (a o 5;21) ) (—sok(asg) + 7r*6€> —eok (By) + 5z> > 0. (36)
Taking into account that (5) can equivalently be written as
o =
Fo Ty Howol = 72*( oK (0r) + ]—‘?2*’){?2*66) = oK (By) + b0,
and substituting in (36) we finally get assumption 2. of Theorem 1:
0<o (d(a 081 (§?2*§g*1 (WHO)*M),}A}Q*]?&IHO*M)
_ (d G (§(;}(7mo)*5e),f(;}ym5£) = o (d s (TH0) w00, Hox60)

Thus € is a strict strong local minimizer for problem (7a)—(7b) i.e. if £ # ¢is
an admissible trajectory for problem (7a) (7b), then C(£) < C(¢). Let & be an
admissible trajectory for problem (1a)—(1b) whose graph is sufficiently close to
the graph of § Recalling the deﬁnltlons of C and C and Remark 6 we obtain

poC(€) > a(£(0)) + E(E(T)) > a(Zo) + &@r) = poC(€) (37)

and equality holds if and only if £ = ¢. This completes the proof in the normal
case po = 1. In the abnormal case po = 0, equation (37) yields C(&) = C(€). Hence
&= 5, ie. £ is an isolated admissible trajectory. a



18 Laura Poggiolini, Gianna Stefani

6.1 A Non-Coercive Case

We now consider the case when the singular vector field f4q := h3s — ha is not null
at the final point Z7 of the reference trajectory, and there is a neighbourhood Ur
of T such that

fd(z) € Ty N, Lfd (pOCT) (:17) =0 Ve € Ur N Nr. (38)

In this case the coerciveness of Jex: fails, since de = (fa(Zr),0,0,—1,0) is an
admissible variation and Jext [66]2 = 0. By the properties of f4, we can choose the
extension 3 such that Ly, 8 = 0 and  satisfies the properties of 5 in (17). If we set
E := f and Vp := T4, N, we obtain that the coerciveness of Jext on the subspace
of Wext such that e1 = 0 is the coerciveness of J given in (20) on W defined in

(21).

Theorem 3 Let the reference trajectory é\satisfy Assumptions 1-5 and relations (38)
hold. Assume fd(fT) # 0 and Jext restricted to {0e € Wext: €1 = 0} is coercive. If
po = 1, then € is a strict strong locally optimal trajectory of (1a)~(1b). If po = 0, then
{A is an isolated admissible trajectory of (1b) with respect to the C° distance between
trajectories.

Proof In this case the reduction of the problem to the free final point case con-
sidered in Section 5.3 can be done by choosing f1 = fq. Therefore, the function
¢ is now given by ¢ = 8 + pt, so that ¢ = poep on Np. With this new ¢ and J,
defined accordingly, we can exploit the coerciveness of J, on B just as in the proof
of Theorem 2 and thus prove our claim. ad

7 Examples

A particularly meaningful group of examples are those given by Bolza problems. It
is well known that Bolza problems can be transformed into Mayer ones by adding
a z%-coordinate for the functional. Here we consider a particular class of problems
which fit into the non-coercive case studied in Section 6.1 and which are present
in the literature; see [16,26]. Indeed we consider the problem

T
minimize C(£) = ¢o(£(0)) —|—/0 c(&(t)) dt subject to (39)
£(t) € X(£(1), ae.te[0,T], £(0)€No, &(T)€ Ny (40)

i.e. a Bolza problem with no cost on the final point and where the running cost
depends only on the state.

Assume E is a bang-bang-singular trajectory which satisfies PMP for problem
(39)—(40). As usual in the literature, we transform the problem into a Mayer prob-
lem in R™*! by adding the z°-coordinate, with the final cost given by cr (20, ) =
2. If f4 is not null and tangent to Ny in a neighbourhood of Zr, then we fall in
the case of Theorem 3. In particular, we recall that, when Ny = R", then SGLC
yields fq(zr) # 0; see [1].

In [26] the author shows the existence of a bang-bang-singular extremal for
a Van der Pool oscillator. In [20] such extremal is proved to be optimal among
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extremals having the same bang-bang-singular structure. In [1] the authors, ap-
plying the theory shown here, prove that such extremal is indeed a strong local
minimizer.

Another problem fitting in this class can be found in [16], where the dynamical
constraint is given by the Rayleigh equation in R2. Indeed, this problem can be
written, following our notation, as (39)-(40), setting

T =4.5, co(z) =0, o(x) == 23 + 23,
NO:{(_53_5)t}7 NT:R27

t
X(z) = (mz . —2w1 + 22(1.4 — 0.1423) +k> . ke [k, ko,

where ki, ko are given real numbers such that k1 < k2. The authors show that in
the case k1 = —8, k2 = 0 there exists a Pontryagin extremal which has a bang-
bang-singular structure and that the associated trajectory E is optimal among
trajectories associated to the same structure.

Up to the authors knowledge only examples with fixed-free end point con-
straints are in the literature. Nevertheless, if Ny is any manifold in R? such that

E(T) € N, e.g. Np = {x eR?: 2z, = El(T)}, then ¢ is a Pontryagin extremal also
for the final end point constraint £(T) € Ny. Anyway a numerical investigation,
which goes behind the scopes of this paper, is in order.

8 Conclusions

In this paper, we provide sufficient second order conditions for strong local opti-
mality of bang-bang-singular extremals. Usually, these concatenations are studied
for single input control systems. The paper deals with multi input systems, which
are reduced to single input ones by taking advantage of the Hamiltonian methods.
This reduction is allowed by the regularity conditions.

Perspective work includes the extension of the present results to bang-singular-
bang extremals and the study of structural stability for the bang-bang-singular
concatenations studied here. Indeed, Hamiltonian methods have proven to be a
valid instrument for studying structural stability of strong local minimizers; see
[27-30].

Acknowledgements The first author acknowledges the partial support given by INDAM-
GNAMPA.

Appendices

A Computation of the Extended Second Variation

Problem (15) can be written as

minimize AC(y, dvo, dv) := (a(y) + B(n(T))) — (@(zr) + B(ZT)) subject to
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dvo (t)k1 (n(t)), t €]0,71[,
n(t) = e(n(t)) = § dvo(t)k2(n(t)), t €71, 72,
Sv(t) gt (n(t)), t €], T, (41)

To N
Svo(t) > —1, / Suo(t)dt =0, [su(t)| <3, n(0) =y € No, n(T) =€ Ny
0

We can allow for the controls dvg, 6v to be in L? := L2([0, T],R) since equation (41) is linear
with respect to the controls. Defining

vy eR" = (@+8)(y) —(@+p) (zr) €R,
L: (t,y,0v0,00) € [0,T] x R™ x L? x L? s L+(y, dvo,6v) := (dB(y), ¢t (y)) €ER

we get
T
AC(y, 5v0,60) = ~(y) + /0 Lo(n(t), buo(t), Su(t)) dt.

We aim at computing the second order approximation C" of AC.
By the properties of v, the constraint on Jvg, and PMP it is not difficult to see that

9,AC(@r,0,0) = dy(&r) = 0,

T T ~
(950 AC (@, 0,0) , 5v) :/A 50(t) Ly, B (Fr) dt = —/A So(t) Fa(A(t)) dt = 0,
(O50g AC(@7,0,0) , bup) = /Oﬁ 6uo(t)Lklﬁ(§T)dt+/j2 Sv0(t) L, B () dt
— _H(B) /O " Svo(t) dt — Ha(f)) /A P Svo(t) dt = —Hy (7)) /O P sv0(t) dt = 0.

Thus, the first order approximation is null and the second order approximation is intrinsecally
well defined. Obviously,

92,C(@r,0,0) = D*4(&r).

Denote as £} the second order derivative of Ly at (Zr,0,0) and let 1 be the linearization of
n, i.e. én solves the problem

on(t) = pe(@r), (0) = 8y € Te,. No, n(T) = dx € T5, Nr. (42)
Hence
T
20" [y, Svo, 5v]% = D2y(37)[6y] + / LY5n(t), vo(t), Su(t)]? dt.
0

For the sake of computations, let us define
71 71
I (éy, 51}0) = / [:;/ [6T7(t), dvg (t), 0]2 dt = 2/ dvg (t)L(;n(kalﬁ (53\'1“) dt,
0 0
7 )
I>(0y, dvo) := [ L7 [6n(t), vo(t),0)% dt = Q/A dvo (t) Lsy() Ly B (Z7) dt,
™1 71

T T
I3(8y, 6v) ;=[ L 5n(b), 0, 5u(t)]2dt:2[ 50(t) Liy(e) Loy B (@) dt.
T2 T2

71
Let €9 ::/ dvo(s)ds. Then
0

on(t) = dy + /Ot dvo(s)dski(Zr), t € [0,71],

t
517(t) =y + Eokl(/x\T) +/A 5’00(5) ds k/'Q(af\T), te [?1,:1'\2],
T1
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on(t) = oy + eok(Tr) + /At dv(s)gs(Tr)ds, t € [72,T].

In particular

I1(8y, Svo) = 2e0Lsy Ly, B (Zr) dt + 5 L7, B (Fr) ,
I5(8y, 0v0) = —2e0Lsyyeoh; Liy B (@r) + €5 L3, B (Fr) -

t
Define w(t) := / —oéu(s)ds, e1 := w(T) and let ¢: [T2,T] — R™ solve the Cauchy problem

T2

() =w()ge@r),  ((72) = on().

By (42), ((T') = dz+e1 fa(Z1). Moreover, applying an intrinsic version of Goh transformation
as in [9] we obtain

T

T2

T t
I3(dy, 6v) :L5y+50k/ _w(t)Lgtﬂ(ET)dt—’—/\ w(t)/A w(s)Lg,Lg, B (Zr)dsdt

T
= _6%L?d6 (Zr) — 2e1Lsy Ly B (Zr) + /A (2 w(t)Lg(t)Lgtﬁ (zr) + w(t)zR(t)) dt.

Thus

20”[5:!/, 5’00, (5’0]2 = D27(§T)[6y]2 + 11+ 1>+ I3
= D?y(Z7)[6y])* + 260 Lsy LiB (T1) dt + &§ (L7 B (Br) + Liky k118 @r))

— &1L} B(@r) — 2e1Lss Ly, B (Tr) + /AT (2w(t) Lty Lg, B (@7) + w(t)*R(t)) dt
T2
subject to
() = w(®)ge(@r), C((F2) =y +eok(@r), Sz =((T) —e1fa(@r) € Tsp. Nr.
Notice that dvg appears only through ¢, while the immersion
sv € L3([72, T],R) = (w(t),w(T)) € L?([72, T],R) x R

is continuous and dense. Thus we can extend C” to variations de := (§z, 8y, €0, €1, w) € Wext
as defined in Section 5, and the extension coincides with Jext.

B Splitting of the Second Variation

Lemma 6 Assume fq(Tr) € Tz, Nr. Then the coerciveness of Jext on Wext splits into
Lffd,B(fET) > 0 plus the coerciveness of J on W.
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Proof We decompose éx € Tg, Nt as dx = dz + rfa(Zr), 6z € TETN% where Ny is the
manifold defined in Section 5.1. We can compute

2 Joxs[6€]?> = D2(@ + B + B)(Zr)[6y]? + <2 (Li (B+B) @r) + H12(21)>
+2e0Lsy Ly (B £ B) (@r) — €3L3 B (1) — 2¢1Lsstrfy Ly, B (Br)
* /: (20O Leqry Lo (8 % B) (1) + w(t)*R()) dt
- F[25y12 + e2Jo + 2e0Lsy LB (Fr) + D2(B — B) @) [0y + ok]?
- (& +2517) 13,8 @r) + D28 - HY@EDOP|
+ /?: (20O Loy Lo B @r) +w(t)*R()) dt

=2J[(6z + (r + 1) fa(Fr), 8y, €0, w)]?
+ (r+21)’D*(8 = B)@r)[fa@r))* — (1 + 2e17) L}, B (@r)
= 2J[(6z + (r +e1) fa@r), 6y, c0, w))* + r2L} B (@) -

The above computation shows that the real variable r is decoupled and 6z + (r + 1) fa(ZTr) is

a generic vector 6z € Tz, N7. This proves the claim. 0
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