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Abstract

This dissertation is a record of the paper [19] by the author. We study the problem to find strictly
locally convex hypersurfaces in R**! with prescribed curvature and boundary. The main result is
that if the given data admits a strictly locally convex radial graph as a subsolution, we can find
a radial graph realizing the prescribed curvature and boundary. As an application we show if a
disjoint collection of smooth, closed, embedded, codimension 2 submanifolds in R®*! can bound a
convex hypersurface, which is a subsolution for the given curvature data and lies strictly on one
side of every tangent hyperplane at the boundary, it can also bound a convex hypersurface realizing
the given curvature data. We also show any smooth domain on the boundary of a compact strictly
convex body can be deformed to a smooth hypersurface with the same boundary (inside the convex
body) and realizing any prescribed curvature function smaller than the curvature of the body.

READERS: Professor Joel Spruck (Advisor) and Professor Jacob Bernstein
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Introduction

In this work we study a classical problem in differential geometry: given a collection I" = (T'y,...,T'%)
of embedded codimension 2 submanifolds of R?*1, find a hypersurface ¥ with prescribed curvature

and boundary data. That is, we seek to solve

where X is the position vector of X.

The solvability of the problem in this generality still remains quite open. However if we confine
ourselves to strictly locally convex hypersurfaces, i.e., oriented hypersurfaces with positive principal
curvatures everywhere, the theory of fully nonlinear elliptic PDE becomes a powerful tool to study
the solvability of this geometric problem. However, even in the strictly locally convex case, we still
have to deal with the geometric nature of this problem carefully. The geometry of the prescribed
boundary plays a crucial role in the solvability. For a K-surface (surface of constant Gauss curvature
K in R3), an obvious necessary condition for the solvability is that the boundary curve cannot have
inflection point. In higher dimension, this corresponds to the condition that the second fundamental
form of the boundary is nondegenerate everywhere. These conditions are very far from being suffi-
cient as there are subtle obstructions to solvability; for more discussion, see [12], [15] and [5]. One
method to avoid the obstructions of the boundary comes from a PDE point of view. In [8] and [7],
Guan and Spruck (extending the work of Caffarelli, Nirenberg and Spruck [1]) proved the existence
of a smooth solution for general Monge-Ampere equations on smooth domains with multiple bound-
ary components and arbitrary geometry, if there exists a subsolution. The authors also proved the

same theorem for radial graphs over a domain in S”. With the help of Perron Method, in [9], [20],



[10], [17], [3] and [18] the authors further extended these results to its full parametric generality for
strictly locally convex hypersurfaces of constant curvature.

In this work we continue the study of the locally convex case. We extend the work in [8] from
Gauss curvature case to generalized curvature function and allowing variable prescribed curvature.
Let © be a smooth domain in S™ with boundary 92 (which may have multiple components), ¥ a
positive smooth function on the cone A = {X € R”+1|H§—“ € Q} and ¢ a positive smooth function

on 02. We seek a smooth, strictly locally convex hypersurface ¥ that can be represented as a radial

graph
X(x) = p(x)x, p>0,z€Q, (1.0.2)
with prescribed curvature
f(re[X]) = 9(X), (1.0.3)
and boundary values
X(z) = ¢(z)x, =€ 09Q, (1.0.4)

where £x[X] = (K1, ..., £, ) denotes the principal curvatures of 3 at X with respect to the inward unit
normal. The curvature function f(\) is a positive smooth symmetric function defined on the convex

cone I'' = {\ € R" : each component \; > 0} satisfying the fundamental structure conditions

9f(N)

[ ="57>0 I}, 1<i<n, (1.0.5)
and
f is a concave function. (1.0.6)
In addition, f is assumed to satisfy
f=0o0ndr;, (1.0.7)
S fiMAi =00 on{AeT i < f(N) <}, (1.0.8)

for any ¥; > ¢y > 0, where oq is a positive constant depending on 1y and ;. In addition we will
need the following more technical assumption: for every C > 0 and every compact set E in T},

there exists R = R(E,C) > 0 such that

FOq, v A1, M+ R) > C forall A e E. (1.0.9)



Curvature functions satisfying (1.0.5)-(1.0.9) include a large family of examples, which can be found
1
in [10]. However we shall point out the curvature quotient S,'}* = (Sn/Sk)ﬁ (Sk is the k-th

elementary symmetric polynomial) does not satisfy (1.0.9). We will also assume that
Q does not contain any hemisphere (1.0.10)

and there exists a smooth, strictly locally convex radial graph ¥': X (z) = p(x)x over () satisfying

flrsy[X]) > 9(X) on®,
(1.0.11)

p=¢ ondfd.
Our main theorem is stated as follows:

Theorem 1. Under conditions (1.0.5)-(1.0.11) there exists a smooth, strictly locally convex hyper-
surface ¥ which is a radial graph X(x) = p(x)x, with p < p, satisfying equations (1.0.3)-(1.0.4).
Moreover, ¢ < p < p in  and the principal curvatures k; of ¥ satisfies C~! < k; < C, where ¢, C

are both uniform positive constants.
We can apply Theorem 1 to some more geometric settings.

Theorem 2. Let 1) be a smooth positive function on R**1, f be the same as in Theorem 1. T =
{T'1,Ta,...,Tn} is a disjoint collection of smooth, closed, embedded, codimension 2 submanifolds
in R"TL. Suppose T bounds a smooth convex hypersurface X' satisfying f(ks/[X]) > ¥(X) for all
X €Y, and X' lies strictly on one side of every tangent hyperplane of ¥’ at I'. Then T bounds a
smooth convex hypersurface ¥ satisfying f(ks[X]) = ¥ (X) for all X € 3.

Proof. Since ¥’ is convex and satisfies f(kx/[X]) > ¥(X) > 0, from condition (1.0.7) we see X’ is
also strictly locally convex. From Theorem 1.2.5 in [5], we see that ¥’ can be extended to an ovaloid
O. Choose a point A € O\ ¥’ as the new origin. Then ¥/ is a radial graph over a smooth domain
in S”. Moreover, () is a proper subset of a hemisphere of S™. To see this, we just need to note that
Y stays strictly on one side of the tangent hyperplane of O at A. Therefore, we can apply Theorem
1 to construct X. The hypersurface X is convex as well as strictly locally convex. We can glue O\ ¥’
and X together to get a closed hypersurface O, though nonsmooth. O’ is locally convex in the sense
that for every point in O’ there exists an open neighborhood staying on the boundary of a convex
body. In [11] Van Heijenoort proved in the generalized sense a complete locally convex hypersurface

in R™*! which is absolutely convex at least at one point is the boundary of an n+1-dimensional



convex set. Here O’ clearly satisfies all the assumptions. Therefore X, which is part of O, is a

convex hypersurface. O

Similarly, we can give a different version of Theorem 2 which generalizes the results in [8] and

[3]-

Theorem 3. In R"*! let B be an n+1-dimensional compact convex body with a smooth boundary
OB, ¢ and f the same as in Theorem 2. Suppose f(kap[X]) > ¥(X) for all X € OB. Then for
every smooth subdomain D of OB with nontrivial boundary T', T bounds a strictly locally convex
hypersurface ¥ inside B which satisfies f(kx[X]) = ¢(X) for all X € ¥. Moreover, the set bounded

inside XU (OB \ D) is also a convex body.

The proof of Theorem 3 is the same as Theorem 2.

The proof of Theorem 1 is organized as follows. In Section 2 we give some related background
in the theory of elliptic partial differential equations. In Section 3 we introduce some preliminary
results and define two elliptic operators to express (1.0.3). One of these is to be used in Section 4
to derive a priori C? estimates for the solution. We use this in Section 5 and work with the other

operator, applying the continuity method and degree theory to prove the existence of solution.



Background

In this section we give some background from the theory of second order elliptic partial differential
equations. We follow the definitions in the book [6].

We first introduce the definitions for linear elliptic differential operators of the form
Lu = a"(x) Diju + b'(z) Diu + c(z)u, a¥ = a’", (2.0.1)

where z = (21, ..., ;) lies in a domain  of R, n > 2. It will be assumed, unless otherwise stated,
that u belongs to C?(2). The summation convention that repeated indices indicate summation from
1 to n is followed here.

L is elliptic at a point z €  if the coefficient matrix [a/(z)] is positive; that is, if A(x), A(x)

denote respectively the minimum and maximum eigenvalues of [a% ()], then
0 < A@)[E]? < a¥(2)6i&; < A)[¢]? (2.0.2)

for all £ = (&1,...,&,) € R* — {0}. If A > 0 in Q, then L is elliptic in Q, and strictly elliptic if

A > Xp > 0 for some constant Ag. If A/ is bounded in Q, we shall call L uniformly elliptic in Q.
In this work we consider the solvability of the classical Dirichlet problem for certain types of fully

nonlinear elliptic equations; that is, nonlinear elliptic equations that are not quasilinear. A general

second-order equation, on a domain €2 in R”, can be written in the form,

F[u] = F(x,u, Du, D*u) = 0, (2.0.3)



where F' is a real function on the set I' = Q x R x R™ x R"*"™ where R™*™ denotes the n(n + 1)/2
dimensional space of real symmetric n xn matrices. We denote points in I" typically by v = (z, 2, p, )
where z € Q, z € R, p € R" and » € R"*". When F is an affine function of the r variables, the
equation (2.0.3) is called quasilinear; otherwise, it is called fully nonlinear. When F is differentiable
with respect to the r variables, we can extend the definitions of ellipticity as follows:

The operator F is elliptic in a subset U of T if the matrix [F};(y)], given by

_OF
o 87‘15

Fi;(7) (), ,j=1,...,n, (2.0.4)

is positive for all v = (x,z,p,r) € U. Letting A(7y), A(y) denote, respectively, the minimum and
maximum eigenvalues of [F;;(v)], we call F' uniformly elliptic (strictly elliptic) in U, if A/X (1/X)
is bounded in Y. If F is elliptic (uniformly elliptic, strictly elliptic) in the whole set T", then we
simply say that F is elliptic (uniformly elliptic, strictly elliptic) in Q. If u € C?(2) and F is elliptic
(uniformly elliptic, strictly elliptic) on the range of the mapping = + (x,u(z), Du(x), D?u(z)), we
say that F' is elliptic (uniformly elliptic, strictly elliptic) with respect to u. F is a concave operator
if F is a concave function on the range of D%u.

Next we introduce a special fully nonlinear elliptic operator arising from F(A) = f(A(A)), which
is studied in this work. Here A is a real symmetric n x n matrix and A(A) are the n real eigenvalues
of A. Here we focus on the case where A is positive definite. Then f is a positive smooth symmetric
function defined on the positive cone I'}; = {A € R" : each component A; > 0}. Some famous

examples of this type of elliptic operator are Monge-Ampere Equation:

F(D*u) = detD?*u = (), (2.0.5)

where in this case f(A1, A2, ..., An) = A1 Aa... A, and more generally:

F(D?) = f(AD?u)) = (), (2.0.6)

which was studied in [2]. In [2] the authors established some fundamental structured conditions for
f, which was also included in this work (see Section 1), to study (2.0.6). Here we will include some
proofs as background to illustrate how these structure conditions are related to some important
properties of F' which will be introduced in Section 3.

In the following proofs, we assume F(A) = f(A(A4)), where F' is defined on the set of n x n

positive definite symmetric matrices and f is a positive smooth symmetric function defined on the



positive cone I'}l = {\ € R™ : each component \; > 0} satisfying (1.0.5) and (1.0.6). We use the

notation F¥(A) = %};(A) and fi(\) = c!):(\/\ :

Proposition 1. The symmetric matrices [F*(A)] and A can be orthogonally diagonalized simulta-

neously.

Proof. We shall first note to compute F%(A), we need to extend the domain of F' to non-symmetric
matrices by defining F(A) = F(3(A+ AT)). Then it is obvious that [F"/(A)] is a symmetric matrix.

Since A is a symmetric matrix, we can choose an orthogonal matrix P to diagonalize A, i.e.,
PTAP = diag{\1, Ao, ..., \n}, (2.0.7)
where A1, g, ..., A, are the eigenvalues of A. By the definition, we have
F(PTAP) = f(A1, A2, ., An) = F(A). (2.0.8)
By differentiating (2.0.8), we have
PTIFYI(A)P = [F9(PTAP)] = [F"(diag{\1, A2, ..., A\ })]- (2.0.9)
Therefore we just need show [F¥ (diag{\1, Az, ..., A\, })] is a diagonal matrix. In fact, we can show
[F (diag{A1, A2, ..., A\n })] = diag{f1, f2, -, fu ', (2.0.10)

which will also help with the proof of next proposition. We first show F(diag{\1, A2, ..., \n}) =

fi(A\1, A2, ..., A\n). Namely, by definition we compute

F”(dlag{)\l, )\2, ceey An})
F(dlag{)\h ceny )\z + e, ..., )\n}) - F(dlag{/\h ceey >\i7 veny )\n})

:liH(l)
€E—> €
(2.0.11)
_ hm f(Al, ceey Ai —|— €,y enny )\n) — f(Al, ceey )\i, ceey /\n)
e—0 €

:fi()\la >\27 ey )\n)

We second show F(diag{\i, A2, ..., A\n}) = 0 for i # j. Without loss of generality, we just show



Fr=tn(diag{\1, A2, ..., \n}) = 0. Again we compute by definition

Fr= b (diag{\i, A2, oy An )

. . 2.0.12
— lim F(dlag{)\l,...,)\n_Q,T}) —F(dlag{)\l,)\g,...,/\n}) ( )
e—0 € ’
An,1 %6
where T' is a 2 X 2 symmetric matrix . We can compute the eigenvalues of T' as
%e An
~ An—1+ An A1 — An)? + €2
Mg = nt Bt ‘/(2 1= A)S e (2.0.13)
~ A1+ A — V(Ao — Ap)?2 + €2
5, = 2nt \/(2 1) F e (2.0.14)
Combining (2.0.12), (2.0.13) and (2.0.14), we see
Fr=bm(diag{A1, A2, ooy A })
_ hm f(>\17 sy )\n727 5\71717 S\n) - f()‘lv eeey )\n72a )‘nflv )\n)
e—0 €
S\n_ - )\n— X'n, - >\n

e—0 € e—0 €
:fnfl X O+fn x 0

=0.

Above all we showed (2.0.10), and thus PT[F¥(A)]P is a diagonal matrix, which completes the

proof. [

Proposition 2. The matriz [F¥(A)] has eigenvalues fi, ..., fn. Consequently, [F¥(A)] is positive
definite and we have

F(A)a; =Y fidi. (2.0.16)

Proof. In the proof of Proposition 1, we already showed that
PT[Fi(A)P = diag{f1, fa, - fu}, (2.0.17)

which implies the eigenvalues of [/ (A)] are f1, fa, ..., fn. By the condition (1.0.5), we see [F"/(A)] is

positive definite. To show (2.0.16), we pick P in Proposition 1 which can simultaneously orthogonally



diagonalize A and F%(A). We compute

FY(A)ag
=tr([F"(A)]A)

=tr(PT[F(A)]AP)

(2.0.18)
=tr(PT[F"(A)|PPT AP)
=tr(diag{f1, f2, ..., fn}diag{A1, A2, ...; An})
= Z JiXi-
[

Proposition 3. F is a concave function on the set of all n xn positive definite symmetric matrices.

Proof. The proof was given in [2]. We recall it here.
Let M (U) < X2(U) < ... < A\y(U) be the eigenvalues of the n x n symmetric matrix U with
corresponding eigenvectors uq, ..., u,. By the min-max characterization of A1, A;(U) is clearly a

concave function of U. More generally, from U we construct the self-adjoint operator

k
UH=%"19..0U®..®1 (2.0.19)

i=1
acting on the exterior powers A* by

k

UMlwy A v A wy, :Zwl/\.../\Uwi/\.../\wk (2.0.20)
=1

with eigenvalues A;; + ... + A;, and eigenvectors u;, A ... Au;,, 11 < i2 < ... <4k Then A\; + ...+ A
is a concave function of U.

Now f(A) is the infimum of linear functions of the form > p;A; + po, with p; > 0, j > 0. By

the symmetry of f we may take the p; decreasing for j > 0 (see Lemma 6.2 in [2]). Then

n—1
D i+ p0 = (15 = tir1) A+ AN+ M+ M) + 4o (2.0.21)
1
is a concave function of U so F(U) = f(A(U)) is a concave function of U. O



Preliminaries and defining the

equations

Consider the radial graph ¥: X(z) = p(z)z, z € @ C S*. We set u = %. Let eq,...,e, be a

smooth orthonormal frame field on Q. {e;} will be pushed forward to a frame field {7;} on X, where

7= —Yilky 4 %ei. Here V is the Riemannian connection on S™ and V is the connection in R?*1.

w2

We adopt the notation V;u, Viju = V;Vju, Vijzu = V;V,;Viu ete for the covariant derivatives of

a function. The metric of the radial graph ¥ can be given in terms of u by
1 1
gij = (T, Tj) = E(szj + Eviuvg’u; (3.0.1)

where (-, -) denotes the standard inner product in R™*!. The inward unit normal to X is

U= My (3.0.2)
w

where Vu = gradu, w = \/u? + |Vu|?. The second fundamental form of ¥ is
1

Therefore X is strictly locally convex if and only if the matrix

[ud;; + V;ju] is positive definite at any point. (3.0.4)

10



Later for convenience we may just say a function is strictly locally convex without specifying what
we really mean is that the corresponding radial graph is strictly locally convex, e.g., when we say u
is strictly locally convex, that means (3.0.4) holds. The principal curvatures of 3 are the eigenvalues
of hixg"¥, which is similar to the symmetric matrix [a;;] := [g%7]2 [hi;][g7]7. [¢%7]7 can be written as

u[y"], where [y¥] and its inverse matrix [y;;] are given by

i ViuVju ViuVju
U= - =4 ii = 0+ ——2 3.0.5
7w+ w)’ i JJru(u—&—w) ( )
Therefore
Y ik s Ly
aij = " (udp + Viu)y?, (3.0.6)
and its eigenvalues are the principal curvatures of X.
Now we do a reformulation of equation (1.0.3) in the form
G(V?u, Vu,u) = (X (z)). (3.0.7)

Let S be the set of n x n symmetric matrices and ST = {A € S : A > 0}, i.e., the set of positive

definite symmetric matrices. With the function F' defined by

F(A) = f(A(4)), AeST, (3.0.8)

where A(A) denotes the eigenvalues of A, equation (1.0.3) thus can be written in the form

F(laij]) = (X (2)). (3.0.9)

Therefore, the function G in (3.0.7) is defined by

G(V?u, Vu,u) = F([aif]). (3.0.10)

Then equations (1.0.3)-(1.0.4) can be rewritten as

G(V?u, Vu,u) = (X (z)) inQ,
(3.0.11)
u=¢ ondf,

where ¢ =

o=

11



We next recall some properties of F' and G (see [2], [10]). We will use the notation

FU(A) = gij (A). (3.0.12)

The matrix [F%(A)] is symmetric and has eigenvalues fi, ..., f,. By assumption (1.0.5), [F¥(A)]
is therefore positive definite for A € S*, while (1.0.6) implies that F' is a concave function in S*.

[F(A)] and A can be orthogonally diagonalized simultaneously. Consequently, we have

F(A)a;; = Z fidi. (3.0.13)
For equation (3.0.11), we have
3 Fle u o
G = —— = —FFyikyli, 0.14
Nou w1 (3.0.14)

So equation (3.0.11) is elliptic if (3.0.4) holds. The concavity of F implies that G is concave with

respect to V;;u. From the assumption (1.0.11), the function v = = is a subsolution of equation

il

(3.0.11), i.e.,

(3.0.15)

Here we chose u = % to set up equation (3.0.11) because it turns out the operator G works very
well for deriving a priori estimates. However, when it comes to applying the continuity method and
degree theory to prove the existence of the solution, we find (3.0.11) is not the right equation to
work with. The trouble mainly comes from, as our computation will show later, the fact that G,, is
positive and can not be bounded easily. So here it is necessary for us to express (1.0.3)-(1.0.4) in a

different form. We set v = —Inp = Inu. Then [a;;] can be written in terms of v, that is,
T S 2 VA
aij = —(0ij + 7" Vivy?), (3.0.16)

where

w=+/1+|Vv[2, ¥ :5ij—m (3.0.17)

w(l+w)’

Then equation (3.0.11) becomes

H(V?v,Vu,v) = F([a;]) = ¢(X(2z)) inQ,
(3.0.18)
v=Iny onoQ.

12



Here we shall note equations (3.0.11) and (3.0.18) will appear in different sections. So the ambiguous
notations w and % shall not cause any confusion. Correspondingly v = Inu is the subsolution with

respect to (3.0.18). We call v strictly locally convex if

[5”' + Vi”UVjU + Vijv} >0 inQ. (3019)

H is elliptic for strictly locally convex functions v and is concave with respect to V;;v.

13



A priori estimates

In this section we derive the a priori C? estimates for locally strictly convex solutions u of equation
(3.0.11) with u > w. The C! bound follows from the convexity of the radial graph, which is

established in [8]. We recall the results here.

Theorem 4. Let u > u be a strictly locally convexr function with w = u on 0. Then we have the
estimates

K'<u<K, |Vul<C inQ, (4.0.1)
where K depends on ), supgq u, infou and C depends in addition on ||ul|c2(q)-

We remark here that getting the upper bound of u is the only place we need condition (1.0.10).
From now on we fix K as above. Later when we use K, it always means the same constant. We
define Ak := {X € A|K~! < || X| < K}.

Therefore we devote the rest of this section to deriving bounds for V2u. In the rest of this
section, u will be a smooth strictly locally convex solution of (3.0.11) with « > u. We shall remark
here later for the proof of existence, we will work on auxiliary forms of equation (3.0.11), i.e., we will
change 1 to some other functions. So in this section the reader shall think v as a general positive

smooth function on A, not just only the prescribed curvature function in (1.0.3).

4.1 Bound for |V?u| on 09

Given a point zg € 0L, let ey, ...,e, be a local orthonormal frame field on S™ around z, obtained

by parallel translation of a local orthonormal frame field on 9S2 and the interior, unit, normal vector

14



field to 0f2, along the geodesic perpendicular to 92 on S™. e, is the parallel translation of the unit
normal field on 9).

On 02 we have u — u = 0 so that
Valu—u) =0, Vo(Vgu—u)=0 fore,f<n, (4.1.1)

and hence

Vas(t —u) = Va(Va(u— ) = > (Vaeg, e:) Vi(u — u)
i (4.1.2)

= —BusVn(u—u) fora,f <mn,

where Bog = (Vaeg, en) is the second fundamental form of 0Q. It follows that
[Vagu(zo)| < C, o, <n, (4.1.3)

where C' depends on Q, infou and [|ul|c2(q)-
We now proceed to estimate the mixed, normal, tangential derivatives V,,u(zg), o < n. We

need some properties of the linearized operator
L =GYV,;; + GV, (4.1.4)

where G° = aavcju' We also denote % by Gy.

Lemma 1. For some constant C > 0 depending on Q, infqu, ||ul|c2q) and sup, . ¥, we have

dler<c, (4.1.5)

Gu| < C(1+>G"). (4.1.6)

Proof. (4.1.5) and (4.1.6) follow from straightforward computation. Since G(V2u, Vu,u) = F([%£~y™ (ué+

Viu)y]),
- 9 1
G® = F”u(uékl + vklu) —’ka’le
OVsu \w
v ol (4.1.7)
= ——FUq;; +2F7 — kL
oz i+ " (udp + Vigu)y V.ou
Since a;; = 24" (udp + Vigu)y4,
U ik
il (udkt + Viiu) = @i Ver- (4.1.8)

15



We also compute

8’ylj uVluVjuVsu _ Vjuﬁyls _ Vlu/yjs (4 1 9)
Veu — wiutw)?  wlutw)  wutw) B

Then

oyH V juyks Viuyss
_ _ 4.1.10
T oVsu wu+w)  u(u+w) ( )

since Y Viu = LVyu, yy'® = Sps. From (4.1.7), (4.1.8), (4.1.10), and we also notice [F][a;;] =

[ai;][F¥] since [F] and [a;;] can be diagonalized simultaneously, we finally get

vs ks

U o Viu
w2 F”CL,L'J'72F”LL,']€ J il

G = -

4.1.11
o ( )

From the established C'* bound (4.0.1) and (3.0.13), conditions (1.0.5)-(1.0.7) and the fact that [F/]

and [a;;] can be diagonalized simultaneously, we get

SN IG < CY firi < Cf (K1, onnr i) = C < C. (4.1.12)

(4.1.5) is established.

For G, we do same kind of computation,

1 . . u - Ow
G, =FY <fylk(u5kz + Viu)y — — Y (uby + Vigu)y —
w w ou

O(~ik~ld o
+ = (b + V/czu)i(7 )y uvlk”ylmkz) (4.1.13)
w ou w

i (1 u 5’)’” U ik kj
=F" (aij — it QGik’Ykl% 0 7

and .
aai; _ Vﬂ%ju, (4.1.14)
kogki = g, — YUV (4.1.15)
w
Combining (4.1.13)-(4.1.15), we get
G, = (i - ;2) Fila;; + 2Fijaik% + L (51,- - Vig”) (4.1.16)

Similarly as (4.1.5) and also by (3.0.14) and the fact that [F¥/] and [G%] are positive definite, we
get (4.1.6). O
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Lemma 2. For some positive constants t and § sufficiently small and N sufficiently large depending

on Q, infqu, ||ullc2(q), sups, ¥ and converity of u, the function v =u —u +td — Nd? satisfies

Lv<—-1-8Y.G" inQnN Bs
(4.1.17)

v>0 on (2N Bs),

where B > 0 depends only on the convexity of u, d is the distance function to ) and By is a ball of

radius 0 centered at a point on OS2.

1

Proof. By the convexity of the surface X = +x, we can find 8 > 0 such that

Thus
Mubi; + Viju — 336;;) lies in a compact set of T} (4.1.19)

Since |Vd| =1 and —C11 < [V,;;d] < Ci1 where C; only depends on the geometry of 92, we have
Ld=GV;d+G'Vid < CY G"+> |G| in QN B; (4.1.20)
and
MViju+udij + NVi;d* — 286;;) > MViju+ ud;; +2NV;dV,;d — 385;;) in QN Bs  (4.1.21)

when we make 2N§ < Cﬁl

Next, from the concavity of F' and the fact that u > u,

F ([%W’ik(ﬂfskz + Vi + NVid® — 2551@1)7“}) — (X (z))
=r ([%VM(MM + Viu + NV d? — 25%1)7”}) - F ([g’yik(u&cz + Vklu)’ylj})
< %Fijvik’ylj (ubs + Vi + NVid?® — 286k — udg — Vigu) (4.1.22)
=GV —u+ Nd®) + (u—u) Y G"—28) G"

< GHVi(u—u+ Nd®) -28) G".
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L(u —u+td — Nd*)

(4.1.23)
=GV,j(u—u— Nd*) +t(GYV,;;d + G'V;d) + G'V(u — u) — 2NdG'Vd.
Now combine (4.1.20)-(4.1.23) and the established C' bound, we get
L(u—u+td— Nd?)
u .
<Y(X(z) - F ({EVM(MM + Vi — 386k + QNdeVld)’YljD
+(Ct—28)> G"+(C+2Nd+1t) ) |G| (4.1.24)

, . 9Nu . ,
= (X (z) — f (A (Z’Ylk(u%l + Vi — 3861)7" + wu’YZkadVldVIQ)

+(Ct—28)> G"+(C+2Nd+1t)) |G|
By (4.1.19) and the established C! bound, there exists a uniform positive constant Ay such that
[ (b + Via = 38017 = ol (4.1.25)

We use an orthogonal matrix P to diagonalize [24y*VdV;dv"] to be diag{0,0, ..., u}, where by

the C! bound u > po for some uniform positive constant pg. Therefore

PT [ 24 (uds + Vit = 3880)7] P+ Nding{0,0, .., u}

(4.1.26)
>diag{Ao, Ao; -, Ao + Npio}-
So by the Minimax Characterization Theorem and (1.0.5), (1.0.9), we get
. . 9Nw . .
f <>\ (ka(u&d + Vi — 386u)7v" + wuyzkvkdvldw»
T Y ik 1, 2Nu g 1j 4.1.27
= (M P77 (W + View = 360u)0" + = =4 VdVidy" | P (4.1.27)

> f(Xo, Aoy ey Ao+ Npg) = 400 as N — +oo.

Therefore by (4.1.5), (4.1.24) and (4.1.27), we can choose ¢ small enough such that Ct < g and N
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large enough such that

L(u—u+td— Nd?)
< (X(2) - f (A <Zv’“ (ks + Viaw = 380k)7" + Tvikvkdvldvﬂ ) (4.1.28)
+(Ct=20) Y G"+(C+2Nd+1)) |G| ”
<-1-8) G"

Finally we can make ¢ even smaller, that is, § < % Then u —u+td — Nd?> > 0 on (2N Bs). O

Now consider Av + Bp?, where v is as in Lemma 2, p as the distance function to zo and A, B

are large positive constants to be determined. We compute

LV u= GijVijau + G*Vau
= Gij(iju +6;jVau — 00;Viu) + G°Vysu
= VaG(V?u, Vu,u) — G Vau + Vou Y G — G*Vu (4.1.29)
= Voh(X(2)) = GuVau+ Vau Y G — G**Viu

Vau 1 ~ ii ia
= (=5 o+ —ea, VY)) — GuVau+ Vou) G" = GVu,

where the standard formula for commuting the order of covariant derivatives on S™ is applied. Then

by the established C'! bound, (4.1.6) and the fact that u € C>°((2),
1LV (u—u)| < C(1+ZG”). (4.1.30)

Therefore we can first pick B large enough to ensure Av+Bp? > £V, (u—u) on 9(Q2N Bs(xg)). Then
by (4.1.17) and (4.1.30), we can pick A > B to ensure L(Av+ Bp? 4+ V,(u—wu)) <0 in QN Bs(zo).
By maximum principle, Av + Bp? > £V, (u — u) in QN Bs(xg). We also notice (Av + Bp?)(xq) =
Va(u —u)(z9) = 0. Thus V,(~Av — Bp?)(x9) < Vyal(u —u)(z0) < Viu(Av + Bp?)(xo), which
implies |V,au(7o)| < C, where C depends on Q, info u, |lullcs(qy, [[¥]lcr(ax) and the convexity of
u. The mixed, normal, tangential derivatives bound on the boundary is established.

Now we move on to the pure normal derivative bound. First we prove

M = mi i \V4 > 4.1.31
B on, G (4 Veew) 2 co (4-1.31)

for some uniform ¢o > 0, where T,;(9€2) denotes the tangent space of 02 at z € 9€Q.
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Following the idea of [10], let o be a smooth defining function of €2, that is, o is defined in a

neighborhood of €2 satisfying

Q={o<0}, 00={c=0}, and|Vo|=1on . (4.1.32)
Note that Vo = —n on 02 where n is the interior unit normal to 02 and
Veew = Veeu —n(u — u)Veeo  on 09 (4.1.33)

for any £ tangent to 0.
Suppose M is achieved at z¢g € 9Q with £ € T, (0€2). Same as in the beginning of this subsection,
we construct a local orthonormal frame field e, ..., e, around zy and make ej(xg) = . Then by

(4.1.33)
M = u(zo) + Viru(zo) = u(zo) + Viru(zre) — n(u — w)(xo)Viro(zo). (4.1.34)

We may assume

n(u — u)(zo)Viro(zg) > %(M(ﬂfo) + Viu(zo)), (4.1.35)

for otherwise we are done because of the strictly local convexity of the graph X.

Let ¢ = (1, ..., () be defined as

L= —Voo (V10)2 + (V,0)2) 2,

(=0, 2<j<n-—1, (4.1.36)

o = V1o (V10)? + (Vao)2) /2,

in QN Bs(x). Notice the well-definedness of ¢ is ensured by (4.1.32) and a sufficiently small 4.
From (4.1.35) and since V;;0(;(; is continuous and 0 < n(u —u) < C on 01, there exists ¢; > 0
and 6 > 0 (which may be even smaller) such that

Viio(zo) _ w(xo) + Viiu(zo)
2 4n(u — u)(zo)

VijUCiCj(x) > %vijUCiCj(a?o) = >¢c; in QN Bg(]}o). (4137)

Thus the function ® := W is smooth and bounded in QN Bs(zg). Note on the boundary
i70GiC;
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¢ =(1,0,...,0) and by (4.1.33),

u—+ Vijgg-(j + (V(u — g) . VJ)V@'JQQ =u+Viiu=u+Viu>M ondQn B(;(xo). (4.1.38)

Therefore

O+ V(u—u)-Vo>0 ondQN Bs(xop). (4.1.39)

Next we apply the linearized operator L = GV;; + G*V again,

L(®+V(u—u)-Vo)
= GIV® + GV, B + GIV,;(Vu- Vo) — GIV,(Vu - Vo) (4.1.40)

+ G°V4(Vu-Vo) - G°Vs(Vu- Vo),

where the terms |GYV;;®|, |G*V®|, |G¥V,;;(Vu-Vo)| and |G*V4(Vu - Vo)| are clearly controlled
by C(1+ Y. G%). We only need to compute

G'V;j(Vu- Vo) + G*Vs(Vu - Vo)

= GV (VeuVio) + GV (ViuVio)

(4.1.41)
= G"j(Vijkqua + Vkuvijka + QVikuijO') + GV uVyo + G°ViuVgo
= Vo (GIVjpu + G*Vgu) + 2G7V jpuV jro + Viu(G9V jpo + GV g.0),
where |V,u(G¥V ;0 + G*V,0)| is controlled by C(1 + > G*). Same as (4.1.29),
ij s Viu 1 = ii ik
GYVijku+ GOVt = (—=-a + —ex, Vi) = Gu Vit + Viu > G -GV, (4.1.42)

0 |Vio(GVjpu + G*V,u)| is controlled by C(1 + > G*). The last term to be controlled is
2G"V ,uV j0. But we notice by (3.0.6)

w
Vklu = E’ykiai]”yjl - uékl, (4.1.43)

SO

GV pu=GY (%W’klazs%i - U(5m‘) = Fiyiyga, — uGH. (4.1.44)

Therefore |2G"V;,uV jo| is also controlled by C(14Y G*), and thus |G¥V;;(Vu-Vao)+G*V(Vu-
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Vo)| is controlled by C(1+ > G*). Above all,
L(®+ V(u—1u)- Vo) <C (1 +y G”) in QN Bs (o). (4.1.45)

Now we can apply Lemma 2 to construct the barrier Av + Bp? as before. Choose A > B > 1

so that

L(Av+ Bp?* + @+ V(u—u) - Vo) <0 in QN Bs(zo),
(4.1.46)

Av+ Bp* +®+V(u—u)-Vo >0 on d(QN Bs(xp)).

Then by the maximum principle and the fact that Av + Bp? +® + V(u — u) - Vo = 0 at xo, we get
AV, 0(x0) + Vi ®(20) — Vin (v — w) (o) + Vi (u — w)(20) Vano(xg) > 0, (4.1.47)

which implies V,,u(zg) < C. We thus have established |V?u| < C at xp. Then the principal
curvatures of ¥ at X (zo), which are the eigenvalues of [£+**(udy; 4+ Vju)y"], also have an upper
bound. By the compactness argument and condition (1.0.7), we get that the principal curvatures at
X (z) also have a uniform positive lower bound, which in turn gives a uniform positive lower bound
of the eigenvalues of [udy; + Viiu| at zo. Therefore (4.1.31) is established. So now for every z € 99,
the eigenvalues of [udng + Vapt]a, s<n—1 have an uniform positive lower bound, which finally implies
an upper bound for u + V,,u. |Va,ul < C on 09 is established and hence the bound for |V2u| on

082, which depends on €, info u, |lullcaqy, [[¥llor(ax), iInfa, ¥ and the convexity of u.

4.2 Global bound for |V3u|

In this subsection we derive the global C? bound. It suffices to estimate max r;, the maximum of
the principal curvatures of X.

Choose a local orthonormal frame {71, 72,...,7,} on X. v is the inward unit normal. V is the
connection of the Euclidean Space R*t!. V is the induced Riemannian connection on X. & is the
second fundamental form of ¥. hi; = h(r;,7;) = (V5 75,v) = — (7}, Vo). We adopt the notation
hijre = ?khij, hijri = @klhij = ?l?khij, etc. For a function v defined on ¥, we write v; = V,v,
vij = Vijv.

First we need the standard formulas for commuting the order of covariant derivatives of second
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fundamental form. Since ¥ stays in R"*!, we have the following formulas (see [16]),
hijk = hikja (421)

hiijs = hijii = R Y o — hii D 1. (4.2.2)

Next we need to differentiate two important quantities on 2. p is the standard Euclidean distance

to the origin, and set

B(X) = —%<u,x>, Xex. (4.2.3)
By (3.0.2), we get
g Yutur _u (4.2.4)
w w

which has both a positive upper bound and positive lower bound by previous estimates. We have

2(pipj + ppij) = Vijp® = Vij (X, X) = 77(X, X) = Vo, 7:(X, X)

= 2Tj<7’i,X> — 2<v7-_7.TZ‘,X> = 2<@7'_7~Ti7X> -+ 2<T7;,Tj> — 2<v~,-_7.Ti,X>

(4.2.5)
= 2<v7j7—i — ?TjTi7X> + 2(5” = 2<hijl/, X> + 262]
= —2pPhi; + 20;;.
Therefore
,.flg,,fﬁh,.fl, , (4.2.6)
Pij P ij i ppzp]~ L.
By (4.2.3) we have p8 = —(v, X). Therefore
piB+ pBi = Vi(pB) = —7(v, X) = —~(Vv, X) — (1, 7)
= (Z hijTj, X) = thj(TjaP@m
J J
_ . _ (4.2.7)
= hij(rj, p(Vp+ (Vp,v)v)) =Y hij(7;, pVp)
J J
=Y hip;.
J
Therefore
B
Bi= hijp; — P (4.2.8)
J
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Differentiate (4.2.8) again, we get

Bij =V, (Z hikpr — ﬂpi>
- p

(4.2.9)
= Zhikjpk + hikprj — lﬁjpi + %piﬂj — épij.
% p P P

Plug (4.2.1), (4.2.6) and (4.2.8) into (4.2.9), we get

1 1 33 1+ 32 B
Bij =D hijupr — ;Pipk:hjk - ;Pjpkhik + Sz PP + — hij =B hikhij — Eéij' (4.2.10)
k k

Now we are ready to derive a bound for principal curvatures. Set

maxX
M := max r (X)

5 m, (4.2.11)

where Kmax(X) means the largest principal curvature of ¥ at X and A is a positive constant to be
chosen later. It suffices to derive a bound for M. If M is achieved on OX, by the established C?
bound on the boundary we are done.

Therefore we just assume M is achieved at an interior point Xy € X. We choose the local
orthonormal frame {7, 7, ...,7,} around X, such that h;; is diagonal at Xy, i.e., h;j(Xo) = Kid;j,
and h11(Xo) = k1 is the largest principal curvature at Xy. Then we shall note at X, the formulas

(4.2.2), (4.2.8) and (4.2.10) can be simplified as follows,

hiijj = hjjie = (ki — Kj)Rik;, (4.2.12)
Bi = Kipi — épz‘, (4.2.13)
p
38 B 1+p52 2
Bii = Z hiikpr + 7,012 -5+ Ki — *pflﬂ — an. (4.2.14)
- p p P p

In the rest of this subsection all the computations are calculated at Xy. By our assumption the

function In (1—};1—1*‘[’) achieves its local maximum at Xg. Therefore we have

hi1 hiti Ap;
= VIn () = M , 12.15
0=V n(l—e“”) hiy  eABP —1 ( )
- hi1 hiii  hiy, ABy; A2eAP 32
>Vl = — L L 4.2.16
02 Viln (1 - e“w) hin  h3,  eAP—1  (eAP —1)2 ( )
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We plug (4.2.12)-(4.2.15) into (4.2.16). Then we can get

Ak 3 1+ B2 2
hiinn SKZK1 — K1k + e"‘f@i—ll (Z hiikpr + p—gpf - % + pﬂ Ki — ;pf/{i - 6/{?)
k (4.2.17)

P
A?ky 32 2B
T AR 1 RKp7 + ?P? - ?"%‘P? :

Next we shall differentiate the equation

F(lhi;]) = ¢, (4.2.18)
where F' is defined as in (3.0.8). We get
> FYhij = x. (4.2.19)
g

Choose k =1 in (4.2.19) and differentiate it again by 71, we get

> PO hnhip + Y FUhii = ¢ (4.2.20)

i,4,k,1 (2]

Since at X h;; is diagonal, F% is also diagonal and F% = fi0i5. We also note that F' is concave.

Therefore (4.2.19) and (4.2.20) can be simplified as
> fihaik = v, (4.2.21)

Y11 < ZfihiilL (4.2.22)

Combining (4.2.17) and (4.2.22), we get

Alil
P11 <k Z fik? — K1 Z fiki + AF_1 Zk filiikpk
i i 7,

Ak 38, , B, 1+p° 2, )

T oA Z <p2fipz' - ;fi + ) fiki — ;fmpi — Bfik; (4.2.23)
A’k 20 B2, 5 28 9

— o1 <fi”if’i + g fi = =ikt )

%

From (4.2.21) we see the term Zfih“-kpk in (4.2.23) can be replaced by Zz/}kpk. Rearranging
ik k
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terms in (4.2.23) we get

A )A
1/)11§( R1 — eA,éBﬂl >Zfz Zfz Rj 1+IB le.fz Rj
A —— Zwkpk Aﬂm Zfz ABH;SB 49 Zfz o; (4.2.24)

24k Aﬂ—l
+ 1AB_1 melpl_

K2 3.

Since 8 has a positive lower bound, we can choose A large enough to ensure 3 — A5 < 0. Then in
(4.2.24) we throw away some negative terms in the right hand side of the inequality, which are the

5th, 6th and 8th terms, getting
AB
H% Z fi/ii + (6‘45—1 - ].) K1 Z fﬁ&%
(1+ 5%
—Yu+ ( (A — Zfz Ki+ Aﬂ Zd’k k+ Zfz 1p1,>

(4.2.25)

Since k1 is the largest principal curvature at Xy, we have k1 Z fm? < K2 Z fiki. We shall also
i i

note that Aﬁ 7 — 1 < 0. Therefore

A
(eAﬁﬂ_ 1 ) k1 Zfz ki = (_1 - 1) H?me. (4.2.26)

Combining (4.2.25) and (4.2.26), we get

(eAﬁ 1 Zfz"%) Hl

(4.2.27)
AL+ 5%
Z/Jll + eAﬁ Zfz/fz Z¢kpk Zfz zpz
From condition (1.0.6), (1.0.7) and (1.0.8),
00 <Y fitii < [, bin) =1 < C, (4.2.28)
where gg and C' are uniform positive constants. It is also straight forward to see that
Vi = Vi = —=(Vom = Vo)t = —huv(y) = —kiv(y). (4.2.29)

Therefore from the smoothness of 1) we see that |¢11| is controlled by C(1 + k1). As for the second
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long term in the right hand side of (4.2.27), since p, 8 are all well controlled terms by previous
estimates, and it is easily seen that |¢;| < C, |ps| < |Vp| = 1, combining with (4.2.28) we see that
it is controlled by Ck;. Recall the definition (4.2.11) of M, then (4.2.27) implies

coM? < C(1+ M) (4.2.30)

for some uniform positive constants ¢y and C, which yields an upper bound for M. As we said at
the beginning of this subsection, this gives an upper bound for principal curvatures, and hence |V?u|
in Q. The global C? bound is established. We also note by compactness argument the upper bound
for principal curvatures implies a positive lower bound for principal curvatures, which will also be

used when we prove the existence. We combine all these estimates in the following theorem.

Theorem 5. Let u > u be a strictly locally convex solution of (3.0.11) and ¥: X = %a: the

corresponding radial graph. k; is the principal curvature of 3. Then we have the following estimates:
[ullc2(y < C, C ' <k <0, (4.2.31)

where C'is a positive constant depending on 2, info u, [|ullcaq), ¥lloz(ax), infa, ¥ and the con-

vezity of u.
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Existence

In this section we apply the classical method of continuity (see [6]) and the degree theory in [14]
developed by Y.Y. Li to establish the existence of solution of (1.0.3)-(1.0.4). As noted at the end of

Section 3, we shall work on equation (3.0.18). Precisely, we work on two auxiliary forms of (3.0.18),

that is,
H(V?v,Vov,v) = (te +(1- t)w(j)> e* inQ,
e (5.0.1)
v=v ondf)
and
H(V?v,Vu,v) = th(X(2)) + (1 — t)ee®” inQ,
(5.0.2)
v=uv ondf,
where ¢ € [0,1] and € is a fixed small number such that
P(z) > (X (2)) +eK? in . (5.0.3)

Before going to the proof of existence, we need some preparation. We first introduce an important
property of the operator H in (3.0.18), which, compared with (4.1.6) and (4.1.16), explains why we

use H instead of G.

Lemma 3. Let v be a strictly locally convex solution of H(V?v,Vv,v) =, then H, := %—Ij <.

Proof. From (3.0.16)-(3.0.18), it is easily seen that

H, = FYa;. (5.0.4)
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Recall the properties of F' introduced in Section 3 and the concavity of f, we get

Hv = fiﬁi S f(/il, K2y ey KJn) = 'I/J (505)

O
Lemma 4. For any t € [0,1], (5.0.1) has at most one strictly locally convex solution v, and v > v.

Proof. We just give the proof that v > wv. The uniqueness follows almost the same argument.

Suppose not, then v — v achieves positive maximum in some interior point xg € 2. We have
v(z0) > v(xo), Vu(ze) = Vou(ze), VZu(zo) < Vu(20). (5.0.6)
Consider the deformation sv + (1 — s)v near o,

8ij + Vi(su+ (1 —s)v)V; (su+ (1 —s)v) + Vi (sv+ (1 — 5)v) |4,
=0;; + VivVv + Vijv+ (1 — )V (v — )]z (5.0.7)

>0 Vsel0,1].

So we can define a differentiable function on [0, 1],

a(s) :==H (V?(sv + (1 —s)v),V (su+ (1 = s)v), 50+ (1 — s)v) (o)

(5.0.8)
_ <t€+ 1—t ) 2(sv(zo)+(1— e)v(’ro))
Note (o)
a(0) = H(V?v, Vv,v)(z0) — (te +(1- t)q}ii)) o2v(z0)
=0,

2 ¢ ) 2v(zo)

(1) = H(V?, Vo, v)(zo) — (te + (1 — ) e ) c2uto
° (5.0.9)

P(zo) — (ete2y(mo) +(1— t)y(xo»
=t (y(xo) — 6629(”50))

> 0.
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Then there exists sg € [0,1] such that a(so) =0, a’(sg) > 0, that is,

H (V? (sov + (1 = 50)v), V (s0v + (1 — s0)v), sov + (1 = so)v) (z0)
5.0.10)
Q(IQ) 2(sov(xo)+(1—s0)v(x (
= (te + (1= 1) Sy ) st 0)v(x0))
HY [ g40(0) 4 (1—s0)0(0) Vig (0 = 0)(20) + H |sgu(w0)+(1—s0)o (o) Vi (2 = 0) (o)
w(xo) Sovl T —S8 v
+ <Hv|sov(xo)+(1—30)v(xo) -2 (te + (1 — t) ;g(mo) 62( ov(zo)+(1—s0)v(z0)) (Q— U)(:L’o) > 0.
(5.0.11)
But Lemma 3 and (5.0.10) imply
¢($O) Sovlx —So )v(x
Hv|sog(3cg)+(1—s())v(:co) < (t6+ (1 —t) 6*22(10) 62( ov(zo)+(1—s0)v( 0))' (5'0.12)

Combining with (5.0.6) and the ellipticity of H, we can see in the left hand side of (5.0.11) the first
term is nonpositive, the second term 0 and the last term negative. Thus the left hand side is strictly

less than 0, which is a contradiction. O

Lemma 5. Let v > v be a strictly locally convex solution of (5.0.2), then v > v in Q, n(v —v) >0

on 0), where n is the interior unit normal of ON2.

Proof. We show both parts by contradiction. Suppose v = v at some point xg € €2, then zg is a

local minimum of v — v. So we have

v(xg) = v(xo), Vou(zo) = Vu(ze), V3v(x)> Vu(zp). (5.0.13)

Then by the formula (3.0.16) for [a;;], clearly

aij[v](0) = a;lv](x0). (5.0.14)

So
H(V20,V0,0)(20) = F (a5[0](0)) > F (as;[e)(x0)) = H(V0, Vo,0)(0). (5.0.15)
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However, by the choice of € in (5.0.3), we can see

H(V?v,Vu,v) ()
=t(X (z0)) + (1 — t)ee ()
=t)(X (20)) + (1 — t)ee? (@) (5.0.16)

<t(zo)

=H(V?v, Vu,v)(x),

which is a contradiction.

From the fact v > v we can see n(v—uv) > 0 on 9. Suppose n(v—2v) = 0 at some point zy € .
Then by v = v on 902 we get Vo(zo) = Vu(xg). From (5.0.16) we can see a;;[v](zo) > a;j[v](zo)
can not hold, and thus V2v(z¢) > V2uv(zo) can not hold. There exists unit vector ¢ € T,,S™ such
that Veev(zo) < Veev(zo). Again by the fact that v = v on 9 and Vu(zg) = Vu(zo), £ can not
be tangential to 0Q at xg. We can assume & (or —¢) pointing to the interior of Q. Let c¢(t) be
the normalized geodesic starting at xg in the direction of £&. In a short time ¢ stays inside Q2. We

compare v(c(t)) and v(c(t)),

voc(0) =voc(0),
(voc)(0) = Vev(xo) = Veu(zo) = (voc)(0), (5.0.17)

(v0¢)"(0) = Vegu (o) < Veeu(wo) = (v o ¢)"(0).
Therefore in a short time v(c(t)) < v(c(t)). But it is contradicted with v > v in . O
Now we are ready to prove the existence of solution for (5.0.1), and then (5.0.2).
Theorem 6. For any t € [0,1], (5.0.1) has a unique strictly locally convex solution.

Proof. Uniqueness is already proved in Lemma 4. We just prove the existence, with the standard
continuity method.

We shall first establish a priori estimates for (5.0.1). Since (3.0.11) and (5.0.1) are related by
changing variable u© = e and note that we also have positive lower bound for u, Theorem 5 directly
gives O? estimates for strictly locally convex solutions v with v > v. The uniform positive upper
and lower bounds for principal curvatures ensure that (5.0.1) is uniformly elliptic for strictly locally

convex solutions v with v > v. We also pointed out H is a concave operator. Then by the Evans-
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Krylov estimates [4] and [13], we get C*® estimates for some « € (0,1), that is

Here we shall note C' is independent of ¢.

Let C3*(€) be the subspace of C>%(2) consisting of functions vanishing on the boundary.
Consider U = {w € C3*(Q)|w + v is strictly locally convex}, which is open in Cg**(£2). Construct
amap L from U x [0,1] to C*(2) by

Liw,t] = H (V*(w+v), V(w +v),w +v) — (te +(1 - t)we(j)) 2wty (5.0.19)

Set S = {t € [0, 1]|L[w, t] = 0 has a solution in U}.
First, L[0,0] = 0 since v is clearly a solution of (5.0.1) when ¢ = 0. So 0 € S and S is not empty.
Second, for any tg € S, there exists wg € U such that L[wg, o] = 0. The Fréchet derivative of L

with respect to w at (wo, to) is a linear elliptic operator from C2*(Q) to C*(Q),

Lw‘(wo,to) (h)

- . W) (5.0.20)
:H”\wﬁgvzjh + H’\woﬂvih + (Hv|wo+v —2 (toe + (1 — t0)62v) 62('“’0"'”)) h.
By Lemma 3, we can see Hy|wo+o — 2 (toe +(1- to)%) e2(wotv) < (. Therefore by standard

elliptic theory L, |(w,,t,) is invertible. By implicit function theory, a neighbourhood of t; is contained
in S. S is open in [0, 1].

Third, let ¢; be a sequence in S converging to ¢y € [0, 1] and w; the corresponding solution with
respect to ¢;. By Lemma 4, w; > 0. Then we can apply estimates (5.0.18) to see v; = w; + v is
a bounded sequence in C%%(Q). Sending ¢; to ty, passing to a subsequence if necessary, we get a
limit function vg which is the solution of (5.0.1) at ¢y. From the uniform upper and lower bounds
for principal curvature which are independent of ¢, we can see vy is strictly locally convex. Above
all, wg = (vg —v) € U and L{wyg, to] = 0. So tp € S and S is closed in [0, 1].

We proved S is a nonempty and both open and closed subset of [0,1]. Therefore S = [0, 1].

(5.0.1) has a strictly locally convex solution for any ¢ € [0, 1]. O

Theorem 7. For any t € [0,1], (5.0.2) has a strictly locally convex solution. In particular, (1.0.3)-

(1.0.4) has a strictly locally convex solution.

Proof. Similarly as in the proof of Theorem 6, we get C%% estimates for strictly locally convex
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solutions of (5.0.2) with v > v. Then by the standard regularity theory for second order uniformly
elliptic equations, we can get any higher order estimates. Here we need C* estimates for applying
the degree theory in [14], that is,

[v]lcae(qy < Cr- (5.0.21)

We also need to describe the uniform bounds for principal curvatures more specifically, that is,
C;ll < [61‘3‘ + Vivvjv + Vijv] < CoI in Q. (5.0.22)

We shall note that both C; and Cy are uniformly positive constants which are independent of ¢.
Let C;*(€) be the subspace of C*+%(2) consisting of functions vanishing on the boundary.
Consider O = {w € C;*()|w > 0in Q, nw > 0 on N, Cy T < [6;; + Vi(w + v)V;(w + v) +
Vij(w +v)] < Col in Q, [[w]|gaa@) < C1+ [[t]lciagy}, where C1 and Cy are as in (5.0.21) and
(5.0.22) and n is the unit interior normal on 9. O is a bounded open subset of Cg’o‘ (€2). Construct

a map from O x [0, 1] to C>(Q):

Myw] = H (V3(w +v), V(w + v),w + v) — tip(e”“Tz) — (1 — t)ee? T (5.0.23)

From Theorem 6, let vY be the unique solution of (5.0.1) at t = 1. Set w® = v°

—v. By Lemma 4,
w® > 0. Then by Lemma 5, w® > 0 in  and nw® > 0 on 9. Also clearly v° satisfies (5.0.21) and
(5.0.22). Therefore w° € O.

It is easy to check that M;[w] = 0 has no solution on 0. Namely, if w with C** norm
C1 + ||l ca.aq) is a solution, it contradicts with estimate (5.0.21). If w = 0 at some interior point
or nw = 0 at some boundary point, it will contradict with Lemma 5. If [§;; + V;(w +v)V;(w +v) +
Vij(w + v)] achieves eigenvalue Cy or Cy ! at some point, it would contradict with the estimates
(5.0.22). Above all, M;[w] = 0 has no solution on O for any t. We also note M, is uniformly elliptic
on O, independent of t. Therefore, the degree of M; on O at 0 deg(M;, O,0) is well defined and
independent of ¢.

Now we compute deg(My, O,0). My[w] = 0 has a unique solution w® in O. The Fréchet derivative

of My at w® is a linear elliptic operator from C;"®(2) to C2*(Q),

My,o0(h) = H9| 0V b + Hi|,oV;h + (Hv|vo - 2662”0) h. (5.0.24)

33



By Lemma 3, H,|,0 — 2¢e2”” < 0. So My 0 is invertible. By the theory in [14], we can see
deg(Mo, 0,0) = deg(Mjy,0, B1,0) = £1 # 0, (5.0.25)
where Bj is the unit ball of C;>*(€). Therefore
deg(M, 0,0) # 0 for all ¢ € [0, 1]. (5.0.26)

(5.0.2) has at least one strictly locally convex solution for any t € [0,1]. In particular, when t = 1,

it solves (1.0.3)-(1.0.4). O
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