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Abstract
A three-dimensional direct numerical simulation model coupled with the
immersed boundary method has been developed to simulate a pulsatile flow in
a planar channel with single and double one-sided semicircular constrictions.
For relevance to blood flow in large arteries, simulations have been performed
at Reynolds numbers of 750 and 1000. Flow physics and resultant wall shear
stress (WSS)-based hemodynamic parameters are presented. The instantaneous
vortex dynamics, mean flow characteristics, and turbulent energy spectra are
evaluated for flow physics. Subsequently, three WSS-based parameters, namely
the time-averaged WSS, oscillatory shear index, and relative residence time,
are calculated over the stenotic wall and correlated with flow physics to iden-
tify the regions prone to atherosclerotic plaque progression. Results show that
the double stenotic channel leads to high-intensity and broadband turbulent
characteristics downstream, promoting critical values of the WSS-based param-
eters in the post-stenotic areas. In addition, the inter-space area between two
stenoses displays multiple strong recirculations, making this area highly prone
to atherosclerosis progression. The effect of stenosis degree on the WSS-based
parameters is studied up to 60% degree. As the degree of occlusion is increased,
larger regions are involved with the nonphysiological ranges of the WSS-based
parameters.

K E Y W O R D S

direct numerical simulation, flow physics, hemodynamic wall parameters, immersed-boundary
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1 INTRODUCTION

Atherosclerosis is a cardiovascular disease of mid-size and large arteries that involves narrowing the arteries and hard-
ening of the vessel wall due to the deposition of plaque. According to the American Heart Association report in 2016,
nearly half of US adults (121.5 million) have some forms of cardiovascular disease, which is consequently a chief cause
of death not only in the United States both also in Europe and much of Asia.1 As a major cause of cardiovascular disease,
atherosclerosis accounts for the majority of these deaths. It is primarily a progressive inflammatory disease initiated by
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a localized accumulation of low-density lipid (LDL) proteins within the artery wall, potentially resulting in atheroscle-
rotic constriction so-called arterial stenosis. This local restriction is most common in coronary arteries, carotid arteries,
and femoral arteries. From fluid dynamics and hemodynamics perspectives, the presence of constriction in the artery
results in unrecoverable head loss and the reduction of blood supply. Furthermore, the high wall shear stress (WSS) at
the occlusion was suggested to activate the platelet accumulation, which accelerates atherosclerosis.2 It also may result
in rapture or fissure of the plaque, which consequently leads to partial or complete thrombosis.3 However, the formation
of pathological thrombosis caused by altered hemodynamics around the plaque has yet to be understood. The thrombus
formation was reported to be promoted at the outlet region of stenosis associated with stimulation of platelet aggregation
and shear deceleration.4

Fluid dynamics in the poststenotic region is of significant importance in the development of atherosclerosis.5 Away
from the stenotic region, the poststenotic dilatation results in the disturbance in the flow field downstream, featur-
ing separated shear layers, recirculations, reattachments, pressure fluctuation, and possibly transition to turbulence.6-8

Accordingly, a low and oscillatory WSS around this region directly contributes to the progression of atherosclerotic
plaques as the endothelial cells show an atherogenic phenotype in lesion-prone low shear stress regions5 and the vari-
ability of WSS prevents the cells from aligning in the flow direction.9 As a result, the endothelium at this region becomes
round-shaped and more permeable to the entry of harmful constituents of blood.10 Particularly, the low WSS was observed
to contribute to the formation of plaques with vulnerable phenotype, while an oscillatory WSS induces the growth
of more stabilized plaques.11 Moreover, the low WSS and reduced blood velocity lead to increasing the resident time
of atherogenic blood particles close to the arterial wall.12 In addition to the pathological significance, fluid dynamics
also plays an essential role in the diagnosis of arterial diseases, which leads to a wide range of studies to predict the
severity of the stenotic occlusion13 and to detect the localized atherosclerotic plaques.14 In this regard, the mechanism
underlying the distinct sounds produced by the blood flow in the stenotic artery, so-called arterial murmurs, is detected
externally.15

More importantly, the unique flow characteristics at the poststenotic region may lead to the formation of the
second stenosis or a series of stenoses, as the low and oscillatory WSS at this region tends to exacerbate the progres-
sion of atherosclerotic plaques and intima wall thickening.16,17 There have been many cases in clinical observations
where the patients are diagnosed with multiple sequential stenoses in one artery. Given equivalent artery length and
diameter, multiple stenoses appear to impose more resistance to flow18 and have a greater impact on blood flow19

than single stenosis. Also, the earlier experimental study indicated that the total pressure drop across a series of
stenoses is not equal to the summation of pressure drops of each stenosis, except for low Reynolds numbers when the
stenoses are largely spaced.20 Bernad et al.21 showed the complexity in the fluid dynamic interactions between multi-
ple stenoses in coronary arteries as the existence of one stenosis strongly affects the hydrodynamics associated with the
other ones.

Computational fluid dynamics has been considered a powerful tool to study the complex fluid dynamics associated
with stenosis and pulsatile flow. Lee et al.22 used Reynolds-averaged Navier–Stokes (RANS) model and indicated that the
double stenoses result in a larger area of high turbulence intensity distal to the stenoses compared with single stenosis.
It is also reported that the strongest effect of the stenoses (with a 50% constriction ratio) on the flow fields arises when
the space between the constrictions is four times the tube diameter for Reynolds number of 2000. It is worth mentioning
that the RANS model is based on ensemble-averaged governing equations, and thus, due to its inherent limitation, it
is not an ideal tool to simulate the fluid dynamics in a stenotic artery, which features pulsatile transitional flow. Direct
numerical simulation (DNS), however, is the most accurate computational approach where all the spatial and temporal
scales of turbulence are solved, hence it provides very accurate predictive tools. Varghese et al. and Blackburn et al.
used DNS approach for steady and pulsatile flows through an axisymmetric stenosis inside a straight tube to describe
the turbulence characteristics and transient growth in details.7,23,24 Beratlis et al. used the same numerical approach
for pulsatile flow through a semi-circular constriction in the planar channel, which was also validated by experimental
observations from laser-Doppler velocimetry experiments.25 Recently, the large-eddy simulation approach, where the
large scales of turbulence motions are only solved and the smaller subgrid scales are modeled, has also been used in a
number of studies to simulate the stenotic channels.6,8,26,27

In the literature, the numerical treatments of stenotic geometry in arteries have been mostly based on the
boundary-fitted grids or unstructured grids. As an alternative, the immersed boundary method (IBM), which was intro-
duced by Peskin,28 has received much attention thanks to its less computational cost to handle the complex or even
moving geometries. In this method, a simple stationary grid is employed, and then the immersed boundary is modeled
by introducing a virtual force field in the domain to impose desirable boundary condition.29,30 Note that there have been
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a number of studies that used the IBM approach to develop a two-dimensional stenosis model with a rough surface.31,32

IBM was also developed by Mittal et al.33 to simulate the flow past three- dimensional bodies. The same IBM was later
used by Seo et al.34 for analyzing the aortic stenosis murmurs induced by the blood flow.

In general, the IBM algorithm is a promising alternative to handle complex moving boundaries,33,35,36 and fluid–solid
interaction (FSI). Moreover, it has been shown that FSI simulations seem to accurately capture flow fields over a
deformable arterial wall with patient-specific geometries, whereas models based on rigid arterial walls seem to overesti-
mate flow velocities and WSS values.37,38 Therefore, an FSI model has been used to simulate a patient-specific pulmonary
artery,39 aortic dissection,40 coronary artery,37 and carotid artery.41 Specifically, Liu et al. used MRI (magnetic reso-
nance imaging) data to construct the input geometry and captured the vessel wall deformation following hyper-elastic
constitutive law.42 In this regard, an IBM-based model has also been developed to simulate a blood flow in complex
geometries, particularly arterial blood flow.33,43 For instance, Chen et al. employed a sharp-interface IBM to simulate the
hemodynamics in the realistic geometry of carotid arteries.43

It appears that the previous studies on blood flow over multiple stenoses are mostly limited to the overall features
of fluid flow, for example, pressure drop and mean flow pattern. Although the presence of multiple stenoses has been
reported to potentially increase the overall pressure drop, there have been limited studies to show a detailed investigation
on this observation in terms of temporal flow structures. In addition, the evaluation of WSS-based hemodynamic param-
eters is generally lacking in the previous studies that mainly focused on a discussion of the constricted flow features,
such as turbulence characteristics. To our knowledge, there is a very limited study on coupling the constricted flow fea-
tures with the resultant WSS-based quantities to relate them to the atherosclerosis progression, especially with multiple
constrictions.

In the present study, we develop a DNS model based on the finite-difference algorithm coupled with the IBM to
simulate a pulsatile flow in a three-dimensional channel with one-sided semi-circular stenotic geometry. Here, we aim
to characterize a turbulent fluid flow in single and double occlusions and the resultant WSS pattern to correlate the
flow features to atherosclerosis progression. Although the simplified stenotic geometries are used for occlusion in the
present model, they have been widely employed in numerous computational studies to characterize a constricted fluid
flow for stenotic arteries and provide important insights into flow physics.6,8,24,25,44 However, it should also be noted that
an IBM-based DNS model has a potential to simulate more realistic vessel walls such as patient-specific geometries and
hyper-elastic walls, which is beyond the scope of the current study and should motivate future work. In the following
sections, we present both instantaneous and mean flow characteristics for single and double constricted channels at
Reynolds numbers of 750 and 1000 reported to be within the range of the characteristics of the blood flow in human large
arteries.6,8 Furthermore, the WSS-based descriptors are determined over the stenotic wall surfaces at various degrees of
stenosis for single and double stenoses. An insight into the critical regions prone to the formation of atherosclerotic plaque
is discussed.

2 PROBLEM FORMULATION

To simulate a flow over stenotic arteries, we consider an incompressible Newtonian flow in a planar channel with one or
two semicircular constrictions on its bottom wall, as seen in Figure 1. A channel with a single constriction was similar
to the geometry previously simulated by Mittal et al.6,26 Note that x, y, and z refer to the streamwise, wall-normal, and
spanwise directions, respectively, where the corresponding velocities are u, v, and w, respectively. To incorporate a con-
striction in a flow, we use the IBM with a εdirect forcing approachε to impose no-slip boundary conditions at the solid
boundaries, which are the surface of the constrictions in the present study. This method is recognized as a powerful tool
to effectively handle complex geometries even with severe irregularities.31,32 The nondimensional governing equations
for an unsteady incompressible fluid flow are then written as follows

∇ ⋅ u = 0. (1)

𝜕u
𝜕t

+ u ⋅ ∇u = −∇p + 1
Re

∇2u + f. (2)

Here, the Reynolds number is defined as Re = Uh∕𝜈, where h denotes channel height and U is the peak inflow bulk
velocity. The virtual force vector field f, which is referred to as an IBM direct-forcing term, is specified to impose the
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F I G U R E 1 Schematic of the channels with one-sided semi-circular geometry of single constriction (left) and double constrictions (right)

no-slip boundary condition on solid surfaces or stenotic surfaces. This approach results in gradual attainment of the
desired value of velocity on the boundary during every time-stepping computation without any dynamical process.29 A
general approach of IBM is to initially generate a simple stationary mesh in the simulation domain without including
any immersed bodies such as constrictions and then introduce a source term into the Navier–Stokes equations to enforce
specified boundary conditions over the immersed boundaries. The main advantage of this approach is that the source term
can be prescribed on a regular Cartesian mesh by which the efficiency and accuracy of the computation process can be
maintained. In addition, a wide variety of boundary shapes can be included in the simulation thanks to the inherent ability
of IBM to deal with these complex boundaries without the significant necessity of compromising the regular stationary
mesh.

2.1 Numerical method

In the present model, which is based on the DNS, we couple the direct forcing approach of IBM with the finite dif-
ference method to solve Equations (1) and (2). Similarly, Fadlun et al.29 and Kim et al.30 developed IBM with a direct
forcing approach for finite-difference and finite-volume methods in a three-dimensional complex flow, respectively.
Here, a fractional step algorithm, or time-split method, is employed on a staggered mesh. A three-step time-splitting
scheme is used to compute a fluid field. On the first step, given the velocity un at the current time step n, an intermedi-
ate velocity u∗ is introduced and calculated by implementing the second-order Adams–Bashforth scheme for temporal
discretization as

u∗ − un

Δt
= 3

2
Fn − 1

2
Fn−1, (3)

where F = −u ⋅ ∇u + 1∕Re∇2u that includes the convective and diffusive terms of the momentum equation in
Equation (2). On the second step, the intermediate velocity is then corrected by a pressure gradient as follows:

u∗∗ − u∗

Δt
= −∇pn+1, (4)

where u∗∗ is the second intermediate velocity and satisfies the continuity such that∇ ⋅ u∗∗ = 0. By applying the continuity
∇ ⋅ u∗∗ = 0 to Equation (4), the following Poisson equation can be derived:

∇2pn+1 = 1
Δt

∇ ⋅ u∗. (5)

Once the pressure field is obtained by solving the above Poisson equation using the successive over-relaxation method,
the second intermediate velocity can be readily advanced by Equation (4). On the third step, the source term fn+1 is
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explicitly computed at the grid points located inside the immersed body to update the velocity field to the next time step
n + 1 by the following equation

un+1 − u∗∗

Δt
= fn+1

, (6)

where the virtual force term f should be determined for the action of solid upon a fluid to satisfy the no-slip boundary on
the solid surface. Specifically, the force term is zero within the fluid domain and nonzero on the solid body, where it is
proportional to the difference between the prescribed solid velocity and the fluid velocity. It can be simply expressed as

fn+1 = 𝜂
un+1

s − u∗∗

Δt
, (7)

where us is the prescribed velocity of the solid body and 𝜂 is the prefactor to decide solid and fluid sides. The prescribed
velocity should be equal to zero if the solid body is stationary, which is the case for the current study. For any grid
points inside the solid body, 𝜂 = 1, indicating the solid cells; otherwise, 𝜂 = 0, representing the fluid cells. Moreover, we
implement a linear interpolation to impose the desired condition right at the boundary surface points.

2.2 Flow configuration

The geometry of the three-dimensional channels with one and two stenoses in the current simulations is depicted in
Figure 1. We choose a similar model of stenotic arteries to that used by Mittal et al.,6,26 Tutty et al.,45 and Griffith et al.46

As seen in the figure, the computational domain consists of single or double semi-circular constrictions on the bottom
wall of the planar channel. The stenosis in the single constricted channel and the proximal (first) stenosis in the double
constricted channel are centered at x∕h = 10. The distal (second) stenosis in the double constricted channel is centered
at x∕h = 13. The channels extend 20h and h in the streamwise and spanwise directions, respectively.

It has been reported that the physiological waveforms of an arterial flow are not sinusoidal and essentially depend
upon the blood vessel.19 However, a number of studies have shown that the pressure gradient can be approximated as
temporal Fourier series:

𝜕p
𝜕y

= A0 +
N∑

n=1
Anein2𝜋Ωt+𝜑n , (8)

where A0 and An take steady and oscillatory parts of pressures gradient, respectively. In the summation of Equation (8),
the Strouhal number Ω = h∕TUb represents the nondimensional frequency of pulsation at the inlet flow, where T is the
time period of the pulsation and Ub is the bulk velocity at the peak inflow, and 𝜑n represents the phase angle.8,27 In the
current study, we intend to include a leading term of the oscillatory part in the pressure gradient (see Equation (8)) as
similar to some experimental and numerical studies.6,32,47 The following sinusoidal waveform is now considered as a
simple prototype of physiological waveforms:

𝜕p
𝜕y

= A0 + A1ei2𝜋Ωt. (9)

In addition, we employ the velocity profile corresponding to the laminar fully developed pulsatile flow in the planar
channel as an inflow condition. The inflow velocity profile is then the solution of the following equation, where right-hand
side indicates the pressure gradient in Equation (9)

𝜕u
𝜕t

− 1
Re

𝜕2u
𝜕y2 = −A0 − A1ei2𝜋Ωt. (10)

This equation indeed has the following analytical solution:

u(y, t) = 3
4

[
1 −

(
y − h∕2

h∕2

)2
]
− i

[
1 −

cosh(2𝛼
√

i(y − h∕2))

cosh(𝛼
√

ih)

]
f ei2𝜋Ωt. (11)



6 of 18 MIRFENDERESKI and PARK

F I G U R E 2 (Left) Temporal variation of an inlet volume flow rate normalized by its maximum value. Four different pulsatile phases
are indicated. (Right) Inflow velocity profiles for 𝛼 = 6.1 at Re = 1000 based on Equation (11)

The real part of the above solution provides the streamwise velocity profile for the inlet boundary condition. In the
solution, there is Womersley number 𝛼 =

√
𝜋ReΩ∕2, which reflects the ratio of the pulsatile inertial forces to the viscous

forces.8 The Womersley number has been widely used to describe cardiovascular flows.19 The shape of the inlet velocity
profile depends upon the Womersley number, where 𝛼 = 5.3 and 6.1 for Re = 750 and 1000, respectively, at the fixed
frequency of pulsation. The coefficient f is seen to be a function of 𝛼, which is determined to match the volume flux
condition.6,26 Typically, it is set to change within the range of [0, 1]. Figure 2(A), (B) shows the normalized volumetric
flow rate over one pulsatile cycle and the inflow velocity profiles at four sequential phases in a pulsatile cycle, respectively.
Note that the phase𝜙 is equal to 2𝜋t∕T. For the outflow boundary, a convective boundary condition is applied at x∕h = 20,
and the periodic boundary condition is applied on the spanwise boundaries. No-slip boundary condition is imposed at
the wall locations y = 0 and y = h.

2.3 Data reduction

In order to define the averaging operations, we use the data processing methods similar to those used by Molla et al.,27

Varghese et al.,7 and Mittal et al.6 For a generic flow variable g, the average over a period time of N cycles and the spanwise
direction is computed as follows:

⟨g⟩(x, y) = 1
Lz

1
NT∫

t0+NT

t0
∫

Lz

0
g(x, y, z, t)dzdt, (12)

where t0 is the beginning time of the time-averaging process and Lz indicates the domain size in the spanwise direction.
The deviation from the averaged value is then computed as

g′ = g − ⟨g⟩. (13)

The time-varying coherent part of flow variable g in response to pulsation can be determined by making phase average
over N cycles as

g̃(x, y, t) = 1
Lz

1
N

N−1∑
n=0∫

Lz

0
g(x, y, z, t + nT)dzdt. (14)

The deviation from the phase average g̃ is then computed by

g′′ = g − g̃, (15)

which represents a nondeterministic part of flow and turbulence characteristics.
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3 RESULTS AND DISCUSSION

The simulation results for Reynolds numbers of 750 and 1000, and Strouhal number of 0.0239 are presented. These param-
eters are consistent with typical characteristics of blood flow inside large arteries.48 The grid system of Nx × Ny × Nz =
640 × 128 × 32 and a nondimensional time step in the range of 2.5 × 10−4 − 5 × 10−4 are used to ensure stabilization of
the current simulations. Before selecting this gird system, we have examined the grid independence for Reynolds number
of 1000 to ensure that the velocity field and WSS are insensitive to the grid resolution. Specifically, we have tested the grid
resolution using different cell numbers in the streamwise, wall-normal, and spanwise directions, namely, Nx = 640 − 960,
Ny = 128 − 196, Nz = 32 − 48, respectively, all of which provide identical results.

Firstly, we validate the numerical model developed. Secondly, we characterize the fluid dynamics associated with the
presence of one and two constrictions in a planar channel. Thirdly, we evaluate the WSS-based descriptors, including
time-averaged WSS (TAWSS), oscillatory shear index (OSI), and relative residence time (RRT), all of which can lead to
characterizing the progression of atherosclerotic plaque. These descriptors will be evaluated at different degrees of stenosis
and for single and double stenoses.

3.1 Validation

The accuracy of the current numerical model has been examined with the results of Mittal et al.,6 where a similar
one-sided semi-circular geometry of constriction with a 50% reduction in channel area was simulated. The skin friction
coefficients ⟨Cf ⟩ on the upper and lower walls are defined by ⟨Cf ⟩ = 2⟨𝜏w⟩∕𝜌U2, where 𝜏w denotes the WSS. Note that 𝜏w
is calculated over the bottom wall at the upstream and the downstream of the constriction as well as over the surface of
the semi-circular stenotic area (9.5 < x∕h < 10.5). In Section 3.3, 𝜏w across the channel is calculated in a similar fashion.
The variation of skin friction with the streamwise direction (x) on both walls at Reynolds number of 750 is presented in
Figure 3. Note that the WSS is ensemble-averaged over the period of nine pulsatile cycles and the spanwise direction. As
seen in the figure, the skin friction coefficient at both lower and upper walls from the current calculation is in excellent
agreement with that in Mittal et al.6 Particularly, the location and the magnitude of peak values in the skin friction coeffi-
cient curves are almost identical. It is worth noting that the locations of the maximum value of the skin friction coefficient
are close to the lip of constriction, which is associated with a high mean streamwise velocity. There is also a region with
negative WSS downstream of the constriction due to the strong localized recirculation. In addition, the crinkles in the
skin friction coefficient curve further downstream can be explained as an indication of the separation and reattachment
process in shear layers, which was also observed by Mittal et al.6

3.2 Flow physics

3.2.1 Vortex dynamics

To characterize the instantaneous fluid dynamic behaviors in both single and double stenotic channels, we compute the
magnitude of the spanwise vorticity (𝜔z = 𝜕v∕𝜕x − 𝜕u∕𝜕y) averaged over the spanwise direction. Indeed, the spanwise

F I G U R E 3 The comparison of the mean skin friction coefficient ⟨Cf ⟩ = 2⟨𝜏w⟩∕𝜌U2 with that of Mittal et al.6 at the top wall (top) and
the bottom wall (bottom)
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F I G U R E 4 (Color online) The sequence of the spanwise-averaged spanwise vorticity 𝜔z for Re = 750 in single and double stenotic
channels at four pulsatile phases indicated in Figure 2: (A) 𝜙 = 0, (B) 𝜙 = 𝜋∕2, (C) 𝜙 = 𝜋, and (D) 𝜙 = 3𝜋∕2. Also see the accompanying
Videos S1 and S2

F I G U R E 5 (Color online) The sequence of the spanwise-averaged spanwise vorticity 𝜔z for Re = 1000 in single and double stenotic
channels at four pulsatile phases indicated in Figure 2: (A) 𝜙 = 0, (B) 𝜙 = 𝜋∕2, (C) 𝜙 = 𝜋, and (D) 𝜙 = 3𝜋∕2. Also see the accompanying
Videos S3 and S4

vorticity can illustrate the formation mechanism of the shear layers and interactions with the boundaries, and the transi-
tion to turbulence. Four different phases of the pulsatile cycle are considered as indicated in Figure 2. Figures 4 and 5 show
the contour of the spanwise vorticity in the single (left column) and double (right column) stenotic channel at Reynolds
numbers of 750 and 1000, respectively.

For Re = 750, Figure 4(A) shows the spanwise-averaged 𝜔z at the phase of pulsation at which the accelerating inflow
rate is approximately 56% of the maximum. No significant differences are seen in the poststenotic region between the
single and double stenotic channels. The clockwise rotating vortex is observed right after the stenosis in the single
stenotic channel, which is created by rolling down the shear layer detached from the lip of the constriction. This vor-
tex is almost identical to that in the double stenotic channel. The formation of these so-called shear layers, which can
be tracked by the regions with higher vorticity magnitude,6,7,23 is the consequence of the rapid increase in velocity due
to the area reduction in the stenotic region. The subsequent separation of the shear layers from the lip of the constric-
tions is the result of an adverse pressure gradient via the increasing effective area in the outlet region of the constriction.
This area reduction also induces a shear layer at the upper wall of the stenotic region, which subsequently detaches from
the wall.

Figure 4(B) shows the phase of the maximum flow rate. For both single and double stenotic channels, the vortical
structures are extended further downstream and other shear layers are formed at the bottom wall. For the double stenoses,
a shear layer induced from the first (proximal) stenosis detaches itself from the stenosis lip and then reaches the sec-
ond (distal) stenosis, which causes the part of the shear layer to roll down and creates a rotating vortex. This seemingly
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strong vortex appears to persist quite a while during the pulsatile cycle as it is also indicated in the next two phases. In
the poststenotic region, however, there is no significant difference in the vortical pattern of the single and double stenotic
channels. It is worth noting that the presence of additional constriction slightly increases the disturbance in the vorti-
cal structure of the post-stenotic region. Figure 4(C) shows the phase associated with the decelerating mean flow rate of
approximately 42% of the maximum value. At this phase, the flow field appears to be the least ordered at the poststenotic
region compared to the other three phases. In addition, the effect of the double stenoses on the flow field is noticeable as
a significant enhancement of vortex structures and mixing is observed downstream compared to the single stenotic chan-
nel. Figure 4(D) corresponds to the phase at which the mean inflow rate is approximately equal to zero. An array of vortex
structures in the poststenotic region seems to persist, indicating no sign of relaminarization during the deceleration phase.
Additionally, the rotating vortex in the area between the constrictions (10 < x∕h < 13) is still noticeable, spanning nearly
the whole channel. See the accompanying Videos S1 and S2 showing the aforementioned evolution of the spanwise vor-
ticity during six pulsatile cycles. For Re = 1000, Figure 5 shows the sequence of the magnitude of the spanwise-averaged
spanwise vorticity. Figure 5(A) shows the first pulsatile phase, where the vortex dynamics in both channels is quite sim-
ilar to that of Re = 750. In the next phase corresponded to the maximum flow rate (Figure 5(B)), the vortex dynamics
of the post-stenotic region of the channel with a single constriction is also similar to that at Re = 750. However, a dra-
matic change in the flow field and vortex structures is observed downstream for the double stenotic channel compared to
that for the single constricted channel, as opposed to the case of Re = 750. As seen in the contour of the double stenotic
channel, the strong shear layers from the upper and lower walls at the stenotic region around the distal stenosis appear
to break into vortex shedding structures, moving towards the channel outlet. This vortex shedding phenomenon in the
poststenotic region was previously seen by Varghese et al.,23 Lieber & Gidden49 and Ahmed and Gidden.47 In the next
phase shown in Figure 5(C), the generated vortices appear to disintegrate further into a large number of smaller-scale
vortical structures in the poststenotic region, leading to the least ordered vortex pattern compared to the other three pul-
satile phases. In addition, the poststenotic flow of this phase is associated with stronger disturbance in comparison to that
at the lower Reynolds number. However, the presence of additional constriction upstream leads to a further increase in
the poststenotic disturbance as it also does for the lower Reynolds number at this particular pulsatile phase. Figure 5(D)
shows the final phase at which the mean flow rate becomes almost zero, where the fluid field is qualitatively similar to the
lower Reynolds number. See the accompanying Videos S3 and S4 showing the aforementioned evolution of the spanwise
vorticity during six pulsatile cycles.

3.2.2 Mean flow feature

In order to characterize the mean flow, the mean streamlines are calculated by the spanwise- and time-averaged velocity
components (⟨u⟩, ⟨v⟩). Figures 6 and 7 show the the mean streamlines at Re = 750 and 1000 for the single and double
stenotic channels, respectively. The color contour represents the magnitude of the mean velocity projected in the x − y
plane. At Re = 750, both single and double stenotic channels display a large recirculation region close to the lower wall
in the immediate poststenotic region as shown in Figure 6. This recirculation region is associated with a flow reversal
and low and oscillatory WSS, consequently leading to a possible increase in the residence time of blood constituents.
Therefore, this region should be of significant importance in the progression of atherosclerotic plaque, which is further

F I G U R E 6 (Color online) The mean streamlines in the x − y plane calculated by the spanwise- and time-averaged velocity components
(⟨u⟩, ⟨v⟩) for the single stenotic channel at (A) Re = 750 and (B) Re = 1000. The color contour represents the magnitude of the mean velocity
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F I G U R E 7 (Color online) The mean streamlines in the x − y plane calculated by the spanwise- and time-averaged velocity components
(⟨u⟩, ⟨v⟩) for the double stenotic channel at (A) Re = 750 and (B) Re = 1000. The color contour represents the magnitude of the mean velocity

discussed in Section 3.3. This recirculation region extends in the x direction about 3.5h from the peak of the stenosis
for Re = 750, similar to that of Mittalet al.,6 and about 3h for Re = 1000. The decrease in the extent of the recirculation
region for a higher Reynolds number is due to the faster rolling down of the shear layer separated from the lip of the
constriction. In addition, the higher magnitude of the mean velocity at the edges of the mean recirculation region is seen
for Re = 1000 compared with that for Re = 750, which suggests that the higher Reynolds number leads to the stronger
recirculation.

Figure 7 shows the effect of an additional constriction on the mean flow. Depending on the Reynolds number, one or
two recirculation regions are immediately formed right after the proximal stenosis followed by a stronger recirculation
region before the distal stenosis. This stronger recirculation region extends in the x and y direction about 1.125h and
0.45h, respectively. The long-lasting, strong recirculation between the two constrictions is believed to be of pathological
significance and associated with the critical location of the bottom wall at which the atherosclerotic plaque is consequently
more likely to develop. As the Reynolds number increases, the recirculation zones tend to strengthen, and the recirculation
region close to the proximal stenosis breaks into two smaller counter-rotating ones. Moreover, the recirculation zone after
the distal stenosis for both Reynolds numbers seems to be stronger due to the higher velocity magnitude around its edges.
It suggests that the presence of an additional constriction strengthens the recirculation in the poststenotic region.

3.2.3 Turbulent statistics

To ensure turbulent features, we calculate the turbulent kinetic energy in the streamwise direction, which is defined as⟨u′′u′′⟩∕2. The contours of turbulent kinetic energy in the streamwise direction are shown in Figure 8. Firstly, it is clearly
seen that the intensity of turbulence increases with Reynolds number for both single and double constricted channels. It
is likely due to an increase in instability and consequently further generation and breakup of the vortices as the Reynolds
number is increased. These vortices are primarily emanated from the separated shear layer as discussed in Section 3.2.1.
Secondly, Figure 8 shows that the post-stenotic flow of the double constricted channel displays a significantly stronger
turbulent intensity. It is also seen that the region of the high turbulent fluctuation intensity gets much closer to the
constriction in the double constricted case.

To further analyze turbulent characteristics, we calculated the nondimensional energy spectra Eu′′u′′ = E(ff )U∕h of the
streamwise velocity fluctuation, as seen in Figures 9 and 10 for Reynolds numbers of 750 and 1000, respectively. Note that
nondimensional Strouhal number for a fluctuating flow is defined as Sr = ff h∕U, where ff is the fluctuation frequency.
The energy spectra were calculated at the streamwise locations of x = 14h and x = 17h for single and double stenotic
channels, respectively. These locations correspond to 3h downstream of the second occlusion in the double constricted
channel and 3h downstream of the constriction in the single constricted channel. A wall-normal location y = 0.1h away
from the bottom wall was used. The current spectra analysis is similar to ones in Mittal et al.6 and Varghese et al.7 For all
cases, it is clearly seen that the inertial subrange follows the well-known scale of ∼ Sr−5∕3, where the inertial transfer is
dominated and the energy is cascaded from the large to small eddies due to viscous dissipation. As observed by the previ-
ous studies,6,7,50 the second scale is found as ∼ Sr−10∕3, which shows evidence that such scale results from a post-stenotic
flow. It is worth noting that Lu et al.51 observed the same spectra slope change from −5∕3 to −10∕3 at a distinct frequency,
which could be linked to the arterial murmur.
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F I G U R E 8 (Color online) Turbulent kinetic energy ⟨u′′u′′⟩∕2 in the streamwise direction for (A) Re = 750 and (B) Re = 1000 in the
single and double constricted channels

F I G U R E 9 Energy spectra of the streamwise fluctuation u′′ at Re = 750 for (A) single and (B) double stenotic channels. The
streamwise location is 3h downstream of the stenosis, which corresponds to x = 14h, and x = 17h for single and double constricted channels,
respectively. The wall-normal distance is y = 0.1h from the bottom wall

Interestingly, there is a distinct difference between the single and double constricted channels beyond the second
scale of ∼ Sr−10∕3. While the double constricted channel continues to show the second scale up to high frequencies, the
single constricted channel exhibits the third scale of ∼ Sr−7 at a high frequency, which has also been observed in the
previous studies by Mittal et al.6 and Varghese et al.7 This much steeper slope characterizes the dissipation range, where
viscous stress becomes predominant. This third scale seems to be observed only for the single stenotic channel. Another
interesting observation is a frequency at which there is a transition from∼ Sr−5∕3 to∼ Sr−10∕3. As seen in the energy spectra
at both Re = 750 and Re = 1000, the double constricted channel falls to the second scale of ∼ Sr−10∕3 at a much higher
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F I G U R E 10 Energy spectra of the streamwise fluctuation u′′ at Re = 1000 for (A) single and (B) double stenotic channels. The
streamwise location is 3h downstream of the stenosis, which corresponds to x = 14h, and x = 17h for single and double constricted channels,
respectively. The wall-normal distance is y = 0.1h from the bottom wall

frequency than the single constricted channel, which indicates a larger range of frequencies in the inertial subrange.
This broadband nature of the inertial subrange is also referred to as fairly well-developed turbulence indicative of the
dominance of the inertial effect7.

3.3 WSS-based hemodynamics

Now we aim at quantifying hemodynamics over single and double stenotic flows, which potentially predicts the vascu-
lar wall malfunction. In this regard, a variety of hemodynamic wall parameters has been proposed and used.11,52,53 In
particular, the hemodynamic WSS provides an important insight into the pathogenesis of atherosclerosis, which leads to
cellular and molecular investigations of the endothelium’s response to the shear stress.5,54,55 To that end, three WSS-based
descriptors including the time-averaged WSS (TAWSS), oscillatory shear index (OSI), and relative residence time (RRT)
are evaluated in the presented study.

The TAWSS is calculated by the following equation to quantify the average characterization of the WSS over the overall
pulsatile cycle T,

TAWSS = 1
T∫

T

0
|𝜏w|dt, (16)

where 𝜏w is the total arterial WSS, which is known as an essential parameter to locate early atherosclerosis.52,56 Par-
ticularly, the low arterial hemodynamic WSS has been seen to transform the morphology of the endothelial cells into
cobblestone-shaped and their configuration into random orientation.5 In addition, the low WSS (< 0.4 Pa) has been
reported to contribute to the functional switching to atherogenic endothelial phenotype, while the relatively high shear
stress for physiological arterial levels (> 1.5 Pa) induces atheroprotective phenotype.5 As the localization of the atheroscle-
rotic plaque is associated with an oscillatory WSS,9,10,57 the OSI is known as an index for the axial directional change of
𝜏w to quantify the amplitude of the WSS oscillation.58 The OSI is defined as

OSI = 1
2

⎛⎜⎜⎝
1 − |||∫ T

0 𝜏w
|||

∫ T
0 |𝜏w|

⎞⎟⎟⎠ , (17)
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F I G U R E 11 (Color online) (A) Wall shear stress-based descriptors including the time-averaged wall shear stress (TAWSS), oscillatory
shear index (OSI) and relative residence time (RRT) at Re = 750 for a single stenotic channel with the degree of stenosis of (A) 10%, (B) 20%,
(C) 40%, and (D) 60%. The dashed lines indicate the edges of the stenosis centered at x∕h = 10. Note that the size of stenosis grows as the level
of stenosis increases

where it ranges from 0 being the unidirectional shear to 0.5 being the oscillatory shear. The OSI has been considered as
a useful WSS-based descriptor to diagnose arterial diseases as it can predict the regions prone to the development of the
plaque.52,57 However, one drawback to the OSI is its incapability to account for the magnitude of the WSS. With that said,
RRT may fill this gap as it is a function of both magnitude and oscillation of WSS. Particularly, it is inversely proportional
to (1 − 2 × OSI) and TAWSS.9,59,60 Thus, the RRT value is calculated as,

RRT = 1
(1 − 2 × OSI) × TAWSS

, (18)
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where it ranges between 0 and infinite. The RRT values higher than 8 have been considered as a critical range.61 Note
that RRT indicates the residence time of the atherogenic particles such as LDL near the vessel wall.9 To evaluate these
three WSS-based indexes, we incorporate the typical blood properties in large human arteries.62 Therefore, the blood is
assumed to be Newtonian, and the dynamic viscosity and density of blood are considered 1060 kg/m3 and 0.0035 Pa⋅s,
respectively. The 6-mm-diameter arterial vessel is considered.

Using these values, we calculate the OSI, TAWSS (in Pa), and RRT (in m2/N) over stenotic walls. Figure 11 shows the
case of the single stenotic channel for different degrees of occlusion (10%–60%) at Re = 750. Note that a stenosis is located
at x∕h = 10. For the case of the lowest degree of stenosis (10% constriction) shown in Figure 11(A), the noticeable peak
value of the OSI and RRT is observed at x ≈ 10.6h downstream of the constriction. It might be worth mentioning that
there is also a narrow zone of high OSI at the right edge of the stenosis, which is the common location for all four channels
with different degrees of occlusion. These regions of high OSI value are mainly associated with a reversal flow. In the
TAWSS contour in Figure 11(A), the region of low WSS can be found close to the constriction upstream and downstream,
which seem to expand with occlusion of up to 40% (see Figure 11(A)–(C)). In 20% stenotic channel shown in Figure 11(B),
the peak OSI and RRT values move from x ≈ 10.6h to x ≈ 11.9h. Also, an additional region of high OSI and RRT values
appears upstream of the constriction. With that said, in the channel with 40% of occlusion (see Figure 11(C)), there are
now multiple zones associated with high OSI and RRT values. Particularly, at the locations of x ≈ 9.15h and x ≈ 9.6h, the
RRT is relatively high, and the location of x ≈ 10.45h and further downstream x ≈ 17.15h are associated with very high
RRT values. Among these particular locations, x ≈ 10.45h appears to be the most critical region for the development of
atherosclerotic plaque because it is not only associated with a high value of OSI and RRT but also with low time-averaged
WSS. Figure 11(D) illustrates the values of the descriptors for the channel with 60% stenosis. Several regions of high OSI
values can be observed in the figure. Within some of these regions, x ≈ 9.3h and x ≈ 10.55h are associated with very
high and relatively high RRT values, respectively, and both with low TAWSS. Thus, these two locations seem to be of
atherogenic regions for 60% occlusion. In addition to these locations, x ≈ 11.45h and x ≈ 13.5h are associated with very
high RRT and OSI values.

To compare the hemodynamics in the single and double stenotic channels, Figure 12 shows the WSS-based descrip-
tors evaluated over the stenotic wall in the single and double stenotic channels with 50% constrictions at Re = 750.

F I G U R E 12 (Color online) (A) Wall shear stress-based descriptors including the time-averaged wall shear stress (TAWSS), oscillatory
shear index (OSI) and relative residence time (RRT) at Re = 750 at (A) single and (B) double stenotic channels with 50% constrictions. The
dashed lines indicate the edges of the stenoses. The centers of stenosis are located at x∕h = 10 for the single stenotic channel and at x∕h = 10
and 13 for the double stenotic channel
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In general, an additional stenosis results in critical regions in terms of all three descriptors across the space between the
stenoses in the double stenotic channel. In the interspace area of the double constricted channel in Figure 12(B), the
high OSI region right after the proximal stenosis extends in x direction about 1.2h, indicating strong oscillation of WSS
at this region. The relative resident time is also seen to be high in this region. Additionally, nearly 50% of this region of
high RRT and OSI values is associated with a low TAWSS. In this area, there is another low TAWSS region at the left edge
of the distal stenosis x∕h ≈ 9.5, where both RRT and OSI values are relatively high. This region is seen to associate with
the aforementioned strong recirculation (see Figure 7), which seems to last for the major portion of the entire pulsatile
cycle. It implies that this interspace area is a potential zone for atherosclerosis progression. In addition to creating the
critical interspace area, the double stenotic channel leads to a larger region of high RRT values in the immediate post-
stenotic area compared to the single stenotic channel. Interestingly, the double stenotic channel shows a longer relative
residence time at the location of x ≈ 9h than the single stenotic channel, which eventually affects the hemodynamics
downstream.

4 CONCLUSION

A computational model based on DNS coupled the IBM is developed to simulate a flow over the single and double con-
stricted channels to study fluid dynamic and hemodynamic characteristics. This work is motivated by a great interest in
the atherosclerosis-related field of research to understand the hemodynamics in the stenotic arteries based on WSS. We
simulate the pulsatile flow through the three-dimensional planar channel with single and double one-sided semicircular
constrictions at Reynolds numbers of 750 and 1000. For characteristic fluid and hemodynamic behaviors, we examine
the instantaneous and time-averaged fluid flow and calculate the WSS-based descriptors including time-averaged WSS
(TAWSS), oscillatory shear index (OSI), and relative residence time (RRT) over the channel wall with single stenosis or
double stenoses. These descriptors are known to characterize and locate the regions prone to formation of atherosclerotic
plaques in the channels studied. It is shown that the post-stenotic area is associated with more chaotic fluid fields, unique
vortical structures, and turbulent-like characteristics. These features consequently promote the oscillatory WSS and the
relative residence time of atherogenic particles and also induce more locations of low WSS, which eventually results in
the critical post-stenotic locations prone to plaque formation. Moreover, the presence of two constrictions is seen to lead
to further increase of the post-stenotic disturbance and the disintegration of shear layers downstream, a transition to
high-intensity and broadband turbulence in the post-stenotic flow, and strengthen the characteristic recirculation zone
at the beginning of the poststenotic zone. This becomes more noticeable for a higher Reynolds number of 1000. In addi-
tion, the most apparent impact of the double stenoses is the associated inter-space area, where multiple recirculations are
created. This area is also seen to be highly subjected to progression of atherosclerotic plaque as it includes the regions of
low and oscillatory WSS and high relative resident time. We also evaluate the effects of stenosis degree on the location of
the critical region as a function of the WSS-based descriptors. In general, the higher the degree of occlusion, the larger
the regions of the non-physiological ranges of the WSS properties.

Furthermore, the absorption and accumulation of LDL particles in artery walls tend to trigger many events that initiate
and propagate lesion development and consequently increase atherosclerosis risk.63 With characterizing the localized
nonphysiological range of WSS-based hemodynamic parameters in a constricted flow, the current study may provide a
potential location of high exposure to LDL particles. However, an explicit quantification of LDL exposure time should
require a multiscale model, motivating future research.

Moving forward, the IBM-based DNS model will be updated to handle more realistic stenotic arteries with deformable
and irregular shapes to simulate a highly complex FSI system. Studying the interactions between the deformable
hyper-elastic vessel wall and the blood flow during the cardiac cycle is crucial as it could significantly effect the
hemodynamics and the wall normal and shear stresses in the stenotic artery.
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