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Chapter 1

Introduction

The study of how and why populations change in size and structure over time is
known as population dynamics. Reproduction rates, death and migration are signif-
icant factors in population dynamics. Population dynamics is an important topic in
mathematical biology, and the study of the long-term behaviour of modelling systems
is a central problem. The majority of these systems are characterized by various evo-
lutionary equations, such as difference, ordinary, functional, and partial differential
equations. Interactive populations often live in a fluctuating environment. For in-
stance, physical environmental conditions such as temperature and humidity, as well
as the supply of food, water, and other resources, usually change over time, either
seasonally or daily. For that reason, more realistic models should be non-autonomous
systems, especially, if the data in a model are periodic functions of time with a com-
mensurate period.

The basic reproduction number can be considered as the expected number of
secondary infections generated by one infected individual in a population where all
individuals are susceptible to infection. This quantity is an important threshold pa-
rameter for measuring the effort required to eradicate the infectious disease. For
autonomous epidemic models, Diekmann et al. [37] and van den Driessche and Wat-
mough [101] established general approaches for the calculation of basic reproduc-
tion numbers. For periodic epidemic compartmental models, Bacaér and Guernaoui
[11] provided a definition of the basic reproduction number as the spectral radius
of an integral operator acting on the space of continuous periodic functions. Later,
Wang and Zhao [103] characterized the basic reproduction number for such models
and proved that it serves as a threshold parameter regarding the local stability prop-
erties of the disease-free periodic solution. Rebelo et al. [90] studied persistence in
epidemiological models in a seasonal environment. Bacaér and Ait Dads [10] gave a
more biological explanation of the reproduction number for compartmental epidemic
models with periodic parameters. Therefore, the dynamics of the system is character-
ized by the basic reproduction number (R,) of periodic compartmental models. One



2 Introduction

can also show that the global dynamics is determined by this threshold parameter:
if Ry < 1, then the disease-free periodic solution is globally asymptotically stable,
while if Ry > 1, then the disease remains endemic in the population and there exists
at least a positive w-periodic solution.

My thesis is concerned with periodic mathematical models for the spread of
two different mosquito-borne diseases and a rodent-borne disease. In particular, it
presents compartmental population models for the transmission dynamics of malaria,
Zika virus and Lassa virus diseases in a seasonal environment.

The main aim of the thesis was to investigate the impact of the periodicity of
weather on the spread of the above mentioned diseases by applying non-autonomous
mathematical models with time-dependent parameters. The basic reproduction num-
ber R, is defined as the spectral radius of a linear integral operator and the global
dynamics is determined by this threshold parameter. We show the global stability of
the disease-free periodic solution and the extinction of the disease if Ry < 1, as well
as the persistence of the disease in the population and there exist at least a positive
w-periodic solution when R, > 1. Numerical simulations to illustrate and support
the analytical results are given.

Chapter 2 provides a brief introduction to the modes of transmission and spread of
mosquito- and rodent-borne diseases. In addition, the impact of weather seasonality
on malaria, Zika fever and Lassa fever is also presented.

In Chapter 3, we briefly discuss some basic mathematical and epidemiological
definitions, conditions, theorems and methods in the study of non-autonomous dy-
namical systems that are relevant to this thesis and required for the understanding
of subsequent chapters.

A compartmental population model to describe malaria transmission in a sea-
sonal environment with periodic mosquito birth, death and biting rates is presented
in Chapter 4, dividing the human population into two classes: those who do not have
any immunity and those who have a partial immunity due to an earlier malaria infec-
tion or due to their genetics. The global dynamics of the system is characterized by
the basic reproduction number by using the general method established in Wang and
Zhao [103]. The simulations suggest that mosquito-control is an important factor
in malaria transmission and the time-average basic reproduction number provides
an underestimation of the disease transmission risk. This chapter summarizes the
results of Ibrahim and Dénes [53].

In Chapter 5, we present a non-autonomous mathematical model for the spread
of Zika virus disease including sexual and vectorial transmission as well as asymp-
tomatic carriers. The impact of the periodicity of weather on the Zika transmission
is considered by including time-dependent mosquito birth, death and biting rates.
Following the general theory for the extinction or persistence of infectious diseases
given by Rebelo et al. [90], the basic reproduction number is used to show the global



stability of the disease free-solution and the persistence of the infective compart-
ments. Using our model and taking Ecuador and Colombia as two examples, the
fitted curves match the data very well. Based on the sensitivity analysis, we can as-
sess that the most effective measures to reduce transmission are control of mosquito
populations and protection against their bites. Numerical examples to study what
kind of parameter changes might lead to a periodic recurrence of Zika are shown.
The results of this chapter were published in Ibrahim and Dénes [54].

Finally in Chapter 6, we formulate and study a compartmental model for Lassa
fever transmission dynamics considering human-to-human, rodent-to-human trans-
mission and the vertical transmission of the virus in rodents. To incorporate the im-
pact of periodicity of weather on the spread of Lassa, we introduce a non-autonomous
model with time-dependent parameters for rodent birth rate and carrying capacity
of the environment with respect to rodents. Again by using the theory presented
in [103], it is demonstrated that the global dynamics is determined by the basic
reproduction number. The fitted curve based on our model reflects the seasonal fluc-
tuation and coincides rather well with the reported data concerning Lassa fever in
Nigeria. Using numerical simulations, we observed that the human-to-human trans-
mission rate has a substantial impact on the prevalence of the disease, but the most
significant factors in Lassa’s periodic recurrence are the rodent-related parameters.
The results of this chapter have been published in Ibrahim and Dénes [52].

The thesis is based on three scientific articles of the author. These publications
are the following.

[52] M. A. Ibrahim and A. Dénes. A mathematical model for Lassa fever transmis-
sion dynamics in a seasonal environment with a view to the 2017-20 epidemic
in Nigeria. Nonlinear Analysis: Real World Applications, 60:103310, 2021.
https://doi.org/10.1016/j.nonrwa.2021.103310.

[53] M. A. Ibrahim and A. Dénes. Threshold and stability results in a periodic
model for malaria transmission with partial immunity in humans. Applied
Mathematics and Computation, 392:125711, 2021. https://doi.org/10.
1016/j.amc.2020.125711

[54] M. A. Ibrahim and A. Dénes. Threshold dynamics in a model for Zika virus dis-
ease with seasonality. Bulletin of Mathematical Biology, 83:27, 2021. https:
//doi.org/10.1007/s11538-020-00844-6


https://doi.org/10.1016/j.nonrwa.2021.103310
https://doi.org/10.1016/j.amc.2020.125711
https://doi.org/10.1016/j.amc.2020.125711
https://doi.org/10.1007/s11538-020-00844-6
https://doi.org/10.1007/s11538-020-00844-6




Chapter 2

Impact of weather seasonality on the
spread of mosquito- and rodent-borne
diseases

2.1 Vector-borne diseases

Vector-borne diseases (VBD) are illnesses that are transmitted by vectors, which in-
clude mosquitoes, ticks, and fleas. These vectors can carry infective pathogens such
as parasites, viruses, bacteria, and protozoa, which can be transferred from one host
(carrier) to another. VBDs are commonly found in tropical and subtropical regions
and in places where access to safe drinking water and sanitation is problematic.
According to WHO [111], vector-borne diseases account for more than 17% of all in-
fectious diseases. Every year there are more than 700,000 deaths from diseases such
as malaria, dengue, schistosomiasis, human African trypanosomiasis, leishmaniasis,
Chagas disease, yellow fever, Japanese encephalitis and onchocerciasis. The most
deadly vector-borne disease, malaria, caused an estimated 409,000 deaths in 2019,
mostly children in the African region.

2.2 Mosquito-borne diseases

Mosquito-borne diseases (MBD) are those spread by the bite of an infected mosquito.
Diseases transmitted to humans by mosquitoes include Zika virus, West Nile virus,
chikungunya virus, dengue, and malaria [24].

Malaria is a life-threatening disease caused by Plasmodium parasites that are
transmitted to humans through the bites of infected female Anopheles mosquitoes.
People with malaria often suffer from fever, chills and flu-like symptoms. If left un-
treated, they can develop severe complications and die. In the United States, about

5
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2,000 cases of malaria are diagnosed each year. The vast majority of cases in the
United States occur in travelers and immigrants returning from countries where
malaria transmission occurs, many from sub-Saharan Africa and South Asia [27,
109].

Zika virus disease is caused by the Zika virus (ZIKV) and is transmitted to humans
primarily through the bite of an infected Aedes species mosquito. These mosquitoes
bite most actively during the day, but also bite at night [25]. ZIKV is also spread
via sexual contacts, mainly from men to women [67]. In many cases, there are no
symptoms, but it can present similarly to dengue fever. Symptoms might include
fever, red eyes, joint pain, headache, and a maculopapular rash. Women infected
with ZIKV during pregnancy may give birth to children with severe health disorders,
including microcephaly and Guillain—-Barré syndrome, which can lead to lifelong dis-
abilities [108]. There is currently no vaccine to prevent Zika infection.

2.3 Rodent-borne diseases

A zoonotic disease is an infectious disease that is transmitted between species from
animal to human (or from human to animal). Rodents carry a variety of disease-
causing organisms, including many types of bacteria, viruses, protozoa, and helminths
(worms). Through their ectoparasites such as fleas, ticks, lice, and mites, they also
act as vectors or reservoirs for many diseases as well as some diseases transmitted by
mosquitoes [42].

Lassa fever is an animal-borne, or zoonotic, acute viral illness caused by Lassa
virus, a member of the arenavirus family of viruses. Humans usually become infected
with Lassa virus through exposure to food or household items contaminated with
urine or faeces of infected Mastomys rats. Person-to-person infections and laboratory
transmission can also occur. The disease is endemic in the rodent population in parts
of West Africa including Sierra Leone, Liberia, Guinea and Nigeria. Neighboring
countries are also at risk, as the animal vector for Lassa virus, the multimammate
rat (Mastomys natalensis) is distributed throughout the region [110]. The overall
case-fatality rate is 1%. Among patients who are hospitalized with severe clinical
symptoms of Lassa fever, case-fatality is estimated to be about 15%. In some areas of
Sierra Leone and Liberia, 10-16% of those admitted to hospitals annually are known
to have Lassa fever, illustrating the severe impact of the disease on the region [26].

2.4 Weather seasonality and vector-borne diseases

Climate change is a reality that affects both our ecosystem and human health. The
periodicity of weather is already affecting the transmission and spread of VBDs, and
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the effects are likely to intensify. As climate change continues, we must increase our
efforts to prevent and control VBDs. Of concern is whether these climatic changes
will increase the incidence and geographic distribution of various vector-borne in-
fectious diseases. The key factors that have a major influence on the distribution
of VBD-producing pathogens are changing rainfall patterns, high temperatures and
humidity [7].

Periodicity of weather and climate change are very important factors in the life cy-
cle of the parasites and the mosquitoes transmitting them. Variations in climatic con-
ditions, such as temperature, rainfall patterns and humidity, have a profound effect
on mosquito longevity and on the development of malaria parasites in the mosquito
and subsequently on malaria transmission [49]. Elementary modelling suggests that
temperature increases MBD transmission rates and expands their geographic distri-
bution [48], with increases in malaria in particular identified as a possible effect
of weather seasonality [69]. While some studies have suggested an increase in the
spread of the disease in current malaria endemic areas [86, 116], or a resurgence
of the disease in areas that have controlled transmission or eliminated the disease in
the past [14, 58].

Mosquitoes are cold-blooded and have no thermostatic mechanism. They need
the appropriate temperature to survive and develop [112]. The emergence and
reemergence of ZIKV is associated with high temperatures and shifts in precipitation
patterns [68]. The Aedes mosquitoes that transmit ZIKV cannot tolerate temperatures
below 10°C and above 35°C [7]. At temperatures below 10°C, the mosquito life cycle
ceases, but if it is not much below that, there may be some mosquito survival during
the colder winter months [60]. Larval development of mosquito vectors accelerates
with increases in ambient temperature [112]. Larval stages mature more rapidly
at warmer temperatures. Adult female mosquitoes responsible for transmission of
ZIKV feed more frequently and digest blood more rapidly, increasing transmission.
Global warming is changing the growth rate and population dynamics of the Aedes
mosquitoes. As the world climate changes and global temperatures increase, the ge-
ographic distribution of diseases transmitted by A. aegypti is expected to increase. If
climate change continues at the current rate, it will most likely promote the growth
and spread of mosquito species to higher latitude regions [55]. Although a regular
periodic recurrence of Zika has not been observed so far, it is expected that this might
be altered by weather seasonality.

2.5 Weather seasonality and rodent-borne diseases

Rodent populations are affected by weather conditions. In particular, warm, wet
winters and springs increase rodent populations, which has been observed in re-
cent years. Under climate change scenarios, rodent populations are expected to in-
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crease in temperate zones, leading to greater human-rodent interaction and higher
risk of disease transmission, especially in urban areas. In some European countries,
breakdowns in sanitation and inadequate hygiene contribute to serious rat infesta-
tions [96].

Future climate projections for West Africa include warmer temperatures and in-
creased precipitation, which are expected to increase climatic suitability for Mastomys
natalensis in much of the region [91]. Most land-use projections predict extensive ex-
pansion of cropland, for both subsistence and commercial export agriculture [4, 105].
This could lead to an increase in Lassa virus exposure in humans by expanding suit-
able habitat for Mastomys natalensis, facilitating the spread of Lassa virus between
geographically separated rodent populations, or shifting ecological community com-
position toward higher densities of generalist small mammals (including Mastomys)
on more intensively managed land (dilution effects) [19, 56].

In a recent study, a theoretical framework based on a generalization of Pois-
son processes was developed to jointly model zoonotic spread and human-to-human
transmission to assess the impact of biological, environmental, and social parameters
on transmission outcomes [64]. Modeling data from Kenema General Hospital LF as
a case study again suggested that seasonal variation in infection risk may underpin
the observed distribution of hospitalized cases. Another recent analysis developed a
large-scale, spatially explicit compartmental model to assess the impact of future cli-
mate, land use, and socioeconomic scenarios on human Lassa virus infections [91].
Their results suggested that climate change and population growth could lead to a
doubling of Lassa virus infections by 2070. Lassa fever appears in WHO’s Blueprint
list of diseases to be prioritized for research and development. Although rodent pop-
ulations are affected by weather conditions, so far, no compartmental model with
time-dependent parameters has been established.



Chapter 3

Non-autonomous epidemic systems

In mathematical biology, population dynamics is an important topic, and the study
of the long-term behaviour of modelling systems is a central problem. The majority
of these systems are characterized by various evolutionary equations, such as differ-
ence, ordinary, functional, and partial differential equations. Interactive populations,
as we all know, often live in a fluctuating environment. For instance, physical en-
vironmental conditions such as temperature and humidity, as well as the supply of
food, water, and other resources, usually change over time, either seasonally or daily.
For that reason, more realistic models should be non-autonomous systems, especially,
if the data in a model are periodic functions of time with a commensurate period.

For periodic epidemic compartmental models, Bacaér and Guernaoui [11] pro-
vided a definition of the basic reproduction number as the spectral radius of an in-
tegral operator acting on the space of continuous periodic functions. Later, Wang
and Zhao [103] characterized the basic reproduction number for such models and
proved that it serves as a threshold parameter regarding the local stability proper-
ties of the disease-free periodic solution. Rebelo et al. [90] studied persistence in
epidemiological models in a seasonal environment. Bacaér and Ait Dads [10] gave a
more biological explanation of the reproduction number for compartmental epidemic
models with periodic parameters. Therefore, the dynamics of the system is character-
ized by the basic reproduction number (R,) of periodic compartmental models. One
can also show that the global dynamics is determined by this threshold parameter:
if Rg < 1, then the disease-free periodic solution is globally asymptotically stable ,
while if Ry > 1, then the disease remains endemic in the population and there exists
at least a positive w-periodic solution.

This is an introductory chapter and it is important to mention that most of the
results here are from Wang and Zhao [103], Rebelo et al. [90], Zhang and Zhao
[113], Smith and Waltman [97] and Zhao [115]. The remaining sections of this
chapter present the theory of the basic reproduction number for periodic compart-
mental models and the threshold condition for the global persistence and extinction
of diseases.
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3.1 Periodic epidemic models

Let us consider a heterogeneous population whose individuals can be grouped into
n (n > 2) homogeneous compartments. Let z = (z',...,2™)T > 0, with each z; > 0,
be the state of individuals in each compartment. The compartments can be divided
into two types: infected compartments, labeled by i = 1,...,m (1 < m < n), and
uninfected compartments, labeled by i = m + 1,...,n. Define X, to be the set of all

disease-free states:
X¢={x>20:2,=0,Vi=1,...,m}.

Let F;(t,z) be the input rate of newly infected individuals in the ith compartment,
V' (t, ) be the input rate of individuals by other means, and V; (¢, z) be the rate of
transfer of individuals out of compartment i. Thus, the disease transmission model
is governed by a non-autonomous ordinary differential system:

v = Fi(t,x) = Vi(t,z) = filt,x), i=1,....n, .1

where V;, =V, — V.
Following the setting of Rebelo et al. [90], we assume throughout the chapter the
following conditions:

(A1) For each 1 < i < n, the functions F;, V; and V;” are nonnegative and continu-
ous on R x R} and continuously differential with respect to z.

(A2) There is a positive real number w such that for each 1 < ¢ < n, the functions
F:, V",V are w-periodic in ¢.

(A3) If x; = 0 then V;” = 0. In particulay, if x € X, then V; =0for 1 <i < m.
(A4) F;=0ifi>m.
(A5) If v € X, then F; =0and V; = 0 for 1 <i < m.

(A6) System (3.1) has a unique disease-free w-periodic solution

x*(t) = (O, T (1), ,x;;(t)) ,

with zf(¢) > 0 V¢ for at least one index ¢ with m + 1 < i < n, which is linearly
stable in the disease free subspace X,. That is, if

OFi(t, z*(t))

Z=M(t)z, M(t)= [ D,

:| m+1<i,5<n

is the w-periodic linearisation of (3.1) around z*(¢) in X,, and if ®,, is its mon-
odromy matrix, then p(®,,) < 1.
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(A7) Setting

D F(t,z*(t)) = lF ét) 8} D, V(t,z*(t)) = K((f)) _AZ@],

where F'(t) and V (t) are two w-periodic m x m matrices defined by

Ft) = PE%’Z*@)

and J(t) is an (n—m)xm matrix. F'(t) is nonnegative, and —V'(t) is cooperative,
that is the off-diagonal elements of —V/(¢) are nonnegative.

OV (t, z*(t))

and v<t):[ 5

Y

} 1<i,j<m } 1<i,j<m

Denote by Y (¢, s), t > s the evolution operator of equation

dy

— =-=V(t 3.2
; )y, (3.2)
meaning that, for any s € R, the m x m matrix function Y (¢, s) fulfils

dY(t, s)
dt

=-V(t)Y(t,s), forallt>s, Y(s,s)=1,

with 7 being the m x m unit matrix. From this, #_y (¢), the monodromy matrix
of (3.2) isequal to Y (¢,0),t > 0. We assume that p(®_y) < 1.

(A8) There exists a compact set K C &€ which is positively invariant for the flow of
system (3.1) and which is also an absorbing set for that flow. More formally;,
given zo € K and sy € R we have xz(t, (z9,50)) € K for all t > sy, and for
any o € £ and s, € R there exists t; > sy such that for each ¢t > t; we have
z(t, (xg, $0)) € K.

3.2 The basic reproduction number

In epidemiology, the basic reproduction number can be considered as the expected
number of secondary infections generated by one infected individual in a popula-
tion where all individuals are susceptible to infection. This quantity is an important
threshold parameter for measuring the effort required to eradicate the infectious dis-
ease. It is a usual condition that a disease dies out if the basic reproduction number
is less than unity and the disease becomes endemic in the population if it is greater
than unity. For autonomous epidemic models, Diekmann et al. [37] and van den
Driessche and Watmough [101] established general approaches for the calculations
of basic reproduction numbers. The basic reproduction numbers are computed for
specific infectious diseases in several studies [43, 45, 50].
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For periodic mathematical models, the basic reproduction number can be esti-
mated as the spectral radius of a linear integral operator on a space of time dependent
functions. Despite the fact that there is no analytical method to calculate the actual
value of the basic reproduction number, there are methods to compute it numeri-
cally (see e.g. [72] for details). Furthermore, the time-average basic reproduction
number of the associated periodic model provides interesting results. The formula
for the time-average basic reproduction number can be obtained by setting the time-
dependent parameters to constant. Unfortunately, the time-average basic reproduc-
tion number is applicable only in certain circumstances, and in many other cases it
overestimates or underestimates the risk of infection. Later, Bacaér and Guernaoui
[11] provided a general definition of the basic reproduction number in a periodic en-
vironment. Wang and Zhao [103] characterized the basic reproduction number for
a large class of periodic compartmental epidemic models and proved that it serves
as a threshold parameter regarding the local stability properties of the disease-free
periodic solution.

Next, we follow the general technique introduced by Wang and Zhao [103] to
define the basic reproduction number (R,) of system (3.1).

Assume that the initial distribution of infected is given by ¢(s), which is w-periodic
in s. F(s)¢(s) gives the rate of new cases due to those infected who were introduced
at time s. For t > s, the formula Y (¢, s)F(s)¢(s) provides the distribution of the
infectious individuals who were newly infected at time s and who are still infected
at time ¢. From this we obtain that the distribution of cumulative new infections at ¢,
generated by all infected ¢(s) introduced at any time s < ¢ is

W(t) = /_ Y (t,s)F(s)p(s)ds = /000 Y(t,t —a)F(t —a)o(t — a)da.

Let us introduce the notation C,, for the ordered Banach space
{h: R = R™: his w-periodic},
with the maximum norm || - ||». Consider the positive cone C defined as
Ch={peC,:¢(t) =0, Vt € R}.

Following [103], we then define the linear operator L: C, — C,, as
(L) (1) = / Yt —a)F(t— a)p(t — a)da, ViER, 6 €Cl, 3.3)
0

called the next infection operator. The basic reproduction number of (3.1) is defined
as Ry := p(L), i.e. the spectral radius of the next infection operator L.
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3.3 Numerical estimation of the basic reproduction
number of non-autonomous models

For the periodic case, let W (¢, \) denote the monodromy matrix of the w-periodic
linear equation

— = <—V(t) - ;F(t)> w(t), VteR, (3.4)

where A € (0,00) is a parameter. F'(t¢) being non-negative and —V'(¢) being coop-
erative imply that p(W(w, \)) is continuous and non-increasing in A € (0,00) and
limy 00 p(W(w, A)) < 1.

We evoke the following theorem from [103] as we will need it for the numerical
calculation of the basic reproduction number.

Theorem A (Wang and Zhao [103, Theorem 2.1]).

@D If p(W(w, \)) = 1 has a solution Ay > 0, then )\, is an eigenvalue of L, and thus
Ro > 0.

(i) If Ry > 0, then A = Ry is the only solution of p(W(w, \)) = 1.
(iii) Ry = 0 if and only if p(W(w, A)) < 1 for all A > 0.

First we find the monodromy matrix ¢ of (3.4) by finding m linearly independent
solutions, most simply by taking the (linearly independent) unit vectors of R™ as
initial values. Then we select an initial guess )\, and determine the spectral radius
p(®(No)). If this p, is less than 1, then we set A\_ = )\, and increase our guess A, to
find an upper bound A, with which p(®(\,)) is larger than 1. If py > 1, we proceed
similarly, but the other way around. Then we keep choosing A\; € (A_,\;) e.g. as
(A= + Ay)/2 and if p(®();)) < 1, we set A\_ = \;, otherwise A\, = \;,. We proceed
until A\, — A\_ < ¢ for some sufficiently small . For more details see e.g. [72].

3.4 Stability of disease-free solution

3.4.1 Local stability

From the above discussion, we obtain the following result for the local asymptotic
stability of the disease-free periodic solution of system (3.1).

Theorem B (Wang and Zhao [103, Theorem 2.2]).

(D) Ry = 1is equivalent to p(Pp_y(w)) = 1.
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(i) Ro > 1is equivalent to p(Pp_y(w)) > 1.

(iii)) Ro < 1is equivalent to p(Pr_y(w)) < 1.

Hence, the disease-free periodic solution is locally asymptotically stable if Ry < 1,
and unstable if R, > 1.

3.4.2 Global stability
In this subsection, our aim is to show the global stability of the disease-free periodic
solution of system (3.1). Then we must prove the following theorem.

Theorem C. If Ry < 1, then the disease-free periodic solution z*(t) of system (3.1) is
globally asymptotically stable and if Ry > 1, then it is unstable.

To do this, there are two different general methods described in Wang and Zhao
[103] and Rebelo et al. [90].

(A) In the first method, one can prove the global stability of disease-free solution
by using Theorem B and Part 1. of the following theorem.

Theorem D (Rebelo et al. [90, Theorem 2]). Assume (A1) to (A7).
1. Assume that 0 < Ry < 1 and that there exists ¢* > 0 and p: (0,¢*) — R,
such that

(1) lime_o+ pu(e) = 1,
(ii) for all € € (0,¢*), for any solution x(t) = (z(t),...,2"(t))" of (3.1)
with initial condition (¢, sg) € £ X R, there exists t, > so such that

e v s

where Z(t) = (z'(t),...,2™(t))T.
Then the disease dies out: (t) — 0 as t — oc. Moreover if x*(t) is globally
asymptotically stable (G.A.S.) in X, itis G.A.S. in E.

2. Assume Ry > 1, (A8), and that there exists T € [0,w) such that F(1) — V(1)
is irreducible. Fix j € 1,...,m. Assume that there exists ¢* > 0 and \ €
(0,€*) — Ry such that:

(D lim. 0+ N(e) =1,

(i) for all e € (0,€*), for any solution x(t) of (3.1) with initial condition
(zo,50) € IC x R, there exists t, > sy such that such that x;(t) < € for
each t > t,, then there exists t; > t, such that

di_i’f) > (% - V(t)) i(t), Vt=t, (3.6)
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where Z(t) = (z'(t),...,2™(t))". Then system (3.1) is uniformly persis-
tent with respect to x;, that is, {x : x; = 0} is a uniform repeller.

(B) Firstly, we recall the next lemma from [113] and the the comparison principle
Theorem from [97].

Lemma A (Zhang and Zhao [113, Lemma 2.11). Let ;1 = Z1Inp(Pa(y(w)).
Then there exists an w-periodic positive function v(t) such that e*'v(t) is a positive
solution of ' = A(t)z.

Theorem E (Smith and Waltman [97, Theorem B.1]). Let f be continuous
on R x D and of type K. Let x(t) be a solution of ' = f(t,z), defined on [a, b).
If z(t) is a continuous function on |a,b] satisfying 2’ < f(t,z), on (a,b) with
z(a) < xz(a), then z(t) < z(t) for all t in [a,b]. If y(t) is continuous on |a,b]
satisfying y' > f(t,y), on (a,b) with y(a) > x(a), then y(t) > xz(t) for all t in
[a, b].

In this method, it is enough to use Theorem B, Lemma A and the comparison
principle Theorem E to prove that the disease-free solution of system (3.1) is
globally asymptomatically stable.

The method (A) will be used to prove the global stability of the disease-free equilib-
rium in Chapter 5, while the method (B) will be used to prove the global stability of
the disease-free equilibrium in Chapter 4 and Chapter 6.

Lemma A and Theorem E will be needed in proving the global stability of the
disease-free periodic solution and the uniform persistence of the disease throughout
the dissertation.

3.5 Persistence of the infectives and existence of
positive periodic solutions

The following theorem shows the persistent of the infective compartments and the
existence of positive periodic solutions of system (3.1) when the basic reproduction
number R, is larger than 1.

Theorem F. If Ry > 1. Then
(i) system (3.1) is persistent with respect to the infective compartments;
(ii) system (3.1) admits at least one positive w-periodic solution.

To prove Theorem F, we can follow one of the following methods.



16

Non-autonomous epidemic systems

©

(D)

In this method, we can use Part 2. of Theorem D or the following theorem to
prove the persistent of the infective compartments.

Theorem G (Rebelo et al. [90, Theorem 41]). Assume (A1) to (A7) and (A8).
Assume that Ry > 1, that there exists 7 € [0,w| such that F(r) — V(7) is irre-
ducible, and that there exist ¢* > 0 and A € (0,€¢*) — R satisfying:

(D lim. o+ \(e) =1,

(i) for all e € (0,€¢*), for each solution x(t) of (3.1) with initial condition
(x0,50) € K X R, if there is ty > sy such that ||Z(t)|| < e for each t > t, then
there exists t, > to such that &'(t) > (f((:)) — V(t)> Z(t), for each t > t; with
z(t) = (2'(t), ..., 2™())".

Then the set

p= {mo eK: Z(xo)j :O},

is a uniform repeller.

We will use method (C) in Chapter 5 to prove the persistent of the infective
compartments.

To show the existence of positive w-periodic solutions of system (3.1), let us
introduce the notations

X = {(a'(t),...,a"(t)) €R"},
Xo = {(z'(t),...,2"(1)) € X:2; >0, j=1,...,m},
and
0Xp = X\ Xo.

Note that 0.X, need not be the boundary of X, as the notation suggests.

Let P: R} — R’} be defined as the Poincaré map corresponding to (3.1), i.e.
the map P is defined as

P(2°) = u(w, 1), 2’ e R,

with wu(t,z°) being the single solution of (3.1) started from initial condition
2% € R™. Clearly,
P™(2°) = u(mw, 2%), Vm = 0.

First, we prove the uniform persistence of P with respect to (Xy, 9X,), as from
this, we need to apply the comparison principle Theorem E and the following
theorems.
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Theorem H (Zhao [115, Theorem 3.1.11). Let T'(t) be an w-periodic semiflow
on X with T(t) Xy C Xy, Vt > 0,and S = T'(w). Assume that S: X — X is
asymptotically smooth and has a global attractor. Then uniform persistence of S
with respect to (Xo,0Xy) implies that of T(t): X — X. More precisely, S: X, —
Xy admits a global attractor Ay C Xy, and the compact set Ay = |Jy<,<, T(t) Ao C
X, attracts every point in X, for T(t) in the sense that lim,_,. d(T(t)z, AZ) = 0
for any x € X,.

Theorem I (Zhao [115, Theorem 1.3.1 (Strong repellers)]). Assume that

(C1) f(Xo) C X and f has a global attractor A,

(C2) The maximal compact invariant set Ay = A(\My of f in 0X,, possibly
empty, admits a Morse decomposition {Mj, ..., My} with the following prop-
erties:

(a) M, is isolated in X,
(b) W,(M;) Xo =0 foreach1<i<k.

Then there exists 9 > 0 such that for any compact internally chain transitive
set Lwith L ¢ M, for all 1 < i <k, we have inf ¢ d(z,0X,) > 6.

Theorem J (Zhao [115, Theorem 1.3.6]). Assume that [ is asymptotically
smooth and uniformly persistent with respect to (X, 0Xy), and that f has a global
attractor A. Then f: (Xo,d) — (Xo,d) has a global attractor Ay. Moreover; if
a subset B of X, has the property that v ( f"?(B)) is strongly bounded for some
k > 0, then Ay attracts B for f.

By Theorem J, P has a fixed point ¢ € X,, and hence at least one periodic
solution u(t, ¢) of system (3.1) exists.

The method (D) will be used throughout the dissertation to prove the existence of
positive w-periodic solutions.






Chapter 4

Threshold and stability results in a
periodic model for malaria spread
with partial immunity in humans

In this chapter, we develop a periodic compartmental population model for the
spread of malaria, dividing the human population into two classes: non-immune and
semi-immune. The effect of seasonal changes in weather on the malaria transmission
is considered by applying a non-autonomous model where mosquito birth, death and
biting rates are time-dependent. We show that the global dynamics of the system is
determined by the basic reproduction number, which we define as the spectral ra-
dius of a linear integral operator. For values of the basic reproduction number less
than unity, the disease-free periodic solution is globally asymptotically stable, while
if Ry > 1, then the disease remains endemic in the population. We show simula-
tions in accordance with the analytic results. Finally, we show that the time-average
reproduction rate gives an underestimation for malaria transmission risk.
The content of this chapter has been published in

[53] M. A. Ibrahim and A. Dénes. Threshold and stability results in a periodic
model for malaria transmission with partial immunity in humans. Applied
Mathematics and Computation, 392:125711, 2021. https://doi.org/10.
1016/j.amc.2020.125711

4.1 Introduction

Malaria is an acute febrile illness caused by Plasmodium microorganisms spread to
humans by female Anopheles mosquitoes. Out of the five Plasmodium species, most of
the lethal malaria cases can be attributed to P. falciparum. The latest malaria report
of WHO from December 2019 estimated around 230 million malaria cases and more
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than 400,000 deaths in both of the preceding two years [109]. Figure 4.1 shows the
malaria transmission cycle.

Plasmodium
sporozoites ‘
First infected
mosquito

Second infected First infected
Infected liver person person In utero

cells transmission
& / Second infected Infected liver \

mosquito cells
Infected red
blood cells g
D
Sq

Figure 4.1: Malaria transmission cycle.

In a person without immunity, symptoms usually appear ten to fifteen days after
infection. The symptoms of the disease, including fever, headache, and chills are of-
ten mild, making malaria difficult to recognize at early stages. P. falciparum malaria
can develop to a serious, often lethal illness if not treated within one day. Children
suffering from severe malaria often show severe anemia, respiratory distress or cere-
bral malaria [44, 109], while multi-organ failure is frequent in infected adults. In
regions where the disease is endemic, several years of exposure may contribute to
a partial immunity, making asymptomatic infections are possible. Partial immunity
does not provide a complete protection, though it reduces the risk of a severe disease
due to malaria infection. Hence, most malaria-related death cases in Africa affect
young children, while in regions with lower transmission and immunity, every age
group has an equal threat. It is important to note that heterozygotes for the sickle
gene (AS) also have a partial protection against malaria [65].

Several sophisticated mathematical models of malaria transmission have been
previously established, the first one by Ronald Ross [93], later extended by Macdon-
ald [66]. Ducrot et al. [39] presented a deterministic model for malaria transmission
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in which the population of humans is divided into two host types: non-immunes
who are especially vulnerable to malaria and semi-immunes who are less vulnerable
because of an earlier malaria infection providing partial immunity. Further works
also (see e.g. [13, 57]) study the transmission of malaria with the human population
divided into two types of hosts.

Periodicity of weather and climate change are very important factors in the life
cycle of the parasites and the mosquitoes transmitting them. Hence, it is of crucial
importance to understand how changes in weather affect the spread of malaria [38].
Mordecai et al. [73] formulated a nonlinear thermal-response model to explain the
role of temperature changes in the spread of malaria. Other works [1, 2, 3, 13, 16,
31, 41, 59, 80, 82] have discussed the impacts of weather on mosquito populations
and malaria transmission. In the case of a disease like malaria, which depends on
the abundance of mosquitoes, which, in turn, is highly dependent on the periodi-
cally changing weather, it is especially important to include this seasonality in our
models. Several papers [13, 33, 38, 79, 94, 102, 104] study the spread of malaria
transmission with periodically changing mosquito birth, death and biting rates.

In our present work, motivated by [13, 39] we set up and study a compartmental
population model for malaria transmission in a periodically changing environment:
we extend the model given in [39] by including periodicity of the environment. Un-
like [13], we consider periodic vital dynamics of mosquitoes by setting the mosquito
birth rates and mosquito death rates as well as the biting rates to be periodic with
one year as period, following the annual change of weather. We note, however, that
the model given in [13] included a compartment for immature mosquitoes, which we
do not consider. The total human population is divided into two major categories:
non-immune and semi-immune. We determine the basic reproduction number R,
to characterize the dynamics of our model, and we show the global stability of the
disease-free periodic solution or the endemicity of malaria as well as the existence
of a positive w-periodic solution, depending on the basic reproduction number. We
show numerical simulations to illustrate and support the analytical results.

4.2 Mathematical model

In our model, human population is divided into two types based on their immunity
level: the non-immune, i.e. those who have not developed any immunity against
malaria, and the semi-immune, that is those who have some partial immunity due
to their genetics or by contracting the disease earlier in their life. Semi-immune
human, non-immune human and mosquito compartments are denoted by the lower
indices m,n and v. Susceptible humans (5,, and S,) can be infected by malaria.
Following the infectious mosquito bite, susceptibles proceed to the exposed compart-
ment (F,,, F,). Individuals in these compartments have no symptoms yet. After
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the incubation time, exposed individuals proceed to the infectious class (/,,, I,,). For
semi-immune, there is an additional immune compartment (R,,). Humans in the
class R,, are partially immune to the disease, but their blood stream still has a low
level of parasites and they are still able to infect susceptible mosquitoes [30]. We
have three compartments for the mosquitoes: susceptibles (.S,), exposed (F,) and
infected (7).

dp, dp dp + on

Figure 4.2: Flow diagram of model (4.1). Human population are divided into two ma-
jor types: the non-immune and the semi-immune. Red nodes are infectious and brown
nodes are non-infectious. Black solid arrows show the progression of infection, while red
dashed arrows show direction of transmission between humans and mosquitoes. Blue
solid arrows show birth and death.

We denote the total population of humans by N,(¢) and total population of mos-
quitoes by N, (t), that is

Nip(t) = Sp(t) + En(t) + 1n(t) + Sp(t) + En(t) + In(t) + R (2),
and
Ny(t) = Sy(t) + E,(t) + L,(1).

The transmission dynamics is illustrated in Figure 4.2. With the above notations, our
model equations can be written as
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4 . ~ IU (t)
S(8) = 0 = Gult) 57 5 94(8) = S, (1),
EL(t) = én(®) ]]V”:(tt)) Su(t) — vnBn(t) — duEn(t),
[’;L(t> = Vp o (t) — Yndn(t) — (dp + 60)1n(t),
S(t) = (1— O)pn — @mu)%ww duS(t) + BRA(D),
B (1) = () 20 5, (8) — v B (1) — dEn(2), @1)

Ni(t)
L (8) = Vi B () = YL (t) = (dn + 60) I (1),
R;n(t> = Yoln(t) + Y dm(t) — BRm(t) — dnRin(t),
. ~ Nodn(t) + NI () + 0 R () 7
Sv<t> - Mv<t> - av(t) Nh(t)
! e nnIn(t> + nm[m(t) + nrRm(t)
Ev<t) - av(t) Nh(t)

]/ (t> = Vva(t) - Jv(t)]v(t)»

v

Su(t) — v Ey(t) — do(t) By (t),

where i, (t), dn(t), dum(t), d,(t) and d,(t) are the mosquito birth rate, the rate of trans-
mission from an infected mosquito to a non-immune susceptible human, transmission
rate from an infectious mosquito to susceptible semi-immune humans, the transmis-
sion rate from infected humans to susceptible mosquitoes and mosquito death rate,
respectively. In our model we assumed fi,(t), @ (t), Gm(t), @, (t) and d,(t) to be con-
tinuous, positive w-periodic functions. The explanation of the model parameters is
summarized in Table 4.1.

Table 4.1: Summary of parameters and notations of model (4.1).

Parameters Description

Lbh Humans birth rate
dy, Humans death rate
0 Probability of recruitment for humans
Ons Om Disease mortality rate for non-immune and semi-immune humans
5} Rate of losing immunity for humans
s Mm, M Relative transmissibility of infectious humans to mosquitoes
Vs Ym Transfer rate of humans from /,, and 7, to R,,
Vns Um Non-immune and semi-immune human incubation rate
vy Mosquitoes incubation rate
Qs Oy Baseline value of mosquito-to-human transmission rate
Qy Baseline value of human-to-mosquio transmission rate

Ly, dy Baseline value of mosquito birth and death rates
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We first engage in the study of the existence and uniqueness of solutions of (4.1).
Introduce the notation

(51(0), En(0), 1(0), S (0), Em(0), In(0), Fm(0), S(0), £,(0), 1,(0)) =
(S, B 10,80 B9 10 RY .S EQ.IY) € RO

n) nr~m? m? T m? m? v

First, we show that (4.1) has a disease-free periodic solution. For the human
subsystem of system (4.1) with a positive initial condition

(SO, B0 10,80 EO 10 RO SO EO %) ¢ R,

n)>-n’ m? m)-m? m) v v Tv

we have the linear differential equation

AN (¢)
dt

= Up — thh<t) — 5n]n(t) — 5m[m<t) (42)

If the disease is not present in the population, (4.2) has a unique, globally asymptot-
ically stable equilibrium N; = 52, and N, (t) is bounded.
To obtain the disease-free periodic solution of (4.1), let us consider the equation

ds, (1)

dt - ﬂv(t) - sz(t>sv(t>7 (4.3)

with initial condition S,(0) = SY € R,. Equation (4.3) clearly has a single positive
w-periodic solution, given by

Jo dv(s)ds g -
eJo r o fo dy(s)ds > 0. (44)

' " Jo fio(r)
S*(t) = iy J; dv(s)dsd o M E
(1) [/ o)l ey - S0P
This solution is globally attractive in R, yielding that (4.1) has a single disease-free
periodic solution
Ey = (S;,0,0,5;,,0,0,0,5:5(t),0,0),

Y m?

with 5; = 6% and 57, = (1 — §)%.

To introduce the following result, we set h" = sup,c () h(t) and A" = infyepo ) h(t)
for a positive, continuous w-periodic function h(t).

Lemma 4.1. There is N} = £ & > 0 such that each solution in X of (4.1) eventually

= gi
enters
7}
?

and for each N,(t) > N}, Gy is positively invariant for system (4.1). Also, we have that

*

10 Ni
GN* = (SnaEn7[n>sm7Em7]maRm7SvaEmIv) € R+ : N

N IN
5

e

lim (N, (t) = S:(t)) = 0

t——+o0
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Proof. From (4.1), for the mosquito subsystem we have

dN, (1)

dt = /]v<t) - Jv(t)Nv(t) < lug - dqj;\/[Nv(t) < Ov if Nv(t> > N;a

which implies that G, N,(t) > N}, is positively invariant and eventually, each for-
ward orbit enters G +. To finish the proof, let us assume y(t) = N,(t) — Si(t), t > 0.
Hence, we have dz—(tt) = —d,(t)y(t), from which we have lim;_, -, y(¢) = 0. Hence, the
proof is complete. u

4.3 Basic reproduction numbers and local stability

In this section, following the technique introduced by Wang and Zhao [103], we will
show the local stability of the disease-free periodic solution Ej of (4.1). First, we
identify the basic reproduction number R, for system (4.1).

Let X = (E,, L., Em, In, R, By, Ly, Sny S, Sy)T where E,,, I,,, E,,, I, R,,, E, and
I, are infected compartments, and S,,, S,, and S, are uninfected compartments with

L, (1) Su(t)
0
2201, (1) S (t)
0
Z ) = &v@)""f"“)*"T%SES’*""W”sv<t> ’ @2
0
0
0
L O .
(Un +dn)En(t) ] i 0 ]
(VY + dp + 0,) I () VnEy(t)
(U + dp) En(t) 0
(Y + dp + 6 ) L (1) Vi B (1)
V(£ X (1) = (B + dn) R (1) VL X (1) = Vodn(t) + YL (t) (4.6)
(8, X() = (v +d, () Ey(t) |’ (8, X() = 0 '
dy(t)L,(t) v By(t)
thn(t) Opin
ApSm(t) (1 —0)un
du()Su(t) ] i i (t)
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We need to verify that the conditions (A1)-(A7) in Chapter 3 are satisfied. Equa-
tion (4.1) is equivalent to

X'(t) = F(t, X(1) — V(t, X (1)), (4.7)

where we introduce the notation V(¢, X' (¢)) for V= (¢, X' (¢)) =Vt (¢, X (t)). It is straight-
forward to check that conditions (A1)-(A5) hold.
It is clear from the above that equation (4.7) has the disease-free periodic solution

X*(t) = (0,0,0,0,0,0,0, 5%, 5%, S*(t)).

Y n’ m? (3

Let us introduce f(t,X(t)) for F(t,X(t)) — V(t,X(t)) and the matrix function
M(t) = ( w )8<ij<10 where f;(t, X' (t)) is the ith coordinate of f(¢, X (¢)) and X;
is the ith component of X'. From (4.5) and (4.6), the matrix function M (¢) can be

calculated as

—d, 0 0
Mt)=| 0 —d, 0 . (4.8)
0 0 —dyt)

Let us denote by @,,(¢) the monodromy matrix of %z = M (t)z and we will use
the notation p(®,,(t)) for the spectral radius of @,,(w). Hence, p(®(t)) < 1, which
implies that X'*(¢) is a linearly asymptotically stable solution in the disease-free sub-
space X, = {(0,0,0,0,0,0, Sy, Sn,S,) € RI°}. This implies that the condition (A6)
holds as well.

We introduce the 7x7 matrix functions F(t), V (t) given as F(t) = (*"5z ") L e
V(t) = (%ﬁj“” )1<i,j<7 with F; and V; denoting the i-th coordinate of the vector
functions F and V, respectively. Then from (4.5) and (4.6), we have

0 0 0 0 0 0 n(t)5]
0 0 0 0 0 0 0
0 0 0 0 0 0 &m(t)fv—?*g
Ft)= o 0 0 0 0 0 0 ,
0 0 0 0 0 0 0
0 7ad,()%E 0 ()% na L 0 0
0 0 0 0 0 o 0 | 4.9)
vp+d, 0 0 0 0 0 0 ]
—v, L, 0 0 0 0 0
0 0 vmtdy O 0 0 0
Vit)y=1| 0 0  —Um Lm O 0 0 |,
0 =% 0 =y, B+ds 0 0
0 0 0 0 0  w+d(t) 0
L0 0 0 0 0 —vy  dy(t)]
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where L,, = v, + d;, + 0, and L,, = v, + dj, + 6,,. F(t) is @ non-negative matrix, and
—V(t) is cooperative.
Denote by Y (¢, s), t > s the evolution operator of equation

dy
3 = VO, (4.10)

meaning that, for any s € R, the 7 x 7 matrix function Y (¢, s) fulfils

dY(t, s)
dt

=-V(t)Y(t,s), forallt>s, Y(s,s)=1,

with 7 being the 7 x 7 unit matrix. From this, ¢_y (¢), the monodromy matrix of (3.2)
is equal to Y'(¢,0),t > 0. We have shown that condition (A7) holds.

Assume that the initial distribution of infected is given by ¢(s), which is w-periodic
in s. F'(s)¢(s) gives the rate of new cases due to those infected who were introduced
at time s. For t > s, the formula Y (¢, s)F(s)¢(s) provides the distribution of the
infectious individuals who were newly infected at time s and who are still infected
at time ¢. From this we obtain that the distribution of cumulative new infections at ¢,
generated by all infected ¢(s) introduced at any time s < ¢ is

b(t) = [1 Y (t,s)F(s)p(s)ds = [ Y (t,t —a)F(t — a)d(t — a)da.
Let us introduce the notation C,, for the ordered Banach space
{h: R — R" : h is w-periodic},
with the maximum norm || - ||«. Consider the positive cone C defined as
Ch={peC,:0(t) >0, Vt € R}.

Then the linear next infection operator £ from C,, to C,, defined as
(Lo)(t) = / Yt —a)F(t—a)o(t —a)da, VEER, peCh  (411)
0

can be used to define the basic reproduction number of (4.1) as the spectral radius
of the operator £ [103].

Based on the results so far, we can formulate the following theorem concerning
the local stability properties of the disease-free periodic solution E, of (4.1).

Theorem 4.1. The disease-free periodic solution Ej is locally asymptotically stable if
Ro < 1, while it is unstable in the case Ry > 1.

Proof. J(t) is the Jacobian of (4.1) calculated in Ej:

_ | FO)=V(E) 0
() = Ji(t) M(t) |’



28 Periodic model for malaria transmission with partial immunity in humans

with M (t) defined in (4.8) and J;(t) is given by

0 0 0 0 0 0 —fan(t)
0 0 0 0 A 0 —(1—60)dnm(t)
0 —nndv(t)%v—if) 0 —nmdv(t)%v—if) —n,.av(t)s;)v—if’ 0 0

By [100], Ej is a locally asymptotically stable periodic solution if p(®)(w)) < 1 as
well as p(®@r_y(w)) < 1 hold. From condition (A6), we have p(@)(w)) < 1. It then
follows that the stability of E, is determined by p(®r_v(w)). Hence, E, is locally
asymptotically stable if p(®r_y(w)) < 1, and unstable if p(®r_y(w)) > 1. By using
Theorem B, we complete the proof. [

4.3.1 Derivation of the basic reproduction number of the
autonomous model

To calculate the basic reproduction number R of the autonomous model which we
obtain from (4.1) by setting the time-varying parameters mosquito birth (i, (t) = )
and death rates (civ(t) = d,) and biting rates (&, (t) = ay, @ (t) = a,, and &, (t) = «,)
to constant, we follow the general approach established in [37].

Substituting the values in the disease-free equilibrium 57 () = S; = 4* in equation
(4.9), for all t > 0, we obtain the Jacobian F' given by

— S* =

0 0 0 0 0 0 a3
h
0 0 0 0 0 0 0
o 0 0 0 0 0 amy:
F=10 0 0 0 0 o 0 |,
0 0 0 0 0 0 0
0 nnav% 0 nmavN_lE: nravN_i* 0 0
o 0 0 0 o 0 0 |
and the Jacobian V' given by
(v, +dp 0 0 0 0 0 0]
—Up L, 0 0 0 0 0
0 0 vp+d, O 0 0 0
V= 0 0 oz Ly, 0 0 01,
0 —v% 0 =y B+d, 0 0
0 0 0 0 0 vy +d, 0O
L0 0 0 0 0 —vy  dy]

therefore the characteristic polynomial of the next generation matrix F'V 1 is
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5 (2 Sy 2 2 _
A </\ dy(dp, + B)(vy + dy) N} (Ron + ROm)) =0

where
RQ o QOénVn (nn(dh + 5) + %777")
On — )
Ln(dh + Vn)
w2 — (L= )t (1(dn + ) + )
Oom — .
Lm(dh + Vm)

The characteristic polynomial therefore is the quadratic equation

Uy Qly St

M —
dy(dn + B)(vy + dy) Ny

(R&, + Ré,) = 0. (4.12)

According to [37], one obtains the basic reproduction number as the largest absolute
value eigenvalue of FV ™!, i.e. it is given as the root of the quadratic equation (4.12)

S*
RA = Po@uy R2 4 R2 ). 413
0 \/ T+ B) o T dg) NG on + ) 13

Remark 4.1. Given an w-periodic continuous function h(t), we introduce the integral
average (using the notation presented in [72]) as

B = L / ) d.

w

Then, the time-average reproduction rate, [Ro|, of the associated time-varying model is
given by

- G N
Tl = \/[Jv](dh + B) (v + [do)) N} (R3] + [R3a]) (4.14)

where

n(dh -+ I/n) ’
2 _ (1_0)[&771]”771 (nm(dh+ﬁ)+/ymnr)
[R(]m] - Lm(dh + Vm) .

4.4 Threshold dynamics

We will show the global stability of the disease-free periodic solution F, and the
extinction of the disease if R is less than 1, as well as the persistence of malaria and
the existence of a positive periodic solution of (4.1) if R, is larger than 1.
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4.4.1 Global stability of the disease-free periodic solution

Theorem 4.2. If §,, = 0, §,, = 0 and Ry < 1, then the disease-free periodic solution F
of (4.1) is globally asymptotically stable and if R > 1, then it is unstable.

Proof. From Theorem B, we know that if Ry > 1, then Ej is unstable and if Ry < 1,
then Ej is locally asymptotically stable. Therefore, it is only left us to show that for
Ry < 1, Ej is globally attractive. If 4, = 0 and ¢,, = 0, we can rewrite (4.2) as

dNL(t)
dt

= up — dpNp(1),

and from Lemma 4.1, for any ¢, there exists a 77 > 0 such that N,(¢) < Si(t) + &1
and N,(t) > N;f — ¢, for t > T;. We obtain that

Sn(t) < Sx | S (1) < S and Sy(t) < SH(t) + ay
Nh<t) N;;—Sl Nh(t> N;;—€1 Nh(t) N;;—El
From system (4.1), we get
E, (1) < Nf Oén(t)fv( ) En(t) — dnEn(t),
E,,(t) < %&m@)m > Eult) - duEn)
;n<t> Vm (t> 7m1m<t> - dh[m<t)7
Ry (8) = ln(t) + YonIn(t) = BRu(t) = dpRyn(t),
E;<t> G (1 )(?7 Lo(t) + 1t (1) + 1 Ron (1) L — (v + du(8)) Bu(B),
fort > T). Let ]\/[51( ) be the 7 x 7 matrix function defined by
[ —vn — di 0 0 0 0 0 S
0 0 —Vm — dh 0 0 0 d;\?’b;:(?ffn
0 0 U —Ym — dp, 0 0 0
0 Tn 0 Ym _5 - dh 0 0
0 maFE 0 gaOFEEE pa )%~y —dy(t) 0
L0 0 0 0 0 Vy —d,(t) ]
Consider the auxiliary equation
du(t
Z(t ) = (yie), (4.15)

with @(t) = (Eu(t), L(t), En(t), Ln(t), Ru(t), Eu(t), L(1)).
Applying Theorem B, it follows that R, < 1 is equivalent to p(®r_y (w)) being less
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than 1. It is clear that lim., ,o @y, (W) = Pp_v(w). As p(Pr_y(w)) is continuous, we
can choose a small enough ¢, > 0 for which p(®y,, (w)) < 1.

By Lemma A, there is an w-periodic positive function p; () s.t. p;(t) exp(&1t) is a
solution of (4.15) and & = LInp(®y, (w)) < 0. For any h(0) € R, we can select
K* € R, such that h(0) < K*p;(0) where

h(t) = (En(t)7 In(t)v Em(t)a ]m(t)v Rm(t)a Ev(t)a ]v(t))T'

Applying the comparison principle Theorem E, we obtain h(t) < p;(t)exp(&;t) for
t > 0. Hence, we get

lim (E,(t), I,(t), En(t), In(t), Rn(t), E,(t), I,(t)) = (0,0,0,0,0,0,0).

t—o0
Thus, (4.4) and the equations for S/ (¢), S/, (t) and S!(t) in (4.1) yield
Jim S,(t) =S, lim S,(t) =Sy, and  lim S,(t) = S;(0),

and hence, the proof is complete. [

4.4.2 Existence of positive periodic solutions

Let us introduce the notations

X = {(Sn7Ena[n>Sm>EmaImaRm7SvaEvalv) € Rio}a

E,>0,1, >0,
E,>01,>0,
Xo = (SmEna[na Sma Ema [ma Rma SmEva[v) € X: ’ (4.16)
Ry >0, E, >0,
I, >0
and
aXo =X \ X().

Let P: R}’ — R!® defined as the Poincaré map corresponding to (4.1), i.e. the map
P is defined as
P(2°) = u(w, 2%), 2% e RY,

with u(t, z°) being the single solution of (4.1) started from initial condition 2° € R1°.
Clearly,
P™(z°) = u(mw, 2°), Vm = 0.

Lemma 4.2. If the basic reproduction number Ry is larger than 1, then there exists a
o > 0 such that for any (S°, E2, 1°,S°  E° 1% RO  S° EV 1Y) € X, with

nytn m’-m? m’ ~v) v v

(S0, ES. 12, 85, ES,, 1%, RY,, 8%, B9, I°) — Eol < o,

n»n m? m?) - m) v U
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we have

limsupd (P™ (S, E°, 19, 8% | E° 10 RO SO EO 19 Ey) > o.

n' - n? m? m)m? ™m) v v U
m—0o0

Proof. 1t follows from Theorem B that p(®r_y(w)) > 1 if the basic reproduction
number is larger than 1. In this case, there exists an > 0 small enough for which
p(Pr_v_n,(w)) > 1, with M, (t) being the 7 x 7 matrix function defined by

0 0 0 0 0 0 &)y
0 0 0 0o 0 0

0 0 0 0 0 0 am(t)n

0 0 0 0 0o 0 0

0 0 0 0 0o 0 0

0 M)y 0 nuan(t)n n.du(t)n 0 0

0 0 0 0 o 0 0 |

Let us choose an arbitrary n > 0. Applying the continuous dependence of solu-
tions on initial values, there exists a ¢ = o(n) > 0 such that for any

(SO, B9, 1°,8° E° I° RO SO EO I% e X,

n’»n’ m? m’) - m? v U

with || (89, E2, 10, S° (EO 10 RO SY E? I%) — Ey|| < o, it holds that

n’ - n’ m? m?Tm? v U

|lu(t, (SO, 9, 19,50 EO 10 RO SO EJ I%)) —u(t,Ep)| <7, for 0 <t < w.

n)»tn m? m? - m) v U

We further claim that

limsupd (P™ (Sy, EY, 1D, Sp En 1o, Ry, So, ED 1)) Ey) > o (4.17)

n»-n’ m? m)Tm? m) v v Tv
m—00

Suppose that (4.17) is not satisfied. Then
limsupd (P™(SY, £, 10,52 EO 10 RV SV EC I%) Ey) <o

n' - n’ m? m? - m? m? v v) v
m—0o0

holds for some (S°, E?, 1°, 8% ' EC 1%, R%  S% E? I?) € X,. Without loss of generality

n’» n’ m? m’) - m? v U

we may assume that

d(P™(S°, EY, 10,80 EO 10 RO SO EO [0 ) <g, Vm>0.

n)n’ m? m?-m? m? v v U

Then the above discussion implies that

l[u(t, P™ (SO, E0, 10,80 EO 10 RO SO EO %) — u(t, Ey)|| < o, Ym >0, t € 0,w].

For ¢t > 0, we write t as t = mw +t; with ¢; € [0,w) and m = [L], which is the greatest
integer not larger than £. Then, we obtain
||U (t7 (8'27 Ega IS, Sv(q)w E'r?w Ir?w R?n) SS: E1(1)7 IS)) —u (t7 EO) ||
= |ju (t:, P™ (Sy, Ep, 1), Sp. By I Ry Sy ED 1)) — u(ty, Eo)|| < o,

for all ¢ > 0, which implies that
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Salt) o Sn Sm(t) _ Sy

_ m

S, Su(t)  Si(t)
N,(t) ~ Ny " Nu(t) T Ny

Nu(t) ~ Nj

—n and

_77.

Then for || (SY, E9, 19,52 ES 10 RO SO EO I%) — Ey|| < o, we obtain

n»tn m? m) - m) m? v v v

EL () = an(t),(t) ( % - n) U En(t) — dnEn(t)

L(t) = v En(t) = Yuln(t) = (dn + 60) In(t)

Ep(6) 2 G (D1(0) (F =) — v Bun(t) = du B0

Ly (t) = Vi B (1) = Y I (£) = (di + 6n) I (£)

R, (t) = YuLu(t) + Y I (t) — BRu(t) — dp R (1)

B, () 2 Go(t) (quIn(t) + 1 In(8) + 1 Bon (1)) (5 = 1) = (v + du(0) Bu(t)
L(t) = vy EBy(t) — du() (1)

Consider now the auxiliary linear system

da(t)
dt

= (F(@) = V() = My(t))u(t), (4.18)

where (t) = (En(t), [o(t), Epa(), L (1), Bon(), Bo (1), fv(t)).

Now we have that p(®p_v_p,(w)) > 1. Once again by Lemma A, there is an
w-periodic positive function ps(t) s.t. pa(t) exp(&2t) is a solution of (4.18) and & =
LInp(Pp_v_wm,(w)) > 0. For any h(0) € RY, we can find K3 € R, such that 2(0) >
K3p2(0) where

Applying the comparison principle Theorem E, we obtain h(t) > po(t) exp(&at) for all
t > 0, from which it follows that lim; ., F,,(t) = 00, lim;_,o I,,(t) = 00, limy_, E,,(t) =
00, limy o Ly (t) = 00, limy_, Ry, (t) = 00, limy o F,(t) = 0o and limy o I, (t) = c0.
This leads to a contradiction, hence the proof is complete. [

Proposition 4.1. X, and 0.X, defined in (4.16) are positively invariant with respect to
the flow defined by (4.1).

Proof. Let (S9, B2, 1%, 5% EO 10 RY . SY EC I°) € X, be an arbitrary initial condi-

n»n’ m? m) - m) m? v v v

tion. By solving (4.1), we obtain

Sult) = el ~xV8 50 4 Gy [y el ) | w19)
fg —ai(s)ds | [t [ ai(r)dr '
> Oupe [fo eo ds} >0, Vt>0,
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Ey(t) = e ettt B 4 [ 221, (5) S, (s)elen 0 ds |

—(vp, t an(s Un s
> et [ Ll )5 (s)elvntinsds| >0, ¥t >0,

I(t) = e tnt [Ig + vp fot E,(s)etns ds]

> e it [Vn fot E,(s)elns ds} >0, Vt>0,
Sin(t) = o =028 [ 56 4 (1= O)pin + BRin(s)) €5 20 dis|

> el 200 [ [ (1= O+ FRn(5)) el 0% ds]
>0, Vt>0,

By (t) = e~ et [ B o [ 52T, (5) Sy () 00 dis|

> ¢t | (1SR, (5) Sy (s)elmt s ds| >0, W >0,

I (t) = e Emt [[21 + Uy [y E(s)elm ds}

> e bmt [um I3 Ep(s)elms ds} >0, Vi>0,

Fon(t) = €™ PF0 R0, 4 [§ (uLa(s) + L) €700 ds|

ORI [ L(5) + (s ))e<ﬂ+dh>8ds}>0, vt >0,

Sv(t) = efot —(as( )+dv )ds [SO + fo €f0 (as( r)+d r))dr d5i|

> el st h N b [ [ G (s)efi st din)dr ds] >0, vt >0,

E,(t) = ¢ Jotnrdu(s ds [ES + [ as(s)Su(s)els vt dr ds]

>e” Jo (votdy(s)) ds [fot ag(s)Sv(s)efds(”ﬁdv(”))dT ds] >0, Vt>D0,

I,(t) = e~ Jodvls)ds [IS ¥ 1, f(]t E,(s)els du(r)dr ds}

> vy o dvls)ds [fot E,(s)elo do(r)dr ds] >0, Vt>0,

where
ar(t) = i‘[’;((?) L,(t) + dp, ax(t) = ?V’:((g L,(t) + dp,
nnIn(t) + nmlm(t) + 1R (t) .

a3(t> = dv (t) Nh(t)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

Hence we obtain the positive invariance of X,. The positive invariance of X and the
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fact that 0.X| is relatively closed in X implies the positive invariance of 0.X. [

Theorem 4.3. Assume Ry > 1. Then (4.1) admits at least one positive periodic solution
and there is an € > 0 such that

liminf F,,(t) > ¢, liminf[,(t) > e, liminf E,,(t) > ¢, lminf,(t) > ¢,

t—o00 t—o00 t—o00 t—o0

liminf R,,,(t) > ¢, liminf E,(t) > ¢, liminf [,(t) > ¢,

t—o00 t—o0 t—o0

forall (S°, E°, 1°,S° E° 1% RO SO EV I9) € X.

Proof. First, we prove the uniform persistence of P with respect to (X, 9X,), as from
this, applying Theorem H, we obtain the uniform persistence of the solution of (4.1)
with respect to (Xy, 0X,). From Proposition 4.1, we have the positive invariance of
both X and X, and that 90X, is relatively closed in X. Then, from Lemma 4.1 the
point dissipativity of system (4.1) follows. Let us introduce

My = {z2° € 90Xy : P"(2°) € Xy, Vm > 0} .
where 2° = (S°, E? 10 S0 E° 1% RY SO E° I%). We will apply the theory of uni-

ny’-n? m? m)-m? m? v v U

form persistence [115] (see also [113, Theorem 2.3]). In order to do this, we first
show that

My ={(S,,0,0,5,,0,0,0,S5,,0,0): S, >0, S,, 20, S, > 0}. (4.29)

Let us note that My O {(S,,0,0,S,,0,0,0,S5,,0,0):S, >0, S, >0, S, >0}. Itis
enough to prove that My C {(S5,,0,0,S,,,0,0,0,S,,0,0):S, >0, S, 20, S, >0},
namely, for an arbitrary initial value ¢ € 0X,, E,(nw) or I,,(nw) or E,,(nw) or I,,(nw)
or [,,(nw) or E,(nw) or I,(nw) is equal to 0, for any n > 0.

By contradiction assume there is a non-negative integer n; for which FE, (nw),
I,(nw), En(nw), In(nw), In(nw), E,(nw) and I,(n,w) are all positive. Then, by
changing t = 0 to ¢t = nyw in (4.19)-(4.28), one gets that S, (t), E,(t), L.(t), Sm(t),
E..(t), L.(t), Rn(t), S,(t), E,(t), I,(t) are all positive. However, this contradicts the
positive invariance of 9.Xj.

We know the weak uniform persistence of P with respect to (X, 0X,) using
Lemma 4.2. Then, Lemma 4.1 yields P has a global attractor. Then we can see
Ey is an isolated invariant subset of X and W*(E,;) N X, = (). Each solution in M,
tends to Fy and Ej is acyclic in My. Applying Theorem I and [115, Remark 1.3.1],
we obtain the uniform persistence of P with respect to (X, 9Xy). From this, there is
an ¢ > 0 for which

liminf F,,(t) > ¢, liminf[,(¢) > e, liminf E,,(t) > ¢, liminfL,(t) > ¢,

t—o00 t—o00 t—o0 t—o00

liminf R,,(t) > e, liminf E,(t) >¢, liminfl,(t) >e.

t—o00 t—o00 t—o00
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By Theorem J, P has an equilibrium ¢ € X, and thus at least one periodic solution

u(t, ¢) of system (4.1) exists, where

¢ = (5n(0), E4(0), I,(0), 5:,(0), En(0), I,,(0), R (0), 5,(0), E,(0), I,(0)) € Xo.

We show that S,(0), S,,(0) and S, (0) are positive. Suppose S,,(0) = S,,,(0) = S,(0) =
0, then S,(0) > 0, S,,(0) > 0 and S,(0) > 0 for all ¢ > 0. However, applying that
the solution is periodic, we have S,(0) = S,(nw) = 0, S,,(0) = S,,(nw) = 0 and

S,(0) = S,(nw) = 0, hence, we have arrived at a contradiction. [

4.5 Numerical simulations

Here we show numerical simulations regarding our model to illustrate and support
the theoretical results of the previous sections. From Section 4.4, we see that R,
serves as a threshold parameter concerning the persistence of the disease in the pop-
ulation (see Theorems 4.2 and 4.3). We show some simulations to demonstrate that
our time-periodic model is in accordance with seasonally fluctuation. The functions
[i(t), @n(t), Gm(t), Gu(t) and d,(t) are time-periodic with one year as a period and,
following e.g. [13], they are assumed to be of the form

di(t):ai-(sin(%’rt—l—b)+a), i=n,m,uv,
Iy - (sin (%’Tt—I—b) +a),
o(t) =d, - (cos (%’rt—i-b) +a),

=
]
—~
~
SN—
I

where p is period length (given in months), a, b are free adjustment parameters and
[y, Qny Qi (i, and d,, are the (constant) baseline values of the corresponding time-
dependent parameters.

In order to show that the single disease-free periodic solution F, is globally
asymptotically stable if the basic reproduction number is less than unity, we pro-
vide a couple of examples. Our first example (see Figure 4.3), was created with the
set of parameters given in Table 4.2 (see Example 1). We can calculate numerically
the basic reproduction number Ry = 0.625 < 1.

In our second example (see Figure 4.4), was created with another set of param-
eters given in Table 4.2 (see Example 2). Again, we can calculate numerically the
basic reproduction number Ry = 0.913 < 1. Figure 4.3 and Figure 4.4, show that
solution of our model in accordance with the analytic results stating that the unique
disease-free periodic solution Fj is globally asymptotically stable when R, < 1.

By Theorem 4.3, system (4.1) has a positive w-periodic solution if Ry, > 1.
Figure 4.5 illustrates the uniform persistence of malaria when Ry = 1.721 > 1. Ac-
cordingly, one can see that, the disease compartments are persistent and the epidemic
becomes endemic in the population recurring periodically every year.



4.5 Numerical simulations

37

3500 F
3000 F

__ 2500F

1500 f
1000 [
500

Infected /n(t
N
o
o
o

o

50 100 150 200 250
Time(in months)

(a) Non-immune.

2000 [

1500

500 |

Infected Iy (t)
o
o
o

50 100 150 200 250
Time(in months)

o

(b) Semi-immune.

4000 [

1000

Infected /(%)
N w
o o
o o
o o

1500 |
uT 1000
=
D
w
o
=8
>
w500
o
(o] 50 100 150 200 250
Time(in months)
1200 |
1000 |
LE 800
=
& 600F
o
<
i 400
200
O n n n n n
(o] 50 100 150 200 250
Time(in months)
2000 T -
1500 |
&
3 1000
w0
o
o
>
]
500
o
(o] 50 100 150 200 250

Time(in months)

o

50 100 150 200 250
Time(in months)

(¢) Mosquitoes.

Susceptible Sy(

0

1x108 | 1
5000 f

800000 | 1
< 4000 F

600000 F ]
3000 f

400000 f 1
2000 [

200000 F 1
1000 F

6000 |

Immune Ryt

(o) 50 100 150 200
Time(in months)

.

250 300 50 100 150 200 250

Time(in months)

(]

(d) Mosquitoes and semi-immune.

Figure 4.3: Extinction of malaria when Ry = 0.625 < 1 with parameters given in

Table 4.2 (see Example 1).
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Figure 4.4: Extinction of malaria when Ry
Table 4.2 (see Example 2).

= 0.913 < 1 with parameters given in
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Figure 4.5: Persistence of malaria when Ry = 1.721 > 1 with parameters given
Table 4.2.
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Table 4.2: Parameters, values for extinction and persistence of model (4.1).

Value for extinction .
Parameter Value for persistence | Source
Example 1 Example 2
i 1600 1000 2000 Assumed
dp, 0.00167 0.00167 0.00167 Assumed
Qap, 0.293 0.657 0.595 [39, 57]
Qi 0.17 0.42 0.348 [39, 57]
Q,y 0.544 0.281 0.796 [35]
15} 0.0901 0.0778 0.0731 [39, 57]
0 0.19 0.4 0.756 [39, 57]
T 0.275 0.2 0.275 [39, 571
N 0.219 0.2 0.219 [39, 57]
My 0.002 0.0021 0.002 [39, 57]
Yn 0.088 0.35 0.0568 [39, 57]
Ym 0.096 0.25 0.083 [39, 57]
On 0 0 0.0026 [39, 57]
Om 0 0 0.0005 [39, 571
Un 0.366 0.706 0.366 [39, 57]
Vm 0.168 0.549 0.168 [39, 57]
Vy 0.094 0.1 0.094 [35]
Loy 10000 15000 2000 [35]
1/d, 10 15 27 [35]
a 1.1 1.3 1.5 Assumed
b 1.83 9.43 5.9 Assumed

4.5.1 Reproduction numbers

Substituting the (time-changing) parameter values into formulas (4.13) and (6.9)
provide the reproduction numbers (R}, [Ro]), respectively, for any time instant.

In Figure 4.6 and Figure 4.7, we show the reproduction rate, R;, of the cor-
responding time-constant system (see Figure 4.6a and Figure 4.7a) and the time-
average basic reproduction rate, [R,], of the time-dependent system (see Figure 4.6b
and Figure 4.7b), depending on mosquito birth and death rates, respectively, as well
as transmission rates from humans to mosquitoes and mosquitoes to humans. The fig-
ures suggest that mosquito control, especially the control of mosquito births, highly
influences the transmission of malaria and that control of the mosquito population
may be sufficient to control the disease. At the same time, decreasing the mosquito-
to-human transmission rates can also efficiently contribute to reduce the basic re-
production number. Figure 4.7 (in accordance with Ross’ fundamental work [93])
suggests that above a certain level, killing mosquitoes has only a reduced effect.

Numerically, we can plot the reproduction ratio R, the time-average reproduc-
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Figure 4.6: Contour plot of the basic reproduction number, R in (a) and the time-
average basic reproduction number, [R,| in (b), depending on mosquito birth rate (y1,)
and a) mosquito-to-non-immune human transmission rate («,), b) mosquito-to-semi-
immune human transmission rate («.,) and ¢) human-to-mosquito transmission rate
(). The dashed curve is the contour of Ry = 0.5 in (a), and [Re] = 0.5 in (b).
Parameter values are given in Table 4.2 (see Example 1).

tion number [R,], and the reproduction number R{' of the constant model with re-
spect to mosquito birth rate (u,), mosquito-to-human transmission rates («a,, )
and human-to-mosquito transmission rate («,), respectively, in Figure 4.8.

The calculations show that the time-averaged reproduction number [R,] is less
than the reproduction ratio R, suggesting that the time-averaged reproduction num-
ber provides an underestimation of the risk of disease transmission. From this aspect,
our results are similar to the those in [103] and [54]. We note that various papers
present different results on under- and overestimation of the average basic reproduc-
tion number. In [9] the authors gave an approximate formula of the reproduction
number for a class of epidemic models with vectorial transmission in a seasonal en-
vironment with a small perturbation parameter.
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Figure 4.7: Contour plot of the basic reproduction number, R in (a) and the time-
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Parameter values are given in Table 4.2 (see Example 1).

4.6 Discussion

We have established a compartmental model to describe malaria transmission in a
seasonal environment with periodic mosquito birth, death and biting rates, where
human hosts are divided into two classes: those who do not have any immunity and
those who have a partial immunity due an earlier malaria infection or due to their ge-
netics. Although mathematical modelling of malaria transmission has a quite exten-
sive literature, up to our knowledge, the present one is the first paper to include both
partial immunity of humans and periodicity in mosquito vital dynamics. For a dis-
ease like malaria, the spread of which is strongly correlated with the size of mosquito
populations, it is of special importance to include weather seasonality which highly
affects the abundance of vectors. Determining the variance between groups with dif-
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ferent level of immunity and applying the more realistic periodic setting might help
to understand the different levels of risk the different groups to establish intervention
strategies applied to these groups.

We have shown that the global dynamics of the system is characterized by the
reproduction number: if Ry < 1, we have shown the global asymptotic stability of
the disease-free periodic solution FEj, in this case the disease goes extinct. If Ry > 1,
malaria becomes endemic in the population and the existence of at least one positive
periodic solution is proved. We have also shown numerical simulations in accordance
with these theoretical results (see Figure 4.3, Figure 4.4 and Figure 4.5).

The reproduction numbers were calculated as a function of the parameters «,,,
Qm, O, J, and d,. Our simulations suggest that vector control is an important factor
in malaria transmission and that mosquito control, above all the control of mosquito
births, may prove to be sufficient in controlling the disease (see Figure 4.6 and Fig-
ure 4.7). At the same time, personal protection resulting in a decrease of transmis-
sion rates is also an important tool to reduce the basic reproduction number. As is
observed, the time-averaged reproduction number [R,] is smaller than the reproduc-
tion number R, (see Figure 4.8). This implies that the time-average basic reproduc-
tion number provides an underestimation of the risk of disease transmission, while
the risk is overestimated in case the basic reproduction number is applied.

Our model has several possibilities for further development. As mentioned above,
in regions with high transmission, the most vulnerable are young children, hence an
age-structured model could be applied. To incorporate extrinsic incubation period,
i.e. the length of the development of the malaria parasite within the mosquito, a time-
delayed model could be formulated. Although currently there is no available vaccine
against malaria, there are several vaccine constructs under evaluated in clinical trials
or in advanced development. Furthermore, there are several medications used to
prevent malaria. The (possibly temporary) effect of these currently used medicines
or future vaccines can also be incorporated in our model, either by a direct move-
ment from the non-immune to the semi-immune compartment, or by introducing
new compartments for the temporary protection obtained by using medication or for
the vaccinated population. To make the model more realistic, one could also con-
sider different phases of the mosquitoes’ life cycle. These questions might be topics
of future research.



Chapter 5

Threshold dynamics in a model for
Zika virus disease with seasonality

In this chapter, we present a compartmental population model for the spread of Zika
virus disease including sexual and vectorial transmission as well as asymptomatic
carriers. We apply a non-autonomous model with time-dependent mosquito birth,
death and biting rates to integrate the impact of the periodicity of weather on the
spread of Zika. We define the basic reproduction number R, as the spectral radius
of a linear integral operator and show that the global dynamics is determined by this
threshold parameter: if R, < 1, then the disease-free periodic solution is globally
asymptotically stable, while if R, > 1, then the disease persists. We show numerical
examples to study what kind of parameter changes might lead to a periodic recur-
rence of Zika.
The content of this chapter has been published in

[54] M. A. Ibrahim and A. Dénes. Threshold dynamics in a model for Zika virus dis-
ease with seasonality. Bulletin of Mathematical Biology, 83:27, 2021. https:
//doi.org/10.1007/s11538-020-00844-6

5.1 Introduction

Zika virus disease or Zika fever is a mosquito-borne disease caused by the Zika virus
(ZIKV). This Flavivirus was first identified in monkeys in Uganda in 1947 [36], then
identified in humans in 1952 in Uganda and Tanzania [98]. The first cases of Zika
infection in South America were detected in Brazil in spring 2015 and several further
countries from the region reported Zika cases in the same year. Zika virus is chiefly
spread in tropical and subtropical regions by the bite of infected female mosquitoes
from the Aedes genus (by Aedes aegypti above all) [see, e.g., 87], the same species
that is responsible for dengue, chikungunya and yellow fever transmission. Zika
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virus is also spread via sexual contacts, principally from men to women [67]. Studies
suggest that ZIKV might remain in male genital secretions for a longer period (up
to six months) than in other bodily fluids, hence, in this way, a transmission of the
disease is possible even several months after recovery [71]. Mothers can transmit the
disease to their fetus during pregnancy or during delivery. This transmission might
result in microcephaly (a medical condition with improper brain development and
head size smaller than normal) and further congenital malformations. These are col-
lectively denominated as congenital Zika syndrome. The incubation period of Zika
virus disease is around 3-14 days. Most of the infected people do not show any
symptoms or only mild ones including fever, rash, muscle and joint pain, conjunctivi-
tis and headache, in general lasting for 2-7 days [108]. Figure 5.1 shows the possible
methods of Zika transmission.

Zika infected Mosquito
ZIKV & _— % % Susceptible Mosquito

Mosquito to Human Human to Mosquito

Sexual - Vertical

. AN
¢

L
transmission transmission

Male Female Baby with Microcephaly

Human

Figure 5.1: Biology of Zika Virus (ZIKV). The figure shows modes of transmission and
illustrates the critical pathological manifestation (microcephaly) associated with Zika
infection.

A number of sophisticated mathematical models for the spread of Zika virus dis-
ease have been previously developed, see e.g. [8, 20, 83]. [46] presented an au-
tonomous compartmental model of Zika spread considering mosquito-borne and sex-
ual transmission proposing an SEIR-type model for the human population with S, £
and / compartments for vectors. They separated asymptomatically infected humans
from those who had symptoms. [95] established a stage-structured model to study
the effect of sexual transmission. [22] and [74] formulated compartmental models of
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Zika transmission which considers the importance of weather and climate changes.
In [35] a non-autonomous model was established considering most of the important
features regarding Zika transmission: sexual and vector-borne transmission, the role
of asymptomatically infected humans, the prolonged period of infectiousness after
recovery and assessed the importance of the seasonality of weather. In [51], this
model was extended to improve the estimation of microcephaly risk due to Zika.
However, most models so far have not considered seasonality, although the number
of mosquitoes — and thus the number of infections — is highly dependent on the pe-
riodically changing weather circumstances. Hence, in the present work, we establish
and study a model with nine compartments describing the spread of Zika virus dis-
ease in a periodically changing environment: we set the mosquito birth and death
rates as well as the biting rates to be periodic with one year as period, following the
annual change of weather. The study of such models was initiated and further ex-
tended in [10, 11, 90, 103], where a general definition was introduced for the basic
reproduction number of periodic compartmental models, more details can be found
in Chapter 3. Since then, several papers have used the methods introduced in the
above works, see e.g. [13, 62, 77, 102, 113].

Our aim is to determine the basic reproduction number for our newly established
periodic model which serves as a threshold parameter regarding the persistence of
the disease. In the analysis we follow the methods established in the above-cited
papers, however, the techniques need to be adapted to the present model including
both human-human and mosquito-human transmission. Further, it is an utmost im-
portant question to know what might lead to a regular recurrence of the epidemic.
Several vector-borne diseases—malaria, dengue, chikungunya-tend to reappear from
year to year, following the annual periodicity of weather. Up to now, unlike these
diseases, after 1-3 major outbreaks in following years in various countries, Zika has
not shown a periodic recurrence. Our hope is that our model might help to under-
stand which changes in the parameters may contribute to such a phenomenon. This
is especially important in the days of climate change, which might provoke impor-
tant modifications in the mosquito-related parameters. Furthermore, other factors
like mutations of the virus might also change sexual transmission rates as well.

The chapter is organized as follows. In Section 5.2, we introduce our periodic
compartmental model for Zika fever transmission. In Section 5.3, we determine the
basic reproduction number and study the local asymptotic stability of the disease-
free periodic solution. In Section 5.4, we study the global stability of the disease-free
equilibrium in the case of Ry < 1 the persistence of the disease in case of Ry > 1.
We also calculate the basic reproduction number of the time-constant variant of the
model. In Section 5.5, we present a case study for two South American countries.
We estimate the parameter values for both countries and perform sensitivity anal-
ysis to determine the parameters which have the largest effect on the outcome of
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the epidemic. We provide numerical simulations to study the possible effects of an
alteration of various parameters to see what kind of changes might lead to an annual

recurrence of the disease. The chapter is closed by a discussion.

5.2 Mathematical model

We divide the total human population into six compartments: susceptible Sj(t), ex-
posed Fj(t), symptomatically infected I4(¢), asymptomatically infected I,(t), conva-
lescent /,(t), and recovered R(t) at time ¢ > 0, while the vector population is divided
into three classes: susceptible S,(t), exposed F,(t) and infectious /,(¢) individuals.
The total human population N,(t) and the total mosquito population N, (¢) are

given by:

Na(t) = Su(t) + En(t) + L(t) + L(t) + L(t) + R(1),
and

Ny(t) = Su(t) + E,(t) + 1,(¢).
Our model takes the form

rBn(t) + 7olol) + L + L) g (0 ) ;g

Sp(t) =y — B Na ) Na (1)
— dpSi(1),
(0 = et Tl B s, )+ S 00

— U En(t) — dpEn(t),
I,(t) = qun Ep(t) — vala(t) — dnla(?),
I{(t) = (1 = Q)uaEp(t) — vsIs(t) — dnli(1),
+ Y5 Ls(t) = Lo (t) — dpI,(t),

(5.1)

10 = 1a(0) (0 =R 5 ) )5, 0,

/ o~ neEh<t) + na[a<t) + Is(t) 7
E(t) = (1) Na(?) So(t) = voBu(t) — do(t) Eu(t),

Vva<t> - dv(t)lv (t),
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where i, (t), d,(t), @,(t) and d,(t) denote mosquito birth rate, transmission rate
from an infectious mosquito to a susceptible human, the transmission rate from in-
fected humans to susceptible mosquitoes and mosquito death rate, respectively. In
our model we assumed fi,(t), @n(t), G.(t) and d,(t) to be continuous, positive cw-
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Figure 5.2: Zika virus dynamics spread including vectorial and sexual transmission.
Brown nodes are infectious and yellow nodes are non-infectious. Blue solid arrows show
the progression of infection, while brown dashed arrows show direction of human-to-
human transmission and red dash-dotted arrows show direction of transmission between
humans and mosquitoes. Green arrows show birth and death.

Table 5.1: Description of parameters of model (5.1).

Parameter Description

Lh Human birth rate

dy, Human death rate

6] Transmission rate from infected humans to susceptible humans

ap Baseline value of transmission rate from mosquitoes to humans

a, Baseline value of transmission rate from humans to mosquitoes

q Proportion of asymptomatic infections

Tes Tay Tr Relative human-to-human transmissibility of (exposed, asymptomatic
and convalescent) humans to symptomatic humans

Nas Ne Relative human-to-mosquito transmissibility of (asymptomatically
infected and exposed) humans to symptomatically infected humans

Ya Progression rate from I, to I,

Ys Progression rate from I, to I,

Yr Recovery rate of convalescent humans

vy, Human incubation rate

Vy Mosquitoes incubation rate

Ly Baseline value of mosquito birth rate

d, Baseline value of mosquito death rate

periodic functions. An individual may progress from susceptible (S}) to exposed
(Ep) upon contracting the disease. An exposed individual moves either to the symp-
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tomatically infected class I, or to the asymptomatically infected class /,, depending
on whether that person shows symptoms or not. Infected people with or without
symptoms move to the convalescent compartment /, including those who have al-
ready recovered, but who can still transmit the disease via sexual contact. After the
convalescent period, one moves to the recovered compartment R. Mosquitoes may
progress from susceptible (.S,) to exposed (F,) and then to infectious (/,) class. The
description of the model parameters is summarized in Table 5.1, while the transmis-
sion diagram of the model can be seen in Figure 5.2. We note that although the
population is non-constant, the recruitment term in our model is given as p;, instead
of u, N}, as the countries studied in this work can be expected to be close to con-
stant within a reasonable time interval. Doing so, we also followed among others
the works [11, 62, 89, 102]. We emphasize that a similar model was established and
studied in [35], which also included differentiation of the two sexes. However, no
stability analysis was performed in that paper, only numerical results were presented.

We define X, = (S, Ep, L., I5, I, R) and the functions g1, g2, g3 € C(RS, R, ) by

(X2) {O, if X;, = (0,0,0,0,0,0),
gl h) = . LAl .
S S, i X € RS {(0,0,0,0,0,0)}
0, if X, = (0,0,0,0,0,0),
92(Xn) = { | L (6 ) (5.2)
Sh+Eh+Ia+IS+IT+RSh’ if Xh < R+ \ {(07 07 07 07 07 O>}
0, if X, = (0,0,0,0,0,0),
93(Xp) = neEn(Otnala@+1:(0) £ 5o o RO 0.0.0.0.0.0
Sp+Ep+Ila+Is+1-+R7 1 S + \ {< s Uy Uy Uy Uy )}

Clearly, ¢1(X4), g2(X3) and g5(X),) are continuous on RS. Also, g1(X}3), g2(X)) and
g3(X},) are globally Lipschitz on R%. By a change of variable N}, = Sy, + B, + I, + I +
I, + R and from (5.2), system (5.1) is equivalent to

Sp(t) = pn — B91(Sh, En, Lo, I, I, Ni) — an(t)g2(Sh, En, Lo, Is, Ir, Nu) 1 (t),
— dpSp(t),

Ey,(t) = 891(Sh, En, Las Is, Iy Ni) + an(t)g2(Shs Ens Lo, Is, 1r, Np) (1),
— v ER(t) — dpEnR(t),

I (t) = quaBn(t) — vala(t) — dpla(2),
I(t) = (1 — QuaEn(t) — vsIs(t) — dnls(t), (5.3)
I(t) = Yalo(t) + 75 Ls(t) — v I (t) — di 1, (1),
N}/z(t) = Wp — thh( ),
S(t) = fio(t) — Gu(t)g3(Sh, Ens Iuy Lo, I, Ni) Su(t) — do(t) S, (1),
EL(t) = au(t)gs(Sh, En, Lo, I, Ir, Ni) Su(t) — v Eu(t) — do(£) Ey(2),
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I'(t) = v, Ey(t) — dy(t)I,(t).

We now prove the existence of a disease-free periodic solution of (5.3). For the
human subsystem of system (5.3) with initial condition

X" = (84(0), En(0), 14(0), 1(0), 1(0), N4(0), S,(0), £.,(0), 1,(0)) € RY,

we have the linear differential equation

dN
d_th = Up — thh<t) (54)

One can easily see that (5.4) has a single equilibrium N} = Z_,h’ which is globally
asymptotically stable and N, (t) is bounded.
To determine the disease-free periodic solution of (5.3), we study equation

S’l/](t) = ﬂv(t) - dv(t)sv(t) (55)

with initial value S,(0) € R,. Equation (6.4) has a single positive w-periodic solu-
tion S} (t), globally attractive in R, and thus, system (5.3) has a single disease-free
periodic solution Ey = (N}, 0,0,0,0, Ny, S:(t),0,0).

To formulate our next result, we introduce the notations h* = sup;¢y ) h(t) and
hM = infiep ) h(t) for a continuous, positive w-periodic function h(t).

. ~L . .
Lemma 5.1. There exists an N} = Zf—z > 0 such that every forward solution in

N> S+ Ep+ 1, + I+ I,
X = (Sh7 Eh7 ]a,, ]S7 ]rr-, Nh, Sru, ErU, I’U) E Ri : h h h ’
Ny, =2 S, + E, + I,

of (5.3) eventually enters
Gn+ = A{(Sh, En, 1o, Is, 1, N, Sy, By, 1) € X : Ny, <N, Sy + B, + 1, <N, < oo}
and for each N,(t) > N}, Gy is positively invariant for (5.3). Further, it holds that
Jim_ (N (t) = 55(t)) = 0
where N,(t) = S,(t) + E,(t) + L,(t).
Proof. From (5.3), for the mosquito subsystem we have

Ny(8) = i (t) = do (N () < poy — dy'N,(1) <O 3 N, (1) > N,

which implies that Gy, N,(t) > N/, is forward invariant and eventually, every posi-
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tive orbit will enter GG y+. For the second part of the proof, let us assume that
y(t) = No(t) = 55(t), t = 0.

We then have that y/(t) = —d,(t)y(t), which implies that lim,_, ., y(t) = 0. Hence,
the proof is complete. [

5.3 Basic reproduction number and local stability

Following the technique introduced by [103], we show the local stability of the
disease-free periodic equilibrium E, = (Nj,0,0,0,0, N;, Si(t),0,0) of (5.3) for ap-
propriate parameter values. We introduce the basic reproduction number R, for
system (5.3) with

_/6TgEh(t)+TaIa(t)+Is(t)+TTIr(t) Sh(t) + &h((i)) I, (t)Sh(t)_

Ny, (t) Ny,
0
0
0
F(t, X(1) = G () 1P, (1) ,
0
0
0
L 0 o _ (5.6)
(vn + dp) En(t) 0
(Ya + dn)1a(t) qun En(t)
(Vs + dn)15() (1 — @vnEn(t)
(v "’:dh)[T(t) Yala(t) + vs1s(t)
Vot X () = (v + du(1)) Ey(t) V(LX) = 0 )
d, (1)1, (1) Vo Ey(t)
Ly(t)SK(t) + dpSn(t) L,
thh() 273
| La(t)Su(t) + do(t)Su(t) i i (1)

0 Te Ep (8)+7a Lo (8)+Is (t) 70 I (t) . B, () 410 L (t)+15(t)
where Li(t) = Fglu(t) + 5= N1 , Lo(t) = ()= N”h(t)
and X = (Eha [a7 [sa [7“7 Ev7 ]’U> Sh7 Nh; S’U)T°
Now, let us check the conditions (A1)-(A7) in Chapter 3. From the above, equa-

tion (5.1) is equivalent to

X'(t) = F(t, X(1) — V(t, X(2)) (5.7)
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where V(t, X(t) = V~(t, X(t) — VT (¢, X(t). It is straightforward to see that the con-
ditions (A1)—-(A5) are satisfied.

We know that (5.7) has the disease-free periodic solution
X*(t) =(0,0,0,0,0,0, Ny, Ny, Si(t)) .

Now, we define f(t, X (t)) = F(t,X(t)) — V(t, X(t)) and M(t) = (%@*(”))Kiﬂg

where f;(t,X(t)) and X; is the ith component of f(¢,X(¢)) and X, respectively.
Clearly, from (5.6), we obtain

Let &,,(t) and p(2(t)) be the monodromy matrix of the linear w-periodic system
4~ = M(t)z and the spectral radius of @,,(w), respectively. Hence, p(®(t)) < 1,
which implies that X*(¢) is linearly asymptotically stable in the disease-free subspace

X, =(0,0,0,0,0,0, Sy, Ni, S,) € RY. Thus, the condition (A6) also holds.
Let us introduce F'(¢) and V (¢) defined by

F(t) - (%‘;‘j*(m) léi,jéﬁ7 V(t) - (W) 1<i,5<6

where F;(t, X(t)) and V;(t, X (¢) is the i-th component of F(¢, X (t)) and V(t, X (),
respectively. Then from (5.6), we have

[ AT BT, B Br. 0 an(t)]
0 0 0 0 0 0
0 0 0 0 0 0
) = 0 0 0 0o o0 o | (5.8)
1O () RS FES;(H) 000
L 0 0 0 0O 0 0 |
[ v+ dy 0 0 0 0 0 ]
_th fY(z + dh 0 O 0 0
—(1=q)vn 0 vs + dp, 0 0 0
vie) = , 5.9
" 0 Y =% wtdn 0 0 59
0 0 0 0 wvy+dy(t) 0
- 0 0 0 0 —Wy d’v (t>_

Furthermore, F'(t) is non-negative, and —V/(¢) is cooperative. Also F'(t) — V/(t) is
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irreducible for all ¢. It is straightforward to see that the conditions (A1)-(A6) are
satisfied, and X'*(¢) is linearly asymptotically stable in the disease-free subspace

Xs =(0,0,0,0,0,0, Sk, Ny, Sy) € ]Ri.
Assume Y (t,s),t > s is the evolution operator of the linear w-periodic system

dy _

= V(. (5.10)

That is, for each s € R, the 6 x 6 matrix Y'(¢, s) satisfies

d
EY(t,s) =-V(@)Y(t,s), Vit>s, Y(s,s)=1,

where I is the 6 x 6 identity matrix. Thus, the monodromy matrix ¢_y (¢) of (5.10)
is equal to Y'(¢,0), t > 0. Therefore, the condition (A7) holds.

Following the setting in Section 3.2, the basic reproduction number of (5.1) is
defined as R, := p(L), i.e. the spectral radius of the next infection operator L.

From the above discussion and using Theorem B, the disease-free periodic solu-
tion Ej is locally asymptotically stable if Ry < 1, and unstable if Ry > 1.

5.3.1 Derivation of the basic reproduction number of the
autonomous model

To calculate the basic reproduction ratio R of the autonomous model obtained from
(5.3) by setting the time-dependent parameters (mosquito birth (f,(¢) = u,) and
death rates (Jv(t) = d,) and biting rates (&, (t) = oy, and &,(t) = «,) to constant, we
follow the general approach established by [37].

Substituting the values in the disease-free equilibrium S} = £+ in equations (5.8)
and (5.9), for all ¢ > 0, we obtain the Jacobian F' given by

[ 67—6 57—(1 6 /BTT O CVh-
0 0 0 0O 0 O
0 0 0 0O 0 O
F = 0 0 0 0 0 0
od »d o
neavu h aav'u h %M o 0 0
findy pndy " pndy
0 0 0 0O 0 O

and the Jacobian V' given by
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I Vp + dh 0 0 0 0 0
—quy, Ya + dp, 0 0 0 0
v —(1—=q)vp 0 Vs +dp, 0 0 0
0 ~Ya s Yr + dh 0 0 ’
0 0 0 0 vy +d, 0
0 0 0 0 —vy  dy]

therefore the characteristic polynomial of the next generation matrix F'V ! is

A (N = RppA — RpoRon) =0, (5.11)
where

R 6 ( qravh | I=q@vn | TVa(vs(Ya + di) + (70 — %)dh)>

hh = Te + + )

dp + vp Yo+ dn s+ dy (Yo + dn) (v + dn) (vs + di)
O‘vdh:uv qNaVh (1 - Q)Vh) Qply

R e e + + 9 R'U - .

" Ao (di + ) ( Yo+ dn s+ dy " dy(dy + v

The characteristic polynomial therefore is the quadratic equation
A — RupA — RpyRon = 0. (5.12)

According to [37], the basic reproduction number is the spectral radius of FV~!.
Thus, the basic reproduction number corresponds to the dominant eigenvalue given
by the root of the quadratic equation (5.12)

Run + \/,R’ih + AR Ro,

Ry =
0 2 Y

(5.13)

where R, and R, = R, R., are the basic reproduction numbers corresponding
to sexual transmission and vector-borne transmission, respectively. From (5.13) we
found that Ry, + R, < 1 is the necessary and sufficient condition for R < 1.

5.4 Threshold dynamics

Here we study the global stability of the disease-free equilibrium of model (5.3)
and the persistence of the infectious compartments. We use the general theory for
the extinction or persistence of infectious given by [90] to show that if the ba-
sic reproduction ratio R, is less than 1, then the unique disease-free equilibrium
X*(t) = (0,0,0,0,0,0,N;, Ny, Si(t)) is globally asymptotically stable (G.A.S.) and
the disease dies out, while if the basic reproduction ratio R, is larger than 1, the
disease persists. Moreover, we follow [62, 77, 89, 113] to prove the existence of a
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positive periodic solution of (5.3) if Ry > 1.

5.4.1 Global stability of the disease-free equilibrium

In this subsection, we use the general method given by [90] to show that the disease-
free equilibrium is G.A.S. if Ry < 1.

Theorem 5.1. If Ry < 1, then the disease-free periodic solution X*(t) of system (4.7)
is globally asymptotically stable and if R, > 1, then it is unstable.

Proof. By Theorem B, we know that X*(¢) is unstable if Ry > 1 and if Ry < 1,
then X*(¢) is locally asymptotically stable. According to the above discussion in
Section 5.3, the conditions (A1) to (A7) in Chapter 3 are satisfied. Moreover X*(t) is
the unique periodic solution in the set of the disease-free states .

Clearly, S(t) < N(t), for all t > 0. From Lemma 5.1, for any ¢ > 0, there exists
t(e) > 0 such that S,(t) < N,(t) < S)(t) + € for all ¢ > t(e). Substituting into
system (5.3), we obtain

t
t

( (TeEh( ) + Ta]a(t) + ]s(t) + Trjr(t)) + &h(t)Iv(t) - (Vh + dh)Eh(t)>
(
(t
(
o

quaEn(t) — vala(t) — dnla(?),
1 — q)uaEn(t) — vs1s(t) — dinls(t),
a]a( ) + ,YSIS( ) - ’Yr[r(t) - dh]r(t)a

» )neEh(t) + Tkéa(t) + 1:(t) (SE(t) + €) — (v + dy(8)) By (2),

Vo By (t) — dy(£)1,(t),

B,
I/
1

!/
S

—~

NN //\ //\

~
)

't

r

~— N~ S ~— ~—

E!

L)

for all t > t(e).
Set pu(e) = min{S;(-)/(S:(-) + €) }. Then we have the following system:

t

N\
[oN

N

AU (t)
dt

< (F W _ V(t)) Ot), ¥t > t(e), (5.14)

where U(t) = (Ey(t), L(t), I,(t), I(t), E,(t), I,(t)). Then U(t) — 0 as t — oo and the
disease dies out.

By applying the first part of Theorem D, we conclude that the disease-free periodic
solution X*(¢) is G.A.S. since it is G.A.S. in Xj. |

5.4.2 Persistence of the infective compartments

In this subsection, we will show that the infectives are persistent if R, > 1, by using
the general method given by [90].
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Theorem 5.2. If Ry > 1 then system (5.3) is persistent with respect to Ey, 1,, I,, I,
E, and I,.

Proof. Persistence of £}, + I, + I, implies persistence of Fj, I, and I, and hence,
persistence of ., F, and [,,. If there exists ¢ > 0 such that

lim inf (E'h + 1, + IS) > €,

t——+o0

then E), > 1, — I, for large t. Thus, from system (5.3), we obtain

£ _
3

€
Ic,L 2 th§ - (ql/h + Ya + dh)[a - thIsv

€ (5.15)
IL>(1- Q)’/h§ — (L= q@un +7s +dp) s — (1 — @) ,.
Thus, we have
€ qvn
A0 . L ————
O P M
e U gm (5.16)
I.(t) = = = Kq(€).
() 3(1—q)vn+s+dy s(€)

By introducing the inequality (5.16) into the fifth equation of system (5.3), we get
I} = akia(€) + Yshis(€) — (v + dn) I, (5.17)

and hence,

L) > Jeral® £shse) (5.18)

Yr + dp a
Consider £}, < ¢, I, < ¢, [, <61, <¢, R<e¢, B, <cecand I, < eforall t > t,.
There exists t; > ¢, such that |[N,(t) — S| < € and |N,(t) — Si(t)] < eforall t >
t1. Therefore, S,,(t) = Ny(t) — Ep(t) — 1,(t) — Is(t) — L.(t) — R(t) > S; — be and
Sy(t) = Ny(t) — E,(t) — L,(t) > Si(t) — 3e for all t > ¢,. From the equation for F! of
system (5.3), we have

77@% + (M = Ne)la + (1 = me) I
Ny

E > a,(t) (S*(t) — 3€) — (vy + do(t)) By, (5.19)

By [90, Lemma 1], we obtain that

oty B0 O = a0+ (1= () SO =30 _ oo
2N} (v, + dE)

Substituting the inequality (5.20) into the equation for I] of system (5.3), we obtain
I > vyke(€) — Jv(t)fv,
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and again by [90, Lemma 1], we have

Vyke(€) _.
1o > 209 = Ko

Set A(e) == max{1/(1 — 2¢),max (S;(-)/(S;(:) — 3¢))}. From the equations of
system (5.3), for sufficiently large ¢ > t;, we obtain

E,(t) = B(1eEn(t) + Tala(t) + Ls(t) + 71,(t) + an(t) L, (1)) (1 — ;Z) — (vp + dp) Ex(2)
> B(TeEn(t) + Tolo(t) + L(t) + 7,1, (t) + @ (t) (1)) ﬁ — (vp + dp) ER(t),

Iclz(t) > ql/hEh<t) - ’}/a[a( ) - dh[ ( )

I(t) = (1 = q)uaEp(t) — ( ) — dnls(1),

Jﬂﬂ>vdAﬂ+%&@) I (t) — dn i (t),

ELD) > 6010+ L)+ 100) (52— 35 ) = 0+ ()0
> 601 Enl1) + nua(t) + 1(1)) S5 0 1 DL

(€)
I'(t) = v, By (t) — dy(8) L, (1).

From Lemma 5.1, it is clear that condition (A8) is satisfied. Therefore, the assump-
tions of Theorem G are satisfied and system (5.3) is persistent with respect to £}, I,
I, I, E,, and I,. [ ]

5.4.3 Existence of positive periodic solutions

Define

= {(Sh,Eh,Ia,[S,IT, Ny, Sy, Ey, 1) € ]Ri} ,
= {(Sh, En, Lo, I, I, Ny, Sy, By, I,)) € Ry x Int(RY) x R x Int(R%)}
and
0Xo =X\ Xo={(Sh, Ep, Lo, Is, I, Ny, Sy, Ey, 1) - Epl 11 E, I, =0} .

Let P: RY — R® be the Poincaré map associated with (5.3), that is,
P(2°) = u(w,2°), fora® e Ry,
where u(t,2°) is the unique solution of (5.3) with u(0,z°) = 2°. It is easy to see that

P™(2°) = u(mw, 2°), Vm = 0.
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Let d(z,y) denote Euclidean distance in R?. The following lemma is analogous
with [62, Lemma 3.1].

Lemma 5.2. If Ry > 1, then there exists a o* > 0 such that for any 2° € X,, with
|2 — Ey|| < o* we have
limsupd (P™(z"), Eo) = o*.

m—r0o0

Proof. By Theorem B, we have that p(®r_y(w)) > 1 if Ry > 1. Then, we can choose
n > 0 small enough such that p(®p_y_y, (w)) > 1 where

0 0 0 000
0 0 0 000

M) — 0 0 0 000
n(t) = 0 0 0 000
Nginneav(t) %nadv(t) Nzinozv(t) 000

i 0 0 0 00 0]

The equation % = up — dpSy, has a unique equilibrium S} = NV; which is a global

attractor in R
The perturbed system

dS, ()
dt

= (s — Bo1 — an(t)as) — dnSh(t), (5.21)

has a unique solution
R R t
Sh(t, a1, 0'2) = €7dht (Sh(O, o1, 0'2) + / Bidhs (,Uh — ﬁO’l — Oéh(S)O'Q) dS) ,
0
through any initial value S, (0, o1, 02), and it has a unique periodic solution

t
Sx(t, o1, 09) = e~ (S;‘;(O, 01,09) +/ e~ (py, — Boy — ap(s)o) ds) ,
0

where

N ¥ e=dns — — ap(s ds
S5(0,09,02) = fo (Mhedfjl_ 1 n(s)o2) )

It is clear that |Sy(t, 01, 0,) — S;(t,01,09)] — 0 as t — oo, and from this we obtain
that S;(t,0,,0;) is globally attractive on R,. One can easily see that S;(0,0;,05)
is continuous in o; and o,. As the solution g;:(t,al,@) depends continuously on
the initial condition and the parameter values, we obtain that S (t, oy, 05) > Si — 1
holds for sufficiently small o; and small oy, and all ¢ € [0,w]. By the periodicity of
S*(t, 01, 0,) and constant S; —r, we see that S; (t, 01, 55) > S; —n holds for sufficiently
small o; and small o5, and all ¢ > 0.
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Now, let us consider the following perturbed equation

WD _ (1) = (@00 + ()5, (1), (5.22)

The Poincaré map associated with (5.22) has a unique positive fixed point S*(0, o3)
which is globally attractive in R,. Applying the implicit function theorem, we get
that S;;(o, 03) is continuous in o3. Thus, we further fix o3 > 0 small enough such that

~

S;;(lf?O'g) > S: — 1.

By the continuous dependence of the solutions on the parameters and initial values
and by choosing ¢ := min {0y, 09, 03}, there exists a ¢* > 0 such that for all 2° € X
with ||z° — Ey|| < o*, it holds that

lu(t,z%) — u(t, Eo)|| < o, for 0 <t < w.

We further claim that
lim sup d (Pm(xo) > o*. (5.23)

m—ro0

Suppose, by contradiction, that (5.23) does not hold. Then we have

limsupd (P™(2°), Ey) < o*,

m—r0o0

for some 2° € X,. Without loss of generality, we assume that d (P™(z"), Ey) < o*, for
all m > 0. Then, from the above discussion, we have that

|u(t, P™(z°)) — u(t, Eo)|| < o, Vm >0, t € [0,w].

For any t > 0, let t = mw + t;, where ¢; € [0,w) and m = [£], which is the greatest
integer less than or equal to £. Then, we get

|u(t, %) — u(t, Eo)|| = |Ju(ty, P™(2°)) — u(ts, Eo)|| < o, Vt > 0.
Set

(Sp(t), Ep(t), I(t), I(t), I.(t), Ny (t), Sy (t), Ey(t), I,(t)) = u(t, z°).

It follows that Ej,(t) < o, I,(t) < o, I(t) < o, I.(t) < o, I,(t) < o, for all t > 0 and
from system (5.3), we have

dS;t(t) > (up — Po — an(t)o) — dpSi(t),

ds;;t(t) > [iy(t) — (G (t)o + Jv(ﬂ)sv(t)'
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As the periodic solution g;i(t, o) of equation (5.21) is globally attractive on R, and
Sx(t,o) > S; —n, we have

for ¢ large enough. Also, the fixed point S*(¢, ) of the Poincaré map corresponding
to (5.22) is globally attractive and S*(¢,o) > S*(t) — n, there exists a ¢ large enough

such that
Sv(t70> > S:(t) -n.

From the equations of system (5.3), for sufficiently large ¢, we obtain

B0 > (B0 + nu(0)+ L) + 5 0) + a4(01,00) (1= 121 ) ~ i)

— dnEn(t),
I,(t) = qun Ep(t) — vala(t) — dnla(t),
I(t) = (1 = QuaEn(t) — vs15(t) — dinls(t),
L(t) = Yala(t) + s s(t) — %1 (t) — dil (1),

BL(0) > 80 (0) (0 Bn(0) + o8+ 10) (P52 — 20 ) = o+ () ()
I'(t) = v By (t) — dy(t)1,(t).

Next we consider the system

dcht(t> _ 5 (Te Bn(t) + mala(t) + L(t) + 1L (1) + dh(t)fv(t)) (1 N N;Z 77)
- l/hEh(t) - dhEh(t)a
dIAdaiﬂ = QVhEh(t) - ’Vafa(t) - dhf‘l(t)’
diy(t) (1 — QnEn(t) — 7 Ly(t) — dul (1),
i (5.24)
dféi” = ala(t) + 3 Ls(8) = 11 (t) = dnl (1),
df{:;ﬂ = () (e B (t) + mala(t) + L(1)) (S]v(t = N;Z 77) ~whl)
— du(t) Ey(t),
dly (1) - i
dt = VUEv(t) - dv(t)]v<t>‘

Now we have that p(@r_y_y;,(w)) > 1. Once again by Lemma A, there exists a
positive, w-periodic function py(t) such that p,(t) exp(&st) is a solution of (5.24) and
& = LInp(Pp_yim,(w)) > 0. For any J(0) € RS, we can choose a real number
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K3 > 0 such that J(0) > K;p>(0) where

J<t) = (Eh(t)7 [a(t)> Is(t)v [r(t)ﬂ Ev(t)> [v(t))T'

Applying the comparison principle Theorem E, we obtain J(t) > p,(t) exp(&at) for
all ¢ > 0, which implies that lim; ., Fj(t) = oo, limy_, [,(t) = 00, limy_, I5(t) =
00, limy_yoo I,(t) = o0, limy_,o E,(t) = oo and lim; ., [,(t) = oo. This leads to a

contradiction, which completes the proof. [

Theorem 5.3. Assume that Ry > 1. Then system (5.3) has at least one positive periodic
solution and there exists an € > 0 such that

litm inf B (t) > ¢, liminfl,(t) > e, liminf I (t) > e, lminfl.(t) >,
— 00

t—o00 t—00 t—o00

liminf F,(t) > e,  liminf [,(¢) > ¢,

fOT’ all (Sh<0)a Eh(o)vja(o)a [s(())?[r(())a Nh(o)v Sv(o)a Ev<0)7[v(o)) € XO‘

Proof. First, we prove that P is uniformly persistent with respect to (X, 9Xj), as
from this, applying Theorem H it follows that the solution of (5.3) is uniformly per-
sistent with respect to (X, 0X).

Let Qb = (Sh(0)7 Eh(0)7 Ia(0)7 Is(0)7 ]r(0>7 Nh(0)7 SU(0)7 Ev(())? [v(o)) S XO be any
initial condition. By solving (5.1) for all ¢ > 0, we get that

Sp(t) = e Jolan(s)+dn)ds [Sh(()) + [ pupelo antr)+dn) dr ds] > 0, (5.25)
E(t) = e~ (ntdnlt E )+ [ ap(s)Sh(s)etnrans ds] >0, (5.26)
L,(t) = e~Oadn)t :za(o) + qun [} By (s)ete+dns ds} >0, (5.27)
I,(t) = e~ (itdn)t :IS(O) + (1 —q)v fg Ey(s)elstdn)s ds} > 0, (5.28)
I(t) = e~ Crrdn)t :IT(O) + [ (YaLa(2) + Yo (2)) 0 tdn)2 dz} >0, (5.29)
S, (t) = e~ Jo(av(e)tdu(s >d8[ )+ fif fio(s)edo (vt +dutr)dr ds} >0, (5.30)
E,(t) = e~ Jovetdu(s)ds [E + [T au(s)Sh(s)el (votdy (r)) dr ds} > 0, (5.31)
I,(t) = e~ Jodvls)ds [I (0) + v, [J By(s)elo do(r) dr ds] > 0, (5.32)
where
an(t) = 7B + Tlall) + L+ L) @ (1)

Ni(t)
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neEh(t) + na]a(t) + ]s(t) )

ay(t) = ay(t) A

Hence, we get the positively invariant of X,. Since X is also positively invariant and
0X, is relatively closed in X, it gives 0Xj is positively invariant. Furthermore, from
Lemma 5.1 it follows that system (5.3) is point dissipative.

Let us introduce

My = {2° € 90X, : P™(2°) € X,, Ym > 0} .

We will apply the theory of uniform persistence developed in [115] (see also [113,
Theorem 2.3]). In order to do this, we first show that

Ma = {(Sha0a070707Nh7Sv7070) : Sh > 07 Nh > 07 Sq) 2 O}

Let us note that My O {(S,0,0,0,0, N4, S,,0,0) : S, >0, N, >0, S, > 0}. It suf-
fices to prove that for arbitrary initial condition z° € 90X, Ej(nw) = 0 or I,(nw) = 0
or I;(nw) =0 or I,(nw) = 0 or E,(nw) =0 or I,(nw) = 0, for all n > 0.

By contradiction assume there exists an n; > 0 for which

(En(niw), L,(mw), I(niw), I (mw), E,(niw), Iv(nlw))T > 0.

Thus, (5.25) implies N, (t) > Sp(t) > 0, V¢t > nyw. Then, by replacing t = 0 to t = njw
in (5.25)-(5.32), we obtain that Sy (t) > 0, E,(t) > 0, I,(t) > 0, Is(t) > 0, L.(t) > 0,
Ni(t) > 0, S,(t) > 0, E,(t) > 0, I,(t) > 0. This is in contradiction with the positive
invariance of 0.X,.

By Lemma 5.2, P is weakly uniformly persistent with respect to (X, 9X,). From
Lemma 5.1, P has a global attractor. It follows that Fj is an isolated invariant set
in X and W*(Ey) N Xy = (. It is clear that every solution in M, converges to E,
and Ej is acyclic in My. By Theorem I and [115, Remark 1.3.1], we obtain that P is
uniformly persistent with respect to (X, 9X). Hence, there exists an ¢ > 0 such that

litm inf Fy(t) > ¢, liminf I,(t) > e, liminf I4(t) > e, liminf[.(t) > e,
— 00

t—oo t—o0 t—o0
liminf F,(t) > e,  lminf [, (¢) > .
t—o0 t—o0

By Theorem J, P has a fixed point

¢ = (Sn(0), £1,(0), 1,(0), I,(0), I,(0), N (0), S,(0), E,(0), ,(0)) € Xo,

<

and hence at least one periodic solution u(¢, ¢) of system (5.3) exists. Now, we show
that S5,(0) and S, (0) are positive. If S,(0) = 0 = S,(0), then from (5.25) and (5.30)
we get that S,(0) > 0 and S,(0) > 0 for all ¢t > 0. However, using the periodicity of
solution, we have S,(0) = Sj,(nw) = 0 and S,(0) = S,(nw) = 0 for all n > 1, that
leads to a contradiction. |
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5.5 Case study for Ecuador and Colombia: what changes
in the parameters might lead to a regular
recurrence of Zika fever?

In this section, we apply our model to study the spread of Zika in Ecuador during the
2015-17 and in Colombia during the 2015-17 Zika virus epidemic. From Section 5.4,
we see that R, is a threshold parameter for the persistence of the disease in the
population (see Theorems 5.1 and 5.3). The functions fi,(t), én(t), dy(t) and d,(t)
are assumed to be time-periodic with one year as a period and, following e.g. [13],
they are assumed to be of the form s, - (sin (%”t +b) 4+ a), oy - (sin (%”t +b) + a),
@, - (sin (27”15 +b) +a) and d,, - (cos (%”t + b) + a) where p is period length, a,b are
free adjustment parameters and pu,, oy, o, d, are the (constant) baseline values of
the corresponding time-dependent parameters.

5.5.1 Parameter estimation for Ecuador and Colombia

To give an estimate for the values of the parameters providing the best fit, we ap-
plied Latin Hypercube Sampling, a method used in statistics to assess simultaneous
variation of multiple parameters (see, e.g., [70]).

Figure 5.3 shows model (5.1) fitted to data from Ecuador and Colombia [84, 85].
Our model gives a reasonably good fit for both countries, reproducing the single peak
of Zika fever in Colombia and the two peaks of Zika fever experienced in Ecuador
in two subsequent years. This shows that model (5.1) is able to reproduce the two
types of outcomes of the Zika epidemic observed in South America. We note that
in our simulation for Ecuador, before dying out, the epidemic shows a very minor
third peak for the following year 2018. This is in accordance with real world data,
as sources report a small number of Zika infections in this year. Our model slightly
overestimates the number of cases in 2018, however, as in most cases, Zika fever does
not cause severe symptoms and that public awareness was reduced by the decreasing
number of Zika cases, probably less people visited their doctors during this third year.

Figure 5.3 is in accordance with the analytic results stating that the unique disease-
free equilibrium Ej is globally asymptotically stable when Ry < 1. By Theorem 5.2,
system (5.1) is persistent with respect to the infective compartments if R, > 1. Fig-
ure 5.4 shows the persistence of the disease when R, > 1.

5.5.2 Parameter changes

One of our main interests was to see what changes in the parameters might lead
to a regular reappearance of the epidemic. Up to now, after 1-3 consecutive years
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with outbreaks, Zika did not appear in high numbers again. However, in the days
of climate change, one can expect that some of the parameters will change in the
future as mosquitoes adapt to new circumstances and mutations of the virus appear.
This might lead to a periodic annual recurrence of the epidemic, just like in the case
of other mosquito-borne diseases like dengue fever or malaria. Because of the high
number of parameters, it is not easy to assess rigorously which of the parameters
have the most important role in the variation of the dynamics, so we only try to
demonstrate the possible alterations through a couple of examples.

Our first example (see Figure 5.4a) was created with the above determined pa-
rameters for the Zika epidemic in Ecuador except the mosquito-related parameters
Qp, Qy, B, 1y, 1.€. We increased human-to-human and human-to-mosquito transmis-
sion rates and mosquito birth rate, while mosquito-to-human transmission rate was
decreased. We can calculate numerically the value of the basic reproduction number
Ro = 1.2465 > 1. In the second example (see Figure 5.4b), similar changes were
performed for the parameters determined for Colombia. Again, we can calculate nu-
merically the value of the basic reproduction number Ry = 1.707 > 1. Accordingly,
one can see that with these parameters, the disease compartments are persistent and
the epidemic becomes endemic in the population recurring periodically every year.

In Figure 5.5 we present how changes in some of the key parameters (human-
to-human, human-to-mosquito and mosquito-to human transmission rates as well as
mosquito birth rates) might affect the course of Zika epidemics. The simulations sug-
gest that an increase of any of these four parameters — either due to climate change
or to genetic mutation of the virus — can lead to a periodic annual reappearance of
the epidemic.

Knowing the seasonal fluctuation, one may rightly suppose that mosquito con-
trol is limited to the peak months of mosquito abundance. Hence, we also show an
example where mosquito control only occurs during five months when the highest
number of vectors are present to see whether control measures implemented only
during a limited period of the year might have a sufficient effect to eradicate the dis-
ease. Mosquito killing is incorporated into the model by considering a step function
multiplier of the mosquitoes’ death rate. Namely, we increase the death rate during
a five-month-long period of each year.

For a better assessment of the effect of additional mosquito killing, we assume
a periodic recurrence of the disease, just like given in Figure 5.4 and Table 5.2.
In Figure 5.6 we show some seasonal measures to control Zika virus disease both in
Ecuador and Colombia. The figure suggests that even a mosquito control limited to
the peak period of mosquito abundance might have a significant impact to control
the disease.
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Figure 5.3: The model fitted to in (a) 2016-17 data from Ecuador and in (b) 2015-17
data from Colombia when Ry < 1 with parameter values in Table 5.2.
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(b) The uniform persistence of the disease in Colombia when «;, = 0.641, «, = 0.083, § =
0.0552, p, = 54,200 and Ry = 1.707 > 1.

Figure 5.4: The uniform persistence of the disease in (a) Ecuador and in (b) Colombia
when Ry > 1. The rest of the parameter values are the same as those in Table 5.2.
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Figure 5.5: The solution of model (5.1) with three different values of in (a) human-to-
human transmission rate ((3), in (b) baseline value of mosquito-to-human transmission
rate (ay,), in (c) baseline value of human-to-mosquito transmission rate («,,) and in (d)
baseline value of mosquito birth rate (1,,). The rest of the parameter values are the same
as those for Ecuador in Table 5.2.
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Figure 5.6: Seasonal measures to control ZIKV in (a) Ecuador and in (b) Colombia.
The rest of the parameter values are the same as those in Figure 5.4 and Table 5.2.
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Table 5.2: Parameters of model (5.1) and fitted values in the case of Ecuador and
Colombia.

Parameter Range Value Value . Source
(Ecuador) (Colombia)
h - 608.142 1826.81 [106]
dy, - 0.0000359 0.0000368 [106]
6] 0.01-0.1 0.0249 0.0435 [46]
o, 0.03-0.75 0.44 0.218 [6, 29]
' 0.09-0.75 0.727 0.347 [6, 29]
q 0.75-0.9 0.765 0.824 [40, 46]
Te 0.2-1 0.796 0.382 [46]
Ty 0.2-1 0.7902 0.263 [46]
T 0.2-0.8 0.576 0.585 [46]
Ne 0.2-0.7 0.636 0.653 [46]
T 0.2-0.7 0.591 0.471 [46]
Ya 0.05-0.4 0.1169 0.165 [46]
Ys 0.2-0.5 0.1059 0.477 [15]
Yy 0.01-0.07 0.0545 0.06 [47, 76]
vy, 0.1-0.5 0.292 0.421 [15]
U, 0.08-0.125 0.106 0.0965 [6, 18]
Loy 500-40, 000 25,800 32,200 Fitted
1/d, 4-35 8 26.05 [6]
a - 1.35 1.1 -
b - 6.48 138.51 -

5.5.3 Sensitivity analysis

Sensitivity analysis, using Partial Rank Correlation Coefficients (PRCC, see, e.g. [17]),
is carried out to determine the parameters that have the greatest influence on the dy-
namics of the diseases. The PRCC-based sensitivity analysis measures the effect of
the parameters on the response function (in our cases, the number of infected cases),
while we vary the parameters (relevant to the dynamics of the diseases in Ecuador
and Colombia) in the given ranges (see Table 5.2).

Figure 5.7 shows the comparison of the PRCC values obtained for the parameters
B, ap, o, i1, and d,, i.e. those parameters which can typically be affected by control
measures. The results suggest that the most relevant factors in Zika transmission,
and hence in the elevation of the number of infected cases are birth and death rates
of mosquitoes. Spread via sexual contacts is shown to have a smaller effect, however,
it is still an important factor. Based on the sensitivity analysis, we can assess that the
most effective measures to reduce transmission are control of mosquito populations
and protection against their bites.
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Figure 5.7: Partial rank correlation coefficients of the five parameters subject to inter-
vention measures. Parameters with positive PRCC values are positively correlated with
the cumulative number of cases. Parameters with negative PRCC values are negatively
correlated with the cumulative number of infections.

5.5.4 Reproduction numbers

To calculate the reproduction numbers, we use the parameters as obtained in the fit-
ting to Ecuador data in Table 5.2. Formula (5.13) provides us the basic reproduction
number in any time point by substituting the parameter values. Figure 5.8 shows the
basic reproduction number of the time-constant model with respect to baseline value
of mosquito birth rate, baseline value of human-to-mosquito transmission rates and
human-to-human transmission rate, suggesting that control of mosquito population
and sexual protection both have a significant effect in Zika fever transmission. The
results also imply that vector control might not be enough to contain the disease
spread in case of a high sexual transmission rate.

Further, by numerical calculations we get the curves of the basic reproduction
ratio R, the time-average basic reproduction number [R,] (using the notation pre-
sented by [72]) and the basic reproduction number Rg‘ of the autonomous model
with respect to baseline value of mosquito birth rate (x,), human-to-human transmis-
sion rate (), baseline value of mosquito-to-human transmission rate («;) and base-
line value of human-to-mosquito transmission rate («,), respectively, in Figure 5.9.

The calculations show that the time-average basic reproduction number [R,] is al-
ways less than the basic reproduction ratio R, suggesting that the time-average basic
reproduction number underestimates the disease transmission risk. From this aspect,
our results are similar to those of [103]. We note that there are some other cases
of underestimation and overestimation for the average basic reproduction number
can be found in [9], where an approximate formula of the basic reproduction num-
ber was obtained for a class of periodic vector-borne disease models with a small
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Figure 5.8: Contour plot of the basic reproduction number as a function of baseline
value of mosquito birth rate (1.,) and a) baseline value of mosquito-to-human transmis-
sion rate («y), b) baseline value of human-to-mosquito transmission rate (c,,) and c)
human-to-human transmission rate (3).

perturbation parameter.

5.6 Discussion

We have developed a compartmental population model to describe the transmission
of Zika virus disease in a periodic environment (by including periodic coefficients).
We have shown that the global dynamics of the model is determined by the basic
reproduction number R,. For R, less than 1, we have shown the global asymptotic
stability of the disease-free periodic solution Ej, while the disease persists if Ry > 1.
Using our model and taking Ecuador and Colombia as two examples, the fitted curves
match the data very well (see Figure 5.3). Our numerical simulations suggest that
there exists a single positive periodic solution which is globally asymptotically stable
for Ry > 1 (see Figure 5.4).

The reproduction numbers were calculated as a function of the parameters p,,, «,
a, and (. As is observed, the time-average basic reproduction number [R;] is always
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Figure 5.9: The curves of the basic reproduction number R, the time-average basic
reproduction number [R,| and the basic reproduction number of the autonomous model
R versus a) baseline value of mosquito birth rate (1), b) baseline value of mosquito-
to-human transmission rate (ay,), ¢) baseline value of human-to-mosquito transmission
rate (o) and d) human-to-human transmission rate ((3).

less than the basic reproduction number R, (see Figure 5.9). This implies that the
time-average basic reproduction number underrates the risk of disease transmission,
while the risk of infection is overestimated by the basic reproduction number.
Although a regular periodic recurrence of Zika has not been observed so far, it
is expected that this might be altered by climate change. Our model allows us to
estimate what kind of parameter changes might lead to a periodic recurrence of
Zika. Using numerical simulations, we found that mosquito birth and death rates are
the most significant factors in a possible periodic recurrence of Zika, however, sexual
transmission also has a significant effect on the prevalence of the disease.






Chapter 6

A mathematical model for Lassa fever
transmission dynamics in a seasonal
environment with a view to the
2017-20 epidemic in Nigeria

In this chapter, we formulate and study a compartmental model for Lassa fever trans-
mission dynamics considering human-to-human, rodent-to-human transmission and
the vertical transmission of the virus in rodents. To incorporate the impact of period-
icity of weather on the spread of Lassa, we introduce a non-autonomous model with
time-dependent parameters for rodent birth rate and carrying capacity of the envi-
ronment with respect to rodents. We introduce the basic reproduction number and
show that it can be used as a threshold parameter concerning the global dynamics.
It also shown that the disease-free periodic solution is globally asymptotically stable
in the case of Ry < 1 and if Ry > 1, then the disease persists. We show numerical
studies for the Lassa fever in Nigeria and give examples to describe what kind of
parameter changes might trigger the periodic recurrence of Lassa fever.
The content of this chapter has been published in

[52] M. A. Ibrahim and A. Dénes. A mathematical model for Lassa fever transmis-
sion dynamics in a seasonal environment with a view to the 2017-20 epidemic
in Nigeria. Nonlinear Analysis: Real World Applications, 60:103310, 2021.
https://doi.org/10.1016/j.nonrwa.2021.103310.

6.1 Introduction

Lassa haemorrhagic fever (LHF), or Lassa fever for short is a zoonotic, acute viral
hemorrhagic fever caused by the Lassa virus from the Arenaviridae family [110]. The
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disease was first described in the 1950s, though the virus causing it was only iden-
tified in 1969 [21]. The disease was named after the Nigerian town Lassa, where
the first cases were observed. LHF is usually transmitted to humans via direct or
indirect exposure to food or other items contaminated with urine or feces of infected
multimammate rats (Mastomys natalensis), through the respiratory or gastrointesti-
nal tracts. Person-to-person transmission has also been observed [92]. The virus
remains in body fluids even after recovery: in urine for 3-9 weeks from infection and
for three months in male genital secretions [92]. Lassa fever is endemic among rats in
parts of West Africa, while it is endemic in humans in several countries of the region.
In these regions, the number of infections per year is estimated between 100,000 and
300,000, with around 5,000 deaths. Lassa menaces mostly those who live in rural
areas where multimammate rats are present, especially where poor sanitation and
crowded living conditions are typical. Figure 6.1 shows the possible methods of LHF
transmission.
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Figure 6.1: Lassa fever transmission. The figure shows modes of transmission (human-
to-human, human-to-rodent, rodent-to-human and rodent-to-rodent).

About 80% of people infected with Lassa fever have only mild or no symptoms.
Symptom onset occurs usually 1-3 weeks after exposure, these include fever, tired-
ness, weakness, and headache. 20% of infected develop a severe multisystem disease
with symptoms including bleeding gums, respiratory distress, vomiting, chest, back
and abdomen pain, facial swelling, low blood pressure. Neurological problems can
also be observed, such as hear loss, tremors, encephalitis. Approximately 1% of infec-
tions result in death due to multi-organ failure. However, the disease is particularly
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severe in women in the third trimester of their pregnancy, with high rates of maternal
death (29%) observed, while an estimated 80-95% fetal and neonatal mortality is
reported [23, 88, 110].

Treatment of Lassa fever includes antiviral medication, fluid replacement and
blood transfusions. For women in late pregnancy, inducing delivery is necessary.

Although Lassa fever appears in WHO’s Blueprint list of diseases to be priori-
tized for research and development [107], compared with other infectious diseases,
a relatively small number of mathematical modelling studies have been published up
to now. Onah et al. [81] extended an SIR-SI-type compartmental model by intro-
ducing different control intervention measures, e.g. external protection, treatment,
isolation and rodent control. They used optimal control theory to determine how to
reduce disease transmission with minimal cost. Musa et al. [75] established a model
describing the interaction between humans and rodents including quarantine, isola-
tion and hospitalization. The authors showed the presence of a forward bifurcation
with a stability switch between the disease-free and the endemic equilibrium. Also,
they fitted the model to data from 2016-19 to find that initial susceptibility increased
across the three outbreaks in these years. Zhao et al. [114] studied the epidemio-
logical features of Lassa epidemics in various regions of Nigeria. They assessed the
connection between the reproduction number and rainfall. They determined the in-
fectivity of Lassa by the reproduction number estimated from four types of growth
models. They fitted the models to Lassa surveillance data and estimated the repro-
duction number in various regions. Akhmetzanov et al. [5] applied a model to study
the datasets of human infection, population changes of rodents as well as weather
changes to quantify the seasonal drivers of Lassa fever transmission. They obtained
that seasonal migration of rats plays a key role in regulating the periodicity of Lassa
epidemics. The peak exposure of humans to rats is shortly after the beginning of the
dry season and correlates with the mating period of rodents.

Although some of the above works put an emphasis on the time-changing na-
ture of Lassa transmission dynamics, so far, no compartmental model with time-
dependent parameters has been established. In this work, we set up and study a
compartmental epidemic model for Lassa fever transmission dynamics considering
infected humans with mild or severe symptoms, treatment, human-to-human and
rodent-to human transmission as well as time-dependent parameters. Namely, mod-
elling the annual periodic change of weather, we introduce time-periodic parameters
for rodent birth rate and carrying capacity of the environment with respect to ro-
dents. To study the dynamics of our time-periodic model, we will apply the theory
initiated in [10, 11, 90, 103, 113] and detailed in Chapter 3, later applied in sev-
eral periodic epidemic models (see, e.g. [53, 54, 61, 62, 63, 78, 89, 102]). Here
we adapt these methods to our system with human-to-human and rodent-to-human
transmission with a logistic growth of rodents.
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The rest of the paper is structured as follows. In the next section we introduce
the time-dependent mathematical model for Lassa fever transmission dynamics. In
Section 6.3 we study the existence of the disease-free periodic solution. In Section
6.4 we calculate the basic reproduction number of our model using various methods.
In Section 6.5, we show that depending on the basic reproduction number, either the
disease-free periodic solution is globally asymptotically stable or the disease persists
in the population. In Section 6.6 we provide numerical simulations for both scenarios
supporting the theoretical results.

6.2 Seasonal model for Lassa fever transmission

We divide the human population into six compartments: susceptible S;(t), exposed
Ey(t), symptomatically infected I,(t), mildly infected I,,(¢), treated L.(t), and re-
covered individuals with temporary immunity R(t). The total size of the human
population at any time ¢ is denoted by

Np(t) = Sp(t) + En(t) + L, (t) + L(t) + L.(t) + R(¢t).

An individual may proceed from susceptible (S},) to exposed (£}) upon contracting

Figure 6.2: Schematic diagram of the LHF transmission among rodents and humans.
Red nodes denote infectious, brown nodes denote non-infectious states. Blue solid arrows
demonstrate infection progress, while red dashed arrows represent direction of human-
to-human transmission and rodent-to-rodent transmission. Blue dashed arrows show
direction of transmission between humans and rodents. Green arrows show recruitment
rate for humans and maximum growth rate of the rodents.

the disease. Individuals in the exposed compartment have no symptoms yet. Af-
ter the incubation time, an exposed individual moves either to the symptomatically
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infected class (/,) or to the mildly infected class (/,,), depending on whether that
person shows symptoms or not. Infected people from I, may move to the treated
compartment (I.), including those who need hospital treatment. After the infection
period, recovered persons move to the class R.

The vector population (Mastomys natalensis rat) at time ¢, denoted by N,(t), is
divided into three compartments: susceptible S,(¢), exposed E,.(t) and infectious
I,(t), respectively. Thus

No(t) = S,() + Eolt) + 1(2),

The transmission dynamics is shown in the flow diagram (see Figure 6.2) and our
model takes the form

dbzlt(t) — 11, — Bl (t) + ]ﬂifhl( t()t) + 6, 1,(t) Sh(t) — M%Sh(t) — dSy(t)
+ER(1),
AEN) _ Bulu() ]%hf( t()t) FhLWg ﬁrh%sh@) CwE(D)
— dBE,(t),
Lll) — 0B 0) ) = (1),
dlgf) = (L= 0)wnEn(t) — s Ls(t) — (d 4 6,) (1),
—dlét(t) = 1sls(t) = %L (8) = (d + 0) L (B), (6.1)
dR—@I t) + %1 () — ER(E) — dR(2),
_ N, () nsl(t) +n,L.(1)
— <1 0 ) r(t) = Bpr AT S, (t) — puSy(t)
L(t)
_ 5’“Nr(t) S, (t),
—d%t(t) = Bar ns]g(?&g@ ) Sr(t) + &%&(w — 1, B (t) — pE, (1),
I, (t)

YD 0 B(t) - i (t),

where II,.(t) and K(t) denote the time-dependent per capita birth rate and maximal
carrying capacity of the Mastomys natalensis rats. In our model we assumed II,(t)
and K (t) are continuous, positive w-periodic functions. We denote by I, and d the
human birth and death rate, respectively. There is also an additional disease-induced
death rate, denoted by d, and ¢,. for those in the compartments /; and I, respectively.
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The description of the model parameters are summarized in Table 6.1.

Table 6.1: Description of parameters of model (6.1).

Parameters Description
I1,, Recruitment rate for humans
d Natural death rates of humans
ds, 0, Disease-induced death rates for humans
Bm, Bs, B, Transmission rates from human-to-human
Bhr Transmission rate from human-to-rodent
Brh Transmission rate from rodent-to-human
B, Transmission rate from rodent-to-rodent
Ns, Ty Relative transmissibility of infectious human-to-rodent
0 Proportion of mild infections
Vs Progression rate from /; to I,
Ym> VY Recovery rates
Uh, Uy Humans and rodent incubation rate
£ Rate of relapse from R to .S,
K, Average carrying capacity of the environment for the rodents
I1, Baseline value of rodents birth rate
1 Natural death rates of rodents
b Phase angle (month of peak in seasonal forcing)
A Amplitude of seasonality

6.3 The disease-free periodic solution

6.3.1 Existence of the disease-free w-periodic solution

In this section, we study the existence and uniqueness of the disease-free periodic
solution of system (6.1). Define

¢ = (S1(0), E,(0), 1,,(0), I,(0), L,(0), R(0), S.(0), E,(0), I,(0)) € RY.

In case of no disease, for the total human population N, with a positive initial
condition ¢ € RY, we have the equation

AN (¢)
dt

=10, — dNy(1), (6.2)

from which we obtain

11,

Ni(t) = Nu(0)e 4 + y (

1 — e, (6.3)
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with an arbitrary initial value N,(0). Equation (6.3) has a unique equilibrium
N; = I in R,. Consequently, |N,(t) — N;| — 0 as t — oo and Nj is globally
attractive on R .

To identify the disease-free periodic solution of (6.1), consider

Bt (1- 520 5.0 - w0, 64

with initial condition S,(0) € R,. Equation (6.4) has a unique positive w-periodic
solution )
oS0 ()= ) ds

~ ~ w ﬁr(T) fT(ﬁr(S)—#)ds
EIL(r) o [T (L () ) ds gy 4 o R ©° dr
0 K(n) JE M () —m ds_;

S*(t) = >0, (6.5)

which is globally attractive in R,. Thus, system (6.1) has a unique disease-free
periodic solution Ey = (S;,0,0,0,0,0,57(t),0,0), where S; = L,

Lemma 6.1. There is N = limsup,_, %(g)_“) > ( such that any forward solution

in Ri of (6.1) enters eventually
QN;‘ = {(Sh,Eh,[m,[s,IT,R, ST,ET,Ir) € Ri : Nh g NZ, Nr g N:} >

and for each N,(t) > N}, Qy is a positively invariant set with respect to (6.1). Further;
it holds that
lim (N,.(t) — S:(t)) = 0.
t——+o00

Proof. From (6.1), we have

dNr(t) T Nr<t>
=10 (1-

) N.(t) — N, (1)

< (ﬁru) - ?{g; NT(t)> N.() <0 ifN.(t) > N7,

which implies that Qy, N,(t) > N/, is positively invariant and each forward orbit
enters (- eventually. For the second part of the proof, let us assume that

2(t) = N, (t) — S*(¢), t > 0.

Then, it follows that
dz(t)
dt
which implies that lim;,, 2(t) = 0. |
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6.4 Basic reproduction numbers and local stability

Based on the method established by Wang and Zhao [103], we demonstrate the local
stability of the disease-free periodic equilibrium E, of (6.1) in terms of the basic
reproduction number R,.

Linearizing the system (6.1) at Ej, we obtain the equations for exposed and in-
fectious human and rodent populations, respectively:

dleht(t) _ Bmdn(t) + 55]\17;;@) a2 AOP S, I}"\;’? Si = (v + d)E(t),
djgt(t) = OUnEn(t) — YL (t) — dIn (1),

dlgt(t) = (1= 0)vpEn(t) — vsLs(t) — (d+ 05)L(1),
‘%§>:%L@—%¢@wwd+@mwx

T =, Pl 5300+ 5, 55000 - (4 )
O )~ o).

Let us introduce the matrix functions F(¢) and V (¢) of dimension 7 x 7 as

_0 /Bm]i—i% ﬁsi}_]} ﬁT]ff_};% O ﬂrhi—%_
0 0 0 0 0 0
Ft) = 0 0 0 0 0 0 |
0 0 0 0 0 0
0 0 BugsSit) BuySit) 0 5%
0 0 0 0 0 0 |
[ v, +d 0 0 0 0 0]
—Ou, Ay +d 0 0 0 0
—(1 =
Vt) = (1—0v, 0  yo+d+96, 0 0 0
0 0 —Ys v, +d+6 0 0
0 0 0 0 Vet p 0
i 0 0 0 0 Za

Note that F'(¢) is a non-negative matrix function, while —V'(¢) is cooperative.

6.4.1 Local stability of the disease-free periodic solution

As per that the above discussion, the following theorem concerns the local stability
of the disease-free periodic solution Ej of (6.1).
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Theorem 6.1. The disease-free periodic solution Ey of (6.1) is locally asymptotically
stable if Ry < 1, whereas it is unstable if Ry > 1.

Proof. The Jacobian matrix of (6.1) calculated at Fj is given by.

IR - V() 0
‘](“‘{ A1) M}’

where
0 B Bs Br 0 Brn -d & 0
Aity= [0 0 no nTO 0 0 and M=|0 —¢-d 0
0 0 ﬁhrﬁ;l(sr(t) ﬁhTN_;;Sr(t> 0 5 0 0 —

According to [100], Ey is L.A.S. if p(?y(w)) < 1 and p(Pr_v(w)) < 1. M is a
constant matrix and its eigenvalues are \; = —d < 0, \y = = —d < 0 and \3 =
—pn < 0. Since A\, Ay and )3 are negative, we have p(®,,) < 1. Consequently, the
stability of £, depends on p(®r_y(w)). Thus, Ej is locally asymptotically stable if
p(Pr_v(w)) < 1, and unstable if p(®p_y(w)) > 1. Hence, we complete the proof by
applying Theorem B. [ |

6.4.2 The time-average basic reproduction number

Using the general method introduced in [37], we calculate the basic reproduction
number of the autonomous model obtain from (6.1) by setting the time-varying pa-
rameters I1,.(t) = II, and K (t) = K, to constant.

Substituting the value of S;(t) = S; = K, (%) in the disease-free equilibrium

for all t > 0, we obtain the Jacobian F' given by

0 B s B, 0 B

0 0 0 0 0 0

0 0 0 0 0 0
F=10 o0 0 0 RE

0 0 BuysS BuySi 0 G

0 0 0 0 0 0]

and the Jacobian V' given by
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vy +d 0 0 0 0 0
—0vy, Tm +d 0 0 0 0
v —(1=0)v, 0 Vs +d + 0 0 0 0
B 0 0 —Y, Y+d+é, 0 0]’
0 0 0 0 Vp+p 0
i 0 0 0 0 =z
thus the characteristic polynomial of F'V ! is
/\4 ()\2 - (th + RT"I‘))\ + thRrr - Rh’rRrh) = O, (66)
where
R 40 ( Qﬁm (1 - 0)68 (1 - 0)’7557« )
hh = + + )
d+vp \Vm+d vs+d+ds (s +d+6s)(y +d+46,)
Rh _ (1 - e)yhﬁhrs: ( Vs >
' %(ﬁys+d+(5s)(d+l/h> ’ 7T+d+6T ,
Ry Dmve B
(e + vy pu(p+vr)

The characteristic polynomial therefore is the quadratic equation
N — (Run + Rer)A + RunRer — R Ron = 0. (6.7)

According to [37], the basic reproduction number is the largest absolute eigenvalue
of FV~1 and therefore, it is given by the root of the quadratic equation (6.7),

Rin + Ror + 1/ (Ran = Ro)” +4R2
2 Y

Ry = p(FV™) = (6.8)
where R, R, and R, = /Ry, R, are the basic reproduction numbers of human-

to-human transmission, rodent-to-rodent transmission and vectorial transmission, re-
Run + Ryr + 'Rz

spectively. From (6.8) one can see that
pechvely (6.8) RinRrr +1

> 1 is the necessary and
sufficient condition for R3' > 1.

To calculate the time-average basic reproduction number, [R,], of the associated
non-autonomous system, we use the Remark 4.1. Then, the time-average basic re-
production number is given by

" Rin + Ror + 1/ (Rin = Ror)” + 4R Ry
0] — )
2

(6.9)

where
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[R ]: (1_9)Vhﬁhr[5:] ( VsTh )
" %(%+d+55)(d+uh) Sy +d+4, )]

x] __ [ﬁr] — K
[Sr]—[K]< i )

6.5 Threshold dynamics

In this section, we show the dynamics of our model depending on the basic reproduc-
tion number. We prove the existence of a positive periodic solution of model (6.1) if
the basic reproduction number R, > 1. In this case, the disease persists, whereas if
the basic reproduction number R, < 1, then the unique disease-free equilibrium FE,
is globally asymptotically stable and the disease goes extinct.

6.5.1 Global stability of the disease-free equilibrium

Theorem 6.2. If Ry < 1, then the disease-free periodic solution E, of (6.1) is globally
asymptotically stable and if Ry > 1, then it is unstable.

Proof. We realize from Theorem 6.1 that if R, > 1, then Ej, is unstable and if Ry < 1,
then Ej is locally asymptotically stable. Consequently, it remains only to show that
for Ry < 1, Ey is globally attractive. For any ¢, from Lemma 6.1 and Equation (6.2),
there exists 77 > 0 such that S,.(¢) < S}(t)+e1, N.(t) = Sf(t)—e; and Ny (t) > N;f—ey
for ¢t > T}. Thus, we get

St _ S Si(t) _ Si+e

Sr(t> < S:‘i‘gl
Nh(t) = N;'; —61’ Nh<t) = N;; — &1

NG SN e

From (6.1), we obtain

S

G0 < Bnln(®) + AL + B L(1) = Bl () gt = (i + DEW(?),
dfént“) = O B (1) — YL (t) — dLn(2),
L — (1 (1) — 2uLa(t) — (a4 5)1,0),
Yl L) L)~ (a4 8L ),
%If) = Yl () + 3L (1) — ER(t) — dR(L),
db;{«t(t) < Brr (1 1s(t) + 1, L. (1)) % + &L«(ﬂ% — (v + ) B (1),
dZ(t)

v, B () — I (2),
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for t > T). Let M., (t) be the 6 x 6 matrix function defined by

- S S S Si 7
—Vp — d Bm N;{ e 55 N;: e BT N;{ e 0 5rhN;; g
Ovy, —Ym — d 0 0 0 0
(1—0)v, 0 —vs —d — & 0 0 0
0 0 Vs -, —d — 0, 0 0
Sy +er Sr+er Sy +er
0 0 Brrns N —¢ By Ni — e —Vp — U Brm
|0 0 0 0 Uy —u ]

Consider the following auxiliary system:

WO _ i), (6.10)

where U(t) = (Ey(t), Ln(t), L(t), L.(t), E.(£), L (1)).

i
§

Applying Theorem B, it flows that Ry < 1 if and only if p(®r_y(w)) < 1. It
is obvious that lim., ,o @y, (w) = @p_v(w). As p(Pr_y(w)) is continuous, we can
choose ¢; > 0 small enough such that p(®y, (w)) < 1.

From Lemma A, there is an w-periodic positive function p, (¢) such that p, (t)e! is
a solution of (6.10) and & = L In p(Py, (w)) < 0. For any h(0) € R}, we can choose
n* > 0s.t. h(0) < n*p1(0) where

h(t) = (En(t), In(t), L(t), L.(8), B,(t), I,(t))".

Applying the comparison principle Theorem E, we obtain h(t) < p;(t)est for all ¢ > 0.
Therefore, we get

Tim (By(t), Ln(t), L(1), L(1), B, (1), ()" = (0,0,0,0,0,0)" .

—00

One can easily find that N, (t) — N; ast — oo. Let ¢; > 0, we can find ¢., > 0 such
that 7,,(t) < ey and L.(t) < ¢ for all t > t.,. Then, the equation for R'(t) of (6.1)
gives dﬁit) < (Ym+)e1 —ER(t)—dR(t), for large t. From where R(t) — 0 ast — +oc.
Thus, from (6.5) and the first equation of (6.1), we obtain that

lim $,(t) = S; and  lim S,(t) = S;(¢),

and the proof is complete. [ |
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6.5.2 Existence of positive periodic solutions

Define
X = {(Sh, En, In, Iy, L, R, S, B, 1) € R}
Ey,>0,1, >0,1I, >0,

Xo = { (Sus En Iy I, L, R, Sy B 1) € X ,
’ {(" " ’ /€ ]T>O,ET>0,]T>O}

and
8X0 =X \ Xo.

Let P: R — RY denote the Poincaré map corresponding to (6.1), then P is given by
P(2°) = u(w,2"), fora® e RY,

where u(t, z°) is the unique solution of (6.1) with initial condition z° € X. Clearly,
P™(2°) = u(mw, 2°), Vm > 0.

Proposition 6.1. The sets X, and 0.X, are both positively invariant with respect to the
flow defined by (6.1).

Proof. Let ¢ € X, be any initial condition. By solving (6.1) for all ¢ > 0, we get that

Sp(t) = elo ~(ar(s)+d)ds [ w(0) + [ (IT, + ER(t)) elo (x4 d)dr ds] > 0, (6.11)
En(t) = e~ (nta [E + [ ay(s)Si(s)enrds ds] >0, (6.12)
Ln(t) = e~ Ot [1m<0) + 0wy, [ Ey(s)etmds ds] >0, (6.13)
I,(t) = e~ (m+d+o)t []m(o) + (1= Oy, [} Ep(s)elm+d+ods ds} >0, (6.14)
L () = e~ Crtd+i)t [1( )4 Yo [L L (r)ebntdtnr dr] >0, (6.15)
R(t) = e~ (€t [R(O) F (L) + L (r)) e€ dr} >0, (6.16)
S, (t) = olo —(az(s)+p) ds [ )+ fo (s)(1 - ]}[g((j)))N ()els () dr g 617)
> 0,
B, (t) = e~ 0rtmt [E,,(O) + [ ag(s) S, (s)elvr s ds} > 0, (6.18)

() = e*t [IT(O) + o, [LE(s)e ds} >0, (6.19)
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where
Ny (t) " Nu(t)’
o nsLs(t) L) I.(t)
a2(t) - Bhr Nh(t) + Br Nr(t) .

Thus, X is a positively invariant set. Since X is also positively invariant and 0.X| is
relatively closed in X, it gives 0X is positively invariant. |

Lemma 6.2. If Ry > 1, then there exists a o > 0 such that for any ¢ € X, with
|l — Eo|| < o, we have
limsup d (P™(¢), Ey) > o.
m—r0o0
Proof. We recognize from Theorem B that p(®r_y(w)) > 1 if Ry > 1. Then, we can
select x > 0 small enough such that we have p(®r_y_y; (w)) > 1, where M, () is the
6 x 6 matrix function defined by

0 Bmk  Bsk Bk 0 Bunk]
0O O 0 0 0 0
0 O 0 0 0 0
0 O 0 0 0 0
0 0 Bunsk B 0 Bek
0 0 0 0 0 0 |

Using the continuous dependence of the solutions on initial values, we find a
o = o(r) > 0 such that for all ¢ € X, with ||¢ — Ey|| < o, it holds that

|lu(t, ®) — u(t, Ep)|| < k, for 0 <t < w.
We further claim that

limsupd (P™(¢), Ey) > o. (6.20)

m—o0

By contradiction suppose that (6.20) does not hold. Then

limsup d (P™(¢), Ey) < o, (6.21)

m—o0

for some ¢ € X,. Without loss of generality, we may assume
d(P™(¢), Ey) < o, Ym > 0.
Then, from the above discussion, we have that

|u(t, P"(¢) — u(t, Ey)|| < o, Ym >0, t € [0,w].
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For any ¢t > 0, let t = mw + t;, where ¢; € [0,w) and m = [%], which is the largest
integer less than or equal to £. Then, we get

lu(t, @) = w(t, Eo) || = |lu(tr, P™(¢)) — ulty, Eo)|| <o,
for all ¢ > 0, which implies that

Swt) | Si_ S0 oS S0 S
N,(t) ~ Ny 7 Nu(t) = N; N.(t) ~ N

Then for ||¢ — Ey|| < o, we obtain

dEy(t)
dt

> Bullt) + BL(0) + B I (1) — B (1)) (

) = O En(t) — Yoo (t) — d,,(t),

= (1 - G)VhEh<t> - 7s]s<t> - (d + 5S)Is(t)7

- stIs(t) - fYT‘[T(t) - (d + 5T)‘[T(t)7

7 = Prr (046(0) + me 1 (2)) (]ih - H) + B, 1.(t) <; - m) — 1, B,(t)

Next we consider the auxiliary linear system

WO (p) - vt - M 0)0 ), 6.22)

where U(t) = (En(t), In(t), 15(t), L.(t), B, (), I(1)).

Now we have that p(®r_y_p, (w)) > 1. Again, we have from Lemma A that
there exists a positive, w-periodic function p, () such that h(t) = e!py(t) is a solution
of (6.22) and & = < In p(Pp_v 4, (w)) > 0. Let ¢ = nw and n be non-negative integer,
we obtain

h(nw) = €™ py(nw) — (00, 00, 00, 00, 00, oo)T.

For any h(0) € RS, we can choose a real number n, > 0 such that A(0) > ngps(0)
where

h(t) = (Bu(t), (1), Ls(t), L (t), B (1), I,(1))".

Applying the comparison principle Theorem E, we obtain h(t) > po(t)e®! for all t > 0,
which implies that
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lim (B (t), In (), (1), L(£), B (1), L.(£))" = (00,00, 00,00, 00,50)" .

t—o00

This leads to a contradiction that completes the proof. [

Theorem 6.3. Assume that Ry > 1. Then system (6.1) has at least one positive periodic
solution and there exists an £ > 0 such that

liminf (B (t), Ln(1), L(t), L(t), R(), E.(t), L.(t))" = (c,6,2,6,2,6,¢) ",

t—00
forall ¢ € X.

Proof. First, we prove that P is uniformly persistent with respect to (X, 9Xy), as
from this, applying Theorem H, it follows that the solution of (6.1) is uniformly
persistent with respect to (Xo, 0X).

From Proposition 6.1, we have that both X and X, are positively invariant and
0X, is relatively closed in X. Furthermore, from Lemma 6.1 it follows that sys-
tem (6.1) is point dissipative. Let us introduce

My = {xo € 0X,: P"(2°) € 90Xy, Vm > 0} )

where 2° = ¢. We will apply the theory developed in [115] (see also [113, Theorem
2.3]). In order to do so, we first show that

My = {(54,0,0,0,0,0,5,,0,0) : S, >0, S, >0} (6.23)

Let us note that My D {(54,0,0,0,0,0,5,,0,0): S, >0, S, > 0}. It suffices to prove
that My C {(5,,0,0,0,0,0,5,,0,0): S, >0, S, > 0}, i.e., for arbitrary initial condi-
tion ¢ € 0Xy, Ep(nw) =0 or I,,(nw) = 0 or I(nw) = 0 or L. (nw) = 0 or R(nw) =0 or
E,(nw) =0or I.(nw) = 0, for all n > 0.

Assume by contradiction the existence of an integer n; > 0 for which Ej,(njw) > 0,
L, (nw) > 0, I(niw) > 0, L.(nyw) > 0, R(nyw) > 0, E,.(njw) > 0 and I,(nyjw) > 0.
Then, by putting ¢ = n,w into the place of the initial time ¢ = 0 in (6.11)-(6.19), we
get that Sy (t) > 0, En(t) > 0, I,,(t) > 0, I(t) > 0, L.(t) > 0, R(t) > 0, S,.(t) > 0,
E.(t) >0, I.(t) > 0. This is in contradiction with the positive invariance of 0.X.

By Lemma 6.2, P is weakly uniformly persistent with respect to (X,, 9.X,). Lemma
6.1 guarantees the existence of a global attractor of P. Then FE is an isolated invari-
ant set in X and W*(E,) N X, = (). Each solution in M} tends to F, and Ej is clearly
acyclic in My. By Theorem I and [115, Remark 1.3.1], we can deduce that P is uni-
formly (strongly) persistent with respect to (Xy, 9X,). Hence, there exists an ¢ > 0
such that

liminf (B (t), Ln(t), L(t), L(t), R(t), E.(t), L.(£))" = (¢,6,2,2,2,6,¢) ",

t—o00
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for all ¢ € X,. By Theorem J, P has a fixed point ¢ € X, and hence system (6.1)

has at least one periodic solution w(t, ¢) with

QE = (Sh<0)7Eh<O>7 a(0>7ja<0>7j5<0)7Rh(0)75r<0)>Er(0)7fr<0)) S XO-

Now, let us prove that S,(0) and S,(0) are positive. If Sj,(0) = 0 = S,(0), then we
obtain that S,(0) > 0 and S,(0) > 0 for all ¢ > 0. However, using the periodic-
ity of solution, we have S,(0) = Sy(nw) = 0, and S,(0) = S,(nw) = 0, that is a
contradiction. [

6.6 A case study - Lassa fever in Nigeria 2017-2020

In this section, we use our model to study the spread of Lassa fever in Nigeria during
the epidemic in November 2017 to May 2020. From Section 6.5, we see that R,
is a threshold parameter for the persistence of the disease in the population (see
Theorems 6.2 and 6.3). Simulation results are provided to demonstrate that our
model with periodic parameters is well aligned with seasonal fluctuation data.

The functions II,.(t) and K () are assumed to be time-periodic with one year as a
period and, following e.g. [12, 32], they are supposed to be of the form

ﬁT(t):Hr-<a+sin<@>> and K(t):KT-(l—Acos<w>>,

where p is period length, « is free adjustment parameter, A is the amplitude of sea-
sonality, b is phase angle and (II,, K,) are the (constant) baseline values of the cor-
responding time-dependent parameters.

Figure 6.3 shows the weekly confirmed cases of 2017-2020 Lassa outbreak in
Nigeria ([28]).

6.6.1 Parameter estimation for Nigeria

We used Latin Hypercube Sampling, a sampling tool applied in statistics to quan-
tify simultaneous variation of many parameter values (see, e.g., [70]), as a way to
estimate the parameters providing the best fit. The method consists of generating
a representative sample set for all parameters shown in Table 6.2 from parameter
ranges obtained from literature and the World Bank website [99] as shown in Ta-
ble 6.2. Then the solutions of model (6.1) with the specified parameters value are
determined numerically for all elements of this representative sample set. Finally,
the least squares method is used to get the best fit.

Figure 6.4 shows model (6.1) fitted to data from Nigeria [28]. Our model pro-
vides a reasonably good fit, generating the three peaks of Lassa fever happened in
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Figure 6.3: Confirmed number of cases reported of the November 2017-May 2020 Lassa
fever epidemic in Nigeria ([28]).
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Figure 6.4: Fitting the model to the data for the 2017-2020 Lassa out-
breaks in Nigeria with parameter values in Table 6.2 and initial condition
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the last three seasons in Nigeria.

Figure 6.5 shows the long-term behaviour of infectious humans and rodents with
the best fit parameters given in Table 6.2 (see baseline). The results indicate that
Lassa fever in Nigeria will persist and show periodic fluctuations in the coming years
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unless additional measures are taken.
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Figure 6.5: The long-term dynamic behaviour of the model (6.1) variables with param-
eter values in Table 6.2 (see baseline).

6.6.2 Long-term behaviour

We compute the basic reproduction Ry numerically by using the method developed
in [72, Section 2]. By Theorem 6.2, we know that the disease will die out if R, < 1.
We obtain Ry = 0.7165 < 1 with the set of parameter values in Table 6.2 (see Extinc-
tion). In this case, the long-term behaviours of the infectious humans and rodents
are shown in Figure 6.6, which implies that the unique disease-free equilibrium Fj is
globally asymptotically stable when R, < 1.

By Theorem 6.3, system (6.1) has a positive w-periodic solution if Ry > 1. Fig-
ure 6.7 illustrates the uniform persistence of the disease when R, = 3.2678 > 1 with
the set of parameter values in Table 6.2 (see Persistent). These simulations corre-
spond to our theoretical results.
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Figure 6.6: Extinction of Lassa fever for Ry = 0.7165 < 1 with parameters given in
Table 6.2 (see Extinction).

6.6.3 Parameter changes for Nigeria

In this study, one of our core concerns was to see what changes in the parameters
might trigger a periodic reappearance of the epidemic. Since we have a large number
of parameters, it is not easy to rigorously determine which of the parameters play the
most important role in the variation of the dynamics, so we are just attempting to
explain the possible changes through a few examples.

Numerically, with the same set of parameter values used in the extinction case
(see Figure 6.6) except human-to-human transmission (3;) and the rodent-related
parameters (5,4, O, 11, u, K,), we calculated the value of the basic reproduction
number Ry = 3.2678 > 1, i.e. we increased human-to-human, rodent-to-human and
rodent-to-rodent transmission rates, rodent death rate and maximal carrying capac-
ity of rodents, while rodent birth rate was decreased. Accordingly, it can be seen that
the disease compartments are persistent with these parameters, and the epidemic
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Figure 6.7: Uniform persistence of Lassa fever for Ry, = 3.2678 > 1 with parameters
given in Table 6.2 (see Persistence).

becomes endemic in the population periodically recurring annually (see Figure 6.7).

For a further illustration to explain the impact of parameter changes on the spread
of Lassa fever, we plotted the solution of our model with three different values for a
rodent birth rate (II,), human-to-human transmission rate (3,) and rodent-to-rodent
transmission rate( (3,) in Figure 6.8. As is observed, the number of symptomatically
infected people increases by raising any term of II, or 8, or 3,, and the disease
becomes recurring periodically every year.

6.6.4 Sensitivity analysis of R

In any given time, formula (6.8) gives us with the basic reproduction number, R¢,
of the associated autonomous system by substituting the parameter values in it,
along with the value of the time-dependent parameters at that time. Moreover, for-
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Figure 6.8: The number sympatrically infected humans with three different values of
in (a) rodent birth rate (I1,), in (b) human-to-human transmission rate( [3,) and in (c)
rodent-to-rodent transmission rate( [3.) with parameter values are given in Table 6.2.

mula (6.9) provides us the time-average basic reproduction number, [R,|, of the
associated non autonomous system which can be calculated using the notation in
Remark 4.1.

In Figure 6.9, we plot the time-average basic reproduction number [R,] (see Fig-
ure 6.9a) and the basic reproduction number Ry (see Figure 6.9b), as a function
of maximal carrying capacity of the rodents (X,), and human-to-human transmis-
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sion rate (3,), rodent-to-human transmission rate (5,,) and human-to-rodent trans-
mission rate (5),). The rest of the parameters are set as obtained in the fitting of
symptomatically infected cases in Table 6.2 (see baseline). As can be observed, both
reproduction numbers increase by increasing the transmission rates [, 5., and fy,,.
Increasing rodent birth rates also increase reproduction numbers. Although human-
to-human and human-to-rodent transmission rates have a notable impact on the in-
crease in both reproduction numbers, the figure indicates that rodent control is a
significant factor in Lassa’s spread and that vector control might be necessary to sup-
press the disease.
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Figure 6.9: The contour plot of the time-average basic reproduction number, [R,| in (a)
and the basic reproduction number, R of the autonomous model in (b), as a function
of maximal carrying capacity of the rats (K,) and in a) human-to-human transmission
rate (), b) rodent-to-human transmission rate ((3,,) and ¢) human-to-rodent trans-
mission rate ([,).

In Figure 6.10, we plot the curves of the time-average basic reproduction number
[Ro], and the basic reproduction number R with respect to maximal carrying capac-
ity of rodents (K), rodents birth rate (II,), human-to-human transmission rate (),
human-to-rodent transmission rate (3,,), rodent-to-human transmission rate (3,,)
and rodent-to-rodent transmission rate (,), respectively. The calculations show that
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[Ro] > Ri, suggesting that Ry provides an underestimation of the risk of disease
transmission.
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Figure 6.10: The curves of the time-average basic reproduction number [R,] and the
basic reproduction number of the autonomous model R} versus in a) maximal carrying
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rate (3,), d) human-to-rodent transmission rate (3;,), ) rodent-to-human transmission
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We mention that numerous papers have results on under-and overestimation of
the average basic reproduction number. For instance, it was shown in [103] that
Ro > [Ro], while in [62] the authors gave an example with Ry < [Ro]. In general,
Ro # [Ro] and more details can also be found in [9, 103].

Table 6.2: Baseline values, ranges, units and values for extinction and persistence of
model (6.1) parameters.

Parameter | Baseline Range Units ) V alue for. Source
Extinction Persistence
N, 2 x 108 - Persons 2 x 108 2 x 108 [99]
1I;, 10,000 - Persons day ! 10, 000 10,000 [99]
d 0.00005 - Day ! 0.00005 0.00005 [99]
s 0.485 0.1-0.5 Day ! 0.201 0.201 [75]
0y 0.269 0.1 -0.5 Day_1 0.224 0.224 [75]
Bm 0.0637 0.03—-0.5 Day ! 0.181 0.181 [34, 75]
Bs 0.221 0.03 —0.5 Day! 0.275 0.367 [34, 75]
B, 0.206 0.03—-0.5 Day ! 0.259 0.259 [34, 75]
Oher 0.259 0.03—-0.5 Day ! 0.242 0.242 [75]
Brh 0.0296 0.1-0.8 Day ! 0.216 0.373 [75]
Jon 0.052 0.005 - 0.4 Day ! 0.007 0.02 [32, 75]
s 0.238 0.1-0.5 Day! 0.392 0.392 Assumed
T 0.319 0.1-0.5 Day ! 0.344 0.344 Assumed
0 0.815 0.7—-0.9 Day ! 0.802 0.802 [99]
Vi 0.108 0-1 Day—! 0.433 0.433 [75]
Vs 0.024 0.001 — 0.025 Day ! 0.0123 0.0123 [75]
% 0.446 0-1 Day ! 0.256 0.256 [75]
U 0.528 0.1-1 Day ! 0.515 0.515 [32, 75]
vy 0.32 0.1-1 Day ! 0.299 0.299 [32, 75]
£ 0.00578 | 0.0035 — 0.03 Day—! 0.00578 0.00578 [75]
I1, 0.172 - - 0.2 0.146 Assumed
1 0.003 0.001 — 0.006 Day ! 0.005 0.006 [32, 75]
K, 20,000 - - 198, 000 342,000 Assumed
a 0.31 0-1 - 0.31 0.31 Assumed
A 0.31 0—-1 — 0.31 0.31 [32]
b 134.8 0— 365 - 249 163.5 [32]

6.7 Discussion

We formulated and analyzed a periodic LHF transmission model between humans
and rodents that involves the seasonal effects (by including periodic coefficients),
human-to-human transmission and the vertical transmission of the virus in rodents.
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By using the theory presented in [103], we derived and numerically computed the
basic reproduction number R,. It is demonstrated that the global dynamics is deter-
mined by the basic reproduction number R,. If Ry > 1, then the disease is uniformly
persistent and there exists at least one positive periodic solution, while the disease-
free periodic solution Ej is globally asymptotically stable and the disease dies out if
Ro < 1. Our numerical simulations show that there is only one positive periodic solu-
tion which is globally asymptotically stable in the case where Ry > 1 (see Figure 6.7)
and the disease dies out if Ry < 1 (see Figure 6.6).

Numerically, we have computed all constant and periodic parameters by using
some published data and studied LHF in Nigeria. The fitted curve based on our
model reflects the seasonal fluctuation and coincide in quite well with the reported
data (see Figure 6.4). The reproduction numbers were estimated as a function of the
parameters K., 11, 5, B, Br-n and 5,. The calculations show that the basic reproduc-
tion number R underestimates the disease transmission risk (see Figure 6.10).

Our model enables us to evaluate what kind of parameter changes might trigger
a periodic recurrence of LHF. Using numerical simulations, we observed that the
human-to-human transmission rate has a substantial impact on the prevalence of the
disease, but the most significant factors in Lassa’s periodic recurrence are the rodent
related parameters.

The simulation results indicate that, if no additional intervention is taken, Lassa
will persist and exhibit periodic fluctuation in the next few years in Nigeria. These
simulations are compatible with our analytic results, and the model can be also used
to study the Lassa fever transmission in other countries of West Africa such as Benin,
Ghana, Guinea, Liberia, Mali, Sierra Leone, and Togo so long as the data are accessi-
ble.



Summary

The Ph.D. thesis investigates the impact of the periodicity of weather on the spread
of malaria, Zika fever, and Lassa fever by applying non-autonomous compartmen-
tal population models with time-dependent (periodic) parameters. The dynamics
of the system is characterized by the basic reproduction number (R,) of periodic
compartmental models, defined as the spectral radius of an integral operator acting
on the space of continuous periodic functions, and it has also been shown that the
reproduction number is a threshold parameter with respect to disease extinction or
persistence. Our aim is to show that the disease-free periodic solution of our newly
established models is globally asymptotically stable if Ry < 1, while for Ry > 1,
there exists at least one positive w-periodic solution. We provide numerical studies
and give examples to describe what kind of parameter changes might trigger the
periodic recurrence of the disease.

Chapter 2 begins with a short introduction to mosquito-borne and rodent-borne
diseases, then we discuss the effects of periodicity of weather on malaria, Zika fever
and Lassa fever.

In Chapter 3, we briefly discuss the general form of non-autonomous epidemic
systems and the most important definitions, conditions, theorems and methods rele-
vant to the topic of the thesis.

Malaria is an acute febrile illness caused by Plasmodium microorganisms spread
to humans by female Anopheles mosquitoes. Malaria is the deadliest vector-borne
disease, causing an estimated 409,000 deaths in 2019. Periodicity of weather and
climate change are very important factors in the life cycle of the parasites and the
mosquitoes transmitting them. Hence, it is of crucial importance to understand how
changes in weather affect the spread of malaria.

In Chapter 4, we set up and study a periodic compartmental population model for
the spread of malaria, dividing the human population into two types based on their
immunity level: the non-immune, i.e. those who have not developed any immunity
against malaria, and the semi-immune, that is those who have some partial immunity
due to their genetics or by contracting the disease earlier in their life. Semi-immune
human, non-immune human and mosquito compartments are denoted by the lower
indices m,n and v. Susceptible humans (S,, and S,,) can be infected by malaria.
Following the infectious mosquito bite, susceptibles proceed to the exposed compart-
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ment (F,,, £,). Individuals in these compartments have no symptoms yet. After
the incubation time, exposed individuals proceed to the infectious class (/,,, I,,). For
semi-immune, there is an additional immune compartment (R,,). Humans in the
class R,, are partially immune to the disease, but their blood stream still has a low
level of parasites and they are still able to infect susceptible mosquitoes. We have
three compartments for the mosquitoes: susceptibles (S,), exposed (£,) and infected
(I,). Following the annual change of weather, we consider periodic vital dynamics
of mosquitoes by setting the mosquito birth rates and mosquito death rates as well
as the biting rates to be periodic with one year as period. We determine the basic
reproduction number R, to characterize the dynamics of our model, and we show
the global stability of the disease-free periodic solution or the endemicity of malaria
as well as the existence of a positive w-periodic solution, depending on the basic
reproduction number. Numerical simulations consistent with the analytical results
suggest that mosquito control is an important factor in malaria transmission. Finally,
we show that the time-average reproduction rate yields an underestimate of malaria
transmission risk.

Zika fever is a mosquito-borne disease caused by the Zika virus. Zika virus is
spread primarily in tropical and subtropical regions through the bite of infected fe-
male mosquitoes of the Aedes genus, the same species responsible for transmitting
dengue, chikungunya, and yellow fever. The Zika virus is also transmitted through
sexual contact, mainly from men to women. Mothers infected with Zika virus can
transmit the disease to their fetus during pregnancy or during delivery. This trans-
mission can lead to microcephaly and other congenital malformations that can cause
lifelong disabilities. Although a regular periodic recurrence of Zika has not been
observed so far, it is expected that this might be altered by weather seasonality.

In Chapter 5, we develop a nine-compartment model that describes the spread
of Zika virus disease, including sexual and vectorial transmission, in a periodically
changing environment. We apply a non-autonomous model with periodic mosquito
birth, death and biting rates to integrate the impact of the periodicity of weather on
the spread of Zika. We divide the total human population into six compartments:
susceptible S),(t), exposed Ej(t), symptomatically infected I,(¢), asymptomatically
infected 1,(t), convalescent I,(¢), and recovered R(¢) at time ¢t > 0, while the vector
population is divided into three classes: susceptible S,(¢), exposed FE,(t) and infec-
tious [,(t) individuals. Our aim is to determine the basic reproduction number for
our newly established periodic model which serves as a threshold parameter regard-
ing the persistence of the disease. In the analysis we follow the methods established
in Rebelo et al. [90] to show the global stability of the disease-free solution and the
persistence of the infectious compartments. Using our model and taking Ecuador and
Colombia as two examples, the fitted curves match the data very well. We show some
seasonal measures of Zika virus disease control in both Ecuador and Colombia. The
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results suggest that even mosquito control limited to the peak period of mosquito
abundance could have a significant impact on disease control. Based on the sensitiv-
ity analysis, we can assess that the most effective measures to reduce transmission
are control of mosquito populations and protection against their bites. Our model
allows us to estimate what kind of parameter changes might lead to a periodic re-
currence of Zika. Using numerical simulations, we found that mosquito birth and
death rates are the most significant factors in a possible periodic recurrence of Zika,
however, sexual transmission also has a significant effect on the prevalence of the
disease.

Lassa haemorrhagic fever (LHF) is a zoonotic, acute viral hemorrhagic fever caused
by the Lassa virus from the Arenaviridae family. LHF is usually transmitted to humans
via direct or indirect exposure to food or other items contaminated with urine or fe-
ces of infected multimammate rats (Mastomys natalensis), through the respiratory
or gastrointestinal tracts. Person-to-person transmission has also been observed. The
virus remains in body fluids even after recovery. Lassa fever is endemic among rats in
parts of West Africa, while it is endemic in humans in several countries of the region.
In these regions, the number of infections per year is estimated between 100,000
and 300,000, with around 5,000 deaths. Lassa fever appears in WHO’s Blueprint list
of diseases to be prioritized for research and development. Although rodent pop-
ulations are affected by weather conditions, so far, no compartmental model with
time-dependent parameters has been established.

In Chapter 6, we formulate and study a seasonal compartmental model for Lassa
fever transmission dynamics considering human-to-human, rodent-to-human trans-
mission and the vertical transmission of the virus in rodents as well as time-dependent
parameters. We divide the human population into six compartments: susceptible S},
exposed Ej, symptomatically infected /,(¢), mildly infected I,,, treated [., and re-
covered individuals with temporary immunity R. An individual may proceed from
susceptible (S}) to exposed (£),) upon contracting the disease. Individuals in the
exposed compartment have no symptoms yet. After the incubation time, an exposed
individual moves either to the symptomatically infected class (I,) or to the mildly
infected class (/,,,), depending on whether that person shows symptoms or not. In-
fected people from /, may move to the treated compartment (I.), including those
who need hospital treatment. After the infection period, recovered persons move to
the class R. The vector population (Mastomys natalensis rat) is divided into three
compartments: susceptible S,., exposed FE, and infectious I,, respectively. To incor-
porate the impact of periodicity of weather on the spread of Lassa, we introduce a
non-autonomous model with time-dependent parameters for rodent birth rate and
carrying capacity of the environment with respect to rodents. To study the dynamics
of our time-periodic model, we will apply the theory initiated in [90, 103]. Here
we adapt these methods to our system with human-to-human and rodent-to-human
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transmission with a logistic growth of rodents. We derived and numerically computed
the basic reproduction number, it is also demonstrated that the global dynamics is
determined by the basic reproduction number. Numerically, we have computed all
constant and periodic parameters by using some published data and studied Lassa
fever in Nigeria. The fitted curve based on our model reflects the seasonal fluctua-
tion and coincide in quite well with the reported data in Nigeria. The reproduction
numbers were estimated as a function of the parameters K, 11, 5, B, B and £,.
The calculations show that the basic reproduction number R underestimates the
disease transmission risk. Our model enables us to evaluate what kind of parame-
ter changes might trigger a periodic recurrence of LHF. Using numerical simulations,
we observed that the human-to-human transmission rate has a substantial impact
on the prevalence of the disease, but the most significant factors in Lassa’s periodic
recurrence are the rodent related parameters.

The dissertation is based on three articles of the author. These publications are
the following:

e M. A. Ibrahim and A. Dénes. A mathematical model for Lassa fever transmis-
sion dynamics in a seasonal environment with a view to the 2017-20 epidemic
in Nigeria. Nonlinear Analysis: Real World Applications, 60:103310, 2021.
https://doi.org/10.1016/j.nonrwa.2021.103310.

* M. A. Ibrahim and A. Dénes. Threshold and stability results in a periodic
model for malaria transmission with partial immunity in humans. Applied
Mathematics and Computation, 392:125711, 2021. https://doi.org/10.
1016/j.amc.2020.125711

* M. A. Ibrahim and A. Dénes. Threshold dynamics in a model for Zika virus dis-
ease with seasonality. Bulletin of Mathematical Biology, 83:27, 2021. https:
//doi.org/10.1007/s11538-020-00844-6
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Osszefoglalas

A doktori értekezés az id6jaras periodicitdsanak a maldria, a Zika-laz és a Lassa-1az
terjedésére gyakorolt hatdsat vizsgalja nemautoném, id6fiiggé (periodikus) paraméte-
rekkel rendelkez6 kompartmentmodellek alkalmazasdval. A rendszerek dinamikdjat
a periodikus kompartmentmodellek elemi reprodukciés szamaval (R,) jellemezziik,
amelyet egy, a folytonos periodikus fliggvények terén haté integraloperator spekt-
ralsugaraként definidlunk, és azt is megmutattuk, hogy a reprodukcios szam kii-
szObparaméter a betegség kihaldsa vagy perzisztencidja szempontjabdl. Célunk meg-
mutatni, hogy Gjonnan felallitott modelljeink betegségmentes periodikus megoldasa
globdlisan aszimptotikusan stabil, ha Ry < 1, mig Ry > 1 esetén legaldbb egy pozitiv
w-periodikus megoldas l1étezik. Numerikus vizsgalatokkal és példdkkal mutatjuk be,
hogy a paraméterek mely valtozésai idézhetik el6 a periodikus a betegség periodikus
visszatérését.

A 2. fejezet a szunyogok, illetve ragcsaldk altal terjesztett betegségek rovid be-
mutatdsaval kezd6dik, majd az id6jaras periodicitdsdnak a maldridra, a Zika-lazra és
a Lassa-lazra gyakorolt hatasait targyaljuk.

A 3. fejezetben roviden targyaljuk a nemautondém jarvanytani modellek altalanos
alakjat, valamint a dolgozat témadja szempontjabdl relevans legfontosabb definicid-
kat, feltételeket, tételeket és modszereket.

A malaria Plasmodium mikroorganizmusok altal okozott akut lazas betegség, ame-
lyet néstény Anopheles szunyogok terjesztenek az emberre. A maldria a vektorok altal
terjesztett betegségek koziil a leghaldlosabb, 2019-ben becslések szerint
409 000 halélesetet okozott. Az id§jards periodicitdsa és az éghajlatvaltozds nagyon
fontos tényezok a parazitdk és az azokat terjeszt6 sztinyogok életciklusaban. Ezért
donté fontossagu annak megértése, hogy az idGjaras valtozasai hogyan befolyasoljak
a maldria terjedését.

A 4. fejezetben egy, a maldria terjedését leiré periodikus kompartmentmodellt
allitunk fel és vizsgalunk, amelyben az emberi populdciét immunitasi szint alapjan
két tipusra osztjuk: a nem immunisakra, vagyis azokra, akiknek nem alakult ki im-
munitasuk a maldria ellen, és a félig immunisakra, vagyis azokra, akiknek genetikai
adottsagaik miatt vagy kordbbi fert6zésbél adéddan van valamilyen szint(i részleges
immunitasuk. A félig immunis emberi, nem immunis emberi és szinyogkompart-
menteket az m,n és v alsé indexek jelolik. A fogékony emberek (S, és S,,) megfer-
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t6z6dhetnek maldridval. A fertéz6 sztinyogcsipést kovetéen a fogékonyak atkeriilnek
a latens osztalyba (E,,, E,). Az ezekben a kompartmentekben 1évéknek még nincse-
nek tiineteik. A lappangasi id6 utdn a latens egyedek a fert6z6 osztdlyba (/,,, I,,)
kertilnek. A félig immunisak esetében van egy tovabbi immunis kompartment (R,,).
A R,, osztalyba tartozé emberek részben immunisak a betegségre, de vériikban még
mindig alacsony a parazitak szintje, és még mindig képesek megfertézni a fogékony
szunyogokat. A szunyogok esetében harom kompartmentiink van: fogékonyak (S,),
latensek (F,) és fert6zottek (I,). Az idgjaras éves valtozasat kdvetve a sztiinyogpo-
puldcidé periodikus dinamikajat ugy foglaljuk bele modelliinkbe, hogy a sztinyogok
sziiletési és haldlozasi ratdjat, valamint a csipési ratdkat periodikusnak tekintjiik,
egy év periddussal. Modelliink dinamikajanak jellemzésére meghatarozzuk az R,
reprodukcids szamot, és megmutatjuk a betegségmentes periodikus megoldas globalis
stabilitdsat, illetve a maldria endemicitdsat, valamint a reprodukciés szamtdl fliggéen
egy pozitiv w-periodikus megoldas 1étezését. Az analitikus eredményekkel konzisztens
numerikus szimulacidk arra utalnak, hogy a sztinyogok populdcidjanak szabalyozasa
fontos tényez6 a malaria terjedésében. Végiil megmutatjuk, hogy az idoben atlagolt
reprodukcids szam alulbecsiili a maldria terjedésének kockazatat.

A Zika-1az egy szunyogok 4ltal terjesztett betegség, amelyet a Zika-virus okoz. A
Zika-virus elsGsorban a tropusi és szubtropusi régiokban terjed a ferté6zott néstény
szanyogok csipése révén, amelyek az Aedes nemzetséghez tartoznak, amely faj a
dengue, a chikungunya és a sargalaz terjesztéséért is felel6s. A Zika-virus szexualis
érintkezés utjan is terjed, féként férfiakrol nékre. A Zika-virussal fertézott anyak
a terhesség alatt vagy a sziilés soran atadhatjak a betegséget magzatuknak. Ez az
atvitel mikrokefaliahoz és mas velesziiletett rendellenességekhez vezethet, amelyek
élethosszig tartd fogyatékossagot okozhatnak. Bar a Zika rendszeres, periodikus
visszatérését eddig nem figyelték meg, varhatdan az idéjaras szezonalitdsa ezt meg-
valtoztathatja.

A 5. fejezetben egy kilenc kompartmentbdl allé modellt dolgozunk ki, amely peri-
odikusan valtozé kornyezetben irja le a Zika-virus terjedését, beleértve a szexudlis és
vektoridlis terjedést is. Nemautondm modellt alkalmazunk, amelyben a sztinyogok
sziiletési, haldlozasi és csipési ratdja periodikus, hogy figyelembe vegyiik az idéjaras
periodicitdsanak hatdsat a Zika terjedésére. A teljes emberi populdciét hat részre
osztjuk: fogékonyak (S(t)), latensek (E(t)), tlinetesen fert6zottek (I4(t)), tiinet-
mentes fertézottek (/,(t)), ldbadozdk (I,(t)), felgydgyultak (R(t)), mig a vektor-
populdciét hdrom osztélyra osztjuk: fogékony (S,(t)), latens (F,(t)) és fert6z6 (I,(t))
egyedek. Célunk, hogy az djonnan létrehozott periodikus modelliinkre meghataroz-
zuk az elemi reprodukcios szamot, amely kiiszobparaméterként szolgal a betegség
perzisztencidjara vonatkozéan. A modell vizsgalata soran a Rebelo et al. [90] altal
bevezetett modszereket kovetve igazoljuk a betegségmentes megoldas globalis sta-
bilitasat és a fert6z6 kompartmentek perzisztencidjat. A modelliinket alkalmazva,
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Ecuadort és Kolumbiat példaként tekintve az adatokra illesztett gorbék nagyon jol
illeszkednek a valds esetszamokhoz. Bemutatjuk bizonyos szezonalis intézkedések-
nek a Zika-virus okozta megbetegedésekre gyakorolt hatdsat Ecuadorban és Kolumbi-
aban. Az eredmények azt sugalljdk, hogy még a szinyogpopulaciok csucsidészakara
korlatozott szunyogirtds is jelentds hatdssal lehet a betegség elleni védekezésre. A
szenzitivitasvizsgdlat alapjan ugy értékelhetjiik, hogy a fertézés terjedésének csok-
kentésére a leghatékonyabb intézkedések a szunyogpopulacidk szabdlyozasa és a
szunyogcsipések elleni védelem. Modelliink segitségével megbecsiilhetjiik, milyen
paramétervaltozasok vezethetnek a Zika periodikus visszatéréséhez. Numerikus szi-
muldcidk segitségével azt taldltuk, hogy a szinyogok sziiletési és haldlozasi ratdja a
legjelentésebb tényez6 a Zika esetleges periodikus visszatérésében, azonban a szexu-
alis atvitel is jelentés hatdssal van a betegség prevalencidjara.

A Lassa vérzéses laz (LHF) egy zoonotikus, akut virusos vérzéses laz, amelyet az
Arenaviridae virusok csaladjaba tartozo Lassa-virus okoz. Az LHF altalaban fert6zott
Mastomys natalensis patkanyok vizeletével vagy tiriilékével szennyezett élelmiszerrel
vagy mas targyakkal valé kozvetlen vagy kozvetett érintkezés utjan, a 1égz6- vagy
gyomor-bélrendszeri traktusokon keresztiil terjed az emberre. Megfigyelték az em-
berr6l emberre torténd atvitelt is. A virus a gydgyulds utdn is megmarad a testnedvek-
ben. A Lassa-laz Nyugat-Afrika egyes részein a patkanyok kozott, mig a régio tobb
orszagaban az emberekben is endémids. Ezekben a régidkban a fert6zések szama
évente 100000 és 300000 kozé tehetd, és koriilbeliill 5000 halaleset torténik. A
Lassa-1az szerepel a WHO kutatasi és fejlesztési prioritdst élvezd betegségek listdjan.
Bar a ragcsalopopulacidkat befolyasoljak az idéjarasi viszonyok, eddig még nem
allitottak fel id6fiigg6 paraméterekkel rendelkezé kompartmentmodellt.

A 6. fejezetben a Lassa-laz terjedési dinamikajara vonatkozo periodikus kompart-
mentmodellt dllitunk fel és vizsgalunk, amely figyelembe veszi az emberr6l emberre,
ragcsalérdl emberre torténd terjedést és a virus vertikalis terjedését ragcsalokban,
valamint a paraméterek id6beli valtozasat. Az emberi populdciét hat kompartment-
re osztjuk: fogékonyak (S), latensek (F}), tlinetesen fert6zottek (I,(¢)), enyhén
fertézottek (1,,,), kezeltek (I.) és ideiglenes immunitdssal rendelkezé gydgyult egyé-
nek (R). Egy egyén a megbetegedést kovetéen a fogékony allapotbdl (S),) a latens
osztalyba (F)) jut. A latens egyéneknek még nincsenek tiineteik. A lappangasi id6
letelte utdn a latens egyén vagy a tiinetesen fert6zott osztalyba (/,), vagy az enyhén
fert6zott osztalyba (/,,) keriil, attdl fiiggden, hogy az illet6 mutat-e tlineteket vagy
sem. Az I;-bdl a fert6zottek dtkeriilhetnek a kezelt osztdlyba (1), beleértve azokat
is, akik kérhazi kezelésre szorulnak. A fert6z6 idészak utan a gyogyult személyek
az R osztalyba kertilnek. A vektorpopuldcié (Mastomys natalensis patkdny) harom
kompartmentre oszlik: fogékonyak (S,), latensek (E,) és fert6zottek (7,.).

Ahhoz, hogy figyelembe vegyiik az id6jaras periodicitdsanak a Lassa terjedésére
gyakorolt hatdsat, nemautoném modellt vezetiink be, amelyben a ragcsalok sziiletési
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rataja és a kornyezet ragcsaldkra vonatkozo eltartoképessége id6fiiggd paraméter. Pe-
riodikus modelliink dinamikajanak vizsgalatahoz a [90, 103] munkakban megalko-
tott elméletet alkalmazzuk. Munkdnkban ezeket a mddszereket alkalmazzuk az em-
berr6l emberre és ragcsalérél emberre torténé atvitelt tartalmazd rendszeriinkre,
melyben a ragcsdlopopuldcié mérete a logisztikus modellnek megfelel6en valtozik.
Levezettiik és numerikusan kiszamitottuk a reprodukcids szamot, azt is megmu-
tattuk, hogy a reprodukcids szam meghatarozza a rendszer globalis dinamikajat.
Numerikusan meghatdroztuk a konstans és periodikus paramétereket a betegség
nigériai terjedésérdl publikalt adatok felhaszndlasaval. A modelliinkon alapuld illesz-
tett gorbe tiikrozi a szezondlis ingadozast, és meglehetésen jol egybeesik a nigériai
jelentett adatokkal. A reprodukcids szamokat a K., I1,, 5, B, Brn €s 5, paraméterek
fliggvényében becsiiltiik. A szdmitdsok azt mutatjdk, hogy az R; reprodukcids szdm
aldbecsiili a betegség atvitelének kockazatat. Modelliink lehet6vé teszi annak vizs-
galatat, hogy milyen paramétervaltozasok valthatjak ki a Lassa-l1az periodikus vis-
szatérését. Numerikus szimulaciok segitségével megfigyeltiik, hogy az emberrdl em-
berre torténd atviteli sebességnek jelent6s hatdsa van a betegség gyakorisagara, de
a Lassa-jarvanyok periodikus ismétlédésének legjelent6sebb tényezdi a ragesalokkal
kapcsolatos paraméterek.
A disszertacio a szerz6 harom cikkén alapul. Ezek a publikacidk a kovetkezdk:

e M. A. Ibrahim és Dénes A. A mathematical model for Lassa fever transmis-
sion dynamics in a seasonal environment with a view to the 2017-20 epidemic
in Nigeria. Nonlinear Analysis: Real World Applications, 60:103310, 2021.
https://doi.org/10.1016/j.nonrwa.2021.103310.

* M. A. Ibrahim és Dénes A. Threshold and stability results in a periodic model
for malaria transmission with partial immunity in humans. Applied Mathemat-
ics and Computation, 392:125711, 2021. https://doi.org/10.1016/7.
amc.2020.125711

* M. A. Ibrahim és Dénes A. Threshold dynamics in a model for Zika virus disease
with seasonality. Bulletin of Mathematical Biology, 83:27, 2021. https://
doi.org/10.1007/s11538-020-00844-6


https://doi.org/10.1016/j.nonrwa.2021.103310
https://doi.org/10.1016/j.amc.2020.125711
https://doi.org/10.1016/j.amc.2020.125711
https://doi.org/10.1007/s11538-020-00844-6
https://doi.org/10.1007/s11538-020-00844-6

Bibliography

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

[9]

A. Abdelrazec and A. B. Gumel. Mathematical assessment of the role of tem-
perature and rainfall on mosquito population dynamics. Journal of Mathemat-
ical Biology, 74(6):1351-1395, 2017.

G. J. Abiodun, R. Maharaj, P. Witbooi, and K. O. Okosun. Modelling the in-
fluence of temperature and rainfall on the population dynamics of Anopheles
arabiensis. Malaria Journal, 15(1):364, 2016.

G. J. Abiodun, P. J. Witbooi, and O. O. Okosun. Mathematical modelling and
analysis of mosquito-human malaria model. International Journal of Ecological
Economics & Statistics, 38(3):1-22, 2017.

K. F. Ahmed, G. Wang, L. You, and M. Yu. Potential impact of climate and
socioeconomic changes on future agricultural land use in West Africa. Earth
System Dynamics, 7(1):151-165, 2016.

A. R. Akhmetzhanov, Y. Asai, and H. Nishiura. Quantifying the seasonal drivers
of transmission for Lassa fever in Nigeria. Philosophical Transactions of the
Royal Society B, 374(1775):20180268, 2019.

M. Andraud, N. Hens, C. Marais, and P. Beutels. Dynamic epidemiological
models for dengue transmission: A systematic review of structural approaches.
PLoS ONE, 7(11):e49085, 2012.

H. Asad and D. O. Carpenter. Effects of climate change on the spread of Zika
virus: a public health threat. Reviews on Environmental Health, 33(1):31-42,
2018.

D. Baca-Carrasco and J. X. Velasco-Hernandez. Sex, mosquitoes and epi-
demics: An evaluation of Zika disease dynamics. Bulletin of Mathematical
Biology, 78(11):2228-2242, 2016.

N. Bacaér. Approximation of the basic reproduction number R, for vector-
borne diseases with a periodic vector population. Bulletin of Mathematical
Biology, 69(3):1067-1091, 2007.

109



110

Bibliography

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

N. Bacaér and E. Ait Dads. On the biological interpretation of a definition
for the parameter R, in periodic population models. Journal of Mathematical
Biology, 65(4):601-621, 2012.

N. Bacaér and S. Guernaoui. The epidemic threshold of vector-borne diseases
with seasonality. Journal of Mathematical Biology, 53(3):421-436, 2006.

E. Bakare, E. Are, O. Abolarin, S. Osanyinlusi, B. Ngwu, and O. N. Ubaka.
Mathematical modelling and analysis of transmission dynamics of Lassa fever.
Journal of Applied Mathematics, 2020, 2020.

T. Bakary, S. Boureima, and T. Sado. A mathematical model of malaria trans-
mission in a periodic environment. Journal of Biological Dynamics, 12(1):
400-432, 2018.

M. Baldari, A. Tamburro, G. Sabatinelli, R. Romi, C. Severini, G. Cuccagna,
G. Fiorilli, M. P. Allegri, C. Buriani, and M. Toti. Malaria in Maremma, Italy.
The Lancet, 351(9111):1246-1247, 1998.

W. Bearcroft. Zika virus infection experimentally induced in a human volun-
teer. Transactions of the Royal Society of Tropical Medicine and Hygiene, 50(5):
438-441, 1956.

L. M. Beck-Johnson, W. A. Nelson, K. P. Paaijmans, A. F. Read, M. B. Thomas,
and O. N. Bjgrnstad. The effect of temperature on Anopheles mosquito popu-

lation dynamics and the potential for malaria transmission. PLOS One, 8(11),
2013.

S. M. Blower and H. Dowlatabadi. Sensitivity and uncertainty analysis of
complex models of disease transmission: An HIV model, as an example. In-
ternational Statistical Review/Revue Internationale de Statistique, 62(2):229,
1994.

J. Boorman and J. Porterfield. A simple technique for infection of mosquitoes
with viruses transmission of Zika virus. Transactions of the Royal Society of
Tropical Medicine and Hygiene, 50(3):238-242, 1956.

F. Bordes, K. Blasdell, and S. Morand. Transmission ecology of rodent-borne
diseases: new frontiers. Integrative Zoology, 10(5):424-435, 2015.

F. Brauer, C. Castillo-Chavez, A. Mubayi, and S. Towers. Some models for
epidemics of vector-transmitted diseases. Infectious Disease Modelling, 1(1):
79-87, 2016.



Bibliography 111

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

S. M. Buckley, J. Casals, and W. G. Downs. Isolation and antigenic characteri-
zation of Lassa virus. Nature, 227(5254):174-174, 1970.

C. Caminade, J. Turner, S. Metelmann, J. C. Hesson, M. S. C. Blagrove,
T. Solomon, A. P. Morse, and M. Baylis. Global risk model for vector-borne
transmission of Zika virus reveals the role of El Nifio 2015. Proceedings of the
National Academy of Sciences, 114(1):119-124, 2016.

Centers for Disease Control and Prevention. Lassa fever. URL https://www.
cdc.gov/vhf/lassa/index.html.

Centers for Disease Control and Prevention. Mosquito-Borne Dis-
eases, 2016. URL https://www.cdc.gov/niosh/topics/outdoor/
mosquito-borne/.

Centers for Disease Control and Prevention. Zika Virus, 2016. URL https:
//www.cdc.gov/niosh/topics/outdoor/mosquito-borne/zika.

Centers for Disease Control and Prevention. Lassa fever, 2019. URL https:
//www.cdc.gov/vhf/lassa/.

Centers for Disease Control and Prevention. Malaria, 2021. URL https:
//www.cdc.gov/parasites/malaria/.

N. Centre for Disease Control. Disease situation report: an update of Lassa fever
outbreak in Nigeria, 2020. URL https://www.ncdc.gov.ng/diseases/
sitreps.

E. Chikaki and H. Ishikawa. A dengue transmission model in Thailand consid-
ering sequential infections with all four serotypes. The Journal of Infection in
Developing Countries, 3(9), 2009.

N. Chitnis, J. M. Cushing, and J. Hyman. Bifurcation analysis of a mathemati-
cal model for malaria transmission. SIAM Journal on Applied Mathematics, 67
(1):24-45, 2006.

M. H. Craig, R. Snow, and D. le Sueur. A climate-based distribution model of
malaria transmission in sub-Saharan Africa. Parasitology Today, 15(3):105-
111, 1999.

J. Davies, K. Lokuge, and K. Glass. Routine and pulse vaccination for Lassa
virus could reduce high levels of endemic disease: A mathematical modelling
study. Vaccine, 37(26):3451-3456, 2019.


https://www.cdc.gov/vhf/lassa/index.html
https://www.cdc.gov/vhf/lassa/index.html
https://www.cdc.gov/niosh/topics/outdoor/mosquito-borne/
https://www.cdc.gov/niosh/topics/outdoor/mosquito-borne/
https://www.cdc.gov/niosh/topics/outdoor/mosquito-borne/zika
https://www.cdc.gov/niosh/topics/outdoor/mosquito-borne/zika
https://www.cdc.gov/vhf/lassa/
https://www.cdc.gov/vhf/lassa/
https://www.cdc.gov/parasites/malaria/
https://www.cdc.gov/parasites/malaria/
https://www.ncdc.gov.ng/diseases/sitreps
https://www.ncdc.gov.ng/diseases/sitreps

112

Bibliography

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

B. Dembele, A. Friedman, and A.-A. Yakubu. Malaria model with periodic
mosquito birth and death rates. Journal of Biological Dynamics, 3(4):430-445,
20009.

A. Dénes and A. B. Gumel. Modeling the impact of quarantine during an
outbreak of Ebola virus disease. Infectious Disease Modelling, 4:12-27, 2019.

A. Dénes, M. A. Ibrahim, L. Oluoch, M. Tekeli, and T. Tekeli. Impact of weather
seasonality and sexual transmission on the spread of Zika fever. Scientific
Reports, 9(1):1-10, 2019.

G. Dick, S. Kitchen, and A. Haddow. Zika virus (i). Isolations and serological
specificity. Transactions of the Royal Society of Tropical Medicine and Hygiene,
46(5):509-520, 1952.

O. Diekmann, J. Heesterbeek, and M. G. Roberts. The construction of next-
generation matrices for compartmental epidemic models. Journal of the Royal
Society Interface, 7(47):873-885, 2010.

R. Djidjou-Demasse, G. J. Abiodun, A. M. Adeola, and J. O. Botai. Develop-
ment and analysis of a malaria transmission mathematical model with sea-
sonal mosquito life-history traits. Studies in Applied Mathematics, 144:389-
411, 2020.

A. Ducrot, S. Sirima, B. Some, and P. Zongo. A mathematical model for
malaria involving differential susceptibility, exposedness and infectivity of hu-
man host. Journal of Biological Dynamics, 3(6):574-598, 2009.

M. R. Duffy, T.-H. Chen, W. T. Hancock, A. M. Powers, J. L. Kool, R. S. Lan-
ciotti, M. Pretrick, M. Marfel, S. Holzbauer, C. Dubray, et al. Zika virus out-
break on Yap Island, Federated States of Micronesia. New England Journal of
Medicine, 360(24):2536-2543, 2009.

S. E. Eikenberry and A. B. Gumel. Mathematical modeling of climate change
and malaria transmission dynamics: a historical review. Journal of Mathemat-
ical Biology, 77(4):857-933, 2018.

European Centers for Disease Control and Prevention. Rodent-borne diseases,
2019. URL https://www.ecdc.europa.eu/en/climate-change/
climate—-change—europe/rodent-borne-diseases.

Z. Feng and J. X. Velasco-Herndndez. Competitive exclusion in a vector-host
model for the dengue fever. Journal of Mathematical Biology, 35(5):523-544,
1997.


https://www.ecdc.europa.eu/en/climate-change/climate-change-europe/rodent-borne-diseases
https://www.ecdc.europa.eu/en/climate-change/climate-change-europe/rodent-borne-diseases

Bibliography 113

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

F. Forouzannia and A. B. Gumel. Mathematical analysis of an age-structured
model for malaria transmission dynamics. Mathematical Biosciences, 247:80—
94, 2014.

G. Fulford, M. Roberts, and J. Heesterbeek. The metapopulation dynamics of
an infectious disease: Tuberculosis in possums. Theoretical Population Biology,
61(1):15-29, 2002.

D. Gao, Y. Lou, D. He, T. C. Porco, Y. Kuang, G. Chowell, and S. Ruan. Preven-
tion and control of Zika as a mosquito-borne and sexually transmitted disease:
A mathematical modeling analysis. Scientific Reports, 6(1), 2016.

A.-C. Gourinat, O. O’Connor, E. Calvez, C. Goarant, and M. Dupont-Rouzeyrol.
Detection of Zika virus in urine. Emerging Infectious Diseases, 21(1):84-86,
2015.

D. J. Gubler, P. Reiter, K. L. Ebi, W. Yap, R. Nasci, and J. A. Patz. Climate
variability and change in the United States: potential impacts on vector-and
rodent-borne diseases. Environmental Health Perspectives, 109 (suppl 2):223-
233, 2001.

M. B. Hoshen and A. P. Morse. A weather-driven model of malaria transmis-
sion. Malaria Journal, 3(1):1-14, 2004.

J. M. Hyman, J. Li, and E. A. Stanley. The differential infectivity and staged
progression models for the transmission of HIV. Mathematical Biosciences, 155
(2):77-109, 1999.

M. A. Ibrahim and A. Dénes. Assessment of microcephaly risk due to Zika virus
infection via a mathematical model with vertical transmission. under review.

M. A. Ibrahim and A. Dénes. A mathematical model for Lassa fever transmis-
sion dynamics in a seasonal environment with a view to the 2017-20 epidemic
in Nigeria. Nonlinear Analysis: Real World Applications, 60:103310, 2021.
ISSN 1468-1218.

M. A. Ibrahim and A. Dénes. Threshold and stability results in a periodic
model for malaria transmission with partial immunity in humans. Applied
Mathematics and Computation, 392:125711, 2021.

M. A. Ibrahim and A. Dénes. Threshold dynamics in a model for Zika virus
disease with seasonality. Bulletin of Mathematical Biology, 83(4):27, 2021.



114

Bibliography

[55]

[56]

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

P. Jia, X. Chen, J. Chen, L. Lu, Q. Liu, and X. Tan. How does the dengue vector
mosquito Aedes albopictus respond to global warming? Parasites & Vectors,
10(1):1-12, 2017.

F. Keesing, L. K. Belden, P. Daszak, A. Dobson, C. D. Harvell, R. D. Holt, P. Hud-
son, A. Jolles, K. E. Jones, C. E. Mitchell, et al. Impacts of biodiversity on the
emergence and transmission of infectious diseases. Nature, 468(7324):647-
652, 2010.

O. Koutou, B. Traoré, and B. Sangaré. Mathematical modeling of malaria
transmission global dynamics: taking into account the immature stages of the
vectors. Advances in Difference Equations, 2018(1):220, 2018.

A. Kriiger, A. Rech, X.-Z. Su, and E. Tannich. Two cases of autochthonous Plas-
modium falciparum malaria in Germany with evidence for local transmission
by indigenous Anopheles plumbeus. Tropical Medicine & International Health,
6(12):983-985, 2001.

K. Laneri, R. E. Paul, A. Tall, J. Faye, F. Diene-Sarr, C. Sokhna, J.-F. Trape, and
X. Rodé. Dynamical malaria models reveal how immunity buffers effect of
climate variability. Proceedings of the National Academy of Sciences, 112(28):
8786-8791, 2015.

S. H. Lee, K. W. Nam, J. Y. Jeong, S. J. Yoo, Y.-S. Koh, S. Lee, S. T. Heo, S.-
Y. Seong, and K. H. Lee. The effects of climate change and globalization on
mosquito vectors: evidence from Jeju Island, South Korea on the potential for
Asian tiger mosquito (Aedes albopictus) influxes and survival from Vietnam
rather than Japan. PloS One, 8(7):e68512, 2013.

J. Liu. Threshold dynamics of a time-delayed hantavirus infection model in pe-
riodic environments. Mathematical Biosciences and Engineering, 16(5):4758-
4776, 2019.

L. Liu, X.-Q. Zhao, and Y. Zhou. A tuberculosis model with seasonality. Bulletin
of Mathematical Biology, 72(4):931-952, 2010.

X. Liu, Y. Wang, and X.-Q. Zhao. Dynamics of a climate-based periodic chikun-
gunya model with incubation period. Applied Mathematical Modelling, 80:
151-168, 2020.

G. Lo Iacono, A. A. Cunningham, E. Fichet-Calvet, R. F. Garry, D. S. Grant,
M. Leach, L. M. Moses, G. Nichols, J. S. Schieffelin, J. G. Shaffer, et al. A
unified framework for the infection dynamics of zoonotic spillover and spread.
PLoS Neglected Tropical Diseases, 10(9):e0004957, 2016.



Bibliography 115

[65]

[66]

[67]

[68]

[69]

[70]

[71]

[72]

[73]

[74]

L. Luzzatto. Sickle cell anaemia and malaria. Mediterranean Journal of Hema-
tology and Infectious Diseases, 4(1), 2012.

G. Macdonald. The epidemiology and control of malaria. Oxford University
Press, 1957.

T. Magalhaes, B. D. Foy, E. T. Marques, G. D. Ebel, and J. Weger-Lucarelli.
Mosquito-borne and sexual transmission of Zika virus: Recent developments
and future directions. Virus Research, 254:1-9, 2018.

A. Matysiak and A. Roess. Interrelationship between climatic, ecologic, so-
cial, and cultural determinants affecting dengue emergence and transmission
in Puerto Rico and their implications for Zika response. Journal of Tropical
Medicine, 2017, 2017.

J. J. McCarthy, O. F. Canziani, N. A. Leary, D. J. Dokken, K. S. White, et al.
Climate change 2001: impacts, adaptation, and vulnerability: contribution of
Working Group II to the third assessment report of the Intergovernmental Panel
on Climate Change, volume 2. Cambridge University Press, 2001.

M. D. McKay, R. J. Beckman, and W. J. Conover. A comparison of three meth-
ods for selecting values of input variables in the analysis of output from a
computer code. Technometrics. A Journal of Statistics for the Physical, Chemical
and Engineering Sciences, 21(2):239-245, 1979.

P. S. Mead, N. K. Duggal, S. A. Hook, M. Delorey, M. Fischer,
D. Olzenak McGuire, H. Becksted, R. J. Max, M. Anishchenko, A. M. Schwartz,
et al. Zika virus shedding in semen of symptomatic infected men. New England
Journal of Medicine, 378(15):1377-1385, 2018.

C. Mitchell and C. Kribs. A comparison of methods for calculating the basic
reproductive number for periodic epidemic systems. Bulletin of Mathematical
Biology, 79(8):1846-1869, 2017.

E. A. Mordecai, K. P. Paaijmans, L. R. Johnson, C. Balzer, T. Ben-Horin,
E. de Moor, A. McNally, S. Pawar, S. J. Ryan, T. C. Smith, et al. Optimal
temperature for malaria transmission is dramatically lower than previously
predicted. Ecology Letters, 16(1):22-30, 2013.

E. A. Mordecai, J. M. Cohen, M. V. Evans, P. Gudapati, L. R. Johnson, C. A.
Lippi, K. Miazgowicz, C. C. Murdock, J. R. Rohr, S. J. Ryan, et al. Detecting
the impact of temperature on transmission of Zika, dengue, and chikungunya
using mechanistic models. PLoS Neglected Tropical Diseases, 11(4):e0005568,
2017.



116

Bibliography

[75]

[76]

[77]

[78]

[79]

[80]

[81]

[82]

[83]

[84]

S. S. Musa, S. Zhao, D. Gao, Q. Lin, G. Chowell, and D. He. Mechanistic
modelling of the large-scale Lassa fever epidemics in Nigeria from 2016 to
2019. Journal of Theoretical Biology, page 110209, 2020.

D. Musso, C. Roche, E. Robin, T. Nhan, A. Teissier, and V.-M. Cao-Lormeau.
Potential sexual transmission of Zika virus. Emerging Infectious Diseases, 21
(2):359-361, 2015.

Y. Nakata and T. Kuniya. Global dynamics of a class of SEIRS epidemic models
in a periodic environment. Journal of Mathematical Analysis and Applications,
363(1):230-237, 2010.

A. Nguyen, J. Mahaffy, and N. K. Vaidya. Modeling transmission dynamics
of Lyme disease: Multiple vectors, seasonality, and vector mobility. Infectious
Disease Modelling, 4:28-43, 2019.

A. Nwankwo and D. Okuonghae. Mathematical assessment of the impact of
different microclimate conditions on malaria transmission dynamics. Mathe-
matical Biosciences and Engineering, 16:1414-1444, 2019.

K. Okuneye and A. B. Gumel. Analysis of a temperature-and rainfall-
dependent model for malaria transmission dynamics. Mathematical Bio-
sciences, 287:72-92, 2017.

I. S. Onah, O. C. Collins, P.-G. U. Madueme, and G. C. E. Mbah. Dynamical
system analysis and optimal control measures of Lassa fever disease model.
International Journal of Mathematics and Mathematical Sciences, 2020:Art. ID
7923125, 2020.

K. P. Paaijmans, A. F. Read, and M. B. Thomas. Understanding the link be-
tween malaria risk and climate. Proceedings of the National Academy of Sci-
ences, 106(33):13844-13849, 2009.

P. Padmanabhan, P. Seshaiyer, and C. Castillo-Chavez. Mathematical mod-
eling, analysis and simulation of the spread of Zika with influence of sexual
transmission and preventive measures. Letters in Biomathematics, 4(1), 2017.

Pan American Health Organization. Countries and territories with au-
tochthonous transmission of Zika virus in the Americas reported in 2015-2017,
2015. URL https://www.paho.org/hg/index.php?option=com_
content&view=article&id=11603:countries—and-territories-
with—autochthonous—-transmission-of-zika-virus—in—-the-
americas—-reported-in-2015-2017&Itemid=41696&lang=en.


https://www.paho.org/hq/index.php?option=com_content&view=article&id=11603:countries-and-territories-with-autochthonous-transmission-of-zika-virus-in-the-americas-reported-in-2015-2017&Itemid=41696&lang=en
https://www.paho.org/hq/index.php?option=com_content&view=article&id=11603:countries-and-territories-with-autochthonous-transmission-of-zika-virus-in-the-americas-reported-in-2015-2017&Itemid=41696&lang=en
https://www.paho.org/hq/index.php?option=com_content&view=article&id=11603:countries-and-territories-with-autochthonous-transmission-of-zika-virus-in-the-americas-reported-in-2015-2017&Itemid=41696&lang=en
https://www.paho.org/hq/index.php?option=com_content&view=article&id=11603:countries-and-territories-with-autochthonous-transmission-of-zika-virus-in-the-americas-reported-in-2015-2017&Itemid=41696&lang=en

Bibliography 117

[85]

[86]

[871]

[88]

[89]

[90]

[91]

[92]

[93]
[94]

[95]

[96]

[97]

Pan American Health Organization. Zika—Epidemiological Report Colombia,
2017. URL https://www.paho.org/hg/dmdocuments/2017/2017—-
phe-zika-situation-report-col.pdf.

M. Pascual, J. A. Ahumada, L. F. Chaves, X. Rodo, and M. Bouma. Malaria
resurgence in the East African highlands: temperature trends revisited. Pro-
ceedings of the National Academy of Sciences, 103(15):5829-5834, 2006.

L. R. Petersen, D. J. Jamieson, A. M. Powers, and M. A. Honein. Zika Virus.
New England Journal of Medicine, 374(16):1552-1563, 2016.

M. E. Price, S. P. Fisher-Hoch, R. B. Craven, and J. B. McCormick. A prospec-
tive study of maternal and fetal outcome in acute Lassa fever infection during
pregnancy. British Medical Journal, 297(6648):584-587, 1988.

Q. Qu, C. Fang, L. Zhang, W. Jia, J. Weng, and Y. Li. A mumps model with
seasonality in China. Infectious Disease Modelling, 2(1):1-11, 2017.

C. Rebelo, A. Margheri, and N. Bacaér. Persistence in seasonally forced epi-
demiological models. Journal of Mathematical Biology, 64(6):933-949, 2012.

D. W. Redding, L. M. Moses, A. A. Cunningham, J. Wood, and K. E. Jones.
Environmental-mechanistic modelling of the impact of global change on hu-
man zoonotic disease emergence: A case study of Lassa fever. Methods in
Ecology and Evolution, 7(6):646-655, 2016.

J. K. Richmond and D. J. Baglole. Lassa fever: epidemiology, clinical fea-
tures, and social consequences. British Medical Journal, 327(7426):1271-
1275, 2003.

R. Ross. The prevention of malaria. Murray, London, 1911.

M. Roy, M. Bouma, R. C. Dhiman, and M. Pascual. Predictability of epidemic
malaria under non-stationary conditions with process-based models combin-
ing epidemiological updates and climate variability. Malaria Journal, 14(1):
419, 2015.

S. K. Sasmal, I. Ghosh, A. Huppert, and J. Chattopadhyay. Modeling the spread
of Zika virus in a stage-structured population: Effect of sexual transmission.
Bulletin of Mathematical Biology, 80(11):3038-3067, 2018.

J. C. Semenza and B. Menne. Climate change and infectious diseases in Eu-
rope. The Lancet Infectious Diseases, 9(6):365-375, 2009.

H. L. Smith and P. Waltman. The theory of the chemostat: dynamics of microbial
competition. Cambridge University Press, 1995.


https://www.paho.org/hq/dmdocuments/2017/2017-phe-zika-situation-report-col.pdf
https://www.paho.org/hq/dmdocuments/2017/2017-phe-zika-situation-report-col.pdf

118

Bibliography

[98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

K. C. Smithburne. Neutralizing antibodies against certain recently isolated
viruses in the sera of human beings residing in East Africa. The Journal of
Immunology, 69(2):223-234, 1952.

The World Bank. The World Bank demography, 2019. Nigeria, 2019. URL
https://data.worldbank.org/country/nigeria.

J. P. Tian and J. Wang. Some results in Floquet theory, with application to
periodic epidemic models. Applicable Analysis, 94(6):1128-1152, 2015.

P. van den Driessche and J. Watmough. Reproduction numbers and sub-
threshold endemic equilibria for compartmental models of disease transmis-
sion. Mathematical Biosciences, 180(1-2):29-48, 2002.

L. Wang, Z. Teng, and T. Zhang. Threshold dynamics of a malaria transmis-
sion model in periodic environment. Communications in Nonlinear Science and
Numerical Simulation, 18(5):1288-1303, 2013.

W. Wang and X.-Q. Zhao. Threshold dynamics for compartmental epidemic
models in periodic environments. Journal of Dynamics and Differential Equa-
tions, 20(3):699-717, 2008.

X. Wang and X.-Q. Zhao. A periodic vector-bias malaria model with incubation
period. SIAM Journal on Applied Mathematics, 77(1):181-201, 2017.

A. Wilkinson. Beyond biosecurity: The politics of Lassa fever in Sierra Leone.
One health: Science, Politics and Zoonotic Disease in Africa, pages 117-138,
2016.

World Health Organization. WHO Global Health Observatory data repository.
Crude birth and death rate. Data by country, 2015. URL http://apps.who.
int/gho/data/node.main.CBDR107?1lang=en.

World Health Organization. WHO list of blueprint priority diseases, 2018. URL
https://www.who.int/blueprint/priority—-diseases/en/.

World Health Organization. Zika virus, 2018. URL https://www.who.int/
en/news—-room/fact—sheets/detail/zika-virus.

World Health Organization. World Malaria Report, 2019. URL
https://www.who.int/publications—-detail/world-malaria-
report—-20109.

World Health Organization. Lassa fever, 2019. URL https://www.who.
int/health-topics/lassa-fever/.


https://data.worldbank.org/country/nigeria
http://apps.who.int/gho/data/node.main.CBDR107?lang=en
http://apps.who.int/gho/data/node.main.CBDR107?lang=en
https://www.who.int/blueprint/priority-diseases/en/
https://www.who.int/en/news-room/fact-sheets/detail/zika-virus
https://www.who.int/en/news-room/fact-sheets/detail/zika-virus
https://www.who.int/publications-detail/world-malaria-report-2019
https://www.who.int/publications-detail/world-malaria-report-2019
https://www.who.int/health-topics/lassa-fever/
https://www.who.int/health-topics/lassa-fever/

Bibliography 119

[111] World Health Organization. Vector-borne diseases, 2020. URL
https://www.who.int/news-room/fact-sheets/detail/vector-
borne-diseases/.

[112] X. Wu, Y. Lu, S. Zhou, L. Chen, and B. Xu. Impact of climate change on human
infectious diseases: Empirical evidence and human adaptation. Environment
International, 86:14-23, 2016.

[113] F. Zhang and X.-Q. Zhao. A periodic epidemic model in a patchy environment.
Journal of Mathematical Analysis and Applications, 325(1):496-516, 2007.

[114] S.Zhao, S. S. Musa, H. Fu, D. He, and J. Qin. Large-scale Lassa fever outbreaks
in Nigeria: quantifying the association between disease reproduction number
and local rainfall. Epidemiology & Infection, 148, 2020.

[115] X.-Q. Zhao. Dynamical systems in population biology. Springer, 2003.

[116] G. Zhou, N. Minakawa, A. K. Githeko, and G. Yan. Climate variability and
malaria epidemics in the highlands of East Africa. Trends in Parasitology, 21
(2):54-56, 2005.


https://www.who.int/news-room/fact-sheets/detail/vector-borne-diseases/
https://www.who.int/news-room/fact-sheets/detail/vector-borne-diseases/




Publications

Hungarian Scientific Bibliography identifier: 10067429— MTMT Publications.

Journal publications

[1]

[2]

[3]

[4]

[5]

[6]

M. A. Ibrahim and A. Dénes, Threshold and stability results in a periodic
model for malaria transmission with partial immunity in humans. Applied
Mathematics and Computation, 392:125711, 2021.
https://doi.org/10.1016/j.amc.2020.125711

M. A. Ibrahim and A. Dénes, Threshold dynamics in a model for Zika virus
disease with seasonality. Bulletin of Mathematical Biology, 83:27, 2021.
https://doi.org/10.1007/s11538-020-00844-6

M. A. Ibrahim and A. Dénes, A mathematical model for Lassa fever transmis-
sion dynamics in a seasonal environment with a view to the 2017-20 epidemic
in Nigeria. Nonlinear Analysis: Real World Applications, 60:103310, 2021.
https://doi.org/10.1016/7j.nonrwa.2021.103310.

M. A. Ibrahim, A. AL-Najafi and A. Dénes, Predicting the COVID-19 Spread
Using Compartmental Model and Extreme Value Theory with Application to
Egypt and Iraq. In: R. P. Mondaini (Ed.), Trends in Biomathematics: Chaos and
Control in Epidemics, Ecosystems, and Cells, Springer, 2021.
https://doi.org/10.1007/978-3-030-73241-7_4

M. A. Ibrahim and A. AL-Najafi, Modeling, Control, and Prediction of the
Spread of COVID-19 Using Compartmental, Logistic, and Gauss Models: A Case
Study in Iraq and Egypt. Processes, 8:1400, 2020.
https://doi.org/10.3390/pr8111400

S. Barua, A. Dénes and M. A. Ibrahim, A seasonal model to assess intervention
strategies for preventing periodic recurrence of Lassa fever. Heliyon, e07760,

121


https://m2.mtmt.hu/api/publication?cond=authors;eq;10067429&cond=core;eq;true&sort=publishedYear,desc&sort=firstAuthor
https://doi.org/10.1016/j.amc.2020.125711
https://doi.org/10.1007/s11538-020-00844-6
https://doi.org/10.1016/j.nonrwa.2021.103310
https://doi.org/10.1007/978-3-030-73241-7_4
https://doi.org/10.3390/pr8111400

122

Publications

[7]

[8]

2021. https://doi.org/10.1016/j.heliyon.2021.e07760

A. Dénes, M. A. Ibrahim, Global dynamics of a mathematical model for a
honeybee colony infested by virus-carrying Varroa mites. Journal of Applied
Mathematics and Computing, 61:349-371, 2019.
https://doi.org/10.1007/s12190-019-01250-5

A. Dénes, M. A. Ibrahim, L. Oluoch, M. Tekeli, T. Tekeli, Impact of weather
seasonality and sexual transmission on the spread of Zika fever. Scientific
Reports, 9:1-10, 2019.
https://doi.org/10.1038/s41598-019-53062-2z

Abstracts in conference books

[9]

[10]

[11]

[12]

M. A. Ibrahim and A. Dénes, A mathematical model for Lassa fever transmis-
sion dynamics in a seasonal environment with a view to the 2017-20 epidemic
in Nigeria . In 12th Dynamical Systems Applied to Biology and Natural Sciences,
BCAM, Bilbao, Spain, ISBN: 978-989-98750-8-1, 2021.

A. Dénes, M. A. Ibrahim and G. Rost, Malaria dynamics with bimodality of in-
cubation period in hosts in a seasonal environment. In 12th Dynamical Systems
Applied to Biology and Natural Sciences, BCAM, Bilbao, Spain, ISBN: 978-989-
98750-8-1, 2021.

M. A. Ibrahim and A. Dénes, Threshold dynamics in a model for Zika virus
disease with seasonality. In 11th Dynamical Systems Applied to Biology and
Natural Sciences, Trento, Italy, ISBN: 78-989-98750-7-4, 2020.

M. A. Ibrahim and A. Dénes, L. Oluoch, M. Tekeli and T. Tekeli, The effect of
weather changes and sexual transmission on the spread of ZIKA fever. In 10th
Dynamical Systems Applied to Biology and Natural Sciences, Napoli, Italy, ISBN:
978-989-98750-6-7, 2019.

Conference Lectures and Posters

Lectures:

[1]

M. A. Ibrahim and A. Dénes, BioMATEmatics international biomathematics
and biostatistics conference, Augustus 31, 2021, Online.


https://doi.org/10.1016/j.heliyon.2021.e07760
https://doi.org/10.1007/s12190-019-01250-5
https://doi.org/10.1038/s41598-019-53062-z

Publications 123

[2] M. A. Ibrahim and A. Dénes, BIOMAT 2020-20th International Symposium on
Mathematical and Computational Biology, November 1-6, 2020, Online.

[3] M. A. Ibrahim and A. Dénes, 11th Conference on Dynamical Systems Applied
to Biology and Natural Sciences, February 4-7, 2020, Trento, Italy.

[4] M. A. Ibrahim and A. Dénes, BIOMAT 2019-19th International Symposium
on Mathematical and Computational Biology, October 20-26, 2019, Szeged,
Hungary.

[5] M. A. Ibrahim and A. Dénes, 11th Colloquium on the Qualitative Theory of
Differential Equations, June 17-21, 2019, Szeged, Hungary.

[6] M. A. Ibrahim and A. Dénes, The 5th Conference of PhD Students in Mathe-
matics, June 25-27, 2018, Szeged, Hungary.

Posters:

[1] M. A. Ibrahim, A. Dénes, 12th Conference on Dynamical Systems Applied to
Biology and Natural Sciences, February 2-5, 2021, DSABNS 2021-Virtual.

[2] A. Dénes, M. A. Ibrahim, and G. Rost, 12th Conference on Dynamical Systems
Applied to Biology and Natural Sciences, February 2-5, 2021, DSABNS 2021-
Virtual.

[3] M. A. Ibrahim, A. Dénes, L. Oluoch, M. Tekeli and T. Tekeli, 10th Conference
on Dynamical Systems Applied to Biology and Natural Sciences, February 3-6,
2019, Naples, Italy.



	Acknowledgments
	Introduction
	Impact of weather seasonality on the spread of mosquito- and rodent-borne diseases
	Vector-borne diseases
	Mosquito-borne diseases
	Rodent-borne diseases
	Weather seasonality and vector-borne diseases
	Weather seasonality and rodent-borne diseases

	Non-autonomous epidemic systems
	Periodic epidemic models
	The basic reproduction number 
	Numerical estimation of the basic reproduction number
	Stability of disease-free solution
	Local stability
	Global stability

	Existence of positive periodic solutions

	Threshold and stability results in a periodic model for malaria spread with partial immunity in humans
	Introduction
	Mathematical model
	Basic reproduction numbers and local stability
	Basic reproduction number of the autonomous model

	Threshold dynamics
	Global stability of the disease-free periodic solution
	Existence of positive periodic solutions

	Numerical simulations
	Reproduction numbers

	Discussion

	Threshold dynamics in a model for Zika virus disease with seasonality
	Introduction
	Mathematical model
	Basic reproduction number and local stability
	Basic reproduction number of the autonomous model

	Threshold dynamics
	Global stability of the disease-free equilibrium
	Persistence of the infective compartments
	Existence of positive periodic solutions

	Case study for Ecuador and Colombia
	Parameter estimation for Ecuador and Colombia
	Parameter changes
	Sensitivity analysis
	Reproduction numbers

	Discussion

	A mathematical model for Lassa fever transmission dynamics in aseasonal environment with a view to the 2017–20 epidemic in Nigeria
	Introduction
	Seasonal model for Lassa fever transmission
	The disease-free periodic solution
	Existence of the disease-free ω-periodic solution

	Basic reproduction numbers and local stability
	Local stability of the disease-free periodic solution
	The time-average basic reproduction number

	Threshold dynamics
	Global stability of the disease-free equilibrium
	Existence of positive periodic solutions

	A case study – Lassa fever in Nigeria 2017–2020
	Parameter estimation for Nigeria
	Long-term behaviour
	 Parameter changes for Nigeria 
	Sensitivity analysis of R₀

	Discussion

	Summary
	Összefoglalás
	Bibliography
	Publications

