View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Scholarly Materials And Research @ Georgia Tech

HYPOTHESIS TEST FOR MANIFOLDS AND NETWORKS

A Dissertation
Presented to
The Academic Faculty

Rui Zhang

In Partial Fulfillment
of the Requirements for the Degree
Doctor of Philosophy in the
H. Milton Stewart School of Industrial and Systems Engineering

Georgia Institute of Technology

May 2021

© Rui Zhang 2021


https://core.ac.uk/display/478868124?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1

HYPOTHESIS TEST FOR MANIFOLDS AND NETWORKS

Thesis committee:

Dr. Yao Xie

H. Milton Stewart School of Industrial and
Systems Engineering

Georgia Institute of Technology

Dr. Alexander Shapiro

H. Milton Stewart School of Industrial and
Systems Engineering

Georgia Institute of Technology

Dr. Andy Sun

H. Milton Stewart School of Industrial and
Systems Engineering

Georgia Institute of Technology

Dr. Shihao Yang

H. Milton Stewart School of Industrial and
Systems Engineering

Georgia Institute of Technology

Dr. Feng Qiu
Energy Systems Division
Argonne National Laboratory

Date approved: April 21, 2021



ACKNOWLEDGMENTS

My sincere thanks go to Professor Yao Xie and Professor Alexander Shapiro for being
my advisors. They are very supportive and patient to me all the time. I am really grateful
that they spend so much time answering my questions, meeting with me, and explaining
every detail. They have taught me a lot about mathematics and statistics and inspired me
a lot in my research. They give me many interesting projects, and I really enjoy working
with them. It’s my great pleasure to have their advice for my pursuit of Ph.D. and my career
development.

I would also like to thank Prof. Andy Sun, Prof. Shihao Yang, and Dr. Feng Qiu for
serving on my thesis committee. Special thanks go to Dr. Feng Qiu, my mentor during my
summer intern at Argonne national laboratory. With his guidance and help, I had a very
good time in Argonne with many talented researchers.

Many thanks go to the H.Milton Stewart School of Industrial and Systems Engineering
(ISyE). Staffs of ISyE are very helpful and informative. They provide us with a very good
work environment.

Last but not least, I would like to thank my wife, Xinyuan Zhao, for her unchanging
love and understanding. She is very patient and supportive of me. She has given me so
much excellent guidance in writing and communication. Also, I would like to thank my

parents for their love and support of my pursuit of Ph.D.

1l



TABLE OF CONTENTS

Acknowledgments . . . . . . . . . . i ittt e e e e e iii
Listof Tables . . . . . . . . @ i i i i i it et it ettt i et viii
Listof Figures . . . . . . . . . ittt it ittt ittt it e X
SUMMATY . & v vt v it e e e e vt o ot o oo ot o oo o oo o oo oeesoeos xiii
Chapter 1: Introduction . . . . . . . . . i 0 i i i i it it ittt ot e oo non 1
Chapter 2: Rank Selection in Matrix Completion Problem ... ......... 4
2.1 Introduction . . . . . . . . . .. e 4
2.2 Matrix completion and problemset-up . . . . . . ... ... ..., 5
2.2.1 Definitions . . . . . . . . ... 6

2.2.2  Minimum Rank Matrix Completion (MRMC) . . . . . ... .. .. 6

2.2.3 Low Rank Matrix Approximation (LRMA) . . ... ... ... .. 7

2.3 Main theoretical results . . . . . . . ... ... ... L 8
2.3.1 Rankreducibility . .. ... ... ... ... ..o 8

2.3.2  Uniqueness of solutions of the MRMC problem . . . . .. ... .. 12

2.3.3 Verifiable form of well-posedness condition . . . . . . .. ... .. 14

2.3.4 Generic nature of the well-posedness . . . . . . ... ... ..... 16

v



2.3.5 Global uniqueness of solutions for special cases . . . . . . ... .. 18

2.3.6 Identifiable €2 . . . . .. .. 20

2.3.7 Uniqueness of rank one solutions . . . . . . ... ... ....... 21

2.3.8 LRMA andits properties . . . . . . . . . .. ... ... 22

2.4 Statistical test for rank selection . . . . . . ... Lo 24
2.5 Numerical Examples . . . . . ... ... ... o oL 29
2.5.1 An example of 6 x6 matrix considered in [25] . . . . . ... .. .. 29

2.5.2 Probability of well-posedness . . . . . . .. ... ... ....... 30

2.5.3 Comparison of LRMA and nuclear norm minimization . . . . . . . 31

254 Testing fortruerank . . .. ... ... ... ... ... ..., 35

2.6 Conclusion . . . . . . ... 37
Chapter 3: Goodness-of-Fit Test on Manifolds . .................. 39
3.1 Introduction . . . . . . . ... 39
3.2 Background . . . . .. ... 40
3.3 Teststatisticsonmanifold . . . . . .. ... ... oL, 43
3.3.1 Teststatisticon manifolds . . . . .. ... ... ..., 43

332 Nestedmodels . . .. ... .. ... .. .. .. .. 45

3.3.3 Decomposablemaps . . . . .. .. ... 46

3.4 Applications of general theory . . . . . .. . ... ... 0oL 49
3.4.1 Noisy matrix completion . . . . . ... ... ... 50

3.4.2 Complex noisy matrix completion . . . . ... ... ... ..... 53

3.4.3 Low-rank matrix sensing . . . . . . . . . . . ..o 55



3.4.4 One-hidden-layer neural networks . . . . ... ... ... ... .. 56

34.5 Tensorcompletion . . ... ..... ... ... . ... ..., 57

3.4.6 Determining number of sources in blind de-mixing problem . .. . 60

3.5 Numerical Experiments . . . . . . . ... ... ... ... 65
3.5.1 Complex matrix completion . . . . ... ... ... ........ 65

3.5.2 Characteristic rank of third order tensor . . . . . .. .. .. .. .. 66

3.5.3 Determining the number of signals in blind de-mixing . . . . . . . . 67

3.5.4 One-hidden-layer neural networks . . . . . ... .. ... ..... 68

3.6 Conclusions . . . . . . . . .. e e 70
Chapter 4: Detection of Cascading Failures . . . . .. ... ............ 72
4.1 Introduction . . . . . . . ... L 72
42 ProblemSetup . . . . . ... 72
4.2.1 Failure (change-point) propagation model . . . . ... .. ... .. 73

422 Measurementmodel . . . ... ... L L. 74

4.2.3 Likelihood function . . . . . . .. ... ... ... .. .. ... 75

4.3 Detection Procedure . . . . . . .. ..o 76
4.3.1 Log likelihood of failure propagationmodel . . . . . . .. ... .. 77
4.3.2 Log likelihood of measurement model . . . . . ... ... ... .. 78

4.4 Computationally Efficient Algorithm . . . . . . . ... ... ... ... .. 79
4.5 Numerical Examples . . . . . ... ... ... L oL 84
4.6 Conclusion . . . . . ... 85

vi



Chapter 5: Change-points detection for Network Point process via scan score

Statistics . . . . . . e e e e e e e e 86

5.1 INTRODUCTION. . . . . . . e 86

5.2 Background . . . . ... L 87

5.3 ProblemSetup . . . . . ... 88

5.4 Scan Score Statistics Detection Procedure . . . . . .. .. ... ... ... 89
5.4.1 Score StatisticS . . . . . . . ... e e 89

5.4.2 Scan Score Statistics . . . . . .. ... 91

5.4.3 Average Run Lengthof7;, . . ... ... ... ........... 95

5.5 Experiments . . . . . . . ... e e 96
5.5.1 Simulated resultof ARLandEDD . . . ... ... ... ...... 96

552 Real-data . ... ... ... . 97

5.6 Conclusion . . . . ... . 100
Appendices . . . . . i i e e e e e e e e e e e e e e e e e e e e e e 101
Appendix A: appendicesof chapter2 . . . . . . ... ... ... ... 102
Appendix B: appendicesof chapter3 . . . .. ... ... ... ... ...... 108
Appendix C: appendicesof chapter5 . . ... ... ... ... ......... 120
References . . . . . .. . . i i i i it i ittt it ittt 125

Vil



2.1

3.1

3.2

33

34

3.5

3.6

LIST OF TABLES

p-value for sequential rank test in simulation. . . . .. ... ... .. ... 36

Result of hypothesis tests for the rank of complex matrix completion: 7* is
the true rank. For each r*, there are 200 experiments. We perform the test
from r = 1 to r = 4 and count the number of determined r with significant
level, 0.05; » = 0 means tests are rejected forr =1,...,4. . . .. ... .. 66

Rank of the Jacobian matrices for third order tensor. For each combination
of (n1, ng, n3, r), the experiments are repeated 100 times and the results are
all the same. When r is small, rank(.JJ) = r(ny + ng + n3 — 2). When r is
large (cases marked with *), rank(J) < r(n; +ng+mns—2). . .. .. ... 67

Results of hypothesis tests for the number of sources: K* is the true number
of sources. For each K*, there are 100 experiments. We perform the test
from K = 1 to K = 6 and count the number of determined K; K = 0
means tests are rejected for K =1,...,6. . . . .. ... ... L. 69

Rank of the Jacobian matrix for one-hidden-layer neural networks with a
quadratic activation function. For each combination of (d, *), the experi-
ments are repeated 100 times, and the results are all the same. This justifies
the formula of the characteristic rank of one-hidden-layer neural networks
with quadratic activation is dr* —r*(r* —1)/2. . . . . .. ... ... ... 70

Rank of the Jacobian matrix for one-hidden-layer neural networks with sig-
moid activation. For each combination of (d, r*), the experiments are re-
peated 100 times and the results are all the same. This justifies the formula
of the characteristic rank of one-hidden-layer neural networks with sigmoid
activationis dr™. . . . . .. oL L 70

Result of ReLU activation function: r* is the rank of true U*. For each
r*, there are 100 experiments. We perform the test fromr = 1tor =7
and count the number of determined 7. » = 0 means tests are rejected for
=1 T e 71

viil



5.1

5.2

5.3

54

5.5

B.1

B.2

Approximation of false alarmrate. . . . . . . . ... ... 94

Verification of approximated ARL in (Equation 5.22) and (Equation 5.23) . 96

Setting of different casesin Table 5.4 . . . . . . . .. ... ... ... ... 97
Comparisonof EDD . . . . . . ... ... 97
resultofrealdata . . . . . . ... Lo 99
Estimate of o2 in matrix completion with true rank 7* = 6. . . . . ... .. 118
Estimate of 02 in matrix sensing (r* =3). . . . .. ... ... .. ..... 119

1X



2.1

2.2

2.3

24

2.5

2.6

LIST OF FIGURES

[lustration of the well-posedness condition. . . . . .. ... ... ... ..

Probability that well-posedness is satisfied; random instances for different
rank and sampling probability. For each sampling probability and rank,
we generate Y* and 2. Then, we check the well-posedness condition and
compute the probability. Blue curve is the estimated generic bound for the
corresponding sampling probability. . . . . .. ... ..o

When the well-posedness condition is satisfied, the absolute errors at each
entries |Y;; — V3| for the LRMA (middle panel) and the nuclear norm
minimization (right panel). The left panel shows the sampling pattern
Q. Here the true matrix Y* € R0 rank(Y*) = 10, |Q = 1000,
eij ~ N(0,5%/50) and the observation matrix M;; = Y5 + &5, (i, §) € Q.

When the well-posedness condition is violated, the absolute errors at each
entries |Y;; — Yj| for the LRMA (middle panel) and the nuclear norm
minimization (right panel). The left panel shows the sampling pattern
Q. Here the true matrix Y* € R™*0 rank(Y*) = 11, |Q = 1300,
e ~ N(0,5%/50) and the observation matrix M;; = Y5 + &;;, (i,7) € Q.
The necessary condition for the well-posedness condition is violated (i.e.,
the numbers of observations are less than 11) at row with index numbers 3,
6,30,46,50. . . . . L

When (2 is reducible, the absolute errors at each entries |Y;; — Y;*| for the
LRMA (middle panel) and the nuclear norm minimization (right panel).
The left panel shows the sampling pattern {2. Here the true matrix Y* &€
R0 pank(Y*) = 10, |Q| = 1000, £;; ~ N(0, 2 ) and the observation
matrix M;; = Y5 + €, (4,7) € Q. Qis reducible. In this case, only two

diagonal block matrices M; € R?°*20 and M, € R?***3Y are observed.

Difference between the MSEs of LRMA and the nuclear norm minimiza-
tion. The blue curve is the generic bound for the corresponding sampling
probability. . . . . . ..

14

32

34



2.7

2.8

29

3.1

3.2

4.1

4.2

4.3

Q-Q plot of Ty (r) against quantiles of x? distribution: Y* € R0*59
rank(Y™*) = 11, |©2| = 1000, the observation matrix M is generated 200
times, Mi(f) =Y+ 51(.?), (i,7) € Q, where 5%’?) ~ N(0,5%/400). For each
M®), TJ(Vk )(r) is computed as equation Equation 2.30. By Theorem Propo-
sition 2.4.2, {T](f )(r)} follows central x2 distribution with the degree-of-

freedomdf, =m —r(ny+mne—r)=131. . ... ... ... ...

Q-Q plot of Ty (r, Q') — Tix(r,2) against the quantiles of x?* distribution:
Y* € R0 rank(Y*) = 11, |Q] = 1001, || = 996, where Q C .
The observation matrix M’ and M are generated 200 times, By Theorem
Proposition 2.4.3, {T\ (r, ) — T\ (r, Q)} follows central x2 distribution
with the degree-of-freedom df, or —df, o =m'—m=5. ... ... ...

Comparison of rank selection between sequential x? test, the nuclear norm
minimization and the M* method, when the sampling probability p=0.3.
For each true rank, we compute the median of rank error for 100 experi-
ments. Y*) g R100x1000, Ml.(f) = Y;;(k) + 51(?), (i,7) € Q, where 51(5) ~
N(0,5%/50). Threshold b, = 0.25, by;p = 0.13 for the nuclear norm
minimization and the M” method, respectively. . . . . .. ... ... ...

QQ-plot of test statistics against x? distribution. . . . . . . .. .. ... ..

The characteristic rank of the problem in Section subsection 3.4.6: K is the
number of sources, N is the number of sensors, the points are the rank of
the Jacobian matrix of the mapping, and the line is 2K + NK — 1. . . . . .

Example of how cascading failure propagates over networks. The failure
initiate at node one, then all the neighbors of node one are affected, and
node two and node four fail eventually. As the failure propagates, node
three is surrounded by more and more failed nodes, and its hazard rate
continues to increase. Here, red circles correspond to failed nodes, solid
yellow lines are possible paths for failures to diffusion, dashed yellow lines
correspond to paths with failed nodes at both ends, yellow circles are nodes
affected by failed neighbors. . . . . . . ... ... ... ... .......

ustration of the searching strategy for 7; given the previous failure point
7;. When searching 7; from 7, 4+ 1, we have £y r(7;+4) > [; and £y 7(7; +
5) < ly; by the monotonicity of e~*, we can stop searching at ; + 5. . . . .

(Left) Comparison of CuSum, generalized likelihood ratio, and the pro-

posed method. (Right) Comparison of generalized multi-chart CuSum, S-
CuSum, and the proposed method. . . . . . .. ... ... .. .. ... ..

X1

38

66

81

85



5.1

5.2

In this example, there are 4 clusters, and each cluster includes 5 locations.
The light blue nodes are the centers of each cluster and in each cluster we
consider the 4 directions from the center to the neighboring nodes as shown
inTand IL S{") ~ N(04, w(1/(28) + p1/8*)1y) and T, ~ N(0, ). For
the case I, the X;; corresponding to FEZQ)U and F% equals to 0. For case II,
i = 02 = pu/(B+2p). Therefore, X1} = (1,0,0,0%), %], = (0,1,0%,0),

ET3 = (0,02,1,0), EL =(02,0,0,1). . . ...

Scan Statistics procedure applied on real data. Red line: detected change-
points. For the upper plots, the blue line is the smoothed frequency of all
events in the network. For the lower plots, the blue line is the scan statistics
of proposed procedure. (1,1) & (2,1): data of “Obama”. (1,2) & (2,2): data
of “Olympic”. (1,3) & (2,3): dataofstock. . . . . . . ... ... ... ...

Xii

94



SUMMARY

Statistical inference of high-dimensional data is crucial for science and engineering.
Such high-dimensional data are often structured. For example, they can be data from a
certain manifold or from a large network. Motivated by the problems that arise in recom-
mendation systems, power systems and social media etc., this dissertation aims to provide
statistical modeling for such problems and perform statistical inferences. This dissertation
focus on two problems. (i) statistical modeling for smooth manifold and inferences for the
corresponding characteristic rank; (i) detection of change-points for sequential data in a
network.

In chapter 2, we study the problem of matrix completion. From a geometric perspec-
tive, we address the following questions: (i) what is the minimum achievable rank in the
minimum rank matrix completion (MRMC) problem? (ii) Under what conditions, there
will be a locally unique solution for MRMC problem? We also provide a statistical model
for low rank matrix approximation problems. With such a model, we present a statistical
test of the rank. With numerical experiments, we verify our theoretical results and show
the performance of the proposed test procedure.

In chapter 3, we generalize the results in chapter 2. We develop a general theory for test-
ing the goodness-of-fit of non-linear models. The observation noise is additive Gaussian.
Our main result shows that the “residual” of the model fit (by solving a non-linear least-
square problem) follows a (possibly non-central) y? distribution. The natural use of our
result is to select the order of a model via a sequential test procedure by choosing between
two nested models. We demonstrate the applications of this general theory in the settings of
real and complex matrix completion from incomplete and noisy observations, signal source
identification, and determining the number of hidden nodes in neural networks.

In chapter 4, we develop an online change-point detection procedure for power system’s

cascading failure using multi-dimensional measurements over the networks. We incorpo-

Xiil



rate the cascading failure’s characteristic into the detection procedure and model multiple
changes caused by cascading failures using a diffusion process over networks. The model
captures the property that the risk of component failing increases as more components
around it fail. Our change-point detection procedure using the generalized likelihood ra-
tio statistics assuming unknown post-change parameters of the measurements and the true
failure time (change-points) at each node. We also provide a fast algorithm to perform the
change-points detection. Numerical experiments show that our proposed method demon-
strates good performance and can scale up to large systems.

In chapter 5, we proposed a change-point detection procedure by scan score statistics
in a multivariate Hawkes network. Our scan score statistics are computationally efficient
since we don’t need to compute the estimates of the post-change parameters, which is of
importance for online detection. We present the theoretical results of our proposed proce-
dure, including the analysis of the false alarm rate (FAR) and average run length (ARL) of
the procedure under null hypothesis. We use simulation studies to testify our theoretical
results and compare our method with an existing change-point detection procedure with
generalized likelihood ratio statistics. We also apply our proposed procedure in real-world
data such as memetracker and the stock market, which shows promising results in detecting

an abrupt change in the network.
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CHAPTER 1
INTRODUCTION

Statistical inference of high-dimensional data is crucial for science and engineering. Such
high-dimensional data are often structured. For example, they can be data from a certain
manifold or from a large network. Motivated by the problems that arise in recommendation
systems, power systems and social media etc., this dissertation aims to provide statistical
modeling for such problems and perform statistical inferences. This dissertation focus on
two topics. (i) statistical modeling for smooth manifold and inferences for the correspond-
ing characteristic rank; (i1) detection of change-points for sequential data in a network.

A typical problem of first topic is matrix completion problem. Matrix completion
(e.g.,[1, 2, 3]) is a fundamental problem in signal processing and machine learning, which
studies the recovery of a low-rank matrix from an observation of a subset of its entries. It
has attracted a lot attention from researchers and practitioners and there are various moti-
vating real-world applications including recommender systems and the Netflix challenge
(see arecent overview in [4]). A popular approach for matrix completion is to find a matrix
of minimal rank satisfying the observation constraints. Due to the non-convexity of the
rank function, popular approaches are convex relaxation (see, e.g., [5]) and nuclear norm
minimization. There is a rich literature, both in establishing performance bounds, devel-
oping efficient algorithms and providing performance guarantees. In chapter 2, we study
the problem of matrix completion. From a geometric perspective, we address the following
questions: (i) what is the minimum achievable rank in the minimum rank matrix comple-
tion (MRMC) problem? (ii) Under what conditions, there will be a locally unique solution
for MRMC problem? We also provide a statistical model for low rank matrix approxima-
tion problems. With such a model, we present a statistical test of the rank. With numerical

experiments, we verify our theoretical results and show the performance of the proposed



test procedure.

To extend the problem in chapter 2 to a more general setting, we are interested in model
selection for non-linear models. Although much has been done for model selection in linear
models, it is unclear how to select models given noisy observations in the non-linear setting,
especially when there are underlying manifold structures. Such problems arise very often in
machine learning and signal processing applications. For instance, how to select the rank of
a low-rank matrix, decide the number of hidden nodes in neural networks, and determine
the number of signal sources when observing their mixture. In chapter 3, we develop a
general theory for testing the goodness-of-fit of non-linear models. The observation noise
is additive Gaussian. Our main result shows that the “residual” of the model fit (by solving
a non-linear least-square problem) follows a (possibly non-central) x? distribution. The
natural use of our result is to select the order of a model via a sequential test procedure
by choosing between two nested models. We demonstrate the applications of this general
theory in the settings of real and complex matrix completion from incomplete and noisy
observations, signal source identification, and determining the number of hidden nodes in
neural networks.

As for the second topic, detection of the change-points for the sequential data is also an
important problem. A change-point in such data is the critical time point where the distri-
bution of the data changes. The change-points often represent a transition of the state. For
example, in a power system, the change-points may represent the power outage [6]. In river
systems, they may represent potential water contaminant hazards [7]. In public health, they
may represent contagious outbreaks [8]. Therefore, the goal of change-points detection is
to raise alarm of the change-points as soon as possible given the control of false alarm rate.
In chapter 4, we develop an online change-point detection procedure for power system’s
cascading failure using multi-dimensional measurements over the networks. We incorpo-
rate the cascading failure’s characteristic into the detection procedure and model multiple

changes caused by cascading failures using a diffusion process over networks. The model



captures the property that the risk of component failing increases as more components
around it fail. Our change-point detection procedure using the generalized likelihood ra-
tio statistics assuming unknown post-change parameters of the measurements and the true
failure time (change-points) at each node. We also provide a fast algorithm to perform the
change-points detection. Numerical experiments show that our proposed method demon-
strates good performance and can scale up to large systems.

One type of sequential data is event data. For event data, the time intervals between
two observations have different length. Examples of event data can be extreme events in
stock markets, the seismic signals, the activities in social media, etc. Therefore, to detect
the change-points of high dimensional event data is also an important topic with widely
applications. In chapter 5, we proposed a change-point detection procedure by scan score
statistics in a multivariate Hawkes network. Our scan score statistics are computationally
efficient since we don’t need to compute the estimates of the post-change parameters, which
is of importance for online detection. We present the theoretical results of our proposed pro-
cedure, including the analysis of the false alarm rate (FAR) and average run length (ARL)
of the procedure under null hypothesis. We use simulation studies to testify our theoretical
results and compare our method with an existing change-point detection procedure with
generalized likelihood ratio statistics. We also apply our proposed procedure in real-world
data such as memetracker and the stock market, which shows promising results in detecting

an abrupt change in the network.



CHAPTER 2
RANK SELECTION IN MATRIX COMPLETION PROBLEM

2.1 Introduction

In this chapter, we consider the solution of the Minimum Rank Matrix Completion (MRMC)
formulation, which leads to a non-convex optimization problem. We address the following
questions: (i) Given observed entries arranged according to a (deterministic) pattern, by
solving the MRMC problem, what is the minimum achievable rank? (ii) Under what con-
ditions, there will be a unique matrix that is a solution to the MRMC problem? We give a
sufficient condition (which we call the well-posedness condition) for the local uniqueness
of MRMC solutions, and illustrate how such condition can be verified. We also show that
such well-posedness condition in a sense is generic.

We also propose a sequential statistical testing procedure to determine the ‘true’ rank
from noisy observed entries. Such statistical approach can be useful for many existing
low-rank matrix completion algorithms, which require a pre-specification of the matrix
rank, such as the alternating minimization approach to solving the non-convex problem by
representing the low-rank matrix as a product of two low-rank matrix factors (see, e.g., [9,
4, 10]).

This chapter is organized as follows. In the next section, we . In Section 2.2 we
present the considered setting, some basic definitions and the problem set-up, including
the MRMC, LRMA, and convex relaxation formulations. Section 2.3 contains the main
theoretical results. A statistical test of rank is presented in Section 2.4. In Section 2.5 we
present numerical results related to the developed theory. Finally Section 2.6 concludes
this chapter. All proofs are in the Appendix.

We use conventional notations. For a € R we denote by [a] the least integer that is



greater than or equal to a. By A® B we denote the Kronecker product of matrices (vectors)
A and B, and by vec(A) column vector obtained by stacking columns of matrix A. We use

the following matrix identity for matrices A, B, C' of appropriate order

vec(ABC) = (C" ® A)vec(B). (2.1)

By SP we denote the linear space of p x p symmetric matrices and by writing X > 0 we
mean that matrix X € SP is positive semidefinite. By o;(Y) we denote the i-th largest

singular value of matrix Y € R"**"2, By I, we denote the identity matrix of dimension p.

2.2 Matrix completion and problem set-up

Consider the problem of recovering an n; X no data matrix of low rank when observing
a small number m of its entries, which are denoted as M;;, (1,7) € . We assume that
ny > 2and ng > 2. Here Q C {1,...,n1} x {1,...,ny} is an index set of cardinality
m. The low-rank matrix completion problem, or matrix completion problem, aims to infer
the missing entries, based on the available observations M;;, (4, j) € €2, by using a matrix
whose rank is as small as possible.

Low-rank matrix completion problem is usually studied under a missing-at-random
model, under which the necessary and sufficient conditions for perfect recovery of the
true matrix are known [11, 12, 13, 14, 15, 16]. Study of deterministic sampling pattern
is relatively rare. This includes the finitely rank-r completability problem in [17], which
shows the conditions for the deterministic sampling pattern such that there exists at most
finitely many rank-r matrices that agrees with its observed entries. In this chapter, we
study a related but different problem, i.e., when will the matrix have a unique way to be
completed, given a fixed sampling pattern. This is a fundamental problem related to the

identifiability of a low-rank matrix given an observation pattern ).



2.2.1 Definitions

Let us introduce some necessary definitions. Denote by M the n; X ny matrix with
the specified entries M,;, (i,7) € €2, and all other entries equal zero. Consider 2¢ :=

{1,...,n1} x {1,...,n2} \ €, the complement of the index set (2, and define

Vo :={Y e R"*™:Y;; =0, (i,j) € QY.

This linear space represents the set of matrices that are filled with zeros at the locations of

the unobserved entries. Similarly define

Voo = {Y € R™™ 1 ¥;; = 0, (i, ) € Q} .

By P, we denote the projection onto the space Vg, i.e., [Po(Y)];; = Y;; for (4, j) € Q and
[Po(Y)];; = 0 for (i,7) € Q°. By this construction, {M + X : X € Vq.} is the affine
space of all matrices that satisfy the observation constraints. Note that M/ € V(, and the
dimension of the linear space Vg, is dim(Vg) = m, while dim(Vge) = nyny — m.

We say that a property holds for almost every (a.e.) M;;, or almost surely, if the set of
matrices Y € Vg, for which this property does not hold has Lebesgue measure zero in the

space V.

2.2.2 Minimum Rank Matrix Completion (MRMC)

Since the true rank is unknown, a natural approach is to find the minimum rank matrix that
is consistent with the observations. This goal can be written as the following optimization

problem referred to as the Minimum Rank Matrix Completion (MRMC),

min rank(Y) subject to Yi; = M;;, (4,7) € Q. (2.2)

YeRTLl Xng

In general, the rank minimization problem is non-convex and NP-hard to solve. How-



ever, this problem is fundamental to various efficient heuristics derived from here. Largely,
there are two categories of approximation heuristics: (i) approximate the rank function
with some surrogate function such as the nuclear norm function, (ii) or solve a sequence of
rank-constrained problems such as the matrix factorization based method, which we will
discuss below. Approach (ii) requires to specify the target rank of the recovered matrix

beforehand, which we will present a novel statistical test next.

2.2.3 Low Rank Matrix Approximation (LRMA)

Consider the problem

min FM+ X,Y) s.t.rank(Y) =, (2.3)

YERM X"2 | X€Vqe

where M € Vg, is the given data matrix, and F'(A, B) is a discrepancy between matrices
A, B € R™ "2 For example, let F(A,B) := ||A — B||% with |[Y||% = tx(YY) =

> i Yl?, being the Frobenius norm. Define the set of n; X n9 matrices of rank r
M, = {Y e R""" : rank(Y) = r} 2.4)
Then (Equation 2.3) becomes the least squares problem
min (M;; — Yiy)*. (2.5)

The least squares approach although is natural, is not the only one possible. For exam-
ple, in the statistical approach to Factor Analysis the discrepancy function is based on the

Maximum Likelihood method and is more involved (e.g., [18]).



2.3 Main theoretical results

To gain insights into the identifiability issue of matrix completion, we aim to answer the
following two related questions: (i) what is achievable minimum rank (the optimal value
of problem Equation 2.2), and (ii) whether the minimum rank matrix, i.e., the optimal
solutions to Equation 2.2, is unique given a problem set-up. These result will also help
to gain insights in the tradeoff in the theoretical properties of other matrix completion
formulations, including LRMA and SDP formulations, compared with the original MRMC
formulation.

We show that given m = |€)| observations of an n; x n, matrix: (i) if the minimal rank
r* is less than R(n1, ng, m) := (ny +ny)/2—[(n1+n2)%/4—m]'/?, then the corresponding
solution is unstable: an arbitrary small perturbation of the observed values can make this
rank unattainable; (ii) if »* > 2R(ny, ne, m), then almost surely the solution is not (even
locally) unique (cf., [19]). This indicates that except in rare occasions, the MRMC prob-
lem cannot have both properties of possessing unique and stable solutions. Consequently,
LRMA approaches (also used in [4, 20]) could be a better alternative to the MRMC formu-

lation.

2.3.1 Rank reducibility

We denote by r* the optimal value of problem (Equation 2.2). That is, 7* is the minimal
rank of an ny X ny matrix with prescribed elements M;;, (i,7) € Q. Clearly, r* depends
on the index set {2 and values M;;. A natural question is what values of r* can be attained.
Recall that Equation 2.2 is a non-convex problem and may have multiple solutions.

In a certain generic sense it is possible to give a lower bound for the minimal rank r*.
Let us consider intersection of a set of low-rank matrices and the affine space of matrices

satisfying the observation constraints. Define the (affine) mapping Ay, : Ve — R™*"2 ag

AZM(X) =M+ X, X €Vqe.



As it has been pointed out before, the image Ay (Voe) = M + Ve of mapping A, defines
the space of feasible points of the MRMC problem (Equation 2.2). It is well known that

M, is a smooth, C'°*°, manifold with

dim(M,) = r(ny +ng — ). (2.6)

It is said that the mapping A, intersects M, transverally if for every X € Vq. either

Ay (X) € M, or Ay (X) € M, and the following condition holds

Voo 4+ Thu, (V) = Rmxm2, 2.7)

where Y := Ap(X) and Tu, (V) denotes the tangent space to M, at Y € M, (we
will give explicit formulas for the tangent space T, (Y) in equations (Equation 2.14) and
(Equation 2.15) below.)

By using a classical result of differential geometry, it is possible to show that for almost
every (a.e.) M;;, (i,7) € €, the mapping A, intersects M, transverally (this holds for
every r) (see [19] for a discussion of this result). Transversality condition (Equation 2.7)
means that the linear spaces Ve and Ty, (Y) together span the whole space R™*"2. Of
course this cannot happen if the sum of their dimensions is less than the dimension of
R"™*™2_ Therefore transversality condition (Equation 2.7) implies the following dimen-

sionality condition

dim(Vee) + dim(To, (Y)) > dim(R™*"2). (2.8)

In turn the above condition (Equation 2.8) can be written as

r(ny +ng —1) > m, (2.9)



or equivalently r > R(nq, ny, mm), where

R(n1,n9,m) = (n1 + n2)/2 — v/(n1 +n2)2/4 —m. (2.10)

That is, if 7 < 2R(ny, n2, m), then the transversality condition (Equation 2.7) cannot hold
and hence for a.e. 1;; it follows that rank(M + X)) # r for all X € V.

Now if A, intersects M, transverally at Ay, (X) € M, (i.e., condition (Equation 2.7)
holds), then the intersection Ay, (Ve ) N M, forms a smooth manifold near the point Y :=
Ay (X). When r > 9R(ny,ne, m), this manifold has dimension greater than zero and
hence the corresponding rank r solution is not (locally) unique. This leads to the following

(for a formal discussion of these results we can refer to [19]).

Theorem 2.3.1 (Generic lower bound and non-uniqueness of solutions). For any index set
Q of cardinality m and almost every M;;, (i,j) € ), the following holds: (i) for every

feasible point Y of problem (Equation 2.2) it follows that

rank(Y) > R(ny, ng, m), (2.11)

(ii) if r* > R(ny, na, m), then problem (Equation 2.2) has multiple (more than one) optimal

solutions.

It follows from part (i) of Theorem 2.3.1 that r* > 9R(ny, ne, m) for a.e. M,;. Generi-

cally (i.e., almost surely) the following lower bound for the minimal rank 7* holds

r* 2 SR(nlv na, m)a (212)

and (Equation 2.2) may have unique optimal solution only when 7* = R(ny,ny, m). Of
course such equality could happen only if $3(nq, ny, m) is an integer number. As Example
2.3.1 below shows, for any integer 7* < [1/m | satisfying (Equation 2.12), there exists an

index set {2 such that the corresponding MRMC problem attains the minimal rank r* for
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a.e. M;;. In particular this shows that the lower bound (Equation 2.12) is tight. When we

have a square matrix n; = ny = n, it follows that
R(n,n,m) =n—vn?—m. (2.13)
For n; = ny = n and small m/n? we can approximate

R(n,n,m)=n (1 - \/1_777@/"2> ~m/(2n).

For example, for n; = ny = 1000 and m = 20000 we have R(n, n, m) = 10.05, and hence
the bound (Equation 2.12) becomes r* > 11. The nuclear norm minimization guarantees

to recover a solution of rank r < 199 [21].

Example 2.3.1 (Tightness of the lower bound for 7*). For r < min{ny,ns} consider data
matrix M of the following form M = ( %; ]\23 ) . Here, the three sub-matrices M;, M>, Ms,
of the respective order r X r, (ny —r) X r and (n; — r) x (ny — r), represent the observed
entry values. Cardinality m of the corresponding index set €2 is 7(n; + ny — 1), i.e., here
r = M(ny,n2,m). Suppose that the r X r matrix M is nonsingular, i.e., its rows are
linearly independent. Then any row of matrix ), can be represented as a (unique) linear
combination of rows of matrix M. It follows that the corresponding MRMC problem
has (unique) solution of rank »* = r. In other words, the rank of the completed matrix
will be equal to r (the rank of the sub-matrix M;) and there will be a unique matrix that
achieves this rank. Now suppose that some of the entries of the matrices M, and Mj are
not observed, and hence cardinality of the respective index set €2 is less than 7 (n; +mns — 1),
and thus r > 2R(ny,ng, m). In that case the respective minimal rank still is r, provided
matrix M is nonsingular, although the corresponding optimal solutions are not unique. In
2

particular, if M = (]‘gl 8), i.e., only the entries of matrix M, are observed, then m = r

and the minimum rank is 7.

11



2.3.2 Uniqueness of solutions of the MRMC problem

Following Theorem Theorem 2.3.1, for a given matrix M € Vg and the corresponding
minimal rank r* < 2R(ny, ne, m), the question is whether the corresponding solution Y*
of rank 7* is unique. Although, the set of such matrices M is “thin” (in the sense that
it has Lebesgue measure zero), this question of uniqueness is important, in particular for
the statistical inference of rank (discussed in Section Section 2.4). Available results, based
on the so-called Restricted Isometry Property (RIP) for low-rank matrix recovery from
linear observations and based on the coherence property for low-rank matrix completion,
assert that for certain probabilistic (Gaussian) models such uniqueness holds with high
probability. However for a given matrix M € Vg it could be difficult to verify whether
the solution is unique (some sufficient conditions for such uniqueness are given in [17,
Theorem 2], we will comment on this below.)

Let us consider the following concept of local uniqueness of solutions.

Definition 2.3.1. We say that an n, x n, matrix Y is a locally unique solution of problem
(Equation 2.2) if Po(Y) = M and there is a neighborhood V C R™*"2 of Y such that
rank(Y) # rank(Y) foranyY € V, Po(Y) =M andY #Y.

Note that rank is a lower semicontinuous function of matrix, i.e., if {Y} } is a sequence of
matrices converging to matrix Y, then liminf;_, . rank(Y}) > rank(Y"). Therefore local
uniqueness of Y actually implies existence of the neighborhood V' such that rank(Y) >
rank(?) forallY € V, Y # Y, i.e., that at least locally problem (Equation 2.2) does
not have optimal solutions different from Y. The Definition 2.3.1 is closely related to the
finitely rank-r completability condition introduced in [17], which assumes that the MRMC
problem has a finite number of rank r solutions. Of course if problem (Equation 2.2) has
a non locally unique solution of rank 7, then the finitely rank-r completability condition
cannot hold.

We now introduce some constructions associated with the manifold M, of matrices of

12



rank r. There are several equivalent forms how the tangent space to the manifold M, at
Y € M, canberepresented. LetY = VW for some matrices V € R"*" and W € R"2*"

of rank r. Then

T, (V) = {(dV)WT +V(@W)" : dV € R™*", dW € R"™*"}. (2.14)
In an equivalent form this tangent space can be written as
T, (Y) = {HGJR’“X”2 :FHG:O}, (2.15)

where F'is an (ny — r) X n; matrix of rank n; — r such that F'Y = 0 (referred to as a
left side complement of Y) and G is an ny X (ne — r) matrix of rank ny — r such that
Y G = 0 (referred to as a right side complement of Y). We also use the linear space of
matrices orthogonal (normal) to M, atY € M., denoted by N, (Y'). By (Equation 2.14)

it follows that
N, ¥Y)={ZeR"*™:Z'Y =0and YZ' =0}. (2.16)

Definition 2.3.2 (Well-posedness condition). We say that a matrix Y € M,. is well-posed,

for problem (Equation 2.2), if Po(Y') = M and the following condition holds

Vae N T, (V) = {0}. (2.17)

Condition (Equation 2.17) (illustrated in Figure 2.1) is a natural condition having a
simple geometrical interpretation. Intuitively, it means that the null space of the observation
operator does not have any non-trivial matrix that lies in the tangent space of low-rank
matrix manifold. Hence, there cannot be any local deviations from the optimal solution

that still satisfy the measurement constraints. This motivates us to introduce the well-
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posedness condition that guarantees a matrix to be locally unique solution. Note that this is
different from the so-called Null Space Property (NSP) (see, e.g.,[22]). Although both the
well-posedness and NSP have a similar geometrical flavor, the NSP is aimed at ensuring
uniqueness of solution of a convex problem, while the MRMC is essentially a nonconvex
construction. For instance, NSP can be used to guarantee uniqueness of solutions of the
optimization problem min,cg~ ||z||; subject to Ax = b, which can be formulated as a linear

programming problem.

)7+WQC

Figure 2.1: Illustration of the well-posedness condition.

Now we can give sufficient conditions for local uniqueness:

Theorem 2.3.2 (Sufficient conditions for local uniqueness). Matrix Y € M, is a locally

unique solution of problem (Equation 2.2) if Y is well-posed for (Equation 2.2).

2.3.3 Verifiable form of well-posedness condition

Below we present an equivalent form of the well-posedness condition that can be veri-
fied algebraically. By Theorem Theorem 2.3.2 we have that if matrix Y € M, is well-
posed, then Y is a locally unique solution of problem (Equation 2.2). Note that condi-
tion (Equation 2.17) implies that dim(Vq.) + dim(7r, (Y)) < niny. That is, condition
(Equation 2.17) implies that 7(ny + ny — r) < m or equivalently r < 2R(nq,ns, m). By
Theorem Theorem 2.3.1 we have that if r* > 93(ny, ny, m), then the corresponding optimal
solution cannot be locally unique almost surely. Note that since the space Vg, is orthogo-

nal to the space V., by duality arguments condition (Equation 2.17) is equivalent to the
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following condition

Va + Ny, (V) = R, (2.18)

By using formula (Equation 2.15) it is also possible to write condition (Equation 2.17)
in the following form

{X € Vg : FXG =0} = {0}, (2.19)

where F is a left side complement of Y and G is a right side complement of Y. Recall
that vec(FXG) = (GT @ F)vec(X). Column vector of matrix G' ® F corresponding to
component z;; of vector vec(X), is ng ® f;, where f; is the i-th column of matrix F' and
g; is the j-th row of matrix . Condition (Equation 2.19) means that the column vectors
ng ® fi, (1,7) € QF, are linearly independent. It could be noted that the left and right side
complements are not unique. That is, the left side complement can be changed to () F' for an
arbitrary (n; —r) X (n; —r) nonsingular matrix (), and similarly the right side complement
can be changed to G R for an arbitrary (ny — r) X (ny — ) nonsingular matrix R. We have
that (GR)" ® (QF) = (R" ® Q)(G" ® F). Therefore the condition for vectors g ® f;,
(1,7) € €, to be linearly independent does not depend on a particular choice of the left
and right side complements.

We obtain the following verifiable condition for checking the well-posedness of a given

solution:

Theorem 2.3.3 (Equivalent condition of well-posedness). Matrix Y € M, satisfies condi-
tion (Equation 2.17) if and only if for any left side complement F' and right side complement

G of Y, the column vectors ng ® fi, (i,7) € QF, are linearly independent.

A consequence of Theorem 2.3.3 is that if Y € M, is well-posed, then necessarily
(n1 —r)(ng —r) > [Q], since vectors g/ ® f; have dimension (ny — r)(ny — r). Since
|2¢| = niny — m, this is equivalent to r(n; + ny — r) < m. That is, the well-posedness
cannot happen if r > 9R(ny, ng, m). This of course is not surprising in view of discussion

of subsection 2.3.1.
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Theorem 2.3.3 also implies the following necessary condition for well-posedness of
Y € M, in terms of the pattern of the index set €2, which is related to the completability
condition in [17] that each row and each column has at least r observations. If matrix
Y € M, is well-posed for problem (Equation 2.2), then at each row and each column of Y/
there are at least r elements of the index set 2. Indeed, suppose that in row ¢ € {1,...,n1}
there are less than r elements of €. This means that the set o; := {j : (¢,j) € Q°} has
cardinality greater than n, — r. Let F be a left side complement of Y and G be a right side
complement of Y. Since rows g; of G are of dimension 1 x (ny — r), we have then that

vectors g;, j € oy, are linearly dependent, i.e., > Ajg; = 0 for some \;, not all of them

JjEoi

zero. Then
.
Yien ilg] @ F) = (X,e Nigi) © fi = 0. (2.20)

This contradicts the condition for vectors ng ® fi, (i,7) € QF, to be linearly independent.
Similar arguments can be applied to the columns of matrix Y. This necessary condition for
well-posedness is not surprising since if there is a row with less than r elements of 2, then
this row in not uniquely defined in the corresponding rank 7 solution (cf., [17]). However,
although necessary, the condition for the index set €2 to have at each row and each column
at least r elements is not sufficient to ensure well-posedness as shown by Theorem 2.3.5

below. Note that by definition the matrices F' and G are of full rank.

2.3.4 Generic nature of the well-posedness

In a certain sense the well-posedness condition is generic, as we explain below. Denote by
F. C R™*" and G, C R™*" the respective sets of matrices of rank r. Consider the set
O := F, x G, x Ve viewed as a subset of R™" 727 tmin2=m ‘and mapping § : © — R"™*"2
defined as

FO) =VWT+X, 6= (V,IW,X)c0.
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Note that the sets G, and F, are open and connected, and hence the set © is open and
connected, and the components of mapping §(+) are polynomial functions.

Let A(6) be the Jacobian of mapping §. That is, A(6) is (n1r+ner+nine—m) X (ninsy)
matrix of partial derivatives of §(6) taken with respect to a specified order of the compo-
nents of the corresponding matrices. Let us consider the following concept associated with

rank r and index set €) (cf., [23]).

Definition 2.3.3. We refer to

0 = max {rank(A(Q)) } (2.21)

as the characteristic rank of mapping § and say that € © is a regular point of § if
rank (A(0)) = o. We say that (V,W) € F, x G, is regular if = (V,W, X) is regular for

some X € Vqe.

Since §(V, W, -) is linear, the Jacobian A(V, W, X) is the same for all X € Vg, i.e.,
AV, W, X) = A(V,W, X’) for any X, X’ € Vg and (V, W) € F, x G,.. Hence if a point
0 = (V,W, X) is regular for some X € V., then (V, W, X”) is regular for any X’ € V.
Therefore regularity actually is a property of points (V, W) € F,. x G,.

Consider§ = (V, W, X) € ©andY = VIW . We have thatrank (A(9)) = dim(0(9)),
where 0 (6) denotes the image of the differential of F(¢). Since the differential d §(0) =
(dVYWT +V(dW)T + dX and because of (Equation 2.14), the linear space 0(6) is equal
to Ta, (Y) + Ve It follows that ¢ < f(r, m), where

f(r,m) = dim(Tu, (Y)) + dim(Vee) 022)

= r(ny+ny—7r)+nny —m.

It also follows that rank (A(6)) = f(r, m) iff condition (Equation 2.17) holds at Y. In other

words we have the following result.
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Proposition 2.3.1. Rank of A(0) attains the maximal value (r, m) if and only if the corre-

sponding matrix Y = VW is well posed.
Furthermore we have the following.

Theorem 2.3.4. The following holds: (i) Almost every point (V,W) € F, X G, is regular.
(ii) The set of regular points forms an open subset of F, X G,. (iii) For any regular point
(V,W) € F, x G,, the corresponding matrix Y = VW satisfies the well-posedness
condition (Equation 2.17) if and only if the characteristic rank o is equal to f(r,m). (iv)
If 0 < f(r,m) and a point (V,W) € F, x G, is regular, then for any Y € M, in a
neighborhood of Y = VW T there exists X € Ve such thatY =Y + X.

The significance of Theorem 2.3.4 is that this shows that for given rank r and index set
(), either o = f(r,m) in which case a.e. Y € M, satisfies the well-posedness condition
(Equation 2.17), or ¢ < f(r,m) in which case condition (Equation 2.17) does not hold for
all Y € M, and generically rank r solutions are not locally unique.

We have that a necessary condition for ¢ = f(r,m) is that each row and each column
of the considered matrix has at least  observed entries. Another necessary condition is
for the index set to be irreducible (see Theorem 2.3.5). Whether these two conditions
are sufficient for ¢ = f(r,m) to hold remains an open question. Numerical experiments,
reported in Section Section 2.5, indicate that in a certain probabilistic sense chances of

occurring not well posed solution are negligible when r is slightly less than R(n;, ng, m).

2.3.5 Global uniqueness of solutions for special cases

In some rather special cases it is possible to give verifiable conditions for global uniqueness
of minimum rank solutions. The following conditions are straightforward extensions of

well known conditions in Factor Analysis (cf., [24, Theorem 5.1] ).

Assumption 2.3.1. Suppose that: (i) for a given index (k,l) € QF, there exist index sets

Zy AL, .on b \{k} and T, C {1,...,;no} \ {l} such that |I,| = |Iy| = r, Iy x I, C Q,
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and {k} x Iy C Qand {l} x I; C Q, (ii) the r X r submatrix of M corresponding to rows

1 € 1y and columns j € I, is nonsingular.

For example, for » = 1 part (i) of the above assumption means existence of indexes

k' # k and I’ # [ such that (k',1), (k,l'), (K',I") € Q.

Proposition 2.3.2. Suppose that Assumption 2.3.1 holds for an index (k,l) € Q°. Then the
minimum rank v > r, and for any matrix Y € M, such that Po(Y') = M it follows that

Ykl = ?kl .

Clearly part (i) of Assumption 2.3.1 implies that »* > r. The other result of the above
proposition follows by observing that the (r+ 1) x (r+ 1) submatrix of Y corresponding to
rows {k} UZ; and columns {/} U Z, has rank r and hence zero determinant, and applying
Shur complement for the element Yj;. Note that provided the part (i) holds, part (ii) is
generic in the sense that it holds for a.e. M;;.

If Assumption 2.3.1 holds for every (k,1) € Q¢, then the uniqueness of the solution Y’
follows. This is closely related to [17, Theorem 2], but is not the same. It is assumed in [17]
that every column of M has r+ 1 observed entries. For example, consider 2 x 2 matrix with
3 observed entries, M5 = My = My, = 1. The only unobserved entry, corresponding to
the index (1, 1), satisfies Assumption 2.3.1 and rank one matrix, with all entries equal 1, is
the unique solution of the MRMC problem. On the other hand the first column of matrix

M has only one observed entry.

Remark 2.3.1. The following example was constructed in Wilson and Worcester [25], of
two 6 X 6 symmetric matrices of rank 3 with the same off-diagonal and different diagonal
elements. If we define the index set as Q := {(¢,7) : i # j, i,j = 1,...,6}, then this can
be viewed as an example of two different locally unique solutions of rank 3. Note that here
m = 30 and 7(6, 6,30) = 6 — /6. That is 9R(6, 6,30) > 3 and generically (almost surely)
rank cannot be reduced below r = 4. We will discuss this example further in Section

Section 2.5.
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2.3.6 Identifiable 2

Our results can also be used to determine whether observation patterns (2 is identifiable.
First note that uniqueness of the minimum rank solution is invariant with respect to per-
mutations of rows and columns of matrix M. This motivates to introduce the following

definition.

Definition 2.3.4. We say that the index set () is reducible if by permutations of rows and
columns, the set () can be represented as the union Q) U Q" of two disjoined sets Q) C
{1, k} x{1,..,}and Q" C{k+1,...,n1} x {l+1,...,n} for some 1 < k < ny and

1 <1 < ny. Otherwise we say that € is irreducible.

Reducibility of the index set {2 means that by permutations of rows and columns, matrix
M can be represented in the block diagonal form
M 0

M = , (2.23)
O M//

where matrices M’ and M" are of order k x [ and (n; — k) x (ny — 1), respectively, with

observed entries M,

(1,7) € @/, and M/

s (1,7) € . Some entries of matrices M’ and

M" can also be zero if the corresponding entries of matrix M are zeros.

Theorem 2.3.5 (Reducible index set). If the index set () is reducible, then any minimum

rank solution'Y is not locally (and hence globally) unique.

As it was shown in Theorem Theorem 2.3.2, if Y is not locally unique, then it cannot
be well-posed. Therefore if the index set €2 is reducible, then any minimum rank solution
is not well-posed. Of course even if €2 is reducible, it still can happen that in each row and
column there are at least r elements of the index set 2. That is, the condition of having
r elements of the index set €) in each row and column is not sufficient to ensure the well-

posedness property.
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Remark 2.3.2. Reducibility/irreducibility of the index set €2 can be verified in the following
way. Consider the undirected graph G = (V, E') with the set of vertices V' := (2, and edges
between two vertices (i, ), (7', j') € Qif and only if i = i’ or j = j'. Then €Q is irreducible
if and only if G has only one connected component. A connected component of G is a
subgraph in which any two vertices are connected to each other by paths, and which is
connected to no additional vertices in the supergraph (G. There are algorithms of running
time O(|V'| 4+ | E/|) which can find every vertex that is reachable from a given vertex of G,
and hence to determine a connected component of G, e.g., the well known breadth-first

search algorithm [26, Section 22.2]. Note that the number of vertices in G is m = |2

)

which could be much smaller than n;n..

2.3.7 Uniqueness of rank one solutions

In this section we discuss uniqueness of rank one solutions of the MRMC problem
(Equation 2.2). We show that in case of the minimum rank one, irreducibility of €2 is
sufficient for the global uniqueness. We assume that all M/;; # 0, (7, 7) € €2, and that every
row and every column of the matrix M has at least one element M;;. Let Y be a solution
of rank one of problem (Equation 2.2), i.e., there are nonzero column vectors v and w such
that Y = vw' with Po(Y) = M.

Recall that permutations of the components of vector v corresponds to permutations of
the rows of the respective rank one matrix, and permutations of the components of vector w
corresponds to permutations of the columns of the respective rank one matrix. It was shown
in Theorem Theorem 2.3.5 that if the index set () is reducible, then solution Y cannot be

locally unique. In case of rank one solution the converse of that also holds.

Theorem 2.3.6 (Global uniqueness for rank one solution). Suppose that 2 is irreducible,
M;; # 0 for all (i,7) € Q, and every row and every column of the matrix M has at least

one element M;;, (i,7) € S). Then any rank one solution is globally unique.

It could be mentioned that even for » = 1 the irreducibility is a weaker condition than
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part (i) of Assumption 2.3.1 applied to every (k, ) € Q°. For example, letn; =ny =n > 3
and Q = {(i,7):i>7, 4,5 =1,...,n} \ {(n,1)}. This set §2 irreducible. However for the

index (1,n), Assumption 2.3.1(i) does not hold.

2.3.8 LRMA and its properties

We discuss below the LRMA approach (Equation 2.5). Compared with the formulation of
exact low rank recovery, the LRMA is more realistic in the presence of noise. By Theo-
rem Theorem 2.3.1 we have that if the minimal rank 7* is less than $3(ny, n2, m), then the
corresponding solution is unstable in the sense that an arbitrary small perturbation of the ob-
served values M;; can make this rank unattainable. On the other hand if 7* > R(ng,ng, m),
then almost surely the solution is not (even locally) unique. This indicates that except in
rare occasions, problem (Equation 2.2) of exact rank minimization cannot have both prop-
erties of possessing unique and stable solutions. Consequently, what makes sense is to try

to solve the minimum rank problem approximately.

Proposition 2.3.3 (Necessary condition for LRMA). The following are necessary condi-

tions for Y € M., to be an optimal solution of problem (Equation 2.5)

(Po(Y) = M)'Y =0 and Y (Po(Y)—M)" =0. (2.24)

Remark 2.3.3. We can view the least squares problem (Equation 2.5) from the following

point of view. Consider function

$(Y,0) := jtr[(Pa(Y) — ©) ' (Pa(Y) — ©)], (2.25)
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with © € V, viewed as a parameter. Define

) =1 (Y — My)°
(e (2.26)

= r[(Po(Y) — M)T(Pa(Y) — M)],

Hence, the problem (Equation 2.5) consists of minimization of f(Y') subjectto Y € M,.
Note that for © = M we have f(-) = ¢(-, M), where f(-) is defined in (Equation 2.26).
Let Y € M, be such that ¢(Y,04) = 0 for some O € Vg, i.e., Po(Y) = Oy. A sufficient

condition for Y to be a locally unique solution of problem (Equation 2.2), at M = O, is

tr [Po(H) Po(H)] >0, VH € Ta, (V) \ {0}. (2.27)

The above condition means that if H € Ty, (Y) and H # 0, then Po(H) # 0. In other

words this means that the kernel
Ker(Po) :={H € Ty, (Y) : Po(H) =0}

is {0}. Since Po(H) = 0 for any H € V., it follows that: condition (Equation 2.27) is
equivalent to the sufficient condition (Equation 2.17) of Theorem 2.3.2. That is, condition

(Equation 2.27) means that matrix Y is well-posed for problem (Equation 2.2).

Assuming that condition (Equation 2.27) (or equivalently condition (Equation 2.17))
holds, by applying the Implicit Function Theorem to the first order optimality conditions

of the least squares problem (Equation 2.5) we have the following result.

Proposition 2.3.4. Let Y € M, be such that Po(Y) = Oy for some Oy € Vq and suppose
that the well posedness condition (Equation 2.17) holds. Then there exist neighborhoods
YV and W of Y and ©,, respectively, such that for any M € W N Vg, there exists unique

Y € VN M, satisfying the optimality conditions (Equation 2.24).
The above proposition implies the following. Suppose that we run a numerical pro-
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cedure which identifies a matrix Y € M, satisfying the (necessary) first order opti-
mality conditions (Equation 2.24). Then if Pq(Y) is sufficiently close to M (i.e., the fit
Z(i, e (Y — M,-j)2 is sufficiently small) and condition (Equation 2.17) holds at Y, then
we can say that f(Y) > f(Y) forall Y # Y in a neighborhood of Y. That is, Y solves
the least squares problem at least locally. Unfortunately it is not clear how to quantify the

“sufficiently close” condition, and this does not guarantee global optimality of Y unless Y’

is the unique minimum rank solution.

2.4 Statistical test for rank selection

In this section, we propose a statistical test procedure for value of the “true” minimal rank,
when the entries of the data matrix M are observed with noise. Such statistical approach
can be useful for many existing low-rank matrix completion algorithms, which require
a pre-specification of the matrix rank, such as the alternating minimization approach to
solving the non-convex problem by representing the low-rank matrix as a product of two
low-rank matrix factors (see, e.g., [4]).

Consider this for the LRMA formulation. By the above discussion, it will be natural to
take some value of r less than 93(ny, no, m), since otherwise we will not even have locally
unique solution. Can the fit of Y € M, to X + M, and hence the choice of r, be tested in
some statistical sense?

To proceed we assume the following model with noisy and possibly biased observations

of a subset of matrix entries. There is a (population) value Y* of n; X ny matrix of rank

r < R(ny,ng,m) and M,; are viewed as observed (estimated) values of Y7, (i,7) € Q,
based on a sample of size /NV. The observed values are modeled as
My =Y+ N72A; + ey, (i,5) € Q (2.28)

where Y* € M, and A;; are some (deterministic) numbers. The random errors ¢;; are
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assumed to be independent of each other and such that N/ %¢;; converge in distribution to

normal with mean zero and variance o2, (i,7) € (2. The additional terms N~'/2A;; in

5
(Equation 2.28) represent a possible deviation of population values from the “true” model
and are often referred to as the population drift or a sequence of local alternatives (we can

refer to [27] for a historical overview of invention of the local alternatives setting). This is

a reasonably realistic model motivated by many real applications.

Definition 2.4.1. We say that the model is globally identifiable (at Y*) if Y € R™*"™2 of
rank(Y) < r and Po(Y) = Po(Y*) imply that Y = Y, i.e., Y* is the unique solution
of the respective matrix completion problem. Similarly it is said that the model is locally
identifiable if this holds for all suchY in a neighborhood of Y*, i.e., Y* is a locally unique

solution.

Consider the following weighted least squares problem (a generalization of (Equa-
tion 2.5)):
min wij (Mij — Yij)?, (2.29)

for some weights w;; > 0, (¢,7) € €. (Of course, if w;; = 1, (,5) € €, then problem
(Equation 2.29) coincides with the least squares problem (Equation 2.5).) We have the

following standard result about consistency of the least squares estimates.

Proposition 2.4.1. Suppose that the model is globally identifiable at Y* € M, and values

M;j, (i,7) € ), converge in probability to the respective values Y;; as the sample size

N tends to infinity. Then an optimal solution Y of problem (Equation 2.29) converges in

probability to Y* as N — oc.

Consider the following weighted least squares test statistic

Twn(r) := N min wij (M — Yij)?, (2.30)
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where w;; := 1/67; with 67; being consistent estimates of o7; (i.e., 6;; converge in prob-
ability to afj as N — o0). Recall that the respective condition of form (Equation 2.17),
or equivalently (Equation 2.27), is sufficient for local identifiability of Y*. The follow-
ing asymptotic results can be compared with similar results in the analysis of covariance

structures (cf., [28]).

Proposition 2.4.2 (Asymptotic properties of test statistic). Consider the noisy observation
model (Equation 2.28). Suppose that the model is globally identifiable at Y* € M, and
Y* is well-posed for problem (Equation 2.2). Then as N — oo, the test statistic Ty (r)
converges in distribution to noncentral x* distribution with degrees of freedom df, = m —
r(ny + ny — 1) and the noncentrality parameter

5, = min | > o7 (A — Hy) (2.31)

HETpm, (Y* K
M 6 en

Note that the optimal (minimal) value of the weighted least squares problem (Equation 2.29)
can be approximated by
min ) > wiy (Eij — Hyj)* + Ry, (2.32)

HeTnm, (Y™
e jea

with F;; := N~1/2A;;+¢;; and the error term Ry = o (|| M — Pq(Y™*)||?) being of stochas-
tic order Ry = 0,(N~'). Hence, the noncentrality parameter, given in (Equation 2.31), can

be approximated as
5, ~ N min wiy (Y7 4+ N72A, = v3))°. (2.33)

That is, the noncentrality parameter is approximately equal to /V times the fit to the “true”

model of the alternative population values Y;: + N -1/ 2A\;; under small perturbations of

order O(N~1/2).
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Remark 2.4.1. The above asymptotic results are formulated in terms of the “sample size
N suggesting that the observed values are estimated from some data. That is, the given
values M;}, (i, j) € €, are obtained by averaging i.i.d. data points M, ¢ = 1, ..., N. In that
case asymptotic normality of N''/ %¢;; can be justified by application of the Central Limit
Theorem, and the corresponding variances afj can be estimated from the data in the usual
way 67, = (N — 1)~ ZéV:l(Mf] — M;;)?. This model allows to formulate mathematically
precise convergence results. One can take a more pragmatic point of view that when there
is a “small” random noise in the observed values, the respective test statistics properly

normalized with respect to magnitude of that noise have approximately a noncentral chi

square distribution.

The asymptotics of the test statistic 7y () depends on r and also on the cardinality m of
the index set €2. Suppose now that more observations become available at additional entries
of the matrix. That is we are testing now the model with a larger index set €', of cardinality
m/, such that @ C . In order to emphasize that the test statistic also depends on the
corresponding index set we add the index set in the respective notations. Note that if Y is
a solution of rank r for both sets 2 and 2’ and the model is globally (locally) identifiable at
Y* for the set 2, then the model is globally (locally) identifiable at Y* for the set €2’. Note
also that if the regularity condition (Equation 2.17) holds at Y* for the smaller model (i.e.

for 2), then it holds at Y* for the larger model (i.e. for €2). The following result can be

proved in the same way as Theorem Proposition 2.4.2 (cf., [28]).

Proposition 2.4.3. Consider index sets Q2 C Q' of cardinality m = || and m' = |V, and

the noisy observation model (Equation 2.28). Suppose that the model is globally identifi-
able at Y* € M, and condition (Equation 2.17) holds at Y* for the smaller model (and
hence for both models). Then the statistic T (r,2") — T (r, Q) converges in distribution
to noncentral x* with df, o — df, o = m’ — m degrees of freedom and the noncentrality
parameter 0,y — 0r.q, and T (r,QY) — T (r, Q) is asymptotically independent of Ty (1, €2).

For given index set 2 and observed (estimated) values M;;, (i,7) € (2, the statistic
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Tn(r) can be used for testing the (null) hypothesis that the “true” rank is r. That is the null
hypothesis is rejected if Tiy(r) is large enough on the scale of the x? distribution with the
respective df, degrees of freedom. It is often observed in practice that such tests reject the
null hypothesis even when the fit is reasonable. In that respect the role of values A;; in the
model is to suggest that the “true” model is true only approximately, and the corresponding
noncentrality parameter d, gives an indication of the deviation from the exact rank » model.
It is a common practice to perform such tests sequentially for increasing values of r, with
all deficiencies of such sequential testing.

Such testing procedure assumes that the sample size /V is given and the corresponding
variances afj can be consistently estimated. When the observed values are obtained by
averaging N data points, this is available in the straightforward way (see Remark 2.4.1).
Otherwise setting N = 1 and assuming that all aizj = 02, (i,j) € , are equal to each

other, we need to specify range of o2. We will discuss this further in Section Section 2.5.

Remark 2.4.2. It is also possible to give asymptotic distribution of solutions of problem
(Equation 2.29). Suppose now that the assumptions of Proposition 2.4.2 hold with all A;;
in equation (Equation 2.28) being zeros. Let Y be a solution of problem (Equation 2.29),
ie.,

2

Vi carg min 3wy (Y 4y V) (2.34)
T N—  —

(4,7)€Q M;;

Consider operator A : Vo — T, (Y*) defined as

AW) = aggegljﬁm Z o5 (Wi — Hy)?, (2.35)
(1,7)€Q
for W € Vg. Because of the assumption of well posedness (which is equivalent to
(Equation 2.27)) the minimizer in (Equation 2.35) is unique and hence A(W/) is well de-
fined. Then
Yy = A(M) + 0,(N~?). (2.36)
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Note that the operator A4 is linear.
We have that Y* € Ty, (Y*) and hence A(Po(Y™*)) = Y*. Thus A(M) = Y*+ A(FE),

where £ € R™*"™ is such that E;; = ¢;; for (¢,j) € €, and E;; = 0 otherwise. Since

2
ij

NY 261-3», (i,7) € €, converge in distribution to normal with mean zero and variance o
and independent of each over, it follows that N/ 2(YN — Y™*) converges in distribution to
the random matrix A(Z), where Z € Vg, is a random matrix with entries Z;; ~ N (0, 07,),
(i,7) € §2, having normal distribution and independent of each over. Note that since A(-) is
a linear operator, A(Z) has a multivariate normal distribution with zero means. Since A(Z)
belongs to the linear subspace Ty, (Y*) of R™*"2, the multivariate normal distribution of

A(Z) is degenerate.

2.5 Numerical Examples

We present some numerical experiments to illustrate our theory'. In this section, without
further notification, the nuclear norm minimization is solved by TFOCS [29] in Matlab and
LRMA problem is solved by “Softlmpute” [30] (regularization parameter equals to 0) in
R.

2.5.1 An example of 6 x6 matrix considered in [25]

As pointed in Remark 2.3.1, Wilson and Worcester showed in [25] using analysis that there

are two different locally unique solutions of rank r* = 3 for a 6 x 6 matrix with the index

'"More discussions can be found in a supplementary material at
https://www?2.isye.gatech.edu/~yxie77/Experiment.pdf.
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set {2 corresponding to its off-diagonal elements. The matrix M in that example is given by

0 056 0.16 048 0.24 0.64
056 0 0.20 0.66 0.51 0.86
0.16 020 0 0.18 0.07 0.23
048 066 0.18 0 03 0.72
0.24 051 0.07 030 0 041

0.64 086 0.23 0.72 041 O

It can be verified that there are two rank 3 solutions by filling the diagonal entries by
(0.64,0.85,0.06, 0.56, 0.50, 0.93), and (0.42,0.90, 0.06, 0.55, 0.39, 1.00), respectively.
This simple test case where we know the ground truth can illustrate the problem. Both
the nuclear norm minimization and LRMA fail to recover any of these two local solutions
above. The soft-thresholded SVD converges to a completely incorrect solution with off-
diagonals far off from those of M, and the nuclear norm minimization produces a rank 4
solution by filling out the diagonal entries by (0.44, 0.76, 0.05, 0.53, 0.19, 0.96). Note that
here both optimal solutions satisfy the well-posedness condition, and yet these numerical
procedures can not recover either one of them. It is not clear how typical this example, of
different locally optimal solutions, is. Recall that generally the nuclear norm minimization
problem possesses unique optimal solution. However, it is not clear how well it approxi-

mates the “true” minimal rank solution when there is observation noise.

2.5.2 Probability of well-posedness

We show the probability of satisfying the well-posedness condition by generating random
cases. For each rank r*, we generate an 40 x r* orthonormal matrix V/, an 50 X r* or-
thonormal matrix W, and an r* x r* diagonal matrix D. Set Y* = VDW . For each
instance, we randomly generate the observation pattern €2 such that each entry is observed

with probability p. We check the well-posedness condition according to Theorem The-
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Figure 2.2: Probability that well-posedness is satisfied; random instances for different rank
and sampling probability. For each sampling probability and rank, we generate Y* and ().
Then, we check the well-posedness condition and compute the probability. Blue curve is
the estimated generic bound for the corresponding sampling probability.

orem 2.3.3 and using the verifiable algebraic condition. Then we repeat the above pro-
cedure 100 times and compute the percentage of cases that satisfy the well-posedness
condition. Figure 2.2 shows the resulted proportion. We also plotted the generic bound
R(ny,ne, p) = (n1 +n2)/2 — (nq +n2)2/4 — nynap)*/2. Figure 2.2 shows that the proba-
bility that a matrix satisfies the well-posedness condition is not small, when the true rank is
less than the generic lower bound. Moreover, the probability converge to 1 quickly, when
the rank is 2 or 3 less than the generic bound. This demonstrates that the ij%(nl, ng, p) is a

sharp bound.

2.5.3 Comparison of LRMA and nuclear norm minimization

In this section, we compare the performance of LRMA and matrix completion using stan-
dard nuclear norm minimization, when the well-posedness condition is satisfied and when
it is violated, respectively. The results show that the well-posedness condition is indeed
necessary for good recovery performance. Moreover, our examples show that LRMA per-
forms more stable than nuclear norm minimization in these cases.

We generate Y*, an n; X ny matrix of rank r*, by uniformly generated an n; X r* matrix
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V', an ny X r* matrix W and an r* X r* diagonal matrix D and setting Y* = VDWT, where
V and W are orthonormalization of V, W, respectively. We again sample € uniformly
random with probability p, where |2| = m. Observation matrix M is generated by M,; =
Vi 4 ey, (4,5) € Q, where g5 ~ N(0,6°N~"). Algorithms stop when either relative
change in the Frobenius norm between two successive estimates, ||Y **) —Y?||z/||Y @ £,
is less than some tolerance, denoted as tol or the number of iterations exceeds the maximum

it.

Element-wise error for three cases

We first consider three individual instances, when the well-posedness condition is satisfied
and violated, respectively:

(1) In Figure 2.3 the well-posedness condition is satisfied. The element-wise reconstruc-
tion error for LRMA is much smaller than that of the nuclear norm minimization. In this
experiment, n; = 40, no = 50, r* = 10, m = 1000, ¢ = 5, N = 50 and 2 is sampled until
the well-posedness condition is satisfied. The parameters are tol = 1072° and it = 50000.

Estimation error of Estimation error of
least square nuclear norm minimization

10 20 30 40 50

Figure 2.3: When the well-posedness condition is satisfied, the absolute errors at each
entries |Y;; — Y;%| for the LRMA (middle panel) and the nuclear norm minimization (right
panel). The left panel shows the sampling pattern €). Here the true matrix Y* € R40x50,

rank(Y*) = 10, |Q = 1000, e;; ~ N(0,5%/50) and the observation matrix M;; = Y7 +
€ij (1,7) € €L

(2) In Figure 2.4, the well-posedness condition is violated. As predicted by our theory, both

LRMA and nuclear perform worse, and the errors are especially large at index numbers 3,
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6, 30, 46, 50, where the necessary condition for the well-posedness condition is violated.
Still, in this situation, the nuclear norm minimization has a larger total recover error than
LRMA. In this experiment, n; = 70, no = 40, r* = 11, m = 1300, 0 = 5, and N = 50.
We repeatedly sample (2 until the necessary condition for the well-posedness condition is

violated. The parameters tol = 107 and it = 50000.

Estimation error of Estimation error of
Omega least square nuclear norm minimization

20
30
40 E
50 F

60 -
70 -
10 20 30 40 10 20 30 40

-

Figure 2.4: When the well-posedness condition is violated, the absolute errors at each

entries |Y;; — Y;%| for the LRMA (middle panel) and the nuclear norm minimization (right

panel). The left panel shows the sampling pattern €). Here the true matrix Y* € R70x40,
rank(Y*) = 11, [©2] = 1300, ¢ ~ N(0,5%/50) and the observation matrix M,; = Y5 +

ij
€ij, (1,7) € €. The necessary condition for the well-posedness condition is violated (i.e.,

the numbers of observations are less than 11) at row with index numbers 3, 6, 30, 46, 50.

(3) In Figure 2.5, (2 is reducible and thus the well-posedness condition is violated. Consis-
tent with our theory, in this situation, both methods fail to recover the true matrix since the
necessary condition of local uniqueness is violated. In this experiment, n; = 40, ny = 50,
r* = 10, m = 1000, 0 = 5, N = 50 and Q = {(4,j) € {1---20} x {1---20} U
{21---40} x {21---50}}. The parameters are tol = 10~ and it = 50000.

Mean-square-error performance

In this section, we consider the mean-square-error performance, defined by

K
1 .
MSE = § § Y = Yije)?

ning KK — ( ig.k k)
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Estimation error of Estimation error of
Omega least square nuclear norm minimization

%108
10
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Figure 2.5: When €2 is reducible, the absolute errors at each entries |Y;;—Y%| for the LRMA
(middle panel) and the nuclear norm minimization (right panel). The left panel shows the
sampling pattern 2. Here the true matrix Y* € R0 rank(Y*) = 10, || = 1000,

gij ~ N(0, %) and the observation matrix M;; = Y5 + &5, (4, j) € Q. Q is reducible. In

this case, only two diagonal block matrices M; € R?"*20 and M, € R?°*30 are observed.

where K is the total number of repetitions. Figure 2.6 shows the difference between the
mean square error of LRMA and the nuclear norm minimization. In this experiment,
ny = 40, ny = 50, 0 = 5, and we generate 50 random instances to compute the average
error. The estimated if%(nl, ng, p) is also drawn as the blue curve. Figure 2.6 shows that,
indeed, as predicted by our theory, when the true rank is lower than the generic lower bound,

the performance of LRMA is much better than that of the nuclear norm minimization.

15
14
13
MSE|s-MSEqn
12 30000
11 0
10
X
g 9 -50000
8
; ~100000
6
-150000
5
4
3

0.25 0.50 0.75
sampling probability, p

Figure 2.6: Difference between the MSEs of LRMA and the nuclear norm minimization.
The blue curve is the generic bound for the corresponding sampling probability.
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2.5.4 Testing for true rank

Asymptotic distribution of test statistic

In Section Section 2.4 (see (Equation 2.28)), we show that the asymptotical distribution
of the test statistic for the “true” rank is x? distribution, which we will verify numerically
here. We generate the true matrix Y*, an n; X ny matrix of rank r*, by uniformly generated
an nq X r* matrix V, an ny X r* matrix W, and an r* x r* diagonal matrix D and setting
Y* = VDWT, where V and W are orthonormalization of V, W, respectively. We sample
(2 uniformly random, where |2| = m. The noisy and repeated observation matrices are
generated by Mi(f) =Y+ Eg-f), (i,7) € Q, where 55? ~ N(0,0*N~1). When computing
the test statistic Tj(f ) (r) (Equation 2.30), the least square approximation problem is solved
by the soft-thresholded SVD solver. The algorithm stops when either relative change in the
Frobenius norm between two successive estimates is less than some tolerance, denoted as
tol, or the number of iterations reaches the maximum, denoted as #t.

Figure 2.7 shows the Q-Q plot of {7 (r)}2%, against the corresponding x? distribu-
tion. In this experiment, n; = 40, ny = 50, r* = 11, m = 1000, 0 = 5, N = 400 and
) is sampled until the well-posedness condition is satisfied. The parameters tol = 10~2°
and it = 50000. From the result, we can see Ty (r) follows a central x? distribution with
a degree-of-freedom df, = m — r(ny + ny — r) = 131, which is consistent with Theorem
Proposition 2.4.2.

Figure 2.8 shows the Q-Q plot of {T](f ) (r, Q) — T](\f ) (r, Q) }2% against the correspond-
ing 2 distribution. In this experiment, n; = 40, ny = 50, r* = 11, m = 996, ¢ = 5,
N =50, m’ = || = 1001 and {2 is sampled until the well-posedness condition is satis-
fied. Note that ) also satisfied well-posedness condition since '¢ C Q€. The parameters
tol = 1072° and it = 50000. From the result, we can see Ty (r, Q') — T (r, Q) follows a
central y? distribution with a degree-of-freedom df, o — df,. o = m' — m = 5, which is

consistent with Theorem Proposition 2.4.3.
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Figure 2.7: Q-Q plot of Ty (r) against quantiles of y? distribution: Y* € R0*50,

rank(Y*) = 11, |©2] = 1000, the observation matrix M is generated 200 times, Mi(f) =

Y+ 52(?), (1,7) € 2, where 5;’?) ~ N(0,5%/400). For each M®), T](\f)(r) is computed
as equation Equation 2.30. By Theorem Proposition 2.4.2, {Tj(f )(r)} follows central y?
distribution with the degree-of-freedom df, = m — r(n; + ny —r) = 131.

Table 2.1: p-value for sequential rank test in simulation.

rank | p-value || rank | p-value
1 0.00 7 0.00
0.00 8 0.00
0.00 9 0.94
0.00 10 0.69
0.00 11 0.41
0.00 12 0.00

QNN W

Test for true rank

As discussed in Section 2.4, we can determine the true rank r* by sequential y? tests. That
is, for r ranging from 1 to [9R(ny, ns, m)|, we solve the least square approximations and
compute T (7). According to Ty (r) we can determine which rank can be accepted for
a predefined significant level. Table Table 2.1 shows a result of sequential rank test on a
simulated data set. In this experiment, n; = 40, ny = 50, r* = 9, m = 1000, 0 = 5,
N =100, and €2 is sampled until well-posedness condition is satisfied. The true rank 9, is
the first one accepted for 0.05 significant level.

Figure 2.9 shows the comparison of rank selection between our sequential rank test, the
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Figure 2.8: Q-Q plot of T (r, Q) — Tx(r,2) against the quantiles of x? distribution:
Y* € R0 rank(Y*) = 11, || = 1001, |Q] = 996, where Q C . The ob-
servation matrix M’ and M are generated 200 times, By Theorem Proposition 2.4.3,
{Tj(vk '(r, Q) — T](\,’~C ) (r,Q)} follows central x? distribution with the degree-of-freedom
dan/ - dan =m' —m= 5.

nuclear norm minimization and the method suggested in [31] (we refer to it as M method
in the following). Since the nuclear norm minimization and the M* method cannot give
the exact rank, we choose the rank by thresholding the percentage of the singular value of
the recovered matrix in this two methods, i.e. 7 = argmin, > 1_, A/ S77 (n1,m2) i) > b,
where b is a chosen threshold. In this experiment, n; = 100, ny = 1000, 0 = 5, N = 50
and the sampling probability p = 0.3. For each true rank, we generate 100 instances of
(Y*,Q, M), complete the rank selection with these three methods and compute the median
of the error of estimated rank of each method. For the sequential rank test, we choose the
first rank accepted with a 0.05 significant level. For the nuclear norm minimization and the
M¥ method, we choose the threshold that gives us the best results for these two methods.

It shows that selection by sequential y? test outperforms the other two methods.

2.6 Conclusion

In this chapter, we have examined the matrix completion from a geometric viewpoint and
established a sufficient condition for local uniqueness of solutions. Our characterization as-

sumes deterministic patterns and the results are general. We argue that the exact minimum
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Figure 2.9: Comparison of rank selection between sequential x? test, the nuclear norm
minimization and the M* method, when the sampling probability p=0.3. For each true
rank, we compute the median of rank error for 100 experiments. Y *(*) ¢ R100x1000, Mi(f) =

Vi e (i, 5) € Q, where el ~ N(0,52/50). Threshold by, = 0.25, by = 0.13 for
the nuclear norm minimization and the M/ % method, respectively.

rank matrix completion (MRMC) leads to either unstable or non-unique solutions and thus
the alternative low-rank matrix approximation (LRMA) is a more reasonable approach. We
propose a statistical test for rank selection, based on observed entries, which can be useful
for practical matrix completion algorithms.

For small values of the “true” rank, when the respective dual of the “true” minimum
trace problem has more than one optimal solution, the asymptotic bias of the optimal value
of the approximating MT problem is of order O(N~'/2) [32]. On the other hand, under
the model (Equation 2.28) when the values M;;, (i,7) € €2, are computed by averaging
N data points having normal distribution (see Remark 2.4.1), the least squares approach
corresponds to the Maximum Likelihood method which is an asymptotically efficient esti-

mation procedure. This gives an insight into the relatively poor performance of the nuclear

norm approach, as compared with the least squares method, as reported in Section 2.5.
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CHAPTER 3
GOODNESS-OF-FIT TEST ON MANIFOLDS

3.1 Introduction

In this chapter, we develop a general theory for testing the goodness-of-fit of non-linear
models. In particular, we assume that the observations are noisy samples of a submanifold
(defined by a sufficiently smooth non-linear map). The observation noise is additive Gaus-
sian. Our main result shows that the “residual” of the model fit (by solving a non-linear
least-square problem) follows a (possibly non-central) y? distribution. The parameters of
the x? distribution are related to the model order and dimensions of the problem. A key
component of our analysis is the characteristic rank of the Jacobian matrix associated with
the non-linear map that defines the submanifold. A natural use of our result is to the select
order of a model via a sequential test procedure by choosing between two nested mod-
els. We are particularly interested in “nested” models, i.e., one can order the models by
their complexity. We demonstrate the applications of this general theory in the settings of
real and complex matrix completion from incomplete and noisy observations, signal source
identification, and determining the number of hidden nodes in neural networks.

The rest of the chpater is organized as follows. Section 3.2 presents the background
knowledge. Section 3.3 contains the main results: the test statistics for model selection
on manifolds. Section 3.4 gives several examples to demonstrate the use the general the-
ory in specific settings. Section 3.5 presents numerical experiments. Finally, Section 3.6
concludes the chapter with discussions on future directions.

Our notations are conventional. By ||x|2 we denote the Euclidean norm of vector x €
R™. By lin(A) we denote the linear space generated by columns of the matrix A and

by tr(A) the trace of the square matrix A. For a linear space £ C R™, we denote by
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Lt ={yeR™:y"z =0, x € L} its orthogonal space. All proofs are in the Appendix.

3.2 Background

In this section, we present the general theory, which, in particular, will help to develop
subsequent test statistics for determining model orders in Section Section 3.3.

Consider a nonempty set © C R and a mapping G : © — R™. We assume throughout
the chapter that the set © is open and connected. Here, d is the dimension of the parameter
space (also referred to as the intrinsic dimension), and m is the dimension of the observation

space. Consider a point § € R™ and the least squares problem:
min | — G(0)]3- 3.1)
Define the image of the mapping G,
Mm:={G():0 € O} (3.2)
Then problem (Equation 3.1) can be written as
min | — 2[5, (3.3)

That is, in problem (Equation 3.3), we aim to find a point of the set 2t such that the Eu-
clidean distance is minimized. We deal with situations where the set ) is a smooth mani-
fold; we will discuss this below. By saying that the manifold is smooth we mean that it is
at least C? smooth.

We assume that the map G(-) is at least C* smooth, i.e., G(-) = (g1(*), - - -, gm(+)) With
functions ¢; : © — R, 7 = 1,...,m, being twice continuously differentiable. In some
cases we make the stronger assumption that G(-) is analytic, i.e., every g;(-), i = 1,...,m,

is analytic. Recall that a function is analytic on an open subset of R, if it can be expanded
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in power series in a neighborhood of every point of this set. For instance, every polynomial
function is analytic.

With the mapping G/(#) is associated the m x d Jacobian matrix
J(0) == 0G(0)/09, (3.4)
whose components are formed by partial derivatives
[J(0)];; = 0g:(0)/00;, i=1,...,m, j=1,....d.
The differential of G(-) at a point § € © is the linear mapping dG(6) : RY — R™ given by

dG(0)h = J(0)h.

Remark 3.2.1. It is possible to deal with more general settings where the set © is a smooth
connected manifold (without boundaries) rather than an open set. In that case, the deriva-
tions below can be pushed through by considering the corresponding Jacobian matrices in

the local systems of coordinates of ©.

Definition 3.2.1 (Characteristic rank). We refer to the maximal rank of the Jacobian matrix,

ti= rgle%({rank(J(G))}, (3.5)
as the characteristic rank of the mapping G ().

The following Proposition 3.2.1 shows that, when G(-) is analytic, the characteristic
rank in a certain sense is generic. By saying that a property holds for almost every (a.e.)
0 € ©, we mean that there is a set T C O of Lebesgue measure zero such that the property
holds for all § € © \ T. Discussions of the following result can be found in [23]; we give

its proof in the Appendix.
Proposition 3.2.1. The following holds: (i) The set {0 € © : rank(J(0)) = t} is open. (ii)
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If the map G(-) is analytic, then for a.e. 6 € © the rank of the Jacobian matrix J () is

equal to the characteristic rank .

If rank(J(6y)) = v for some 6, € O, then there is a neighborhood of 6, such that
rank(J(6)) = v for all 6 in that neighborhood. It follows by the Constant Rank Theorem
(e.g., [33]) that there is a neighborhood V of 6, such that the set G()) forms a smooth
manifold of dimension v, in the space R™, with the tangent space generated by the columns
of the Jacobian matrix J(¢). When the map G(-) is analytic, if we choose a point 6, at
random, with respect to a continuous distribution on the set ©, then rank(J(6y)) = ¢

almost surely (with probability one).

Remark 3.2.2. Assuming that the mapping G(-) is C* smooth, we have by Sard’s theorem
[34] that the image 90t (of (&) has Lebesgure measure zero in the observation space R if

and only if v < m.

Definition 3.2.2 (Regularity [23]). We say that a point 8, € © is regular if rank of the
Jacobian matrix J(0y) is equal to the characteristic rank v and moreover there exist neigh-

borhoods V of 8y and W of G(6y) such that M NW = G(V).

The regularity of 6, ensures that the local structure of 9% near xq = G(6y) is provided by
the mapping G(+) defined in a neighborhood of y. Hence, 9 is a smooth manifold of the
dimension of the characteristic rank v, in a neighborhood of z(. In particular, this implies
that if @ € © is such that G(0") = G(6y), then there are neighborhoods V' of 6" and V, of
0o such that G(V') = G(V,). A result deeper than the one of Proposition 3.2.1(ii) says that
when the coordinate mappings g;(+), ¢ = 1,...,m, are analytic (for instance polynomial)
and either the set © is bounded or G(#) — oo as § — oo, then a.e. point 6y € © is regular
(e.g., [35, Section 3.4]).

We denote by Ton () the tangent space to 90t at a point x € 9, provided 9 is a smooth
manifold in a neighborhood of z. Let § be a regular point of G(-) and =y = G(6y). Then
Tom(xo) = lin(J(6y)) and dimension of Ton(xg) is equal to the rank v of J(6y). Also,
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T (o) coincides with the image of the differential dG(6,), i.e.,
Ton(wo) = {dG(0)h : h € R} . (3.6)

3.3 Test statistics on manifold

We view now the mapping G(#) as a considered model of the parameter vector § € O,
and problem (Equation 3.1) as the least squares estimation (LSE) procedure with 3 being a

given data point. More specifically, we assume the following model
§=1x0+ N2y 4 (3.7)

where xy € 9 is viewed as the population (true) value, vector v € R is a deterministic
bias, and the error vector € is random. When ¢ is estimated from a random sample, the
parameter N represents the sample size. In general, N can be viewed as a normalization
parameter allowing to formulate rigorous convergence results for NV tending to infinity. We
assume that the components ¢;, = = 1, ..., m, of € are independent of each other and such
that N1/2¢, converges in distribution, as N — oo, to normal distribution with mean zero

1/2

and variance 0 > (. The term N ~'/2v represents systematic deviations form the “true”

model and is referred to in statistics literature as the population drift (e.g.,[27]).

We consider the following least squares test statistic to determine the model
Ty := N6 min ||§ — z|3 3.8
v min 1§ — o[ (3.8)
where 62 is a consistent estimate of 2.

3.3.1 Test statistic on manifolds

We now consider the general case defined in (Equation 3.7). We will show that for the

problem defined on smooth manifolds, similar results in the form of RSS for linear models
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hold.

Remark 3.3.1. For any § € R™, the generalized least-square problem (Equation 3.3) has
an optimal solution which may be not unique. If ¥, is a sequence converging to xy € N
and xy, is an optimal solution of (Equation 3.3), then z;, converges to x (e.g., [36, Theorem
7.23]). Under the model (Equation 3.7) we have that § converges to z( in probability as
N — oo. It follows that any minimizer 2 in the right hand side of (Equation 3.8) converges

in probability to z.

Suppose that 1 is a smooth manifold in a neighborhood W of the point xy. If 2 € W

is an optimal solution of the least squares problem (Equation 3.8), then it follows that

J— 2 € [Tm()], (3.9)

where Ton() is the respective tangent space (see (Equation 3.6)). The following result
shows that for ¢ sufficiently close to xg, the necessary optimality condition (Equation 3.9)

is also sufficient (cf., [32, Proposition II1.4]).

Proposition 3.3.1. Suppose that 9N is a smooth manifold in a neighborhood of o, € .
Then there exists a neighborhood VV of xy such that if y € W and a point & € YW NM
satisfies condition (Equation 3.9), then & is the unique globally optimal solution of the least

squares estimation problem (Equation 3.8).

Since the least-squares problem in (Equation 3.8) is non-convex, standard optimization
algorithms are at most guaranteed to converge to a stationary point satisfying first-order
optimality conditions of the form (Equation 3.9). The above proposition shows that if the
fit is “sufficiently good”, then, in fact, the computed stationary point is globally optimal.
Of course, this result is of a local nature, and it would be difficult to quantify what fit is
good enough. Nevertheless, this tries to explain an empirical observation that for good fits,

the problem of local optima does not happen too often.
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Under the model (Equation 3.7) we have the following asymptotic results, which are

counterparts of the properties when 91 is a linear space (cf., [23]).

Theorem 3.3.1 (Asymptotic distribution of test statistic). Suppose that N is a smooth
manifold, of dimension ¢, in a neighborhood of the point xo € 9. Let P be the orthogonal

projection matrix onto the tangent space Ton(xq). Then the following holds as N — oo:

(i) With probability tending to one the least squares problem (Equation 3.8) has unique

optimal solution z,

(ii) The test statistic Ty in (Equation 3.8) converges in distribution to the noncentral X

distribution with m — v degrees-of-freedom and the noncentrality parameter § =

o 2| (Im = P)YI5-

(iii) The scaled estimator N'/?(& — xy) converges in distribution to a multivariate normal

distribution with the mean vector P~ and the covariance matrix o> P.

(iv) The scaled error N'/?e converges in distribution to a multivariate normal distribu-
tion with the mean vector (I,, — P)~y and the covariance matrix o*(I,, — P), where

e = 1y — x is a vector of residuals.

3.3.2 Nested models

Consider now nested models, meaning the setting such that models can be naturally ordered
by their complexity. For instance, the linear regression problems, one can sequentially in-
crease or remove the variables being used in the model. Mathematically, this poses a natural
order for the parameter space. That is, let ©' C O be a smooth manifold of dimension d’,
and let

M = {G(): 0 €O}

Let 0y € ©' be a regular point of the mapping G. Then 9t is a smooth manifold in a

neighborhood of the point 2o = G(6y). Moreover, 9 forms a smooth submanifold in a
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neighborhood of the point zy with the tangent space (compare with (Equation 3.6))

Note that Tow (20) C Ton (o) and it could happen that Top (z9) = Ton(xo) even when d’ < d.

Consider now the test statistic
Th .= No~ 2 min ||§ — z||%. 3.11
N o 19 2 ( )

We have the following results (cf., [28]).

Theorem 3.3.2. Suppose that I is a smooth manifold of dimension v and ' C M is

a smooth manifold of dimension t', in a neighborhood of the point xq € 9. Then the

following holds:

(i) T} converges in distribution to a noncentral x* random variable with m —t' degrees-

of-freedom and the noncentrality parameter &' = o~ 2||(I,, — P')v||3, where P’ is the

orthogonal projection matrix onto the tangent space Ton (o).

(ii) The difference statistic T, — Ty converges in distribution to a noncentral x* random
variable with (m — ') — (m — tv) = v — t/ degrees-of-freedom and the noncentrality

parameter 0’ — 0.

(iii) The statistics Ty, — T and Ty are asymptotically independent.

3.3.3 Decomposable maps

Now we will make additional structural assumptions about the mapping that defines the
manifold of our problem. We will make sense of such structural decompositions in specific

applications in Section Section 3.4. Consider model defined by the following mapping

G(0) == G(&) + A(Q), (3.12)
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where = C R? is a nonempty open connected set, G : = — R™ is a smooth mapping and
A : R¥ — R™ is a linear mapping. Note that G(-) inherits smoothness properties of G(-).
In particular, if G(-) is analytic, then the corresponding mapping G(-) is analytic.

The parameter vector here is § = (£,() and the parameter space © = = x R*. We

assume that A(¢) = A(, where A is an m X k matrix of rank k. Denote by
M:={G(¢): € €=} and £ :={A() : ¢ € R¥}

the images of the mappings G and A, respectively. Note that the linear space £ has a
dimension k, and 9t = M + L is the image of the mapping G : © — R™. We denote by t

the characteristic rank of mapping G(-), and by p the characteristic rank of G(-), i.e.,
p = I?axrank(j(f))a (3.13)
€=

where J(£) = 0G(&)/0€ is the Jacobian of G(-).
Consider the corresponding least squares problem (Equation 3.3), the model
(Equation 3.7) and the least squares test statistic 7, defined in (Equation 3.8), for the

mapping G(6) of the form (Equation 3.12).

Remark 3.3.2. Note that the optimal value of least squares problem (Equation 3.3) is not
changed if the point  is replaced by ¢ + v for any v € L. Therefore the corresponding test
statistic T can be considered as a function of §/ = P,.y, where P,. = I,, — P, is the

orthogonal projection onto the linear space orthogonal to L.

Recall that 0t = M+ L. If 91 is a smooth manifold, of dimension ¢, in a neighborhood
of xy, then Theorems Theorem 3.3.1 and Theorem 3.3.2 can be applied. In particular, it
will follow that the test statistic Ty converges in distribution to a noncentral y? with m — ¢

degrees-of-freedom and certain noncentrality parameter.
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Note that for § = (£, () € O, the differential dG(6) : R? x R* — R™ is given by

dG(0)(h,2) = dG(€)h + Az, h € RY z € R”. (3.14)

This implies that the corresponding characteristic rank v < p + k.

Definition 3.3.1. We say that a point x € M is well-posed if M is a smooth manifold of

dimension p in a neighborhood of x and

Tulz) N L = {0}. (3.15)

We say that the model is well-posed if

t=p+k. (3.16)

For the matrix completion problem the well-posedness condition (at a point) was intro-

duced in [32]. Note that condition (Equation 3.15) means that

dim(Tu(z) + £) = dim(Tu(z)) + dim(L). (3.17)

Of course, a necessary condition for (Equation 3.17) to hold is that p + k£ < m. Note
also that assuming the mapping G(-), and hence the mapping G(+), is analytic we have that
the image 0 = M + L has Lebesgue measure zero in the observation space R™ if and

only if v < m (see Remark 3.2.2).

Proposition 3.3.2. Suppose that the mapping G(-) is analytic. Then the following holds. If
there exists at least one well-posed point x € M, then the model is well-posed. Conversely
if M is a smooth manifold of dimension p and the model is well-posed, then for a.e. £ € =,

the corresponding point x = G (&) is well-posed.

Let us make the following observation. By the definition of 9T under the decomposition
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(Equation 3.12), we have that the point xy € 9T can be represented as

xo = x* + vy for some x* € M, vy € L. (3.18)

Definition 3.3.2. We say that the model is identifiable at x* (at x) if the representation
(Equation 3.18) is unique, i.e., if to = ' + v with 2’ € M and v’ € L, then ' = x*. We
say that the model is locally identifiable at x*, if such uniqueness holds locally, i.e., there
is a neighborhood W of x* such that if xvo = ' + v with 2’ € M NW and V' € L, then

/ *

=z
The following result can be proved in the same way as [32, Theorem III.2].

Proposition 3.3.3. If a point x* € M is well-posed, then the model is locally identifiable

*

at x”.

To verify the (global) identifiability of a nonlinear model is difficult, and often is out
of reach. Of course, local identifiability is a necessary condition for global identifiability.
When G(+) is analytic, the well-posedness condition (Equation 3.16) can be verified nu-
merically; it is necessary and sufficient for the local identifiability in the generic sense of
Proposition 3.3.2. We argue that the well-posedness condition is a minimal property that

should be verified for a considered model.

3.4 Applications of general theory

In this section, we present several examples in signal processing and machine learning to
illustrate how to use the general theory, developed in the previous section, to determine the

“model order” in the specific setting.

Remark 3.4.1. For some well-structured manifolds, it is possible to give an explicit for-
mula for the characteristic rank. In more complicated settings, we can find the characteristic

rank numerically. That is, we compute the Jacobian matrix of the considered mapping at
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several randomly generated points of O, and subsequently compute its rank. By Propo-
sition 3.2.1, we can expect that this will give us the characteristic rank of the considered
mapping. This approach worked quite well in experiments reported in Sections subsec-

tion 3.4.2, subsection 3.4.3, and subsection 3.4.6 below.

3.4.1 Noisy matrix completion

We first show that the problem of selecting rank for noisy matrix completion can be ad-
dressed using our general theory. Part of the relevant discussion can be found in [32]; here,
we generate a conclusion using the framework of our general theory in this chapter.

Consider the noisy matrix completion problem (e.g., [3], [4],[2] and references there
in). Suppose we observe a subset of entries of a low-rank matrix with Gaussian noise and
aim to recover the matrix. A common approach to solve this problem, is to use a matrix
factorization by selecting a rank of the matrix using subjective choice or experiments and
cross-validation. However, it is not clear what would be a good statistical procedure to
determine the rank of the matrix.

Consider a mapping G(6) of the form (Equation 3.12) with the following parameters.
Let{ = (V, W) with V € R"*" and W € R"*", r < min{n,ns}, and let = C R™*" x

R"™2*" be the set of such ¢ with both matrices V' and W having full column rank r. Define

G(&) :=VWT e Rm*m,

and

L= {X Eeran . Xij — O’ (Z’j) c Q},

for an index set 2 C {1,...,n1} x {1,...,n2}. Then M = M, forms the set of n; x ny

matrices of rank 7. Note that the set = is an open connected subset of R™*" x R"2*" and

dim(L) = niny — |92,
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where || is the cardinality (number of elements) of the index set ). The parameter set
0 == x Rmm2~19l,

Here the least squares problem of (Equation 3.8), associated with the test statistic 7,
can be written as

min (Yij — Xij)?, (3.19)

where Yij, (i,7) € QQ, are observed values of the data matrix. Then the model (Equation 3.7)
can be written as

where X* € M.,. Note that here the test statistic Ty is a function of the components ffij,
(i,7) € ©, of the corresponding matrix ¥ (compare with Remark 3.3.2 and (Equation 3.18)).

It is well known that the set M., of n; X ny matrices of rank r > 0, is a smooth
manifold of dimension 7 (n;+ny,—r) in a neighborhood of its every point (excluding origin).
Therefore here every £ € = is a regular point of the mapping G(-) with the characteristic
rank p = r(ny + ny — r). Thus for the characteristic rank v of the corresponding mapping
G(-) we have that

t<7r(ny+mny—r)+niny — |Qf, (3.21)

and that the model is well-posed if and only if the equality holds in (Equation 3.21).

Let us make the following assumption.

(A) The set M = M, + L is a smooth manifold, of dimension t, in a neighborhood of

the point X.

Note that if Assumption (A) holds, then 91 is a smooth manifold of dimension v in a
neighborhood of X' = X + U for any U € L. Therefore by the discussion of Section
Section 3.2, the above assumption (A) holds generically. By Theorem Theorem 3.3.1 we

have the following result as N tends to infinity (cf., [32]).
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Proposition 3.4.1. Suppose that Assumption (A) holds. Then the test statistic Ty converges
in distribution to a noncentral x? with degrees-of-freedom nn, — v and the noncentrality

parameter

§=0" min > (Ty-—Hy) (3.22)

HETMr 0 cq
Moreover, applying Proposition 3.3.2, we can conclude the following under the as-
sumption:

(B) The point X* is well-posed and the model is identifiable at X *.

Proposition 3.4.2. Suppose that Assumption (B) holds. Then: (i) the equality holds in
(Equation 3.21), (ii) the test statistic Ty converges in distribution to noncentral x* with
degrees-of-freedom |Q)| — r(ny + ny — 1) and the noncentrality parameter & given in
(Equation 3.22), (iii) with probability tending to one, problem (Equation 3.19) has a unique

optimal solution {Xz‘j}(i,j)EQ'

The difference test statistic can be applied to the following setting. Consider another
index set ' C {1,...,n1} x {1,...,ne} of cardinality |Q'| such that Q@ C Q' and the

corresponding space
L={XeR"" . X,;=0, (i,j) € Q}.
Clearly, £’ is a subspace of L, and the corresponding set
0 == x R,

is a linear subspace of the set ©. By Theorem Theorem 3.3.2 we have the following.

Proposition 3.4.3. Suppose that Assumption (A) holds and moreover MM’ is a smooth mani-
fold, of dimension v, in a neighborhood of X* € I'. Then the difference statistic T\, — T

converges in distribution to noncentral x* with degrees-of-freedom t — t' and the noncen-
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trality parameter ' — 0. Moreover, the statistics T, — T and Ty are asymptotically

independent.
The above result can be used to compare the goodness-of-fit of two models.

Remark 3.4.2. An application of Theorem 3.3.2 and Proposition 3.4.3 allows to estimate
o? when the variance of the noise is unknown. Specifically, let’s assume N = 1, I';; =
0 and ¢;; follows normal distribution with zero mean and variance o2. Denote the set
of observation indices as {)’. By leaving out some observation, we have a new set of

observation indices 2 such that 2 C €. Then we can construct the estimate of ¢ as the

following:

_ : g 2
Ty _XHEI}\I/llT (Y;J XZJ) )
(4,5)e¥
TN _XHEI}\I/} (Y; - Xz]>27
(4,7)€Q

] — 9|

By Theorem 3.3.2 and Proposition 3.4.3, we have o—2(T% — Ty ) follows a x? distribution
with degrees-of-freedom || — || asymptotically for the true model. Therefore, 62 is a
consistent estimator of o2. This method can be generalized to the other applications in this

chapter and more discussion is provided in the Appendix.

3.4.2 Complex noisy matrix completion

In this section, we generalize the results to “complex matrix completion.” Here, the ob-
servations and underlying low-rank matrices are over the field C of complex numbers.

Consider the matrix completion problem (over complex numbers), where X € C™*"2,

Ve Cxr W ¢ Crexr.

min X — VW3 st. X5 = by, (i,7) € Q. (3.23)
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This can be formulated in terms of a real numbers problem as follows. Write

V=V 41V,

where i = —1, V; € R"*" and V, € R™*" are the real and imaginary parts of matrix

V e C™*", Similarly, let

W:W1+iW27 X:X1+1X2

Then

VW = (WW] = VWD) +i(ViWw, + VaWh).

Define
Ly:={UeR™™ : Uy =0,(i,j) € Q},

and £ = £, x L. Then we can set

0 = (Vi, Wy, Vo, W, Uy, Us),

and mapping

G(0) = (G1(8),G2(0)),

where

G (0) = Vi — VW, + Uy,

Go(0) = ViW, + VoW, + Uy,

54



and U; € £y and U, € L;. Hence we can write the problem (Equation 3.23) in the

following form

min - [|X; — G1(O)]13 + 1 X2 — Ga(0)]]3
st Xiij = brij, Xoij = bayj, (1,7) € Q, (3.24)
X1 =X24=0, (4,5) € Q.
The dimension of the manifold of n; X n, complex matrices of rank r, in terms of real
numbers, is twice the corresponding dimension 7(n1 + 1y — 7) in the real case. That is, the

characteristic rank of the respective mapping G(+) here is
t=2r(ny +ny—r).

Note that this differs from the real-value matrix completion case in subsection 3.4.1 by a

factor of 2.

3.4.3 Low-rank matrix sensing

Matrix sensing problems [37] is related to matrix completion, where the observations are

ded

linear projections of the underlying low-rank matrix. Specifically, denote by the space

of d x d symmetric matrices, and (A, B) := tr(AB) the scalar product of A, B € S™.
Let X* € S be a positive semidefinite matrix of rank r needed to be recovered. Given

dxd
ST,

measurement matrices A; € t=1,...,m, we observe y € R™, such that

Then we aim to solve the following least square problem.

m

min f(U) = (4 — (A, UUT))". (3.25)

UeRdxr
i=1



It is shown in [37] that (Equation 3.25) is the same problem as the problem of fitting one-

layer neural networks with quadratic activation in (Equation 3.27), which we discuss next.

3.4.4 One-hidden-layer neural networks

We will show the general theory can be applied to determine the number of hidden nodes.
Consider a one-layer neural networks. Let z; € R be the inputs and the observation is

assume to be generated by:

yi = 17 q(U*"2;) + &4, (3.26)

where U* € R¥" 1 € R” with all entries equal to 1 and ¢; is the Gaussian noise with

mean zero and variance o2. The activation function can be one of the following,

(1) Quadratic activation:

q(Zh e 727') = (2%7257 e 727?)‘

(i1) Sigmoid activation:
q(z1,-z0) = (/1 4+e ), - [ 1/(1+e77)).
A commonly used approach to fit neural networks is to solve the least square problem:

min = (i~ 1Tq(U )" (3.27)

UeRdXT
=1

Define © = R¥™" for U € O,

where ¢;(U) = 1Tq(U"x;). In this setting problem (Equation 3.27) becomes a least
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squares problem of the form (Equation 3.1).
It is difficult to evaluate the characteristic rank v of the mapping G in a theoretical way.
By computing the rank of the corresponding Jacobian matrix (see Remark 3.4.1), we find

the following formulas for the characteristic rank fit well in numerical experiments:

v=dr—r(r—1)/2,

for the Quadratic activation function; and v = dr for the Sigmoid activation function.

3.4.5 Tensor completion

Next, we consider the problem of determining the rank of a tensor from incomplete and
noisy observations to illustrate the role of the general theory.

Consider a tensor X € R™>* " of order d over the field of real numbers. It is said
that X has rank one if

X=a'o---0a"

)
where a’ € R™ isn; x 1 vector, i = 1,...,d, and “o” denotes the vector outer product.
That is, every element of tensor X can be written as the product

_ 41 d
1>~~-7id - a’i1 X X a’id'

Xi

The smallest number 7 such that tensor X can be represented as a sum X = » ., Y; of
rank one tensors Y; is called the rank of X, and the corresponding decomposition is often
referred to as the (tensor) rank decomposition, minimal CP decomposition, or Canonical
Polyadic Decomposition (CPD).

The tensor completion problem can be formulated as the problem of reconstructing
tensor of rank r by observing a relatively small number of its entries. The second order

tensor (i.e., when d = 2) can be viewed as a matrix, and this becomes the matrix completion
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problem discussed in Section subsection 3.4.1. Consider now third order tensors X &
R *m2xn3 "and denote by M, third order tensors of rank 7. Without loss of generality, we
can assume that n; > ny > ns. With tensor X € M, are associated matrices A € R™*",

B e R™*" (' € R™*" such that
X=A®B®C,

meaning that
,
X:Zaiobioci,
i=1

with a’, V', ¢! being ith columns of the respective matrices A, B, C.

The above leads to the following parameterization of M. For
5 — (A, B, C) c R™MXT o RN2XT Rng,xr’

consider mapping

G =A®B®C.

By definition of the tensor rank we have that rank of tensor X = G () cannot be larger than

r. So we define the parameter set
= {{ e R x R x R"™*" : G(§) € M, }. (3.28)

We need to verify that the set = is open and connected. Note that it could happen that the
complement (R™*" x R"2*" x R"3*") \ Z of the set =, has positive (Lebesgue) measure,
or even that = has measure zero.

Careful analysis of properties of M, is not trivial and is beyond the scope of this chap-
ter. We will make some comments below. Let us consider the following examples. Suppose

that n3 = 1. In that case, assuming that the elements of a matrix C' € R'*" are nonzero,

58



by rescaling columns of the respective matrices A and B, we can assume that all elements
of C' equal 1. Consequently, essentially, this becomes the matrix completion problem dis-
cussed in Section subsection 3.4.1. Thus the characteristic rank of G(&) in that case is
t=7(ny +ng—r).

The key question of the tensor rank decomposition is its uniqueness. Clearly the de-
composition X = A ® B ® C, of X € M,, is invariant with respect to permutations, and
rescaling of the columns of matrices A, B, C by factors \;, Ag;, A3;, 2 = 1,..., 7, such that
A1 Az = 1. It is said that the decomposition X = A ® B ® C'is (globally) identifiable
if it is unique up to the corresponding permutation and rescaling. It is beyond the scope
of this chapter to give a careful discussion of the (very nontrivial) problem of tensor rank
identifiability. As it was pointed above, for n3 = 1 this becomes the matrix rank problem
for which the identifiability never holds for » > 1 (e.g., [38, section 3.2]).

Suppose now that ng > 2. In that case the situation is different.

Definition 3.4.1. It is said that the rank r decomposition is generically identifiable if for
almost every (A, B,C) € R™*" x R"*" x R"*" the corresponding tensor A @ B @ C

has identifiable rank r.

In particular, the generic identifiability implies that the complement of the parameter set
=, defined in (Equation 3.28), has (Lebesgue) measure zero. It is known that for sufficiently
small r, the identifiability holds in the generic sense (we refer to [39],[40], and references
therein for a discussion of the tensor rank identifiability from a generic point of view).

The identifiability is related to the characteristic rank:

Definition 3.4.2. We say that (A, B,C) € R"*" x R"*" x R™*" js locally identifiable if
there is a neighborhood W of (A, B, C) such that (A', B',C") e Wand A’ @ B' @ C' =
A® B ® C imply that (A', B',C") can be obtained from (A, B,C) by the correspond-
ing rescaling. We say that model (ny,nq,ns3,r) is generically locally identifiable if a.e.

(A, B,C) € R™*" x R"X" x R™*" js locally identifiable.
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Note that local identifiability of (A, B, C') € R™*" x R"2*" x R"3*" ig a local property,
it could happen that rank of the corresponding tensor A ® B® C'is less than r. If indeed the
rank of tensor A ® B ® C'is r, then its global identifiability implies its local identifiability
(note that the permutation invariance does not affect the local identifiability). Note also
that the rank of the Jacobian matrix of a mapping G(&) is always less than or equal to
r(n1 + ng + n3) — 2r. This follows by counting the number of elements in (A, B, C') and
making corrections for the scaling factors. That is, the characteristic rank v of map G(-)

cannot be larger than r(n; + ny + n3 — 2).
Proposition 3.4.4. Model (n,,ns, n3,r) is generically locally identifiable if and only if the
following formula for the characteristic rank v holds,
t=r(ny +ng +ng — 2). (3.29)
Since the generic (global) identifiability implies generic local identifiability we have
the following consequence of the above proposition.

Corollary 3.4.1. If the rank r decomposition is generically identifiable, then formula

(Equation 3.29) for the characteristic rank follows.

3.4.6 Determining number of sources in blind de-mixing problem

De-mixing problem (e.g., [41]) is a fundamental challenge in signal processing, which
arises from applications such as ambient noise seismic imaging [42], NMR imaging, etc.
In such problems, the goal is to recover the signals by observing their weighted mixture.
Blind de-mixing is particularly challenging in which we do not know the waveforms of
the signal. Moreover, the number of signals and the magnitudes of the waveforms are also
unknown. Such a problem has been addressed using a matrix factorization approach [43].
However, in existing approaches, there is no efficient method to determine the number of

signals, which is usually a critical input parameter to algorithms. In this section, we show
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how to determine the number of sources in the context of ambient noise imaging using the
general theory.

Assume there are [V sensors. Define the signal received by the nth sensor as follows:

K
2a(t) =Y st —Tax), n=1,...,N. (3.30)

k=1

Assume the number of signals K and the delays 7,, ;, are all unknown. Further assume the
signal is a Gaussian function

—OéktZ

Sk(t) = pr€ 3

where oy, defines the width of the kth source, and pj is the magnitude of the kth source.
Here, our goal is to estimate the number of signal sources K from observations of x,,(t)
buried in Gaussian noise.

We now derive the observation model. For the ease of presentation, we present the
derivation in continuous time (and continuous frequency) domain, and the switch to discrete-

time (and discrete frequency) domain later. Let the Fourier transform of the signal to be

Su(f) == Flsu(}(f) = / T a2 .

—00

Recall that the Fourier transform of the delayed signal corresponds to a phase-shift. Hence,

for Gaussian signals in (Equation 3.30), it can be shown that

m ; 2 2
Flselt =} (f) = puy [ Zemmsme o

For continuous function h; and hs, the cross-correlation is defined as:

o0

(hl & hg)(S) = / hl(t — S)hg(t)dt

—0o0

Here, in this section, ® represents the cross-correlation operator. By the duality of convo-
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lution in frequency and time, we have

F{h1 @ ha}(f) = F{ha}" (/) F{ha}(f),

where (-)* denotes the conjugate of a complex number.
In ambient noise imaging, the useful “signal” are extracted by performing pairwise
cross-correlation between sensors. Define 7, ,,(¢) as the cross-correlation function of the

nth and the mth sensors:

= ZZSl(t — Tnt) @ Skt — Tok)-

Now consider the frequency domain. Denote the Fourier transform operator by F and

frequency by f. Define R,, ,,,(f) as the Fourier transform of r,, ,,, at the frequency f,

(3.31)
ZQlk 27r1f Tn,l—Tm, k)

where

Qu(f) = Fisu(t) @ sk () }(f) = 57 (F)Sk(f)-

The matrix @(f) depends on unknown signal waveforms s (¢) as well as the the number

of sources K. For Gaussian signals defined in (Equation 3.30), we can write specifically

iZQlk’ 27r1f (Th,l—Tm k)

k=1 I=1
K 1 2p2,01 | 1
_ § :pkpl€27rif(rn,lfrm’k)7r T ! (@J"afl).
O

k=1 l=1
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Now we can write R, ,,(f) in (Equation 3.31) in a compact form and show its low-rank
structure. Define a matrix Q(f) € CE*K where the (I, k)th entry of the matrix is Q. (f).

Clearly, Q(f) is a rank-one complex matrix. Define

S(f) =187 (f),- - Sk (A

then

where () denote the Hermitian of a complex vector or matrix (i.e., the complex conjugate

and transpose). Define

a, = [e—QWianJ? e—27rif7'n,2’ o 76_27Tif7—n,K]T‘
We have
Ron(f) = 0/ Q(f)otm, V.
Define a matrix A = [ay,...,ay] € CE*V and a matrix R(f), whose (n, m)th entry is

given by R,,,,,(f). We can further write

R(f) = A"Q(f)AVf.

Assume our observations are a subset of entries of the tensor R with additive Gaussian
noise. The missing data can be due to distance and communication constraints; see [44]
for context. Certain pairs of cross-correlations functions are not available. This can happen
when sensors far away, and it is impractical for them to communicate information and
perform cross-correlation, and only a subset of frequency samples are communicated. This
can also happen when the signal-to-noise ratio is too small for a pair of sensors. Denote the

indices of the observations as (2. To recap, our goal is to infer /K, from noisy and partial
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observations of a complex tensor R, indexed on ().

Now we present the form of the non-linear map. Consider discrete-time and frequency
samples. Assume the discrete event samples are indexed by t = 0,...,7 — 1. Thus, for
discrete Fourier transform, the frequency samples are also indexed by f = 0,...,7 — 1.

Define a vector of coefficients in our problem ¢ € = C R2E+HNVEK,

§= (plv"'apK7ala--->CVK77-1,177—1,27--~7TN,K)-

Define the set

L= {M € RNXNXT . Mi,j,k = O,V(i,j, k) S Q}?

which can be viewed as the “nullspace” of a given observation index set €2. Then we set

0 = (£, My, My),

where M, € £ and M; € L. Denote the real and imaginary parts of the frequency samples
as Rym,r = Re(Rym(f)), and Z,, ,,, f = Im(R,,,(f)), respectively, and define the corre-
sponding tensors R and Z (which depend on the parameter vector ¢). The non-linear map

(similar to the case the complex matrix completion) is defined by

G(0) = (R+ My, Z + M,). (3.32)

Hence, although the situation is fairly complex here, we can cast it into the format of the
general problem and use our result.

Numerical experiments suggest the following formula for the characteristic rank

t=2K+NK —1.

This is achieved by evaluating the rank of the Jacobian matrix of the map defined by (Equa-
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tion 3.32) (see Remark 3.4.1) and the appendix for the derivation of the Jacobian matrix).

3.5 Numerical Experiments

3.5.1 Complex matrix completion

In this section we consider the complex matrix completion problem (Equation 3.23). To
solve the related optimization problem, we use a generalize version the hard threshold-
ing algorithm in [30]. In the experiment, we generate a rank-r complex matrix with size
ny X no, by first generating V;, Vo € R™*" and Wy, W, € R™*", where each entries are
ii.d NV(0,1), and form X = (V; +iV,) (W, +ilW,) . We numerically verified that the char-
acteristic rank of the manifold M, C C™*"2, of matrices of rank 7, is p = 2r(ny +ng —r)
for all random instances, which is consistent with the results in Section subsection 3.4.2.

To show the asymptotic distribution of test statistics (Theorem Theorem 3.3.1), we
generate a rank-2 true matrix X* € C!99*100 The observed entries are contaminated with
Gaussian noise:

Yy = X5 el +0, (4,5) € Q,

i ij

where 2| = 1500 and the noise 61(5), m(]k Y (0,5?). The experiments are repeated
400 times, i.e., k = 1,...,400, to demonstrate the empirical distribution of the test statis-

tic. Figure 3.1 shows the QQ-plot of {Tx(2)*"}1% against the x? distribution with a
degrees-of-freedom equal to 2208. Recall that the characteristic rank of the manifold
M, C C"*"2 of matrices of rank r, is p = 2r(n; +ny — 1) (see Section subsection 3.4.2).
The results in Figure 3.1 show that the x? distribution fits the test statistics reasonably well.
Moreover, we show the result of detecting the rank in table Table 3.1, with the same exper-
iment setting. In each experiment, we complete the matrix fromrank r = 1 tor = 4. We
choose the smallest r, such that Ty (r) has p-value larger than 0.05. In table Table 3.1, there
are the results of 200 experiments for true rank 7* = 2 and r* = 3. We can see the power

of tests are high when r < 7* since there is no false acceptance and the false rejection rate
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is close to the significant level 0.05 when r = r*.

Table 3.1: Result of hypothesis tests for the rank of complex matrix completion: r* is the
true rank. For each r*, there are 200 experiments. We perform the test fromr = 1tor =4
and count the number of determined » with significant level, 0.05; » = 0 means tests are
rejected forr =1,...,4.

r=0|r=1|r= r=3|r=4| FDR

r* =2 0 0 190 10 0 5%

r* =3 0 0 0 193 7 3.5%
20501 4 -

2000 2100 2200 2300 2400 2500

x*(2208)

Figure 3.1: QQ-plot of test statistics against x? distribution.

3.5.2 Characteristic rank of third order tensor

To generate third-order tensors of size n; X ny X n3, we form A € R™*", B € R"2*",
C € R™*" where each entry in A, B, C' are i.i.d. distributed as standard normal (zero-
mean and unit variance). Let X = A ® B ® C and d¥, b¥, c* be the kth columns of A,
B, C, respectively. To compute the Jacobian matrix, forall: = 1,...,ny,j = 1,...,no,
l=1,...,n3and k =1,...,r, we can show that

0Xiji
305‘

=0 15

ke k
Oak obk = a;bj.
i b

kK
= a; ¢,

All the other entries in the Jacobian matrix are zero.
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Table Table 3.2 shows the rank (evaluated numerically) of the Jacobian matrices for
different (ny, no, n3, ) values. We note that when r is sufficiently small, the characteristic
rank is equal to (n; +ny+mn3 —2), as expected. When r is large, the characteristic rank can
be less than r(n; 4+ ng + n3 — 2). This effect can be explained by Proposition 3.4.4: since
in those cases the model is not generically locally identifiable, and hence is not generically
identifiable. It is not surprising that when 7 is large enough (the cases marked with * in the
left column), the rank of the Jacobian matrix is equal to nynon3. The interesting cases are
when r & (nynang)/(ny + ng + ns — 2). The right column of table Table 3.2 shows some
cases in which ranks of the Jacobian matrices are less than min{nynsns, r(n; + ny + nsz —
2)}.

Table 3.2: Rank of the Jacobian matrices for third order tensor. For each combination
of (nq,n9,ns,7), the experiments are repeated 100 times and the results are all the same.
When 7 is small, rank(.J) = r(n; + na + ng — 2). When r is large (cases marked with *),
rank(J) < r(ny +ng +ng — 2).

ny | no | ng r | rank(J) || n1 | no | ng | r | rank(J)
31415 1 10 2121413 15*
31415 5 50 2121513 18*
31415 12 60* 21315 |4 28*
I5[15(15] 5 215 31313 |4 26*
1511515 15 645 3 14|45 44
15115 ] 15| 100 | 3375* 315|517 74*

3.5.3 Determining the number of signals in blind de-mixing

Consider the ambient noise imaging in a distributed sensor network setting (described in
Section subsection 3.4.6), where there are missing values in the observations. Our goal is
to determine the number of sources. For this problem, one can show that the characteristic
rank is 2K + N K — 1 for large enough 7'. Therefore, by identifying the characteristic rank,
we can determine the number of sources.

In each experiment, we generate the random instances are follows: ay, ~ Unif[10, 11],

pr ~ Unif[10, 11], 7,5 ~ Unif[—2.5,2.5],Vn=1,.. . Nandk=1,... K*.
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First, we want to verify the characteristic rank of the Jacobian matrix predicted using
our theory. Let N = 8,10,12and K = 1,...,5. For each N and K, we generate parame-
ters and compute the corresponding rank of the Jacobian matrix numerically. In Figure 3.2,
each point is the mean of ranks in 100 experiments corresponding to a certain pair of N
and K. The lines plotted correspond to 2K + NK — 1, for N = 8,10, 12. We can see the
points are exactly on the lines, which justifies our formulation for the characteristic rank.

Second, we show the result of testing the rank in this problem. The observation noise
are normal random variables with zero mean and variance equal to 0.05. Table Table 3.3
is the result of determining source number K™ with oy, p and 7, 5 being unknown. We
run experiments for K* = 1,...,5. For each K*, 100 experiments are run and in each
experiment, the test is running from K = 1 to &' = 6 and the significant level is 0.01. In
the table, X' = 0 means all the tests are rejected. We can see our test gives the true number
of sources most of the time, except K* = 5. When K* = 5, the algorithm becomes difficult

to converge to the optimal solution and therefore leads to a large fitting error.

60

40
/ 10

characteristic rank

20

1 2

Aw

Figure 3.2: The characteristic rank of the problem in Section subsection 3.4.6: K is the
number of sources, N is the number of sensors, the points are the rank of the Jacobian
matrix of the mapping, and the line is 2K + NK — 1.

3.5.4 One-hidden-layer neural networks

In this section, we consider the problem of determining the number of hidden units for one-
hidden-layer neural networks; the problem described in (Equation 3.27). In the experiment,

z; ~ N(0,1,), U € R, such that U;; ~ N(0,1) and m = 1000. Consider the activation
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Table 3.3: Results of hypothesis tests for the number of sources: K™ is the true number
of sources. For each K™, there are 100 experiments. We perform the test from K = 1
to K = 6 and count the number of determined K'; K = (0 means tests are rejected for
K=1,...,6.

K=0K=1K=2 K=3|K=4|K=5| K=6| FDR
K*=1 0 100 0 0 0 0 0 0
K* = 1 0 98 0 1 0 0 6%
K* = 4 0 0 94 2 0 0 3%
K* = 9 0 0 0 91 0 0 9%
K*=5 32 0 0 0 0 67 1 33%

function to be quadratic activation and sigmoid activation, respectively. Table Table 3.4
and Table Table 3.5 are the ranks of Jacobian matrices for different combinations of (d, 7).
The results justify the formula of characteristic rank of one-hidden-layer neural networks
are dr* —r*(r* — 1) /2 for quadratic activation and dr* for sigmoid activation, respectively.

Although we could not provide any theoretical prediction for the characteristic rank
when the activation function is a ReLu function, here we provide some numerical exam-
ples. We show the performance of our rank test for one-hidden-layer neural networks with
a ReL.U activation function. In the experiments, d = 50, and ¢ = 0.1. We perform 100
experiments each from r*, with the true rank of U being equals to 1 to 6. For each 7*, we
perform the test from » = 1 to » = 7 with significant level 0.05. With this setting, the
p-value is computed under the x?(m — dr). The optimization problem involved with fit-
ting the neural networks model is solved using gradient descent (implemented by Pytorch
package).

For ReLu activation function, Table Table 3.6 shows the rank determined by our pro-
posed test for each 7*. Here, » = 0 means all tests are rejected. Results are similar to what
we observed in Table Table 3.3. When the order of the model is small, the test is consistent
with the significant level. When the order of the model increase, convergence to the opti-
mal solution becomes more difficult; in this setting, the false discovery rate will increase

but is still tolerable. An interesting finding is that our test still gives promising results even
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though the ReLLU activation is not an analytic function.

Table 3.4: Rank of the Jacobian matrix for one-hidden-layer neural networks with a
quadratic activation function. For each combination of (d, r*), the experiments are repeated
100 times, and the results are all the same. This justifies the formula of the characteristic
rank of one-hidden-layer neural networks with quadratic activation is dr* — r*(r* — 1)/2.

d | r* | rank(J) || d | r* | rank(J)
10| 1 10 30 | 11 275
10| 5 40 30 | 17 374
10 | 10 55 30 | 23 473
20| 1 20 50 | 10 455
20 | 12 174 70 | 10 655
20 | 18 207 90 | 10 855

Table 3.5: Rank of the Jacobian matrix for one-hidden-layer neural networks with sigmoid
activation. For each combination of (d, r*), the experiments are repeated 100 times and the
results are all the same. This justifies the formula of the characteristic rank of one-hidden-
layer neural networks with sigmoid activation is dr*.

d | r* | rank(J) || d | r* | rank(J)
10| 1 10 30 | 11 330
10| 5 50 30 | 17 510
10 | 10 100 30 | 23 690
20 | 1 20 50 | 10 500
20 | 12 240 70 | 10 700
20 | 18 360 90 | 10 900

3.6 Conclusions

We develop a general theory for the goodness-of-fit test to non-linear models, which essen-
tially shows that the parameter-of-interests are related to the characteristic rank of the linear
map that defines the manifold structure of our observation. The test statistic has a simple
chi-square distribution whose parameters are specified explicitly. Based on this result, it
is convenient to implement a test procedure to determine the model order in practice. Our
general theory can provide precise answers to several questions, such as determining the

rank of (complex) low-rank matrix from noisy and incomplete observations. In some other
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Table 3.6: Result of ReLU activation function: r* is the rank of true U*. For each r*, there
are 100 experiments. We perform the test from » = 1 to r = 7 and count the number of

determined 7. » = 0 means tests are rejected forr =1,...,7.
r=0|r=1|r=2|r=3|r=4|r=5|r=6|r=7| FDR
r* =2 3 0 96 1 0 0 0 0 4%
r* =3 4 0 0 96 0 0 0 0 4%
r*=4 4 0 0 0 94 1 0 1 6%
r* =25 2 0 0 0 0 93 5 0 ™%
" =6 5 0 0 0 0 0 88 7 12%

applications, we show that how the general theory can shed light on finding the “model-
order-of-interests”, such as tensor completion, determining the number of hidden nodes in
neural networks, determining the number of sources in blind signal demixing problems,

using analysis and simulations.
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CHAPTER 4
DETECTION OF CASCADING FAILURES

4.1 Introduction

This chapter develops an online change-point detection procedure for power system’s cas-
cading failure using multi-dimensional measurements over the networks. We incorpo-
rate the cascading failure’s characteristic into the detection procedure and model multiple
changes caused by cascading failures using a diffusion process over networks [45]. The
model captures the property that the risk of component failing increases as more compo-
nents around it fail. Our change-point detection procedure using the generalized likelihood
ratio statistics assuming unknown post-change parameters of the measurements and the
true failure time (change-points) at each node.

The rest of the chapter is organized as follows. In Section 4.2, we present the problem
setting, the models of failure propagation and the measurements. Section 4.3 provide our
proposed test procedure and the computation of the log likelihood function. In Section 4.4,
we introduced our fast algorithm to implement the test procedures and discuss the compu-
tation complexity. In Section 4.5, we compare our proposed procedure with other existed

methods. Finally, Section 4.6 concludes this chapter.

4.2 Problem Setup

Consider a graph G = (V, £), which is formed by a set of nodes V = {1,2,3,..., N} and a
set of edges £ C V x V. Here V corresponds to the set of components in the power network,
and & can be constructed according to the physical network or interaction graph [46, 47].
Assume G is undirected; X;; € R is the measurement of ith node at time ¢,¢ = 1,...,7T.

We make the following assumptions about the change points, which correspond to the
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failure times at each node. Assume the true failure time of the ith node is 7 € R™ U {00},
and 7(; denotes the corresponding ordered failure time. When 7 = oo, it means that there
is no failure on the ith node. Let 7% = (7], 75, ..., 7% ) denote the vector of all true failure

times, which is unknown.

4.2.1 Failure (change-point) propagation model

Consider the following cascading model for the propagation process of the network’s fail-
ures. We assume that whenever a failure occurs on a node, it increases the neighboring
nodes’ tendency to fail. Mathematically, we define the influence of node ¢ on node j as
a;; > 0. We assume «;; are known since they can be typically estimated beforehand
using historical and simulation data given on the topology of the power grid and power
flow. We do not know the distribution for the first failure. After the occurrence of the first
failure, the distribution of the subsequent failures is determined by the conditional hazard
rate (intensity function) \;(¢):

* *
Zji(jﬂ')égﬁjﬁ Qs Ty <t =T,

Ai(t) = (4.1)

0, 0.W.

We assume that the failed nodes can only affect the neighboring nodes in the graph. The
influence of the failed nodes is constant over time. Therefore, each node’s hazard rate
before failure is a piece-wise constant, starting at 0 and jumps when the failure affects its

neighboring nodes. Figure 4.1 shows an example of the failure propagation process.

Remark 4.2.1. Define the history (filtration) up to time t as

H(t)={rr <ti=1,...,N}
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Figure 4.1: Example of how cascading failure propagates over networks. The failure ini-
tiate at node one, then all the neighbors of node one are affected, and node two and node
four fail eventually. As the failure propagates, node three is surrounded by more and more
failed nodes, and its hazard rate continues to increase. Here, red circles correspond to
failed nodes, solid yellow lines are possible paths for failures to diffusion, dashed yellow
lines correspond to paths with failed nodes at both ends, yellow circles are nodes affected
by failed neighbors.

Then, given the H(t), the conditional intensity function of the ith node is defined as:

M) A lim P{7} € [t + At]|H(t), 7 > t}
‘ At—0 At '

The distribution of T* is uniquely defined by the conditional hazard rate [45].

4.2.2 Measurement model

To simplify the study, we assume that the measurements at each node are independent,
conditioned on the failure time. Before a change, they follow an i.:.d. standard normal
distribution, and after a change they follow an 7.:.d. normal distribution with an unknown
mean and variance. That is,

N(0,1), t<Th

)

“4.2)
N(pi,0?), t>7r
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Since we can typically use a certain length of data as a warm start to estimate the sample
mean and variance of the pre-change distribution, therefore we assume that the pre-change

distribution is known and can be standardized.

4.2.3 Likelihood function

According to the above models, in a time window [0, T'], given measurements and failure

times, Proposition 4.2.1 is the likelihood function.

Proposition 4.2.1. According to the model defined by Equation (Equation 4.1) and Equa-
tion (Equation 4.2), the likelihood function for a given 7" and X, ; in [0, T'| can be expressed

as the following:

N N T
:Hf(T(t)\T(*n o ’T(*iq)) ‘ HHf(Xz’,t’Ti*) (4.3)

where the term (a) captures the failure propagation model and term (b) captures the mea-

surement model.

Proof. According to model (Equation 4.2), given change-points 7%, X;; are independent.
ie.
N
fXipi=1,... Nt=1,... T =[] FXiel7) (4.4)
=1

i t=1

According to [45], the likelihood of a failure nodes is the product of the survival probability

up to the failure time and the hazard rate at the failure time, 1.e. for 7" <T'

.
Ti

A m T < D) = M e (-

0

)\i(t)dt> . (4.5)

For a node which has no failure before time 7', the likelihood of it is the survival function
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up to time 7, 1.e. for 7 > 1"

T
f s, \ 1,1 > T) =exp ( - /o )\i(t)dt>. (4.6)

According to the definition of hazard rate (Equation 4.1), A;(¢) only depends on the change-

points before time ¢. Therefore, we have
N
f(7—1*777—]tf) :Hf(T(t)|T(*1)7T€;_1)) (47)

=2

Combine the above and (Equation 4.4), we have the following:

[ Xig,i=1,...,N,;t=1,...,7T)

flr, ...,
N T
= Hf(TE;)’T(*U e »RE&))HHJC(XMT:)- O

=2 i=1t=1

(X, XN, ) (4.8)

~

Our method can be extended in a more general setting. For the failure propagation
model, one can choose different hazard functions. Three models are provided in [45]. In
our study, we choose to use the exponential model. For the measurement model, one can

select the different distribution, and the measurement can be a high dimension.

4.3 Detection Procedure

Consider the following sequential hypothesis test for detecting a dynamic change. An alarm
is raised when there are at least 1 change-points. To perform the online detection, at each

time instance 7' we consider the following hypothesis test:

Hoyr 7y >T, Hiyr:0<7,, <T.
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We consider a Shewhart chart type procedure: at each time, we evaluate a general likeli-
hood ratio (GLR) statistics over a sliding window. The GLR statistic can handle the mean,
and post-change distribution variance are unknown. As shown in (Equation 4.3), given
the failure time and the measurements, the likelihood can be decoupled into two parts:
the likelihood of the failure propagation model and the likelihood of measurement model,

respectively.

4.3.1 Log likelihood of failure propagation model

Define C(i) = {j € V|(j,i) € £} to be the set of the ith node’s neighbors. Given 7, the

log-likelihood function for [0, 7] is shown in Proposition 4.3.1:

Proposition 4.3.1. Given T, a set of failure times T = (14, ...,Tn), graph G, and parame-

ters o ; Vi, j €V, the log-likelihood function of the failure propagation model is given by

gl,T = IOg f(7-17 T2, JTN|{aiJ})

=y { > al(r < 7) 49)

1 <T, JEC(3)

TiFT(1)
- E Oé]z Ty — Tj } E 5 @]z — Iy 7
JEC(7) 1 >T 5EC(3)

where ()" = max(+,0), and I(-) is the indicator function.

Proof. Combine the model (Equation 4.1), equations (Equation 4.5) and (Equation 4.6),

the log likelihood of a failure node is, V7; < T,

log f(7[{r, ... 7x} \ 75) = log As(r:) — /O ()t

:10g< Z aj,i)— Z a;i(m —75).

jec(i),Tj<Ti jEC(i),Tj<TZ‘

(4.10)

The log-likelihood function of a node without failure before time 7" is, V7; > T, can be
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written as

log (73l {m- ... 7w} \ 7:) = —/O (bt
=— > aul-m)

JEC(i),7<T

4.11)

Combine with Equation 4.7, Equation 4.10 and Equation 4.11, we can derive the proposi-

tion. O]

4.3.2 Log likelihood of measurement model

Since we assume that the mean and variance of post-change distribution are unknown, we
estimate the y;s and o;s by maximum likelihood estimation (MLE): ji;, ;. Therefore the

log-likelihood function of measurements of the ith node, given 7;, is:

6271'77“ :log f(that = ]_ Ce T‘Tz)

T/\(Tl 1 2
th

-y oy o

t=1 t=T1;

— glog(Qﬂ) — (T — 7, + 1)" log (). (4.12)

Since we assume that the distribution of measurements at each node is independent given
7, the log likelihood function of all measurements is the summation of the log likelihood
function of each node, i.e., o = Zfi 1 U2 . Therefore, given the failure time 7 and

measurements X, s, the log likelihood at time 7" is:
ET(T,XMZ‘ = 1, ce ,N,t = 1, ce ,T) = el,T“—EQ,T- (413)

Notice that if 7; > T for all 7, Equation (Equation 4.9) equals 0 and /7 is the sum of log
likelihoods of standard normal distribution for the measurements on each node, according

to Equation (Equation 4.12).
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To perform the hypothesis test between H ,, 7 and H; ,, 7, we need to search for 7 such

that the log-likelihood in (Equation 4.13) is maximized. Define

= f: < T) >n},

and
N

Lin)={r:) I(r<T)<n-1}

i=1
We consider a Shewhart type of detection procedure, and we evaluate the test statistics with
the data over a sliding window [T" — L + 1, T, where L is the length of the window. To
detect a change for at least 77 change-points, we apply the following GLR test statistics

Vn=1,...,N:

Sy = 14 — 14
T = g ) gy )

The corresponding stopping time is
=inf{T > 0: 5,7 > b},
for some preset threshold b.

4.4 Computationally Efficient Algorithm

We would like to implement change detection online and detect the cascading changes as
quickly as possible in practice. Thus, we need a low-complexity algorithm and only search
for propagation paths with at most m nodes affected by the failure. The computation cost
of the maximum likelihood under the alternative hypothesis is high. For instance, for a
fully connected graph with N nodes with observations in time horizon 7', the computation

costis O(T™N!/((N —m)m!)). We aim to develop a computationally efficient algorithm

79



based on a pruning strategy (similar to the ideas in [48, 49]). Our proposed algorithm is
described as in Algorithm algorithm 1, which we describe below in more details.

To reduce the computation cost, we propose a random sampling strategy as follows.
Since the number of possible propagation paths in a fully connected network grows expo-
nentially as the number of nodes increases. Define F as the failure set that contains the
failed nodes, and

R:{j¢f:3i€f,ai,j>0},

as the risk set. Then, we generate the next possible failure points by randomly picking P

points in R without replacement with probability vector p = (p;);cr, Where
pi=p:_ B Bi= Y oy (4.14)
jER jEF

With this scheme, we reduce the number of paths to O(N P™).
To further reduce computational complexity, we also combine the above witha Thinning
algorithm by exploiting the monotonicity of e~” involved in the likelihood function, which

is summarize in Algorithm algorithm 3. Consider the likelihood
¢ 02 _ L _
Lr=¢eT, Lojr=e>"T Lop=e?T, Lip=ce"T.

Given a propagation path, we need to compute the maximum Lr(7), which is the product
of £, 7 and L, r. Define the gth percentile of the ith node to be l5; ,. Also define a lower
bound [, for £, r. Instead of maximizing L£(7) over all the possible choices, we maximize

it only in a thinned set

{7 Lyir(1) > s, Vi=1,... ,N}yN{r: Lyp(T) > 11}
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T; T;,+5

Figure 4.2: Illustration of the searching strategy for 7; given the previous failure point 7.
When searching 7; from 7; 4+ 1, we have £y p(7; +4) > [; and £y r(7; + 5) < [3; by the
monotonicity of e~*, we can stop searching at 7; + 5.

Specifically, given 7;, we consider

Tj - {Ti + 1,7'Z' +2... } U {Tj : »CZ,j,T(Tj) > l2,j,q},

from the smallest to the largest until £; 7 < [; as shown in Figure 4.2. The computation
cost of this step is O(h), where h depends on the topology of G, as well as parameters «; j,
[; and g. Moreover, we can show that h < [L(1 — ¢)]™.

With the above strategies, we can reduce the computation cost to O(N P™h), which
is linear to IV, the network’s size. As shown in the following numerical examples, we can
now efficiently compute the test statistics for a 300-bus power system. We combine random
sampling strategy and thinning to reduce the computation cost using a recursion function

genNext as shown in algorithm 2.
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Algorithm 1: Cascading change-point detection

Input: Data X;7_r41,... Xir,i=1,...N

Variables:

* m: the maximal number of change-points

¢: log likelihood given a set of change-points

* 7: a set of change-points

« r: path of change-points (sorted)

* inaxs Tmax> Tmax: best log likelihood and parameters

* J : sets of potential change-points of each nodes

j: current depth of recursion

* ¢: percentile to threshold the measurement likelihood

ly: threshold of failure propagation likelihood

l.j=1

2. J < compute potential change-points using Thinning (3, m, r, 7, ¢, l1,
{XiH)

forx=1:Ndo

for ¢ in J(z) do
m=x,n=t

L,r,7=genNext(j+1,m,r, 7, {X;:})

if { > /. then

‘ gmax = ﬂ? Tmax = 75 Tmax = T

end

end

end

4. Return (ﬁnlax7 T'max; Tmax)
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Algorithm 2: genNext function

Input: j, m, r, 7, Data {X;,}
Variable K: a set of potential nodes with change-point

if j > m then
{ < compute log-likelihood

return(/, r, T)

end

J < Thinning(j, m, r, 7, q, [1, Data)

K < sample nodes with the probability as (Equation 4.14)

for z in K do

for ¢ in J(z) do
=X, T; = t,

l,r,7=genNext(j+ 1, m,r, 7, {X;+})

if ¢ > (.« then
‘ gmax = ‘gv Tmax = T Tmax = T

end

end

end

Return ({yax; Tmax, Tmax)

Algorithm 3: Thinning function

Input: j, m,r, 7, q, [y, Data {X,,}

LJ=10

2. compute Iy 5 4, V2 = 1,..., N using given Data.
forz=1:N\rdo

fort =17;: T do
Given ¢ and 7, compute Lo, 7 and Ly 7.

if ‘C'Z,:L',T > lg)l»’q then
| J(z)=J(x)Ut

end

if[,l‘T < ll then
| exit for

end

end

end

4. Return (J)
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4.5 Numerical Examples

In this section, we perform several numerical examples to demonstrate our proposed method’s
performance and compare it to existing methods. We consider two commonly used per-
formance metrics in change-point detection: the average run length (ARL) (a large ARL
means a low false alarm rate) and the expected detection delay (EDD). More specifically,
for a stopping time I', we define ARL as Eo[I'], and we use E; [(I' — 7(;,) ] as a measure for
EDD (which is a common practice in literature (see, e.g., [50]), where E; denotes the ex-
pectation with the probability measure under hypothesis H;. As we increase the threshold,
ARL typically increases exponentially, whereas the EDD will increase linearly. A good
change-point detection procedure should have a small EDD, given the same ARL.

We consider two case studies: one is to detect the very first change in the network,
and the other is to detect the change when there are at least 1 change-points. In Case
I, we compare our methods with generalized likelihood ratio (GLR) and (CuSum), since
CuSum is the optimal procedure when the parameter is known [51]) and GLR is a natural
generalization of CuSum when the post-change parameter is unknown [52]. In Case 1I, we
compare our method with the state-of-the-art, including the S-CuSum [53] and a traditional
method, Generalized Multi-char CuSum, both of which are suitable for Case II. Below the

pre-change distribution is A/(0, 1) and post-change distribution is N/(1, 1).

Case I: Detect the first change-point. In Figure 4.3 (left), we show the results in a 300-
bus power system (see MATPOWER [54]). In this relatively large system, we apply our
algorithm with L = 100, ¢ = 0.8, P = 1, l; = ¢, and m = 5. Our detection statistic
can be computed quite efficiently: the average computation time for each time step is less
than 3 seconds. Dashed lines are the results when parameters are known. In this scenario,
we compare our proposed method with the exact CuSum and two misspecified CuSum
(n = 2,2.5). Solid lines are the results when parameters are unknown. In this scenario, we

compare our proposed method with GLR. Overall, our method shows the best performance,
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Figure 4.3: (Left) Comparison of CuSum, generalized likelihood ratio, and the proposed
method. (Right) Comparison of generalized multi-chart CuSum, S-CuSum, and the pro-
posed method.

which is reasonable because our method is not only based on the likelihood ratio but also

considers the likelihood of failure propagation.

Case II: Detect when there are at least 1) change-points. Here we compare our proposed
method with generalized multi-chart CuSum, and S-CuSum([53], because these are the most
well-known algorithms for tackling such problems. In this experiment, the graph is fully
connected with 15 nodes. The parameters for the algorithm are . = 100, ¢ = 0.8, P =1,
l; = e 7, and m = 5. We set 1n = 3. To compute the ARL, we generate data with n — 1
affected nodes. The result in Figure 4.3 (right) shows that our method outperforms both

generalized multi-chart CuSum and S-CuSum.

4.6 Conclusion

In this chapter, we proposed a computationally efficient algorithm to perform the change-
point detection by modeling the cascading failure as a temporal diffusion process in a net-
work. Numerical experiments show that our proposed method demonstrates good perfor-
mance; for an IEEE 300-bus system, which is considered relatively large, our results show

that the proposed algorithm can scale up to larger systems.
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CHAPTER §
CHANGE-POINTS DETECTION FOR NETWORK POINT PROCESS VIA SCAN
SCORE STATISTICS

5.1 INTRODUCTION

In this chapter, we proposed a change-point detection procedure by scan score statistics in a
multivariate Hawkes network. Our scan score statistics are computationally efficient, since
we don’t need to compute the estimates of the post-change parameters, which is of impor-
tance for online detection. We present the theoretical results of our proposed procedure
including the analysis of the false alarm rate (FAR) and average run length (ARL) of pro-
cedure under null hypothesis. We first compute the variance of our proposed statistics and
then use Brownian motion to approximate the distribution of our proposed statistics. Com-
bine the technique in [55], importance sampling can be used for computation of FAR and
ARL. We use simulation study to testify our theoretical results and compare our method
with an existing change-point detection procedure with generalized likelihood ratio statis-
tics [56]. We also apply our proposed procedure in real-world data such as memetracker
and stock market, which show promising results in detecting abrupt change in the network.

The rest of our chapter is organized as follows. Section 5.2 provides the background
knowledge of multivariate Hawkes process. Section 5.3 presents the definition of our prob-
lem. Section 5.4 proposes our detection procedure and includes the analysis of our scan
score statistics. In Section 5.5, there are experiments of simulation study and real-world

data application. Finally, Section 5.6 concludes this chapter.
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5.2 Background

A multivariate Hawkes process is a self-exitation process over a network. Let M denote
the number of nodes in the network and [M] denote {1,..., M}. The data is of the form
{(uy,t1), (ug,ta),...}, where u; € [M] denotes the location of ith event and ¢; € R*
denotes the time of ith event. A multivariate Hawkes Process is actually a special case of
spatio-temporal counting process [57]. Let H; denote the history before time ¢, i.e. the
o-algebras of events before time ¢. {H;}:>o is a filtration, an increasing sequence of o-
algebras. Let N,,(t) denote the number of events on ith node up to time ¢, i.e a counting

process,

No(t) = T(t; < t,u; = m).

t; <t
Then, a multivariate Hawkes process can be determined by the following conditional inten-

sity function [58].

A () = lim LA (E + 5) > O1Ha} .1)

s—0 S

For a multivariate Hawkes process, the conditional intensity function takes the form:

t
OENEY / Gim(t — s)Ni(ds). (5.2)
ie[m) 0
Here 1., is the base intensity and g; ;(¢) is the kernel function that characterized the influ-
ence of the previous events. Specifically, we assume the commonly used kernel, exponen-
tial kernel, i.e.

gi,j(t) = CYZ'J'G_’Bt. (53)

Let po = (p1,..., ) and A € RM*M "of which the (¢, j)th entry is a; ;. A multivariate
Hawkes Process with exponential kernel is parametrized by the base intensity g, influence

matrix A and decay rate 5. Given all the events in time window [0, T']. Let K denote the
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number of events. The log likelihood function is:

K M
tr(A) =3 log (uuk +3 aui,uke—ﬂuk-ti)) ~ 3" T
k=1 o t;<tg m=1 (54)
1
S a0,
6 m=1 k=1

Notice that, when A = 0, the process becomes a multivariate Poisson process.

5.3 Problem Setup

In this chapter, we consider a change-point detection problem in a network. In a network
with M nodes, there are events on each nodes over time. We say that time 7° > 0 is a
change-point if the following applies. Before time 7* the events of the network follows a
multivariate Hawkes process with parameters g, Ay and 3. After time 7* the events of the
network follows a multivariate Hawkes of which the influence matrix change from Ay to
A,. For both the pre-change and post-change multivariate Hawkes process are assumed
to be stationary. To detect whether a change-point 7* exists given data, we consider the

following hypothesis test:

Hy :An(t) = pm + Y upmoe 27, me [M],t > 0;

t;i <t
. — —B(t—t;) x.
H1 )\m(t) Hm + Z Qly; m,0€ , m & [MLO <t<rT ; (55)
i <t*
Am(t) = pim + Y mae P moe Mt >
T*<t; <t

where \,,(t) is the true conditional intensity of node m at time ¢, ; j and «; j; are the

(1, 7)th entry of Ay and A, respectively.
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5.4 Scan Score Statistics Detection Procedure

To perform the hypothesis test (Equation 5.5), we proposed a detection procedure base on
scan score statistics. A score statistics is the first derivative of the log likelihood function.
In a multivariate Hawkes network, we are interested in the influence between multiple pair
of nodes (i.e. the entries in influence matrix A). For each pair, we would have a score
statistics. Therefore, we will end up with a high dimensional vector of score statistics.
We use the scanning strategy to compute our test statistics as in [7, 59] . Specifically, we
divided the whole network into several clusters. At each time ¢, we compute the interested
score statistics in each cluster. Then we get a statistics for each cluster by summing up
the standardized score statistics in the corresponding cluster. Finally, we use the maximum
over all clusters to be the scan score statistics at time ¢ for the whole network. More details

will be discussed in this section.

5.4.1 Score Statistics

Since the change in hypothesis test (Equation 5.5) is caused by the change of influence

matrix, we define the following score statistics, given data up to time ¢, with respect to v, 4

» Olr(A)

dap

SPU(A) (5.6)

Moreover, define Sp(A) is the vector of all elements in { Séi” D(A):p, q € [M]}. According

to [57, Theorem 1], we have the following corollary.

Corollary 5.4.1. Under the assumptions in [57], assume the influence matrix of the mul-
D

tivariate Hawkes Process is A. The score function Sp(A) satisfies that, T~2Sr(A) =

N(0,Z(A)), where Z(A) is the Fisher information.
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Theoretical Result of Z(0)

When A = 0, it is possible to compute the theoretical result of Z(0) as shown in the
following theorem. For simplicity, let’s define C(7,t) as the set of events at node i before

time t, i.e. C(i,t) = {k : ty < t,up =1}

Theorem 5.4.2. Assume the the conditional intensity function has the form as in Equa-

tion 5.2 and the kernel function is exponential as in Equation 5.3. According to Equa-

tion 5.6,
olr(A
S;pﬂ)(A) _ 8T< )
Qp,q
Btk —ti) 5.7
_ Ziec(ntk)e " l Z B(T—ty) _ 1]
(ts—t;)
keC(q,T ) Zt <t Quia® o 5 keC(p

Moreover, when A = 0, as T' — 0o, we have the following limits of the (co)variances:

1 1
Var[T~3 899 (0)] — — + L2

28" B
—1 1 0
Var[T—2 89 (0)] — £2(— + t2y, 5.8
TSP 0)] = B2 (5 + ) 58)
Cov[T457(0). T35 (0)] = 2228
q

Remark 5.4.1. Since we assume the stationary of the multivariate Hawkes process, ac-
cording to [58], the stationary intensity for multivariate Hawkes process with exponential

kernel is:

At)=(1—-A/8)"p (5.9)

Therefore, given A and p, to simplify the computation, we can compute the score statistics

with the parameters of stationary distribution, i.e. Agiationary = 0 and Psiationary = .
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Estimation of Z(A)

When A # 0, it is difficult to compute the variance theoretically. According to [57], we

have the following approximation of Z(A).

Theorem 5.4.3. With the same assumption as in Theorem Theorem 5.4.2. We have the

following estimation of fisher information. Let

) 0 if j#4q
Ir(A);.s = 5.10
T( )( 3):(p,9) Crecin € PN Checpa e Pt t) it =g ( )
. —
recta) (Nq+2ti<tk a“ivqe_ﬁ(tk_ti))
We have %Z}(A) — ZI(A), ie. Vi,7,p,q,
1 A
7Lr(A)iiwa = T(A) w00 (.11

where L(A) i j),(p.q) 18 the asymptotic (co)variance ofT_l/QS;i’j) (A) and T_l/QSZS?’Q)(A).

5.4.2 Scan Score Statistics

To combine all the score statistics and complete the detection procedure, we compute the
scan statistics based on given clusters. A cluster is a subset of nodes, which is defined as
R; below:

R; = {v € V, v belongs to ith cluster},i = 1,..., L;

where L is the number of clusters.

In practise, to reduce the computation cost, we only compute the score statistics given
data in a time window of length w. Specifically, at time ¢, for ith cluster, we compute all the
interested score statistics with data in [t — w, t] and have a vector of score statistics denoted
as SEZ(A) Let R; and It(Z(A) denote the dimension of S&(A) and Fisher information of

St(i)u(A), respectively. Then the test statistics for cluster ¢ at time 7, with window length w
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is:

T = R7VPTIE (M) 7250 (A) ~ N(0, 1) (5.12)

Then at each time ¢, we compute the scan score statistics for whole network:

I' = max '
lging tawl

Given a threshold b, we stop our procedure and raise an alarm for change-point detection
as the following rule:

T, = inf{t : T, > b} (5.13)

As we discuss in Remark Remark 5.4.1, we can use parameters of stationary distribution
to compute our score statistics with less computation cost. In the following we provide the

analysis for the case A = 0.

False Alarm Rate of Scan Statistics

According to the Theorem 5.4.2, we can approximate it with Brownian motion as the fol-

lowing:

s2°0) [ (o + o), (.14

where a®9(t), b9 (t) is independent Brownian motion Vp, ¢ € [M]. With the same man-

ner, for a score statistics for a window length w, we have the following approximation:

pa() o [HE b a®PD () — aPD(t — @ @)y —p Dt —w
579(0) ﬁ (5@ (0) = a0~ w) + L2200 - 60t w)). 519

With above approximation, we have

Cov(SPd, Sys.) = (w—6)"Cov(SP?, S17) (5.16)

92



Therefore, for cluster z and j, we have

) F(J)

Cov(T}),, TV ) = ————Cov(I'},T{}) (5.17)

Suppose there are L cluster, at time ¢, we want to control the false alarm rate.

L
Py >b) = P(max [IV)]>0) = UF(Z]>b

1<:i<L

- U{Ftw > b}U{th < -b})
= P({max F ., > b} U{ min F Lw < —b})

1<i<L 1<i<L

IN

2]P’( max F > b) (5.18)

1<i<L

()

Lwt I'; ., denote the vector of T';;;s. To control the upper bound of the false alarm rate, we

compute the Equation 5.18 with the technique in [55]:

~

=> P(APTy, >b), (5.19)

i=1

where P is the permutation matrix interchanging first entry and the ¢th entry, and

1 0 0

b
1 =1 0 0

0

A=11 0 -1 . |, b= (5.20)

0

0
1 0 0 -1
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According to equation (Equation 5.12), ', ,, ~ N (0,X). In [55], they provide an impor-
tance sampling algorithm to estimate the equation (Equation 5.19). X can be computed
with Equation 5.17 according to the network topology and the score statistics in the clus-

ters. Figure 5.1 is an example and the corresponding ..

II

O
|
0-

Figure 5.1: In this example, there are 4 clusters, and each cluster includes 5 loca-
tions. The light blue nodes are the centers of each cluster and in each cluster we con-
sider the 4 directions from the center to the neighboring nodes as shown in I and II.

Sf% ~ N(04,w(1/(28) + p/B*)1y) and Ty, ~ N(0,%). For the case I, the 3;; cor-
responding to I’EZ,ZU and F% equals to 0. For case II, &;; = 02 £ /(B + 2u). Therefore,
2T = (1,0,0,0%), £T, = (0, 1,02,0), 5T, = (0,02,1,0), ©7, = (62,0,0, 1).

Remark 5.4.2. Since our scan statistics are standardized, determining the threshold b with
the method in Equation 5.19 does not depend on the window length w. However, with a
larger w the approximation in Equation 5.15 would be better. In Table 5.1, we can see, as

window length increase, the false alarm rate would be better controlled.

Table 5.1: Approximation of false alarm rate.

w | b | P(max; Fl(f,zu >b) | P(TS > b)
50 | 3 0.005 0.0174
100 | 3 0.005 0.0146
200 | 3 0.005 0.0114
50 | 2.8 0.01 0.0282
100 | 2.8 0.01 0.0226
200 | 2.8 0.01 0.0210
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5.4.3 Average Run Length of 7,

Besides false alarm rate, another performance measure of a change-point detection pro-
cedure is the average run length (ARL) of the stopping time in Equation 5.13, which is
denoted as E[T}]. To evaluate the ARL, we are going to show that T}, is approximately
exponential distribution with some parameter \y. The analysis is similar to [60]. Let
f(b) = be?/2. For certain interval [0,z f(b)], we decompose it into k& sub-intervals with
length m, i.e xf(b) = km. For simplicity, we assume k and m are integers. Let indi-
cator X; denotes I{max;c((j—1)m,jm) I+ > b}, and defind W = Zle X, then we have
{W =0} = {T, > zf(b)}. To prove that T} is approximately exponential, it is same
to prove W is approximately Poisson distributed. We herein apply the result from [61].

According to the [61, Theorem I], we establish the following theorem.
Theorem 5.4.4. Let T}, be the stopping time defined in Equation 5.13, X; be the indicator
defined above and W be the sum of the indicators. With w < m < f(b), then

limy 0 |P(T, > 2f (b)) —e ™| =0 (5.21)

According to the construction of W, we have

EW = zf(b)P(X; = 1)/m

<2zxf(b)P{ max F,&)U >b}/m < 23:f(b)IP’{1r£1a<)§l FE?U > b}.

0<t<m,1<i<d

By Theorem Theorem 5.4.4, E..(T) ~ A, and

(4)
< .
Ao < 2P{o<t£7131xgigd Ly >bk/m (5.22)
(4)
<
< QIP’{III%% [yo, > b} (5.23)
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5.5 Experiments

5.5.1 Simulated result of ARL and EDD

In this experiment, the network is set up as shown in Figure 5.1. The event in each notes
follows a Poisson process with 4 = 1, and we set the 5 = 1. The window length is
set to be 200 and the statistics is computed each ¢ = 10 time units. In Table 5.2, we
show the estimated ARL of simulation with the threshold estimated by (Equation 5.22) and
(Equation 5.23) for A= > 1000 and A~* > 2000, which corresponds to ARL> \~1§. To
get the simulated ARL, we generate events in time window [0, 60000] and compute the run
length when the statistics exceed the corresponding threshold. Note that this approximation
will always underestimate the ARL since we can only generate events in finite time window.
We can see the thresholds computed from (Equation 5.22) give us desired results. However

(Equation 5.23) tends to over estimate the threshold.

Table 5.2: Verification of approximated ARL in (Equation 5.22) and (Equation 5.23)

b theoretic ARL | simulated ARL
Results of (Equation 5.22), m = 100 | 3.3718 10000 9762
Results of (Equation 5.22), m = 50 | 3.3859 10000 9945
Results of (Equation 5.23) 3.6625 10000 22818
Results of (Equation 5.22), m = 100 | 3.5824 20000 18380
Results of (Equation 5.22), m = 50 | 3.5867 20000 18747
Results of (Equation 5.23) 3.8352 20000 32157

Now, let’s compare expected detection delay (EDD) of our proposed method with gen-
eralized likelihood ratio (GLR) method in [56]. In the experimentsof EDD, the distribution
under H is set as mentioned above. The thresholds of our methods are set according to the
estimate of Equation 5.22 with m = 50, so that our desired ARL are 10000 or 20000 (see
detials in Table 5.2). As for the GLR, we compute the log generalized likelihood ratio with
frequency 0.1 per time unit, and window length w = 200. The maximum likelihood esti-

mates of the A; and p, are computed by Newton method. The thresholds of desired ARLs
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are estimated with simulation. We compare different settings of post-change distribution,
which is shown in Table 5.3. The simulated EDDs are shown in column 4-9 of Table 5.4.
We can see our proposed method has better performance in the cases that there are multiple
changes in the influence matrix A;. Even though our method does not consider the change
in base intensity g, from case iv, we can see our method still have a better performance
when there are significant change in the influence matrix A;. In case v and vi, we can see,
when the main change is the base intensity or the change of influence matrix is weak, GLR
has better performance. It is also worth noticing that the computation cost of our proposed
methods is much less than the GLR methods since our method does not require to estimate
the post-change distribution parameters. The speed of performing our method are about 5

times faster than the GLR method in our experiments.

Table 5.3: Setting of different cases in Table 5.4

changed parameters in post-change distribution
Case i Qu1 = Qy3 =45 =g =0.2
Case ii Qu1 = Qg3 =45 =oyg = 0.5
Case iii Qup = Qg = Qgg = Qg5 = 0.5
Case iv pa =15, 45 =ayg =1
Case v ps = 15,045 =0.5
Case vi ays =0.5

Table 5.4: Comparison of EDD

Methods | thresholds | ARLs || Casei | Caseii | Case iii | Case iv | Case v | Case vi
Proposed 3.3859 10000 || 101.16 | 45.63 | 46.45 26.4 77.8 | 152.86
Log GLR 20.599 10000 || 145.25 | 62.75 | 48.95 28.55 66.6 | 128.45
Proposed 3.5867 20000 || 107.63 | 47.86 | 48.70 28.0 85.4 | 164.60
Log GLR 21.407 20000 || 153.55 | 66.00 | 51.95 29.85 69.5 | 134.60

5.5.2 Real-data

In this section, we apply our scan statistics on a memetracker data and stock data.

97




* memetracker data: It tracks texts and phrases, which are called meme, over different
websites. This data is used to study the information diffusion via social media and
blogs. We use three meme data in [56]. The first data is“Barack Obama was elected
as the 44th president of the United State”. We use data from the top 40 news website,
which includes Yahoo, CNN, Nydaily, The Guardian, etc. We use the data from
Nov.01.2008 to Nov.02.2008 as the training data and the data from Nov.03.2008 to
Nov.05.2008 as the test data. Our procedure detect a change at the time around 7pm
on Nov.03, which is few hours before the votes. The second data is “the summer
Olympics game in Beijing”. We use data from Aug.01.2008 to Aug.03.2008 as the

training data and data from Aug.04.2008 to Aug.15.2008 as the test set.

» Stock data: This data is downloaded from Yahoo Finance. We collect the closing
price and trading volume of stock tickers: SPY, QQQ, DIA, EFA, and IWM, which
are all index-type stock and can reflect the situation of overall stock market. For
each ticker, we construct 3 types of events. High return: the day with return over
90 percentile. Low return: the day with return below 10 percentile. High volume:
the day with trading volume over 90 percentile. Therefore, in this data we have a
network with 15 nodes. Such extreme trading events are of interest in the study of
finance [62]. We use the data from Jan.04.2016 to Dec.31.2018 as the training data

and data from Jan.01.2019 to Dec.31.2020 as the test data.

For each data, we apply Newton method to fit the MLE of the parameters for the training
set. Then, we use the fitted parameters to compute the scan statistics on the test set. For
memetracker data, we construct the cluster by applying community detection methods on
the fitted A. For stock data, each cluster are the events that related to certain ticker. Details
are shown in Table 5.5. The change point detected from the “Obama” data, is around 7am
on 2008.11.03. The result indicates that the public opinion of Barack Obama changed at
around one day before the votes. For the “Olympic” data, our procedure detect a change

on Aug.04 which is 3 days before the Olympic game. For the stock data, we detect 3 time
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intervals of which the starting dates are 2019.06.21, 2019.08.16 and 2020.03.04. According
to the news, the first change-point 2019.06.21 is the date that the S&P 500 hit a new record-
high and the three major stock indexes surged with different scale. The second change-point
2019.08.16 is related to the US-China trade war. In August 2019, both US and China made
multiple announcement about their tariffs. The last change-point is 2020.03.04 which is
3 business day before the first circuit breaker in 2020. There are a lot change-points after
first circuit breaker 2020.03.09, which indicates a long-term change in stock market caused
by pandemic and trade-war. The results of real data shows that our proposed scan statistics
has a good performance on detecting the real change in different area such as social media,
finance markets.

Table 5.5: result of real data

Data training set test set # of cluster | thresholds change-points
“Obama” | 08.11.01-08.11.02 | 08.11.03-08.11.05 5 4 11.03 7am
“Olympic” | 08.08.01-08.08.03 | 08.08.04-08.08.08 4 4 08.04 6pm
stock data | 16.01.04-18.12.31 | 19.01.01-20.12.31 5 4 19.06.21, 19.08.16, 20.03.04
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Figure 5.2: Scan Statistics procedure applied on real data. Red line: detected change-
points. For the upper plots, the blue line is the smoothed frequency of all events in the
network. For the lower plots, the blue line is the scan statistics of proposed procedure.
(1,1) & (2,1): data of “Obama”. (1,2) & (2,2): data of “Olympic”. (1,3) & (2,3): data of
stock.

5.6 Conclusion

In this chapter, we proposed a scan score statistics for detecting the change-points of net-
work point processes. We use multivariate Hawkes process to model the sequential event
data. Our proposed method is based on score statistics, meaning that we don’t need to
compute the post-change parameters. Therefore, our method is computational efficient
compared to the conventional GLR method, which is of importance in online detection.
Moreover, we are able to provide analysis of the false alarm rate and average run length. In
experiments, we first use simulated data to verify our theoretical results. We also perform

our method in real world data, which shows a promising detection performance.
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APPENDIX A
APPENDICES OF CHAPTER 2

Proof of Theorem 2.3.2

We argue by a contradiction. Suppose that there is a sequence {Y;} C M, (with Y, # Y)
converging to Y such that Po(Y}) = M. It follows that Y}, — Y € Vq.. By passing to a
subsequence if necessary we can assume that (Y, — Y')/ty, where t; := ||Y; — Y|, con-
verges to some H € V.. Note that H # 0. Moreover Y}, = Y + t, H + o(t;), and hence
H € Ty, (Y). Thatis H € Vge N Ty, (Y), and H # 0 by the construction. This gives the

desired contradiction with (Equation 2.17).

Proof of Theorem 2.3.4

Let p be the characteristic rank of mapping §. Consider #* € O such that p = rank(A(@*)).
It follows that matrix A(6*) has an g x ¢ submatrix whose determinant is not zero. Consider
function ¢ : © — R defined as the determinant of the corresponding o X ¢ submatrix of
A(6). We have that ¢(-) is a polynomial function and is not identically zero on © since
by the construction ¢(6*) # 0. Since O is connected, it follows that the set {# € © :
¢(0) = 0} is “thin”, in particular has Lebesgue measure zero. That is, ¢(#) # 0 and hence
rank (A(6)) > o fora.e. § € ©. Also by the definition of ¢ we have that rank(A()) < o
for all § € ©. It follows that rank (A(6)) = o for a.e. § € ©. Since rank of A(V, W, X) is
the same for all X € Vg, this completes the proof of the assertion (i). Since rank(A(-))
is a lower semicontinuous function, the assertion (ii) follows.

Now consider a regular point § = (V, W, X) with X = 0, and the corresponding

matrix Y = VW T. Since 6 is regular, we have that rank of A() is constant (equal o)
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for all § in a neighborhood of #. By the Constant Rank Theorem it follows that there is a
neighborhood V of @ such that the set S := {F(#) : § € V} forms a smooth manifold of
dimension g in R™*"2_ The tangent space to this manifold at Y is the space T, (Y) +Vgqe.

Hence if o = f(r, m), then
dim (T, (V) + Ve ) = dim (T, (V) + dim(Vge).

Consequently dim (TMr (Y)n VQC) = 0, and thus condition (Equation 2.17) follows (com-
pare with Proposition Proposition 2.3.1). On the other hand if ¢ < f(r, m), then the mani-
fold (Ve +Y) N M,, in a neighborhood of Y, has a positive dimension. Thus in that case
the solution of MRMC is not locally unique and condition (Equation 2.17) does not hold.

This completes the proof of the assertions (iii) and (iv).

Proof of Theorem 2.3.5

Suppose that €2 is reducible. Then by making permutations of rows and columns if neces-
sary, it can be assumed that A/ has the block diagonal form as in (Equation 2.23). Let Y be
a respective minimum rank solution. Thatis M; = ViIW|", My = VoW, and Y = VW T

with V = ({1 ) and W = (}) being n; x r and ny x r matrices of rank r. Note that

Y ( My VW,

Y = VaWwT M, ) . By changing V; to 'V} and Wy to o'W for o # 0, we change ma-

O . M aViwy T T . .
trix Y to matrix (wlvzlwf ;/[2 2 ) If VW, # 0or VoW, # 0, we obtain that solution

Y is not locally unique. On the other hand when both V; W, = 0 and V,W," = 0, and

hence Y = (]\6[1 1\2 ) rank 7 solutions for example are matrices of the form Y = (]\6[1 %3 )
2 2

where columns of matrix M3 are linear combinations of columns of matrix M. If M; = 0,

then we can use matrix Y = (%; ]\22 ) in the similar way. Hence nonuniqueness of rank r

solutions follows.
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Proof of Theorem 2.3.6

Suppose that € is irreducible. Consider a rank one solution Y = vw ' with respective vec-
tors v = (vy,...,0p,) " and w = (wy, ..., w,,) . We can assume that v, is fixed, say v; = 1.
Consider an element M, (1,71) € €, in the first row of matrix M. Since it is assumed
that each row has at least one observed entry, such element exists. Since M;, = viw;j,,
it follows that the component w;, of vector w is uniquely defined. Next consider element
M;, s (i1,71) € Q. Since M,;,;, = v;,wj,, it follows that the component v;, of vector v
is uniquely defined. We proceed now iteratively. Let v C {1,...,n 1} and w C {1,...,n2}
be index sets for which the respective components of vectors v and w are already uniquely
defined. Let j ¢ w be such that there is (7, 5') € 2 with j' € w and hence w; is already
uniquely defined. Since M;; = v,w; and M;;; = v;wj, it follows that w; is uniquely de-
fined and j can be added to the index set w. If such column j does not exist, take row i ¢ v
such that there is (¢, 7) € Q with i’ € v. Then v; is uniquely defined and hence 7 can be
added to v. Since (2 is irreducible, this process can be continued until all components of

vectors v and w are uniquely defined.

Proof of Proposition Proposition 2.3.3

Consider function defined in (Equation 2.26). The differential of f(Y") can be written as

Af(Y) = tr[(Pa(Y) — M)TaY].

Therefore if Y € M, is an optimal solution of the least squares problem (Equation 2.5),
then Vf(Y) = Po(Y)— M is orthogonal to the tangent space T4, (Y'). By (Equation 2.16)

this implies optimality conditions (Equation 2.24) .
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Proof of Proposition 2.3.4

Consider function ¢ defined in (Equation 2.25), and the problem of minimization of ¢(Y, ©)
subject to Y € M, with © viewed as a parameter. Locally for Y near Y € M, the mani-
fold M, can be represented by a system of K = nyns — dim(M,.) equations g;(Y) = 0,
i = 1,..., K, for an appropriate smooth mapping ¢ = (g1, ...,9x). That is, the above

optimization problem can be written as

min ¢(y, #) subject to g;(y) =0, i =1,..., K, (A.1)

where with some abuse of the notation we write this in terms of vectors y = vec(Y') and
0 = vec(©). Note that the mapping g is such that the gradient vectors Vg (7), ..., Vgx (7)
are linearly independent.

First order optimality conditions for problem (Equation A.1) are

where L(y, \,0) := f(y,0) + X" g(y) is the corresponding Lagrangian. For 6 = 6, this
system has solution 7 and the corresponding vector A = 0 of Lagrange multipliers. We can
view (Equation A.2) as a system of (nonlinear) equations in z = (y, A) variables.

We would like now to apply the Implicit Function Theorem to this system of equa-
tions to conclude that for all § near 6, it has unique solution near z = (7, ). Con-
sider the Jacobian matrix ( 2+ &) of the system (Equation A.2) at (y,\) = (7, A), where
H = V,,6(y,0) is the Hessian matrix of the objective function and G := Vg(y) =
Vg1(9),.... Vg (y)]. We need to verify that this Jacobian matrix is nonsingular. This

is implied by condition (Equation 2.17), which is equivalent to condition (Equation 2.27).

105



Indeed suppose that
H G v
=0, (A.3)
G" 0 u
for some vectors v and u of appropriate dimensions. This means that Hv + Gu = 0 and
GTv = 0. It follows that v" Hv = 0. Condition G'"v = 0 means that v is orthogonal to
the tangent space T, (). It follows then by condition (Equation 2.27) that v = 0. Then
Gu = 0 and hence, since GG has full column rank, it follows that « = 0. Since equations
(Equation A.3) have only zero solution, it follows that this Jacobian matrix is nonsingular.

Now by implying the Implicit Function Theorem to the system (Equation A.2) we obtain

the required result. This completes the proof.

Proof of Proposition 2.4.2

Note that under the specified assumptions, M;; — Y} are of stochastic order O, (N ~1/2), We
have by Proposition 2.4.1 that an optimal solution of problem (Equation 2.29) converges
in probability to Y*. By the standard theory of least squares (e.g., [63, Lemma 2.2]) we
can write the following local approximation near Y* as (Equation 2.32). It follows that
the limiting distribution of 7y (r) is the same as the limiting distribution of N times the
first term in the right hand side of (Equation 2.32). Note that N''/ 2wilj/ 2El-j converges in
distribution to normal with mean ai;lAij and variance one. It follows that the limiting
distribution of /N times the first term in the right hand side of (Equation 2.32), and hence
the limiting distribution of Ty (r), is noncentral chi-square with degrees of freedom v =
m — dim (Py(L)) and the noncentrality parameter ¢,. Recall that dimension of the linear
space L is equal to the sum of the dimension of its image P, (£) plus the dimension of the

kernel Ker(Py). It remains to note that condition (Equation 2.17) means that Ker(P,) =
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{0} (see Remark 2.3.3), and hence

dim (Po(L)) = dim (£) = r(ny + ng — 7). (A4)

This completes the proof.
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APPENDIX B
APPENDICES OF CHAPTER 3

Proof of Proposition 3.2.1

(i) Since G(-) is twice continuously differentiable, it follows that J(-) is continuous. Thus
the function rank(.J(-)) is lower semicontinuous, and hence the set {f# € © : rank(J(f)) <t — 1}
is closed. It follows that its complement set {¢ € © : rank(J(#)) = t} is open.
(ii) Let 6, € O be such that rank(J(6y)) = t, such 6, exists since the function
rank(J(-)) is piecewise constant. Consider an t x t submatrix of J(6y) of rank t, and
the associated function ¢(#) given by the determinant of this submatrix of .J(#). Since
G(-) is analytic, we have that the function ¢(-) is analytic and is not constantly zero since
®(6o) # 0. It follows that the set {0 : ¢(6) = 0} has (Lebesgue) measure zero (e.g., [64]).
That is, for a.e. # we have that rank(.JJ(6)) > t. Since by the definition the rank v is maxi-

mal, it follows that rank(.J(#)) = ¢ for a.e. § € ©. This completes the proof.

Proof of Proposition 3.3.1

Since 9t is a smooth manifold near x, it can be defined by equations ¢(z) = 0 in a
neighborhood of xy with ¢ : R™ — R™ being a smooth near xy mapping with nonsingular
Jacobian matrix V¢(z¢). Then optimality condition (Equation 3.9) can be written as: there
exists A € R™ such that the derivatives of the Lagrangian L(z, \) := L[| — z||? — AT ¢(x)

are zeros at (Z, A). This can be written as the following system of equations in (z, ),

V.L(x,\) =0, ¢(x) =0. (B.1)
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Note that as § and z approach z(, the corresponding A tends to 0. The Jacobian ma-

trix of partial derivatives of this system, with respect to (z, ), at x = 2o and A = 0 is

Vo) 0 > This Jacobian matrix is nonsingular. It follows by the Implicit Function

Theorem that in a neighborhood W of z the system (Equation B.1) has unique solution.
Moreover by Remark 3.3.1 the neighborhood W can be such that if §y € W, then any op-
timal solution of the least squares problem is in VV. If moreover Z is in V¥V and satisfies
optimality Equation B.1, then by the uniqueness property 2 should coincide with the cor-

responding optimal solution. This completes the proof.

Proof of Theorem 3.3.1

Since g converges in probability to x, the assertion (i) follows from Proposition 3.3.1. Also
any minimizer 2 in the right hand side of (Equation 3.8) converges in probability to x (see
Remark 3.3.1). Therefore we can perform the asymptotic analysis in a neighborhood of x.
As in the above proof of Proposition 3.3.1, 9t can be defined by equations ¢(z) = 0 in
a neighborhood of x, with nonsingular Jacobian matrix V¢(z,). Let (&, A) be a solution
of Equation B.1 in a sufficiently small neighborhood of (xg,0). By the Implicit Function

Theorem we have that

-1

T — x B y Vﬁb(xo) U — xo
A Vé(zo)T 0 0 (B.2)
+ o([|g — zol))-

Also it follows by (Equation 3.7) that N'/?(§ — x,) converges in distribution to normal

N (v,0%L,). In particular this implies that ||§ — || = O,(N~"1/2), and hence

& — a9 = P(§ — 20) + 0,(N71/?), (B.3)
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where

P = I, = V(o) (Vé(x0) V(x0)) " V(o) (B.4)

Note that Top(z0) = {v : V(o) v = 0}. Therefore matrix P in (Equation B.4) is
the orthogonal projection matrix onto the tangent space Ton(xo). Slutsky’s theorem to-
gether with (Equation B.3) imply that N'/2(& — x() has the same asymptotic distribution
as P[N'/2(§ — x)]. Since N'/?(§ — x,) converges in distribution to normal N (v, o21,,),
the assertion (iii) follows, and the assertion (iv) follows by similar arguments.

Moreover by (Equation B.3),

~

i —

=

=§— 20— (&~ 20) = (Im — P)(§ — w0) + 0p(N"/?),

and since || — zo|| = O,(N~Y/2) it follows that

15— 2113 = (I = P)(G = @0)ll3 + 0p(N 7). (B.5)

It follows by Slutsky’s theorem that the N times right hand side of (Equation B.5) has the
same asymptotic distribution as Z ' (I,,, — P)Z, where Z ~ N (v, 0*1I,,). The assertion (ii)

follows. This completes the proof.

Theorem 3.3.2 can be proved in a similar way by showing that asymptotically this is equiv-

alent to the linear case.

Proof of Proposition 3.3.2

Let z = G(&) be a well-posed point. Then Ty (z) = {dG(§)h : h € R?}, and for any

¢ € R¥ we have by (Equation 3.14) that dimension of the image of the differential dG/(¢, ()
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is p + k. It follows that t > p + k. Since v < p + k, it follows that v = p + k.

Conversely suppose that M is a smooth manifold of dimension p and v = p + k. Let
0 € O be such that dimension of the image of dG(6) is t, by Proposition Proposition 3.2.1
we have that a.e. 6 is like that. Since v = p + k and T (z) = {dG(£)h : h € R} we have
by (Equation 3.14) that (Equation 3.15) follows. It remains to note that dG(0) = dG(0')
for any points 0 = (&£,¢) and ¢’ = (&, () in © with the same first component. This com-

pletes the proof.

Proof of Proposition 3.4.4

Let p be the characteristic rank of mapping
R™X7T x R™*" x R™*" 5 (A, B,C) — A® B® C. (B.6)

Recall that it always holds that r(n; + ns + nz — 2) > p.
Consider £ = (A, B, C) such that rank of the Jacobian matrix of mapping (Equation B.6)
at (A, B,C) is p. For X = A® B ® C consider the set

GHX)={(A,B,C") e R"*" x R™*" x R"™*"

AoB®C =X}.

By the Constant Rank Theorem this set forms a smooth manifold of dimension
dim (R™*" x R™*" x R™*") — p =r(ny +na +ng) — p

in a neighborhood of the point £. If (Equation 3.29) holds, then dimension of this manifold

is 2r, and hence any (A’, B',C") € G~'(X) in a neighborhood of (A, B, C') can be obtained
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by the rescaling. That is, the local identifiability follows.

On the other hand if 7(ny + na + n3) — p > 2r, then this will imply that there exists

(A", B',C") € R"*" x R™*7 x R™*" near (A, B,C) suchthat /@ B'®C' = A BC

and (A’, B’,C") cannot be obtained from (A, B, C) by the rescaling. That is, the local

identifiability does not hold.

Derivation of the Jacobian matrix in section subsection 3.4.6.

Forall kg = 1,...,K,Vn,m,ng = 1,...,Nand f =0,...,T —

Jacobian matrix can be derived as follows

Z’Ol cos(2m f (Tt — Tinky))

=1
+ cos(2mf (Tnky — Timt)))

1 77T2f2( 1 ;Z)

e “ko

i
077487

+sin(27 f (Th ke — Timi)))

1 ,w2f2(¢+i)
e Tho T

< T
677487}
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OR . f T
o = Z ProP1(cOs (27 f(Trt — Tinko )

=1

+ cos(2m f(Tn kg — Tmit)))

_3 _1 __2¢/1 1
ca. 2an 2e Wf((xk—‘ral)
ko 1

8ozk0

K

+ 7T3f2 Z Pkopl(COS(Qﬂ'f(Tn,l - Tm,ko))
=1
_1
+ cos(2m f(To ke — Tml)))ozko2

1 _-2p2/ 1 , 1
ca) Ze ! (‘9‘ko+“‘l)0f2
l ko

B ORpm, (
apko

-1
pko&ko
2

+ 7r2f2pk’oal;2)'

8In7m7f ™ - ;
AL T 5 Zpkopl(sm@ﬂf(m,z - Tm,ko))

=1

+sin(27 f (To kg — Timt)))

-3 _1 2,01 . 1
can o Ze = f (ak+al)
ko 1l

8ak0

K

T2 propr (ST f (Tt = Tnko))

=1

sin(27 f (Tyky — Timt)))

1 1 _7r2f2(L+i) _9

oyt e oSy S
OLymf,  PhoOy 2 12
_Fhnamt s a
apko ( 2 f Pro kO)
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8Rn,m,f
8Tn07k0
K
=I(n = n0) > ipry (=27 f sn(27 f (T ko — Tnt)))
=1

1 1 _g2f2( L4 1
ra taze " Wit
1 O

K
+1(m =no) Y _ pipry (27
=1

_1 1 _g2p2L1 1
fSin(27Tf(7_n,l - Tno,ko))) F Ty 2ak026 i (al+ak0)‘

0Ly m,
8Tn0,k0
K
=I(n = no) Y _ pipny (27 f OS2 f (Tag ko — Tm.1)))
=1

20201 1
- f (?l+%)

1

1
T2, 2
* ’/TOél Oéko e

K
+1(m = n0) Y _ pipre (=21 f o827 f (Tt = Tag ko))
=1

S R T M
-y fo e ko
1 %,

With the above result, we can numerically check the rank of Jacobian matrix J(&) = 6%_2&).

Discussion of estimating the noise variance o2.

In the paper, we provide two ways to estimate the variance o of the noise ¢ in the model.

1. As it is mentioned in Section Section 3.3, if N > 1, i.e, we can use sample variance

to estimate the 0. That is: we have samples y; ; Vi = 1,...,m,j = 1,..., N. Let

gi=(N)! Z;V:I yijand 62 = (mN)~' 32" Z;Vﬂ(yw — 7).

2. If N = 1, let’s assume ¢; ~ N(0,02) and v = 0. Then we can apply Theorem

I11.2 to construct a consistent estimate of 0. Consider 9V C 9 and v/ = dim(9),
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t = dim(9N), let

A . ~ 2 7 _ . ~ 2
Ty = min || — 2|3, Ty = min |§ — z|l3.

Then let,

A

2= M (B.7)
t— v

According to Theorem II1.2, we know that under the true model T}, — Ty follows

central x? distribution with t — ¢/ degrees-of-freedom asymptotically. Therefore 62

is a consistent estimate of o2, i.e. 62 — 0% ast —t — oco. More specifically, as

mentioned in section III.C, we assume that our manifold can be decomposed to be a

sum of smooth manifold and linear space. Therefore, for an xq € M = M + L/, we

can construct a linear space £, s.t L’ C L. Then, let 99t = M + L. we can compute

eq.(Equation B.7).

Below, we will show how to use this general strategy to construct the £ in each application
mentioned in the paper. The key idea is that we can always leave out some observations to

construct the L.

1. Matrix completion: Denote the set of observation indices as {2y manifold: 9V =
M, + L, where L' = {X € R"*™ : X, . =0, V(i,j) € Qo}. To estimate the o2,
we can leave out some observation, i.e. we form a smaller observation set €2, C (2.
Then the new manifold is M = M, + L, where L = {X € R"*™ : X, =

0,V(i,5) € 1}. We can see that £ C £ = 9 C M. Therefore, according to
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eq.(Equation B.7), we can estimate o2 as following:

" (4,)eQ0
oty 3 (5=
(4,7)E
T, —T
~9 N N
6 = (B.8)
Q0] — [€2]

2. Complex matrix completion: It is similar to real matrix completion. By leaving out

some observations, we have a smaller set of observation indices €2; C €2y, and

,C/ = {X c Cnlxn27Xij - 07 V<Z,j> € QO}

£ = {X € Cnlxn27Xij - O, V(l,]> € Ql}

Let TJ’V be the objective value of eq.(24) in the paper with respect to observation set
o and TN be the result with respect to observation set {2;. Then, we can estimate
the o2

~2 T]/V — Ty

52— ANTIN
Q0] — €]

3. Rank-r tensor completion: It is similar to matrix completion problem: Denote the
manifold of rank-r tensors as M,., and there is an observation index €2y. By leaving

out some observations, we have {2; C €. Let’s define,

L= {X € RnlanaXijk =0, \V/(l,j, k) S QO}

L={XecR"" X, =0,V(ijk) €}

and

M =M, +L M=M, + L.
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We can see 9V C 9. According to the Theorem III.2, we can construct the &2

similar to eq.(Equation B.8),

N]/V = min Z (}Afz]k - Xijlc)27

XeM

" (ivjvk)EQO
. . . )
TN = Jguin Z (Yije — Xije)”,
(4,5,k) €
~92 _ ]/V - TN
Q0] — [

4. Demixing: It can be viewed as a tensor completion problem in our setting. The
difference between the demixing problem and rank-r tensor completion problem is
the way of parameterizing. In the rank-r tensor completion problem, we parameterize
the tensor with rank. In the demixing problem, we parameterize the tensor as the
cross-correlation function of the frequency domain signals. However, in estimating
o2, what matters is the £ part, which is not related to the parameterization of the M

part.

5. Neural networks: Suppose we have m observations, i.e. y € R™. Then we say
that our set of observation indices are all the indices i.e. Qg = {1,2,...,m}. Then
L ={X eR": X, =0,VieQ} = {0}. Byleaving out some observations, we
have Q) C Qp, L={X e R": X, =0, Vi € Qp} D L', according to the eq.(27) in

2

the paper, o~ is estimated as:

i€y
T, —T
G2 NN (B.9)
m — ’Ql|

6. Matrix sensing: As mentioned in the paper, matrix sensing is a special case of one-
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hidden-layer neural networks with quadratic activation function.

Below we also present two numerical examples to show the performance of the estimate of

the sigma:

1. Matrix completion: Table Table B.1 shows a result of estimating o for each rank .
In this experiment, ny; = ny = 100, true rank 7* = 6, |Qy| = 8000, 0 = 10, N = 1.
In practise, we may not know the true rank, therefore, we compute the estimate of o2
for each rank r ranging from 1 to 8. ¢ is estimated by 6 in eq.(Equation B.8) with
|€21] = 2000. When r < r*, 62 largely overestimates the o2 and decreases hugely as
r increases because part of the signal is treated as noise. When r > r*, 6% become
stable since it is over-fitting the noise. We can also see that when r = r*, our 62 is
close to 2.

Table B.1: Estimate of o2 in matrix completion with true rank r* = 6.

rank &° rank &2
1 34995.5 5 5050.63
2 26751.3 6 97.7
3 18719.6 7 96.6
4 11231.8 8 96.7

2. Matrix sensing (One-hidden-layer neural networks with quadratic activation). Table
Table B.2 shows a result of estimating o2 for each rank . In this experiment, d = 50,
true rank r* = 3 (the number of hidden nodes), m = |2y| = 500,00 =1, N = 1. We
compute the estimate of o2 for each rank 7 ranging from 1 to 4. o2 is estimated by
62 in eq.(Equation B.9) with |[©2;] = 400. We can see that our estimator 62 is close

to the true o2 when r = r*.
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Table B.2: Estimate of 0% in matrix sensing (r* = 3).

rank a2 rank | 6

1 | 8952.8 4 | 1.04
2 | 1498.8 5 | 112
3 1.12 6 | 0.88
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APPENDIX C
APPENDICES OF CHAPTER 5

Proof of Theorem Theorem 5.4.2

Proof.

(1) Since under H,, S(Tq ) (0) has the same the distribution as the univariate case.

Vary, (T2 57(0)) =T 'Var(S7(0))

T  4pT -1
A
2/ 42
—2B8T 3 —2B8T 9 —BT
n e _3p pe n e )
apr2p% 288 B3
L p
—>% + @ as T'— oo
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(p,q)
(ii) To prove the variance of S\**”, we use the fact that Var y, [S\'? (0)] = —Ey, [835%50)
93P (0)
Ep[-—F—— C.1
Hy [ aanq ] ( )

_E[L (Y ety

12
9 keC(q,T) i€C(p,t)

SBR[ S (3 ettt N €2)

02
9 keC(q,T) i€C(p,ty)

:E[%Eufj 20 Ny ] ©3)

) B

— (o + Ay () (C5)

where N, and N, are the number of events in [0, 7' on nodes ¢ and p respectively. In
eq(item C.2), we use the fact that for Poissson process, the arrival times follow ¢.7.d.
uniform distribution when it is conditional on the number of arrivals. With this fact,

in eq(item C.3), we define

1 /[t 1
EZZ t) =— 7ﬁ(t7u)d = —(] — —pBt
(0 =3 [ e du= o1
]EZ-Q(t) :l /t e 260t=u) 1, — 1 (1 _ —2615)
' T Jo 26T ’

121



which proves the eq(item C.4). Since N, and N, follow Poisson distribution with

mean 71, and 114, respectively. Therefore eq(item C.5) is prooved.

(i11) Follow the similar techniques in (ii), we can prove

Covy T2 5P (0), T3 570 (0)] — L22

Proof of Theorem 5.4.3

Proof. Follow the definition in [57], let’s define the kernel function,

9(517 S92, t) = S;Asle_ﬁta

where s; € RM . Then, we can define the conditional intensity function:

A(s,t) =p(s) —i—/o /Xg(s,u,t— r)N(du x dr)

=u(s) + Z u/ As - e P4,

t;<t

where u = e,,, if u; = m, and e, is the vector that mth entry is 1 and other entries are 0.

Further, define a measure with delta function:
de; (7)
0.W.

v(x) :Z
1if z=¢
Oe; () =
0
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We can write the likelihood function as the following:

:/OT/XlogA(s,t;A)N(ds xdt)—/OT/XA(s,t;A)v(dS)dt

We can easily check this define the same multivariate Hawkes process in Equation 5.2,

Equation 5.3, Equation 5.4. Define the function A as:

A A
A 1, s
AGij)ma) = jA =

where Az’,j is the partial derivative of A with respect to «; ;. Therefore, by the result of [57,

Equation 4.7], we have:

By direct computation, we can have the result of Equation 5.10 [

Proof of Theorem 5.4.4

Proof. According to the Theorem I in [61], let’s define the “neighbor of dependence” for
index j, J(j) = {(j — 1), 4,7 + 1}, with simple modification for j = 1 and j = k, for
m > w, X; and X, are independent for ¢ ¢ J(j). Therefore the dependence of elements

not in the neighbor vanished, i.e. b3 and b, equals to 0.

)

J=14eJ(j
< Sk;IP(Xl —1)2 (C.6)
=Y Y B X;i=1)
J=lidieJ(G)\j
< 2kP(X; =1,X5,=1)
< 2kP{T, € (0,m — w)}P{T, € (m + w,2m)} +

2EP{T, € (m —w,m+ w)} (C.7)
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With the inequality of the tail probability of normal distribution in [65],

P(X,=1) = P(T; € (0,m])

0<t<m
1<i<d

= IP’{ max |T§lzu| >b}

IA

QIP’{ max Pﬁ?u > b}
o<t<m, 7
1<i<d

2mdP(T), > b)
2md _»?

76 2 (CS)

IA

IN

With same computation, we can show P{T}, € (m —w, m+w)} < 4wdb'e”*/?. Therefore

with the Theorem 1 in [61], we can show

IP(T, > z.f(b)) — e "] (C.9)
= [P(W =0)—e ™| (C.10)

12km2d?>  8km?d?* 4kwd

< L2 + PR +b€b2/2 (C.12)
12emd?  8xmd? 4dzwd

T Tpet2 + beb?/2 + m (C.13)

]
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